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VANISHING VISCOSITY VERSUS ROSENAU APPROXIMATION FOR
SCALAR CONSERVATION LAWS: THE FRACTIONAL CASE

N. ALIBAUD, G. M. COCLITE, M. DALERY, AND C. DONADELLO

ABSTRACT. We consider approximations of scalar conservation laws by adding nonlocal dif-
fusive operators. In particular, we consider solutions associated to fractional Laplacian and
fractional Rosenau perturbations and show that, for any ¢ > 0, the mutual L' distance of
their profiles is negligible as compared to their common distance to the underlying inviscid
entropy solution. We provide explicit examples showing that our rates are optimal in the
supercritical and critical cases, in one space dimension and for strictly convex fluxes. For
subcritical equations, our rates are not optimal but they remain explicit.

1. INTRODUCTION

The classical approach in the analysis of the Cauchy problem for multi-dimensional scalar
conservation law,

. —_ + d
(11) {&gw—l—dlvf(w) 0, teRT, z € R,

w(07$) = w0($)7 T € Rda

where the divergence is taken with respect to the space variable z, the flux f € W/llo’coo (R,R%)
and the initial condition wg € L‘X’(Rd), relies on singular approximations as the vanishing
viscosity and the relaxation methods, see [18] and references therein.

The well-posedness of (I.I]) was established in [31] in the framework of entropy solutions,
that are weak solutions which satisfy additional selection criteria called entropy inequalities.
The unique entropy solution coincides with the strong L? limit as € — 0 of vanishing viscosity

regularized solutions, which solve
(12) Oywe + div f(we) = eAw,, t e Rt z € RY,
. w(0, ) = wo(z), r € RY

with the Laplacian in space. This regularization procedure is the most classical, but other
ones have been considered. In [36], Rosenau proposed a regularized version of the Chapman-
Enskog expansion of hydrodynamics, which can be rewritten as the following perturbation of

(LID:
, P
(1.3) 0o + div f(v.) = —eF FR=IRE F(ve) ).

Here and throughout, the space Fourier transform and its inverse are respectively denoted by
—ix- — 1 i
L) FOE©= [ e amd FOE) = o [ @ as
Rd (2m)* Jga
Since the diffusion in (I.2]) can be rewritten as
Ap=—F(-PF(9),
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the right hand side of (L3]) resembles the one in ([2]) at low wave numbers £, but is intended
to model a bounded approximation of a linearized collision operator for higher £. As explained
in [36}, [39], this avoids artificial instabilities occurring when the Chapman-Enskog expansion
for such an operator is truncated after a finite number of terms. The model retains the
essential properties of the usual viscosity approximation, e.g., existence of travelling waves,
monotonicity, upper-Lipschitz continuity, etc., and it sharpens the standard viscous shock
layers. However, discontinuities of w may persist in b..

In [39], it is proved in one space dimension that this regularization converges to the under-
lying inviscid entropy solution as € — 0, and estimated the convergence rate in all LP spaces
for 1 < p < oco. In particular, the convergence rate in L' coincides with the convergence rate
of the vanishing viscosity approximation (2] established in [32]. The extension to several
space dimensions (with the same rates) is due to [28]. If wo € L' N L> N BV (R?) then for
any 1" > 0,

(1.5) Jwe —wlleo,r):01)s 19e = wlleqor;ny = O(Ve).

These rates are expected to be optimal even for nonlinear equations as suggested by the
analysis of [I7] for numerical schemes, see also Theorem 2.5 for a proof in our setting for both
(L) and (T3).

It was expected from the modelization that the solution of the Rosenau approximation is
closer to the viscous approximation than to the inviscid limit. The fact that w. —w and v, —w
decay with the same rate despite the persistence of discontinuities in v, goes in that sense.
But in the literature we did not find any proof that w. — v, indeed decays faster, and this
is the motivation of our interest in the problem. Unfortunately we cannot handle standard
Laplace and Rosenau operators, but we will give a rather complete analysis for fractional
versions of (L2]) and (L.3). We are talking about (L6]) and (L.7) below, probably respectively
studied for the first time by [10] and [25] as concerning the mathematical community. More
references will be given later, after having introduced the equations on which we shall focus
from now on.

Throughout, « € (0,2] is fixed, € > 0 is the perturbation parameter and we consider the
Cauchy problems

(1.6) Oy + div f(u) = eA* 2y, t e RT, z € RY,
. u(0, z) = wo(z), r € RY

and

(1.7) O + div f(v) = eR(v), teRY, z € RY
. ’U(O,l‘) = U)(](ﬂf), T € Rd7

with the space fractional Laplacian
(1.8) APy =—F 1 (-|°F(9)),
and its corresponding Rosenau approximation
1.9 R = 7 (1 mw).
(1.9) °(6) (e 7@
We notably recover ([2]) and ([3]) if o = 2. Equation (L.6]) is respectively said to be

e subcritical if o > 1,

e critical if a =1,

e supercritical if o < 1,
in reference to the cases where the diffusion’s order is less or above the nonlinear convection’s
order, see e.g. [12] 13} 29] B0] for the terminology.
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Remark 1.1. In (L0) and [L7), u = u. and v = v, depend on € but we simply denote them
u and v all along the paper.

Scalar conservation laws with fractional diffusions and variants appear in many applications
such as over-driven gas detonations [15], radiation hydrodynamics [25] [35] 36, 37, 9], anoma-
lous diffusion in semiconductor growth [42], fractional porous media [19] 20], or fluid dynamics

[29, 30]. Equation (L) is a very natural counterpart to (3] for fractional diffusions, see

[25] and references therein. The Fourier symbol % is a bounded approximation of |£|*

resembling the former Rosenau approximation for o = 2. We recognize as well a standard
approximation procedure from subordinate semigroup theory [7, 9] 27, [38], where the semi-
group generated by RS is obtained by subordinating the semigroup generated by A%? via

the usual Bernstein function r — 7%=, see [27, Examples 3.9.23 & 4.3.3].

As concerning well-posedness, (6] admits a unique smooth solution in the subcritical and
critical cases [12],22], and a unique possibly discontinuous entropy solution in the supercritical
one [I]. The notion of entropy solutions was then extended in [14] to scalar conservation laws
with general pure jump Lévy diffusions, whose fractional Laplacian is a prototype. Lévy
operators are generators of Lévy processes or equivalently linear and translation invariant
operators £ : C°(R?) — C(R?) satisfying the maximum principle:

(1.10) L(¢p)(x) <0 at any global maximum point x of ¢,

see [7,, @, [16], 27, [38].

Lévy processes modelize diffusion via random motions of particles. Contrarily to the clas-
sical Laplacian, these particles may jump for the fractional Laplacian which roughly speaking
makes it nonlocal, see [7), 9 27, 38| [42]. The classical and fractional Rosenau operators are

bounded nonlocal Lévy operators, see [7, 9, 27, B8, [39] or Lemma 2.1l The well-posedness of
[14] then applies to both (L) and (7).

Now considering the limits as ¢ — 0, we recover the unique entropy solution w of (II]) from
both (L6) and (L7). Moreover, for all a € (0, 2], the solutions of (L6]) and (L7]) converge to
the inviscid limit w with the same rate

O(e"®), ac (1,2,
(1.11) v —wleqornry v —wlleqomry = § Oleln(1/e)),  a=1,
O(e), a € (0,1),

see Corollary 211 This result is due to [I} 21] for (L6). As concerning (7)), this follows from
general continuous dependence estimates for scalar conservation laws with Lévy diffusions [2].

Our contribution is to first rigorously verify that the above rates are optimal even for
nonlinear f, and then show that u — v decays strictly faster at least in the purely fractional
case a € (0,2). We identify in particular the optimal rates in the supercritical and critical
cases, and we prove non optimal but explicit rates in the subcritical case. More precisely we
establish in Theorem [2.4] that

0(e*7), a € (1/2,1],
(1.12) lu = vlloqorieny = § O(E¥ 2 (1/e),  a=1/2,
O, a € (0,1/2),

and we show that these general estimates are optimal even for nonlinear f as concerning the
asymptotic behavior of the above global L! distance for small €; see Theorem and Remark
24l For subcritical equations, see Theorem [2.3] we get that

3—a
(1.13) lu = vlleqor;zy = O (E 2 ) , a€e(L2).

This suffices to show that u — v vanishes faster than v — w and v — w.
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The proofs of ([.12]) and (LI3]) are based on the error estimation technique of Kuznestov
[32]; see [T, 2, Bl 211, 23] 28], [35], B9] for nonlocal PDEs. More precisely (LI3]) follows from the
continuous dependence result of [2] combined with a fine estimate on the difference between
the respective Lévy measures of A%? and R (Lemma[3]). To prove the optimal rates ([LI2),
we go back inside the Kuznetsov’s argumentation while taking more advantage of properties
specific to our equations. We notably show that if o € (0,1], then e(A%/? — RY) satisfies
the maximum principle (I.I0). This is particularly important for & = 1/2 which is a critical
value in (LI2Z). The monotonicity of this error operator relies on a finer estimate on the
Lévy measures (Lemma B.2]). It fails for & > 1 which might explain why our Kuznetsov’s
argumentation does not give optimal rates in that case.

Another ingredient to get (I.12)) is a fractional Sobolev estimate on the resolvent’s kernel of
the fractional Laplacian (Lemma [A.6). It roughly speaking gives enough regularizing effects
from the error term itself.

We prove Lemmas B.1] and via sophisticated tools on Bessel functions inspired from
classical far field asymptotic results on the fractional heat kernel [I1], 33]. We also have
simpler and self-contained proofs in one space dimension, relying on PDEs arguments.

Our optimal examples are inspired from [I7] as previously noticed, and also from [I}, [3, 2T}
23], [26]. The paper [3] estimated the continuous dependence in both a and porous medium
nonlinearities. The optimality of the obtained results was established for the linearized equa-
tions via Fourier methods; see [I 21], 23] 26] for the vanishing viscosity case. In [I7], the
author proved the optimality of error estimates for numerical approximations of (I.II) with
nonlinear strictly convex fluxes. The idea is that, if considering the global L! distance and
appropriate initial datas generating infinitely many shocks, then we cannot get better rates
for nonlinear fluxes than for linear fluxes. Here we combine Fourier arguments and the latter
idea to get optimal examples for (LII)) and (LI2)).

The most difficult is for (LI2). It necessitates sufficiently larger and larger distances be-
tween shock waves, at infinity. The key to handle the nonlocal effects is a “finite-infinite”
propagation speed estimate from [I} 24]. It is a modified version of the finite propagation speed
estimate for scalar conservation laws involving the convolution semigroups of the diffusions.

We are finally convinced that (II3]) is suboptimal, because we can get better rates for
linear fluxes. Remaining open questions are to strictly improve (ILI3]), and show that u — v
vanishes faster than v — w and v — w when « = 2. The latter is indeed not a consequence of
(L13]), whose limit as o — 2 is robust but just gives the same rate than in (L]).

The rest of this paper is organized as follows. In Section 2lwe recall the representation of the
fractional Laplace and Rosenau operators as Lévy operators, the notion of entropy solution
for conservation laws with such diffusion terms, and the continuous dependence result of [2].
We conclude the section stating our main results (Theorems 2.2] 2.3 2.4] and 2.5)). Section
[l contains the key estimates on the Lévy measures (Lemmas Bl and B.2]). They may be of
independent interest, particularly Lemma 321 We establish our convergence rates in Section
M, while their optimality is the topic of Section Bl Two technical results in the latter have
rather long proofs, postponed to Section [l Some classical results in fractional calculus and
for Bessel functions are collected in Appendix [Al, together with technical lemmas. Appendix
[Bl recalls the finite-infinite propagation speed estimate of [I], 24], and Appendix [C] provides
the alternative proofs of Lemmas B.1] and B.2] in one space dimension.

2. PRELIMINARIES AND MAIN RESULTS

In this section we first recall known facts on the well-posedness of (L6 and (7)), and then
state our main results.
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2.1. Reminders on Lévy operators and the fractional Laplacian. Given a Borel mea-
sure 1 on R¢ such that

21) 4>0,  p{0) =0,  p(z)=p(—2)  and /Rdmin{|z|2,1}d,u(z)<oo,

we define the operator

(22) £@)w) = [ (6l +2) — 6(o) = Tola) - 2xqaen) di(2)

where x denotes indicator function of sets. We recognize a symmetric pure jump Lévy operator
with Lévy measure p. These are nonlocal diffusion operators whose above general form is
related to the Lévy-Khintchine Formula [7) 9], 27 [38]. Because of the symmetry

£H = Mz £ oMgzsy

for any r > 0, where L=<y s W2 o [P and £z} : LP — LP are linear and bounded
for any p € [1, o).

The fractional Laplacian in (L8] is of the form (ZI)-(22) when o € (0,2). Its Lévy
measure is given by

(2.3) du(z) = ’Z‘Cﬁ dz, where Co =

and I' is the usual Gamma function. Therefore

AP29(r) = o [ (ol +2) = 0le) = Vola) - 2)
(2.4) l=l<r .

tea / (9l +2) = 0(a)) i

for all a € (0,2), ¢ € C(R?), x € R? and » > 0. We refer to e.g. [23, Theorem 1] for
the computation of ¢, whose exact value is important for usl] For shortness we also use the
following notation:

A24(x) = ca PV / (6 + 2) — B(x) HdT

2.2. Lévy-Khintchine Formula for Rosenau operators. The classical and fractional
Rosenau operators are bounded Lévy operators.

Lemma 2.1. Let a € (0,2] and g, = F~* (ﬁ) Then

(2.5) 0 < go € LY(R?Y) and is radially symmetric with ||ga|/1 = 1.
Moreover for any ¢ € C°(RY), the operator RS in (L9) satisfies

RO = [ 6+ 2) - o) 2E ae
In particular R2(¢) is a Lévy operator of the form 2.1)~(2.2) with the measure
(26) dV(Z) — E_d_aga(Z/E) dz.

INotably F(¢)(¢) = [ e ?™p(z)dx in [23] and we get the constant in ([23) with our choice (4] of
Fourier transform.
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This follows from fundamental results on subordinate semigroups since [£|% is continuous
and negative definite as opposite of the symbol of the Lévy operator A2, and r T;"r is
a Bernstein function. For details, see [27, Theorem 3.7.8] and [27, Examples 3.9.23 & 4.3.3],
as well as [39] for a = 2. We will notably compare p and v, see ([2.3]) and (2.6]), and the exact
computation of v is also important. We thus provide for completeness a self-contained proof

of Lemma 2.1} see Appendix[A.2]

2.3. Reminders on scalar conservation laws with Lévy diffusions. Let us consider a
general Cauchy problem of the form

(27) dywt + div f(wh) = LH(wh), t € RT, 2 € RY,
' wh(t = 0,z) = wo(zx), r € RY

where f € WYX (R,RY), wy € L' N L®(R%) and £# is as in (ZI)—~(22). Let us recall the

loc
well-posedness and continuous dependence results of [2] [14].

Definition 2.1. In the setting above, we say that w* € L®(R* x RY) N C([0,00); L) is an
entropy solution of (ZX) if and only if for every r > 0, convex entropy n € C*°(R), entropy
fluz g € C®(R,RY) such that ¢ =n'f", and 0 < ¢ € C([0,00) x R?),

I (w00 + ) - T n(uw) 21020 (6) o (w65 (1)) s
R+ xR4

+ /]Rd n(w”(0,2))p(0,x) dz > 0.

Theorem 2.1. In the hypothesis above, the Cauchy problem ([27)) admits a unique entropy
solution w*. As concerning moreover the continuous dependence in the Lévy measure, we
have the following estimate: For any T > 0 there is a constant Cp, only depending on T and
d, such that

z|<r

1/2
lwh —w”lleqoryrry < Cr TV (wo) (/ 2% dlp — Vl(z))

(2.8)
+C¢Lbywm+@—w«wydm—w@x

for all wg € L' N L™ N BV (RY), measures pu and v satisfying @.1)), respective corresponding
entropy solutions w* and w” of 2.1), and r > 0.

Remark 2.1. We also have the following mazimum and L' contraction principles [14]:
[wh(t, Moo < llwollze  and — [Jwh(t,) = w" ()l < lwo — wol[
for all t > 0 and entropy solutions of (2.7)) with respective initial datas wy and wy.

If v = 0 and p is successively taken in ([Z38) as the Lévy measures of eA%? and R,
then we recover the rates of convergence below, for the respective corresponding fractional
approximations ([.6) and (7)) of the scalar conservation law (I.TI).

Corollary 2.1. Assume « € (0,2], f € I/Vl})’coo(R,Rd), wo € L'NL>® N BV(RY), and T > 0.
There then ezists Cr > 0 such that for any € € (0,1/2),
|u — wlle om0y, lv = wlleqo,m;ry < Croe,
where w, u and v respectively solve (LI), (LG) and (L), and
g/ a>1,
(2.9) o. =< eln(1/e), a=1,
g, a < 1.



FROM VANISHING VISCOSITY TO ROSENAU APPROXIMATION 7

See [1I, 211, 32] 39] for the original proofs as concerning (L2]), (I3 and (LG). The depen-
dences of the constant C7 is precised in Remark 2.3l These rates are known to be optimal
for linear f. This might be less known for the fractional Rosenau operator, but in any way
we will give optimal examples even for nonlinear f in Theorem

2.4. Main results. We are ready to state our main results. The proofs are given in the next
sections. Our first contribution is the following:

Theorem 2.2. Assume o € (0,2), f € VVll P(R,RY), wg € L' N L® N BV(RY), and T > 0.
Then

u—v .
= vlloqorya
e—0 O¢

where uw and v respectively solve (LO) and (ILT), and o, is defined as in Corollary [21.

=0,

This is a consequence of our next two results, where we provide sharp estimates of the
decay rate of the distance between u and v.

Theorem 2.3 (Explicit rates for subcritical PDEs). Assume o € (1,2), f € VVll *(R,RY),
wo € L'NL>®NBV(R?Y), and T > 0. There then exists Cp > 0 such that for any ¢ € (0,1/2),

3—a
lu —vlleqomy < Cre 2,
where u and v respectively solve (LG and ([LT).

Remark 2.2. These rates are strictly better than in ([2.9)) excepted for the limit case a = 2.
Let us recall that it remains open to show a result as in Theorem in that case.

As concerning « € (0, 1], we have optimal estimates given by the next result.

Theorem 2.4 (Optimal rates for critical and supercritical PDEs). Let now o € (0,1], f €
I/Vl})’fo(R,Rd), wo € L' N L® N BV (R?), and T > 0. There then exists Cp > 0 such that for
any € € (0,1/2),

w —vlleqory;ery < Crse,
where u and v respectively solve (LQ) and (IT), and

g2, 1/2<a <1,
5. ={ e In(1/¢), a=1/2,
gotl a<1/2.

Remark 2.3. The constants Cr in Corollary [2.1] and Theorems and [2.4] only depend on
T, d, o, TV(wp), and eventually ||wol|;1. More precisely they depend on the latter norm if
a <1 in Corollary [21), and if respectively o < 1/2 in Theorem [2.7}

Let us now give optimal examples for Corollary [Z1] and Theorem [Z4l For simplicity we
consider one-dimensional PDEs, but we allow for nonlinear f B we say that w : (0,00) —
(0,00) is a modulus if it is nondecreasing and lim._,o w(e) = 0.

Theorem 2.5 (Optimal examples). Let d =1, f € I/Vllocoo(R) be strictly convex, and T > 0.
(i) Assume that o € (0,2] and define o. as in Corollary [21 for any € > 0. Then for
any modulus w such that lim._,o = wie) 0, there is wy € L' N L>® N BV(R) whose

corresponding solutions of (1), (m) and (L) satisfy
o L0000 = w0t o) — 0l _ o

e—0 w (E) e—0 w(a) ’

2See Propositions B0l and for f' =0, or equivalently linear f up to changing variables.
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(ii) Assume that o € (0,1]and define s. as in Theorem [2.. Then for any modulus w such
that lim._,q @ =0, there is wg € L' N L>® N BV (R) whose corresponding solutions

of ([LH) and (h) satisfy

£ — ot -
(2.10) lim lut, ) = oft, i =00, Vte (0,T].
e—0 w(e)
Remark 2.4. Being fized f, o, T, note that for any modulus w such that s. # O(w(e))
as € — 0, there is always an initial data wy such that ||[(vw—v)(t)||1 # O(w(e)) for any

t € (0, T]E Our convergence rates in Theorem [2.4] are optimal in that sense, and so are those
in Corollary [21.

3. PRELIMINARY ESTIMATES ON |z|™ g, (z)

This section provides two key estimates on the difference between the Lévy measures in
23) and (26). They are in terms of far field asymptotic results on the convolution kernel g,
of the fractional Laplacian’s resolvent appearing in Lemma 211 It is more or less standard
that

0 < go € LYRY) N CR?\ {0}), and
Gal) ~ calz] = as [z] > o,
for some positive constant c, only depending on d and «; see Appendices [A.2] and [A3]l It is
particularly important that the above ¢, is exactly as in (23], and this follows from [IT], 33];
cf. Lemmas [A.T] and [A.3]
|z| =00

The first result below estimates the rate at which |z|¢F g, (z) —— cq.

Lemma 3.1. Let o € (0,2). There exists N, > 0, only depending on d and «, such that for
any x # 0,

where go = F~! (ﬁ) and cq is as in [2.3).

To show it, we will go back inside the computations of [11], 33] and call for a more general
version of these results from [34]. From now on, we use the notation from Appendix [A.T] for
the fractional heat kernel Gy (t,z) = t~%P, (z/ tt/ @) and Bessel functions 7, (z).

Proof of Lemma[Ad. Since Py(x) = F~'(e”I1"), from Theorem [Al we have

d+a
X _pa d
]az‘d+aPa(x) = @’)i‘ﬁ /]R7L e T T2jg_1(r‘x’)dr
)2 || 2
xr o -+ 1 _ d
SEEEL L e et elel) @
(2m)2 JR* 2
1 & ((lab 474 r1aD)
olr|® a
(integrating by parts) = |—|d Ta_le_r (7"|ZE|)%L7§ (7"|ZE|)d'I"
(2m)2 JRF 2
(changing the variable to s = r|z|) = @ 7 / 6_‘;?3%4_&_1\74 (3) ds.
(2m)2 JRF 2

3Indeed there is then en — 0 such that % — 0 and we can construct another modulus @ such that

i(s) = 0 while @(en) = w(en). By Theorem RSl there is wo such that lim. o ||(u — v)(t)]| ;1 /@(g) = o0,
for any t € (0,T]. Recall that v = u. and v = v, so taking the latter limit along the sequence €, proves our

claim.

hmsﬁo
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These computations are justified by the properties of Bessel functions recalled in ([A4]). The
above function of x is radially symmetric. Let us take its derivative with respect to the norm

of . It is equaled to

a? 3% 4
(3.1) di/ e BT s2t2071 7, (5)ds.
(2m) 2 |x|ot] Jr+ 2

=:I(x)

The term I(z) is as the integral in [34] Lemma 1]H This result implies that I(z) = O(1) as
|z| — co. The whole term in (3.I)) thus equals O(|z|~*~!) for large |z|. Using now Lemma
[A1 and integrating the function r € (1, 00) - |rz|*t*P,(rz) for an arbitrary fixed x,

Nq
(3.2) % ey < |z|TTOPL(2) < + ca

_ o
2| - = 2zl

for some constant N, > 0 independent of x. Injecting this into (A7) gives us the desired

result. O

The following lemma improves the estimate above for o € (0, 1].

Lemma 3.2. Assume a € (0,1], then |z|™ gy (x) < cq for any x # 0 (where go and c, are
as previously).

Remark 3.1. In that case yu—v >0, see Z3) and (2Z8), and A*? — R is a Lévy operator.

Proof. Tt is enough to show that x — |z|¢T*P,(z) is radially nondecreasing. Recalling (3.2,
its derivative with respect to the norm of zx is

2 o (S+2a-1 2 o 2a-2
— / ¢ T g Ja(s) ds = a—d/ e LN ACEE
(2m)% Jr+ | 2 (2m)% Jr+ | 2
2|, 5+a—1
(setting r|y| = s for a fixed y € R*"? s.t. |y| = |a|) = % /‘+ C_TQT2Q_27’%+1‘7% (T’y‘) dr
mT)2 R

(by TheoremXT) = 27ra2]y\d+°‘_1fd_j2 (e—|v|a‘ . ‘204—2) (y)7

with the Fourier transform F,,5 in space dimension d + 2. If a € (0,1) then we have
]:d_+12 (| . |2°‘_2) = C|-|7%2 for some C = C(d,a) > 0; see e.g. [40, Chap. IV, Sec. 4,
Thm. 4.1]. Hence

Fata (7111 P272) () = € (Padasz wasa |- 17472%) () 2 0,

with the convolution in R%*2 and where we used properties of (Pp) 412 := F. +12 (e“"a) recalled
in (A.3). Otherwise, if o =1,

1 _ s S%"'l d
ot Lo o) =2 (Pas) 2 0
T)2

and we deduce that x — |z|9T*P, () is radially nondecreasing in all cases. O

4See [34] page 302] for the definition of D in this reference.
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4. PROOFS OF THEOREMS [2.3] AND [2.4]

We are ready to prove Theorems 23] and 2.4l Let us recall from Sections 2] and that
the Lévy operators A®/2 and RS are associated respectively to the measures

Ca Ja (2/€)
du(z) = e dz and dv(z) = Qv dz.
We also use the shorthand notation
£
(4.1) g(z) = % so that dv(z) = g‘zgj) dz.

Proof of Theorem[2.3. Let u and v respectively solve (L.0]) and (L7]). The general continuous
dependence estimate (2.8]) implies that
1/2
dz)

1 z c
C C2) — wp(- - (_) __Ca
+ TE/DTHWO( 2) = woC)ller | =5 9a (2 PET

for all positive T, € and r. The estimate in Lemma [B1] together with Lemma [A.3] allow us to
write

1
lu —vlleqorcry < Cre? TV(wo) </I Es

z|<r

1 (z) Ca
42) cdta 9o 2 2] ZFe
dz,

1 .
1 z Ca d+a 1f|Z|§€,
4.3 — (—> < M, N, ||
WD) |ema9e\2) ~ fara| s mex et co }{— if |2] > e

Recall that o € (1,2) in Theorem 231 We can then consider » = oo in ([£2]) and cut the
remaining integral in two pieces to obtain

1/2
d dZ 3—«
2 2 ===
(/M@‘Z’ ER ‘Z,M) et

with a new constant Cr only depending on 7', d, o, TV (wy).
This completes the proof of Theorem 23] O

N

lu —vlleqo,m:nry < Cre

Proof of Theorem[2.4} For a =1 we argue as previously by taking r = ¢ in (4.2)) while using
that [Jwo(- — 2z) —wo(-)||z1 < |2| TV (wp) and ([43]). It only remains to consider « € (0,1). Let
us go back inside the Kuznetsov’s argumentation [I}, 2], 3] 211, 23, 28] 32} [35], 39] to get optimal
estimates

Define py(z) = ﬁ p(%) for any x > 0 and some fixed

0 < p e C®(RY) such that ol =1
Restarting from [2, Equation (5.22)], there is C' = C(d) > 0 such that
[w(T’-) = o(T ) 1
(4.4) < CTV(wy)k +ePV //// pr(z —y) sign(u(t,z) —v(t,y))
0,T) xR3d

for all positive T', ¢ and k[ Recall that principal values are computed by first integrating
with |z| > r > 0 before letting » — 0. Recall also that v > 0, and p — v > 0 by Remark B.11

°In our setting (Z.8) provides optimal results only if o < 1/3 or o = 1.

6There were two time variables ¢ and s in the integral term of [2, Equation (5.22)], and the test function
was 05(t — s)px(z — y) for some time approximate unit 85 as § — 0. Letting 6 — 0 led us to (£4). Moreover
C'is Cy from [2, Lemma 3.1] where @ corresponds to our p. This constant only depends on d via p.
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Therefore
sign(a — ) [(b — a) du(z) — (d — ¢) dv(z)]
<([b—dl —la—cldv(z) + (|b—c| = |a—c|)d(p —v)(2)

for all reals a, b, ¢,d. Hence, denoting I the integral of the right hand side of (£.4)),

IéPV////OT XRSde(w—y)

(lu(t,x + 2) —v(t,y + 2)| — |u(t,z) —v(t,y)|) dv(z) dz dy dt

+PV////OT x R3d Pr $_y)

(u(t,z + 2) = v, y)| — |u(t,z) —v(t, y)|) d(p — v)(2) de dy di
=11 + Is.

Integrating by partsE

I <PV //// ) = ()] (pul(e £ ) = (4 2) = pule =) doz) dwdy s

=0

and similarly

I, <PV ////mmw fu(t, 2) — v(t,9)] (P& — 4+ 2) — pale — ) d(u — v)(2) dadyadt.

=A%/2p, (x—y)—R2(px)(z—y) after integrating in z

Injecting this into (£4)) while using Lemma [A.4] in appendix,

HU(T, ) - U(T7 ')HLl

O oVl Il ) o) 66 A% (o) didy
(0,T) x R2d

for all positive T, € and x, and where we recall that C = C(d). In the remaining of the proof
we consider several cases according as the value of a.

CASE 1: a € (1/2,1). Let us notice that V2" 190 € LM (RY, R?) by Lemma [A.6] see also
Lemma [A5] By @I we infer that p, * V2~ 1gs € C’b N WL(RY) and

9o+ A% = div (e x V27145

thanks to the formula A® = div(V?*~1) which readily follows from (L8) and (Ag). With
that regularity in hands, we can integrate the last term in (£5]) by parts in x. For any fixed
(t,y) € RT x R? we get

9 lu(t, x) —v(t,y)| (g5 * A%s) (z — y) dx

(1.6 == [ T (=) (Y fult) o)) @)
< [ laix Vo] = ) di Ve, ] o).
R4

We notably used the BV regularity of x — u(t,z) due to the L' contraction principle, see
Remark 2T and in particular the fact that

Ve lult, ) —v(t,9)l] < [Vul(t, )|

"That is we integrate with |z| > r > 0, change variables to put the translations in z on p., and let r — 0.
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in the sense of measuresf Injecting (4.6)) into (£35]), and integrating in y first, then x, and
finally ¢,

T
[u(T, ) = o(T, )l < CTV(wo)w + 4 [lpwll 1 [[V** 712 / TV(u(t,-)) dt.

<T TV(wo) by Remark 2]

We could notably call for the Fubini-Tonelli Theorem because ¢ was fixed since (6], and
d|Vu(t,-)|(z)dy is a product of o-finite measures. We conclude the case a € (1/2,1) by
letting x — 0 and using that [|[V2* g5 || = ! 72 || V2 g, ||, by @I) and (AJ).

CASE 2: o = 1/2. Let r € (0,1) and let us split the integral in the right hand side of
(£35) into three terms. We omit the integration in time for a while and we get

[ ) = ot )| A 25 pu) = ) oy

_ ///dex{zq} lu(t, z) — v(t,y)|

c1dzdzxdy
: <gi/g “pa(e =y +2) = gij* pule = y) = 2 V(g )@ — 1)) 1|z|T
c1dzdx dy
< G50 % pele — ) (Jult,x + 2) — v(ty)| — |ult.2) — v(t,y)]) LEe Y
R2dx {r<|z|<1} |2
c1 dzdx dy
+ o ¥ P — u(t,x + 2) —v(t,y)| — |u(t,x) —v(t, _
W 2 e =)t 2) )] = st ) vt )
(4.7)
=:J1+ Jo + J3.

Here we used (2.2]) while putting back the translations in z on entropy solutions in J; and
J3E Let us use Taylor’s formula to compute J;. We denote the Hessian by D? and the inner
product by (,). Using as previously the BV regularity of = — wu(t,x) to integrate by parts,
etc., we get

Jl = M ]u(t,az) - U(t7y)‘
R2dx {|z|<r}
1 c1dzdzx dy
. /0 <<D2(9i/2 * pe)(Tz —y + sz)) z,z> (1—s)ds 1|Z|T

R X{‘Z‘< }X(071)

[ T ) =y 52).2) Tt ) = o) (@) L

<I22|95,+V pu(a—y+52)|d| Vu(t,)| (x)

1 dz
< |lg¢ - =
< H91/2HL1 Vel 1 TV (wo) 5 /IZI<T’ a1
= T v (),

K

for some constant C' = C(d) thanks to (£.I]) and (2.5]). Notably C' may differ from the constant
in (L), but we use the same letter for simplicity and we may proceed similarly below as well

8Recalling that (t,y) is fixed, this is standard since n(-) := | - —v(t, y)| € W2 (R) with || < 1.
9As before this follows from using that [f¢-=..y=[f---=[]] ... and changing variables.
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as in other proofs. Integrating also Js first in y, then x, and z, we have
gijal], Ioell s TV (o) = ~Cln(r) TV (o)

and similarly J3 < C'||u(t,-)||;1 < C |Jwol/;1, where C' = C(d) thanks again to Remark 21
We can put all our estimates together in (£7) and then ([LH) to get

Jy < —C'ln(r) ‘

(T ) = o(T,)l|x < C TV (wo)s + CT2 [TV (wo) (= = In(r)) + ol s ]
3/2

so taking r = k = €°/* completes the proof.

CASE 3: a € (0,1/2). Now A® : L' N BV — L! is bounded from (Z2)) and Taylor’s
formula. Putting back the fractional Laplacian on entropy solutions in the last term of (X))
then gives the desired result. The proof of Theorem 2.4l is complete. O

5. PROOF OF THEOREM

Let us now construct examples for which our rates are optimal. We follow the approach
of Sabac in [1I7], which first requires optimal examples for linear fluxes or equivalently for
f' = 0 up to changing variables. We start with the latter case in Section 5.1l whose proofs
are rather long and postponed in Section [6l Nonlinear f are consider in Section (2] and all
our examples are for d = 1.

5.1. Examples of optimal convergence rates for the zero convection case. Let us
give two examples, respectively for the rates in u — w and u — v.

5.1.1. Vanishing fractional Laplacian approzimation of a stationary solution. Consider the
initial condition wy = x g, as the characteristic function of the set

(5.1) EJ:LJJ [(—2]‘—%,—2]’—%)U<2j+%,2j+;>].

j=0
and the initial value problems
(5.2) Oru = 0%, u, t>0,x€eR, Jrw =0, t>0,x€R,
. u(0,x) = wo(x), = €R, w(0,z) = wo(z), x€R.
Hereafter we use the shorthand notation 9%, = (92,)%/? for the one-dimensional fractional

Laplacian (cf. (L8))). To distinguish it with the usual derivatives 97, n € N, we use the
subscript “;,” in 0%, referring to 92, from which we take the fractional power.

Proposition 5.1. Let a € (0,2]. Then
fE‘J (w(t7 l‘) - ’LL(t, $)) dx

m
0<te<l, J>1 JOoe

(5.3) >0,

where for every € > 0 and integer J, we let u and w denote the solutions of (5.2)) with wy as
in (B1)). Recall also that o, is the rate from Corollary 2], i.e.

ri/e a € (1,2,
or =< rin(l/r), a=1, r > 0.
r ac (0,1),

Remark 5.1. As concerning our notation, u = ue j and w = wy but we denote them u and
w for short. We proceed similalry for u and v in (5.5), etc. It is also understood that t and

are positive in (5.3)).
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This result gives in particular an optimal example for the rates in Corollary 2.I]when f’ = 0.
Fixing indeed ¢ > 0 and taking € > 0 small enough,

(5.4) llu(t, ) —w(t, )| > / (w—u)(t,z)dx > cJoy.

Ey

where ¢ > 0 is the infimum in (53]) and only depends on a.

Remark 5.2. We could also take Ej as the union of two intervals, i.e. J =0, or even one
interval. This would provide optimal examples even though this cannot be seen from (G.4]). A
more accurate estimate in fact holds with J replaced by the number of intervals constituting
Ej, a number that could be any integer. But taking such Ej and showing only (B3] will
simplify the computation, and this will be enough for later.

5.1.2. On the L' distance between the vanishing fractional Laplacian and vanishing Rosenau
approximations. Consider now the initial value problems

(5.5) {&gu = 0%, u, t>0,r€R, {8ﬂ) =eR%(v), t>0,x€R,

u(0,z) = wo(z) = xg,(z), zeR, v(0,z) = wo(z), x€R,
with common initial condition wp in (G.1I).

Proposition 5.2. Let a € (0,1]. For any fized T > 0 we have that

(5:6) . fEJ (v(t,x) —u(t,z)) dz .

0<t<T, Jts. ’
0<e<i, J>1

where for every € > 0 and integer J, we let u and v denote the solutions of (B.0) with wy as
in (BJ)). Recall also that s. is the rate from Theorem [2.F, i.e.

g2, 1/2<a <1,
(5.7) 5. ={ ek In(1/e), a=1/2,
gotl, a<1/2.

Arguing as previously, this result gives an optimal example for the rates in Theorem
when f' = 0.

5.2. Optimal convergence rates in the nonlinear, strictly convex case. We are ready
to prove Theorem To make the computations as readable as possible we focus on the
Burgers’ equation, in which f(£) = ¢2/2, but the proof applies with very minor modifications
to the case of a general strictly convex flux.

Proof of Theorem . Consider the initial value problems
(5.8)
2 2
Oru + Oy (%) =ed%u, t>0,zeR, O + Oy (%) =eR%(v), t>0,z€R,
’LL(O,$) = ’wo(ﬂf), z €R, U(07$) = w0($)7 z € R,

where wy is defined below. It depends on given ¢ > 0, {/;}i>1 C (¢,00) and {J;}i>1 C 4+ 2N.
We assume that £;11 > ¢;. For every i > 1 and 1 < j < J; define the real intervals I;; by

i—1 i—1
inf [;; = <2 <j + Z Jm) - Z) -+ Z Cm, sup [;; = inf [; + £,
m=1
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with the convention anzl =0, ie Ij; = ((25 — 1), 2j€) Let ¢; > 0 be such that
(5.9) Z JZ'CZ' < 00,
i=1

and define wg = > 2, Zj;l CiXI,;-

Being the sets I;; pairwise disjoint we have wy € L' N L>® N BV (R). We moreover choose
¢ large enough so that when the dynamics is governed by the inviscid conservation law, then
the waves associated to the evolution of each of the non-zero components of wy, ¢;xr,,, do not
interact before time T, i.e.

(5.10) €>2T || f'(wo)|| e = 2T max ci.

Let us more precisely impose that

(5.11) maxc; <1 and ¢=2T.
i>1

We will require more conditions on {¢;};, {J;}; and {¢;};, as we go along.
Consider now, for any ¢ > 1, the Cauchy problems given by the linearization of the equa-
tiond] about the state ¢; and the truncated initial conditions wé =g¢ Z}];l X1, 1.€.

157

(5.12) O0cqi + ¢i0zq; = €0%,qi, t>0,x €R, Orzi + ¢i0pz; = eRY(v), t >0,z €R,
. q:(0,7) = wh(x), z €R, 2(0,2) = wi(z), z €R,

and the sets
(5.13) I; = (inf I;1,sup L;y,) I = I; + cit.

We call u; and v; the solutions of the equations in (5.8]) corresponding to the initial condition
wy, then we observe that

Ju(t,) —v(t, g = [Jult, ) = ot )l ey
> ”ui(tv ) - Ui(tv )”Ll(lf) - Hu(t7 ) - ui(t7 )HLl(If) - ”U(t? ) - Ui(tv )”Ll(lf) :

By Lemma [B.] in appendix and (5.10),

(5.14)

Jult, ) = wi(t, )l L1y

<

/ (Galet,-) * [u(0,) = ui(0,)[)(x) dz
TE+(= 17 (w0) | oo 1 (w0)] oo )

(5.15) = /1;f+ _%)(Ga(st, 3 [u(0, ) — u;(0,)])(2) da

= 2 ZCR/F (Galet, ) * xp;)(2) de,

ki, k>1 j=1 +(-33)

:Ekﬂ

107¢ denoting ¥ < F iff sup E < inf F' for subsets of the real line, each F; := Uj;lfij is such that ¢ is the
common lenght of the I;; as well as the common distance between two consecutive I;; < I; j+1. The distance
between two consecutive F; < E;41 is £; > £.

g f is a general strictly convex function we have to modify this part, but the only difference would be to
consider f'(c;) as coefficients instead of c;.
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while t < T'. Similar computations show that
H’U(t, ) - Ui(ta )”Ll(lf)

(5.16) < D> Y /m(_%) <f—1 <e‘1fié(-¥a> *kaj> () dz .

ki, k>1 j=1 ;

:Ekj
Putting these bounds in (5.14)), we get
[u(t, ) = ot Mg = g, ) = 2zi(t )l L1 ey
(5.17) L -
- Z ch <Ekj + Ekj> — llwat, ) = qi(t, )l prgey = Nlwit, ) = 2t )l Ly -
ki, k>1 j=1

For the last two terms, we use the continuous dependence results with respect to the flux (see
[2, Theorem 3.1] for the nonlocal case). We have

Ji
Jwi(t, ) = qi(t, )l pr ey < [Jwi(0, ) = qi(0, )| pr +TV Zcixh-j | - CiHLoo(O,Ci) t < 2J;clt,
=

=0
and we argue similary for [[w;(¢,") — 2i(t, )| 1)
Let us now focus on the first term of the right hand side of (B.I7). We claim that there are

positive Cr and e, only depending on 7" and «, such that for all ¢t € (0,7], ¢ € (0,er] and
i>1,

(518) l4:(t,7) = (¢ )l 1 gy = Cricitse.

Let us show it via Proposition Note that wé =g Z}];1 X1I;; = CiXE; Where E; = Uj;llij
is almost as in (5.]). The main difference is that the common length and distance between
the intervals constituting E; is not 1 but ¢. The flux in (512) is also not zero as it was in
(5.5). We then consider the rescaled solutions g;(t, z) = ¢;(£¥~1t, £z +c;¢*~'t) and Z; similarly
defined. They solve 0;¢; = £05,¢; and 0;z; = RE(Z;) with € = /¢, while

lgi(t,) =zt Mgy = €[ (Z(Ct ) = G0 7)) da.
DR

We can apply Proposition to the latter integral. Indeed g;(t = 0) = Zi(t = 0) = c;xp, /¢
where E; /¢ is as in (5.]), up to a last space translation to recenter it. With these observations
in hands, we can easily obtain (B.18)) from (IBEI) Notably C7 and e7 only depend on T" and
a because ¢ = 2T, see (B.I1]). Putting all these estimates in (5.17),

Jk
(5.19) lu(t,) = o(t, )l = Oricits: — 4Tt — > S ey (Ekj n Ekj) :
ki, k>1 j=1
We need a more explicit estimate on the nonlocal terms to continue.

Lemma 5.1. Assume « € (0,2] and the previous hypotheses on €, {{;}; and {J;};. There is
an increasing modulus wr(-) only depending on T and « such that for allt € (0,T], € € (0,1],

(5.20) Ekjy Ekj < El_ath (1/&_1) .
1275 be more precise 2J + 2 was the number of intervals constituting F; in (GI). It was larger than 4 in

(B6). Here E; has J; intervals. To be in accordance with Proposition [5.2] J; will then be taken even and larger
than 4 in (523). In particular 222 > Z and we used it to get (EI8) from (5.0).
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Let us admit it for a while. We will do the proof once having completed the one of Theorem

Using (5.19])
de; 287N o0 Jkck
k21 wT (1/&_1)) .

(5.21) [ult,-) = vt )l = Jicitse <CT -

Sc Jicisg

Recalling (5.I8]) the above estimate holds for all ¢t € (0,77, € € (0,e7] and i > 2, as well as all
{ti}i C (£,00), {Ji}i C 4+ 2N and{¢;};, satistying (5.9), (5.11) and ¢;+1 > ¢;. Moreover the
positive constants C7 and ep only depend on T and a. We notably assumed e < 1 without
loss of generality when injecting (5.20]) into (5.19]).

Consider now w : (0,00) — (0, 00) nondecreasing such that lim._,qw(e)/s. = 0, and let us
specify more precisely how to choose the latter sequences to get (ZI0). It is useful to have
in mind that € — s, is increasing on [0, &¢] for some €y > 0 only depending on «, see (5.7)).

Define 0
=2 [ Vatra

Being w continuous, increasing and positive for € < gg, we have

(5.22) im 26 _ oo i O

=0
=0 w(e) e—0 &,

). Denoting s — ¢, the inverse of ¢ — s, (for € < ¢¢), define for any i > 1,
i(e) = | Voo /5|

S(i) ={s € (0,85, ;i =i(eq)},

¢ = min{%r min S(7), _2} ,

Ji =4[t

(5.23)

where the third line is replaced by ¢; = i~2 if S(i) = (). Denoting moreover ¢ = 16 D k1 k=2
and wfl the reciprocal function to the increasing modulus from Lemma [5.1] define finally
1

wp! <c(gr1)2 min { £5;¢ € (0,20] and i(e) <i+ 1})

if {e € (0,e0];i(¢) < i+ 1} # 0 and the above right hand side is larger than 27 + 1. If at least
one of the two latter conditions fails, set ¢; = 27"+ 1. We are planning to take i = i(¢) in
(5.21)), but we first need to check that the above ¢;, J; and ¢; satisfy the conditions required
from the beginning.

Note that s — s/w(es) is continuous and positive on (0,s,,] while lims_,os/@(es) = o0,
thanks to (5.22]). Hence S(i) # 0 provided that i is large enough, and it is moreover positively
lower bounded for such i. In particular 0 < ¢; < i~2 for any i > 1, and clearly

(5.25) 4i7% < Jie; < 8i2
This shows that (5.9) holds. Moreover max;>1 ¢; < 1 as desired in (5.I1]), so we have (5.10)

with ¢ = 27. Finally (524) implies that co > ¢;41 > ¢; > £, for any i > 1, because
e € (0,g0] — 5¢/e17% is continuous and positive while lim._,oi(¢) = co. This verifies all the
conditions previously required.
To continue, use (0.23) and (5:25) to show that for any € € (0, o],
Ji(a) i(e)5e = 4i(e)” 55 = dse 5 2> 438 = 4w(e).
| Veram| )

(5.24) 6 =

BIndeed “’(5) >NV se w(©)

ol T w(e)

E—)ooand“’(s) fzsﬁ& “’(5 d¢ - 0ase—0.
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Taking i = i(e) in (B.2]]) then gives

Cs c 1—aZ' 2
(526 fult) - ot ) > 45() (c&—“{‘” _E T, (1/&-@_1)),

Se 45,

where for the last term we used that Z(Z)z Z i(s)lci(s) and ¢ =163 5+, k=2 >2 > k1 JkCr by
(525). It remains to estimate the last two terms in parenthesis of (B.26]), and it is sufficient to
consider small € because we will take the limit as ¢ — 0. Consider more precisely 0 < &, < &g
such that S(i(g)) # 0 for any € € (0,e,]. Such an ¢, exists and only depends on a and w(-)
by ([3.22)). Moreover s, € S(i(e)) for € < g, by construction. Recalling also the choice of ¢;
in (5.23)), we infer that

1 )
4s ~—— 4

5S¢ e
containing s

Finally using in (5.24]) that each ¢ is such that i(e) < (i(e) — 1) + 1,

14 > L
i(e)—1 = ) Crs. 3
W cel=2j(e)2

and the last term in parenthesis in (5.26]) is also larger than —%. The latter equation then
rewrites

[ult, ) — v, )l = 2C7ta(e),

for all t € (0,7] and € € (0, min{ep,&,}]. Recalling (5:22) the proof of Theorem is
complete. n

Let us now show the lemma which we admitted during the previous proof.

Proof of Lemma[idl Let us estimate Ej; from (5.I5). Consider the case i < k. Recall-
ing (5.I3) and using the notation from the footnote [0 at page 05l we have I; < Ij; and
dist(L;, Iy;) > ¢; > {. In particular I} + (=§,%) < I; by (GI0). Now by (AI)-(A3) and
LemmalA.l there is ¢ = ¢(«) such that P,(z) < —f= and thus G, (et, x) < MC% It follows

[
that
By < t/ / )
kj = CE T | dy
’ ny \Jri+(-£.5) [z —yl™+e
cet 1 1
@ Jp; \ |y —supl; — ¢t — 5| ly —inf I; — cit + 5|

< %t@ (inf I; —sup I; — €)™,
Since ¢ = 2T and inf I; —sup I; > {;, we get Ey; < etwr(1/¢;) with wr(k) = 2L (1/k—2T)~
for any x > 0. We leave it to the reader to verify that we can argue similarly for ¢ > k. Note
just that dist(Iy;, I;) > ¢;—1 since then I;; < I;. In particular we will get Ey; < etwr(1/4;_1).
In anyway £;_1 < {¢; and the latter estimate holds in all cases. It is moreover as desired in
(5:20) since e < 1 when € < 1.
Let us now estimate Ekj from (5.I6]). Arguing in Fourier variables,

~ et|-|¢
Ek-:/ Ft (e_w]: X1y > x)dx
J If—i—(—%,%) ( kj) ()

1 ctg|*

T F (x1,) (OF (Xyey(-oe) ) (6)de.

:%R
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£ —jatt

boa g
Recall that F(x(p)(€) = 22 f e ¢ for all @ < b, and let us continue with the

sin( 3
shorthand notation I = I + (—g g) Simple computations lead to
~ 2 _ el sin (€€/2) sin(|1]£/2)
5.27 Ey; = —/ e 1eTfEl
( ) J T Jr 6 g
since e e~ Mg = cos ((mI — mfkj)§) “+isin ((mI - mjkj)f) with the respective intervals’

middle points my,; and m;. The imaginary part canceled in (BE27) as integral of an odd
function. We also denoted |I| the lenght of I and used that |I;| = ¢. Note that if having

cos ((mI — mfkj)g) dg

—imp €

__et]gl®
1 instead of e T+<7€I% | the right hand side of (5.27]) would cancel. Doing indeed the reverse
computations, it would equal |’ 1 XI; = 0 since Iy; NI = (. Applying then Taylor’s formula
to rewrite the exponential,

[ / / et - s, sin (66/2) sin(|11€/2)

cos ((mr — mfkj)g) ds d§.

T+eofge © § 3
ot a
Recall now that F~! ( e #°T1" ) > () because % is the (opposite of the) symbol of the

Lévy operator R, see [27, Thm. 3.7.8 & Def. 3.6.1]. In particular

I By = /1 <}'_1 <e_1+€z;’1“> * (Xlkj)> (z) dx

is nondecreasing for the inclusion. Let us consider the case ¢ > k to continue. Defining
Ir = (inf I — ﬁ R) D I for large R, the previous monotonicity shows that

g e
E < —— I+eafg]e
& / / T+eofge

= ?/2) Sln(“glf/Q) cos ((mi, = mi,;)€) ds de.

Moreover mp, —my,, = (mIR —inf I; + g) + (inf[i - g - mlkj) = |Ig|/2 + dist(Iy;, I;), so
cos ((mrg, —my,,)§) = cos (|Ig|€/2) cos (Edist(Ix;, I;)) — sin (|Ig|€/2) sin (Edist(Ix;, 1;))

and injecting this into (5.28)) while letting R — oo leads to

(5.28)

etfg] e sin (£6/2)
(5.29) Ek] < 2/ / T €a|£|a Tl —e sin (&dist (1, 1;)) ds d€.
During this passage to the limit, we used that cos (|Iz|¢/2)sin (|Ig|¢/2) and sin? (|Ip|€/2)
weakly-* converge in L*°(R) to their respective mean values, and noticed that the first limit
cancels as integral of an odd function. Now define

B 60‘|£|O‘ —% sin (T€) .
frlw) = OT] 56(01 // 1+ efé]™ ‘ : &2 sin (&/r) ds de,

for 5 > 0. Note that sin (§/r) weakly-+ vanishes as £ — 0, while 1 ‘f"g'a < |¢)? for all

€ (0,1, ¢ e Rand B € (0,a), and Sm(Tﬁ) is integrable if fixing moreover 0 < 8 < min{a, 1}.
Hence, elementary arguments using sequences show that lim,_,o fr(k) = 0. We then eas-
ily get (520) from (529]) for any increasing modulus above fr; recall indeed that ¢ = 2T
and dist([y;,1;) > ¢;—1. For i < k, we leave it to the reader to verify that taking Ir =
(—R,supI; + ¢) D I allows to argue similarly. The proof of Lemma [5.1]is complete. O

It remains to show the first part of Theorem
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Sketch of the proof of Theorem m We can argue as for Let us give insights for u — w.
Take w in place of v, o, in place of s, and the second equation in (5.12]) with zero right hand
side. In (5.14) and thanks to (B.I0), [lw(t,-) — wi(t, )| 11y = 0 while ¢ <T'. There is thus

no Ekj in (5I9) and we can reach (.21 more easily. Notably we used (5I8)) to show (B2T]),
and this followed from Proposition Now this will follow from Proposition (.1l but we have
to take care of the different forms of o4 and ts. in (B.3]) and (56]). Note then that oy > to.
for all t € (0, 7] and & small enough, up to a positive multiplicative constant only depending
on T and . We can thus argue with the term to. being of the same form than t¢s., and the
same computations work to get (0.I8]). The rest of the proof will be the same as well. We

could similarly consider v — w, for which there would remain Ekj in (5.19)) instead of Ey;. O

6. PROOFS OF PROPOSITIONS [5.1] AND [5.2]

Let us now establish the results admitted in Section [B.1l

First step: reduction of the proofs to two lemmas. Consider wy = xg, as in (5.]), and let us
first provide some computations on its Fourier transform. We have

J

, ~2j-5 2j+3
Foxe)© = [xn@estar=3 ([ ety [T
R 2 9

3 s 1
j=0 \" 7473 J+3

. 2j-3 o 2%+
ez(2j+1)§/ e—z(m+2j+1)§ dl‘+€_2(2j+1)5/ e—z(m—2y—1)§ dx

—-2j-32 2j+1

I
Mk

<.
Il
=)

1
<ei(2j+1)5 _|_e—i(2j+1)§) /2 o= € g

I
Mk

.
Il
=)
rol—

< i(2j+1€ 4 —z’(2j+1)§> sin (5/2)

2
sm<

sin <
4

= —Sln

I
Mk‘

<.
Il
o

l\Dlm

J 4 ¢ SR
Zelzﬁl gsin<§>9‘{e elgjzz:oez”§

Jj=0

i(J+1)E _q 4 . (¢ e2i(JHNE _q
( FE T )ngm (5) e <W

S|

I
l\’)lm

22 (J+1)¢

ES ;20T H1)E
2isin(¢ ) &sin(€) S < > ¢ < " ) ’

a0, (€).

2
Consider now entropy solutions u and w of (5.2)), as in Proposition 5.1l Since f' = 0 they
correspond to the classical solutions

(6.2) w(t,r) = xp, @), ulte) = (F7 () woxg, ) (@),

where we recall that Gu(t,z) = F~! (e7I") (z); see [I, 14] and Appendix A1l Now by
Parseval Identity, the formula [ F (f)g = 2r [ fF~! (g) and since xg,(-) and et are

7N\
Mlm

which finally gives

(6.1) Fxe,) (€)=

14The factor 27 comes from our choice of Fourier transform in ().
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real-valued and even, we have

/ (w—wu)dx = / XE; dx — / <.F_1 <e‘€t"‘a) * XEJ> dx
Ey Ey Ey
= / X, |* de —/}—_1 <€_€t|'|a) (XE, * XB,) dz
R R

1 1 B a
= 2—/ |F (xg,)|” d¢ — 2—/ eI F (g, * xB,) d&
T JR T JR —_———

=|F(xe,)|"

_ 1 _ etlele 2
=5z [ (1= ) 1 G P e

Therefore, using (6.1]),

(6.3) /EJ(w —u)dr = %/R <1 _ e—etma) % cin? <g> .

Denoting te = r and defining
1 Crigle Sin?(2(J +1)€) ., (€
= _erlely 2T A T )S) 2 (S
E(r,J) Tor /R (1 e > 25’ (@) sin” { 7 dg,
we deduce from (6.3) that

1
Joe

2
/ (w—u)(t,x)de = = E(te, J).
Ej ™
This reduces the proof of (5.3]) to the one of the following lemma.

Lemma 6.1. The above quantity satisfies infocr<1 y>1 E(r, J) > 0.

21

The proof consists of a long case by case study. Before doing it, let us repeat the same

procedure for Proposition

Starting again from (G.]), the difference is that w is replaced by v solving (5.1]). Recalling

(T3), a standard Fourier procedure now leads to

olte) = (77 () v, ) @)

in place of w in (6.2]), and Equation (6.3]) becomes

e = 2 (et e SR D <§>
/EJ(U u)dx—ﬂ/R<e €] e~ ¢t > 2 5n(©) sin” | 3 dg.

Defining

1 R sin*(2(J +1)€) . 5 (€
Ete,J) = Jtsg/R<e €] e ) e (€) sin” | 3 dg,

the proof of (5.6]) reduces to the one of the following lemma.

Lemma 6.2. For any T > 0, the above quantity is such that inf o<, E(t,e,J) > 0.

0<e<l,J>1

Second step: proofs of Lemmas 6.1 and [6.2. We need a preliminary result.

Lemma 6.3. For any ¢ € C ([% 37”])7
L [ 0

(6.4) lim — » ® S’ (@) d¢ = 2mp(m).
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Proof. Using that & — &S(m(‘](ghl)f) is m-periodic, and denoting z = (£ — m)(J + 1),

1 37T/2 2 2 J 1 J 1 7T(J+1)/2 2
_/ ; sm(.(z—k )§)d£—4 + <,0<7T+ z >sm(z) <+>
J /2 sSin (f) J —m(J+1)/2 J+1 2z)2 sin ( )
Since
sin?(2z) ™ (Jil)2 w2
/ 22)2 dz = 5 and max YRR
R z e |:_7'r(J2+1)’7r(J2+1):| sin (J—ZH)

) the Dominated Convergence Theorem shows that

J41 (U2 ( z > sin (22) <J+ >
lim 4 —— |7+
J—o00 J —m(J+1)/2 J+1 22’ sin ( )
sin?(2z)
=4dp(m / dz =27 0
wlm) | CBE (7).

We are ready to prove Lemmas and
Proof of Lemmal6.dl. Let {(ryn, Jn)}n C (0,1] X [1,00) be a minimizing sequence, namely

(6.5) inf  E(r,J) =lUmE(rp, Jn).

0<r<1,J>1
Passing to a subsequence, we can assume that

Jlimr, = re € [0, 1], dlim J,, = J» € [1,00].

We distinguish eigth cases. Let us recall and notice that

) = ] /R (1 ~ e_mma) sin® (2(Jn + D) o (é) i

(6.6) oo & sin?(¢) 2
- ol SICQUn + DE) o <§> ds .
£2sin’(€) 2
CASE 1. Assume
Too = 0, Joo = 00, a<l

Since r, <1, ([6.6]) and (6.4)) imply that

1 32 o sin?(2(J, +1)§) ¢ N o
Elrp, Jp) > — ae¢ " in? [ 2 ) d¢ 2225 270 ™™ > 0.
(rnJn) 2 5 /W/Q e i) <2> : e

CASE 2. Assume
oo = 0, Joo = 00, a>1.
Denoting co = min.¢(r/2,3x /2] l_—Zﬁ > 0 and using that & — %7?51)5) sin? (%) is
2m-periodic, we have

1 g SR +1)E) 5 (€
g(rnw]n)—ij 1/a/<1 e Tnl¢ ) 2l (©) sin? 5 dg

”
-1/ -1/
_ 1 __jape Sin 22+ VD %) 5 (a2
Jn/R<1 e ) sin dz

22 s1n2(r;1/az)

I5For the first identity use that 1 = f|X(—1/2,1/2)|2 = 5 L [F( (X(=1/2,1/2)" = fR S'"(E/Z) d¢. For the

second one, use the symmetry and monotonicity of the function whose we take the maximum.
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@ T sin?(2(J, + D)y, e z) . g rgl/az d
> | 5 1/a sin 5 z
nJz sin®(rp, " 2)
3mr 1/
A ﬁ sin®(€) 2
7"77L /e
st ] a0 0,
- J, ﬂ sin?(¢) 2
1 Trril/a
_an® | 1 / TG <§> de
Jn 27"111/ “ —”’:21/(1 sin’(¢) 2
1/a 31/2 52
_ cora 1 / sin (2(Jzn +1)§) sin? <§> d¢.
A T sin®(&) 2
Hence
1/a 3m/2 (.2
67)  1mE(ry, Jy) > lim 2 | L / s’ 2+ 18) o <§> de,
n n Jn 2rn/a w/2 Sm (é) 2
and this limit is com > 0 by (6.4)).
CASE 3. Assume
Too = 0, Joo = 00, a=1

For n so large that 7/2 is less than 1/r,, we infer fro

m ([6.6]) that

1 Urn sin?(2(J,, 4 1)€) ¢
E(rnydn) 2 ———— ¥ in? (2] d
(r e Jpeln(1/ry) /7T/2 £sin?(€) t < > 3
(2k+3)
> — 1(1/ ) / T sin?(2(J, + 1)) sin? <§> de
neln(l/rn) 2k+ 4 é’Sln (€)
1 /(2k+ sin?(2(J,, + 1)€) i
2Jpeln(1/ry,) 0. (2k+ £s1n &)
(2k+3)m 502
=5y 11(1/ ) > 2%k 1—3 / AU LS e
1
weln(1/r, k0, (k1 e L (2k + 5)m J 2+ 1)m sin®(&)
1 37/2 gin + 1
~ 2J,eln(1/r )/2 (51(n 2(¢) = )dg Z (2k + 3)7’
" nJnf k>0, (2k+3)m< L
We notably used that sin?(£/2) > 1/2 for £ € (3,3%) + 27N. Using now that
1 M—oco .
SIM_ mt F2% In(M), we have ¢ = hm"mzkzo,(%%)nsi m > 0.
In particular
ey, 1 32 sin?(2(J, +1)€)
: 1 ns Jn) > o lim — . dg,
(6.8) im E(ry,, Jn) 5 lm - /ﬁ/2 S (0) 3

and this limit is <% > 0 by (6.4]).
CASE 4. Assume

Too > 0, Joo = 00.



24 N. ALIBAUD, G. M. COCLITE, M. DALERY, AND C. DONADELLO

Since o, <1 and r, > 5= for large n, (6.6]) implies that
E(rn, Jn)

3m/2 )
- —_ _T% 5“ Sin (2(Jn + 1)5) . é. n—>oo 2 . %WQ
> / 1 e ) €22 (6) sin dé —— <1 e > > 0.

CASE 5. Assume

Too = 0, Joo < 00, a<l1.

By (6.8), we have E(rn, Jn) > 5= [5 €% _‘S‘QWL(J;;%)QSM <%) d¢ > 0 for any n
large enough so that J,, = J.
CASE 6. Assume

Too =0, Joo < 00, a > 1.
T sin? o S) . S
By (6.2), limy, €(rn, Jn) > 55 73/2/2 wsnﬁ (3)ds > 0.
CASE 7. Assume
oo = 0, Joo < 00, a=1.

By ©6.8), lim;, E(rn, Jn) > 55 f:;;/z Sm(i(% d¢ > 0.
CASE 8. Assume
Too > 0, Joo < 00.
Using again that o, <1, r, > %5* and J, = J for large n, we have
-2
Ern, Jn) > i/R (1 _ e—%”ﬁl”‘) sin g(s‘ijzgé)l)f) sin? (g) d¢ > 0.
In this way, thanks to (€.3]), Lemma is completely proved. O

Proof of Lemmal6.2. Let {(tn,en, Jn)}n C (0,T] x (0,1] x [1,00) be a minimizing sequence,
namely

0<i£1§fT’ Ete,J) = ligné’(tn,sn, In)-
0<e<I,J>1

Passing to a subsequence, we can assume that

Jlime, = e € [0,1], Ilim J,, = Jw € [1,0].
We distinguish eigth cases. Recall and notice that

1 —tnén H_“L‘—O‘ _ —tnen|€|® Sin2(2(Jn + 1)5) 2 §
E(tn,en, JIn) = Titoee / <e Tel e > 2 (€) sin d&

1+
S

(6.9)

“ e ol + senfél”
arza P | —teenlél" ———raa
en T+egle” 1+ e5[¢]

SR+ 16 (€
s2sm GH ()‘M

Jns

CASE 1. Assume
€oo = 0, Joo = 00, a<1/2.
By (69) and (6),
g(tn,En,Jn)

37/2 1 ¢2(a—1) .2 2a—1
1 ) e SR 10 2 (€Y g o, 20 e

>
1+ 7

> 0.
T InJrpp Jo 1+E sin?(¢)
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CASE 2. Assume

€o0 = 0, Joo = 00, 1/2<a<l.
22(a—1)

Define ¢y = min.e(x/2,3x/2) 75 e~T2* > 0. By (6.9) and 27-periodicity of the func-

tion & — %7?51)5) sin? (%), we have

E(tnsens Jn)

1 |5|2(al 1+ senlé| sin*(2(Jn + 1)§) . 5 (€
_tn n “ . y i 9 d d
=g [, o o (el T ) S Gyt (5) e
2(a—1) a\ gin2 ~1
- / / |Z| exp < tn&Tl a‘ ’al + S|Z| ) S11 (2(J2n +_11)Z€n ) sin2 <i> dS dZ
FENPTS 14 [2]e sin®(ze7, ") 2en

2a 1) Lo 2(9 J 1 -1
n )z sin®(zen ) En

5, e () = [ e ()
. COJin /2;%n+2ﬂﬁJ Sin2(821(n,]2n( 5 DE) (g) "
|| [0 6]
Hence
o e 1] 00 ()

and this limit is com > 0 by (6.4)).
CASE 3. Assume

€0 = 0, Joo = 00, a=1/2.
Let us start again from ([6.9) and argue as in CASE 3 of the previous lemma. We get

Etn,eny JIn)

> m /ﬂ/; Sin2(§2s(iin2(—£)l)§) i <§> i«

> k>07<2k%>w<51 <2(:T>) e
T 50 B ey

k>0,(2k+3)mr<e, !

. 1 1 1
Denoting ¢; = lim,, i/ Zkzo, 2+ 3)r<er’ @R Dm > 0, we have

3m/2
(6.11) 1 € (b, 2, Jr) > i lim — / @+ 18) 4
" /2 sin”(¢)

and this limit is ¢;me=7 /2 > 0 by (6.4).
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CASE 4.

CASE 5.

CASE 6.

CASE 7.

CASE 8.
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Assume
€00 > 0, Joo = 00.
Since s < 1 and ¢, € (58, 1] for large n, (6.9) implies that

(%o)l—l—a /37r/2 52(01—1) T Sinz(Q(Jn +1)§) sin? <£> "

E(tn,en, In) >

s 2 1+& sin®(€) 2
whose limit as n — oo is Qﬁ(;;l e~ T (2)1% > 0 by (6.4).
Assume
€oo = 0, Joo < 00, a<1/2.

Recall that J,, = J for large n, so by (6.9]) we have
2 2
Etn,en, In) > L / L e~ TIEl" sin(2(Joo + 1)¢) sin? <§> d¢ > 0.
R

= T Ja 1+ €2sin?(€) 2
Assume
€00 = 0, Joo < 00, 1/2<a<l.
By (10), limy (b, 20, Jn) > 55 [27> SECE= 0 6in? (§) de > 0.
Assume
€oo = 0, Joo < 00, a=1/2.
By (G, lim, &(t, £, Jn) > G5 [27)% SEU=ED0 e >
Assume
€00 > 0, Joo < 00.

Using again that 5., <1, e, € (52,1] and J, = J for large n, (6.9) implies that

(S)' e gAY o~ Tlele sin®(2(Joo + 1)) sin? (g

g(tna En, Jn) >

=T Je JalifEe sin?(€) > €>0. O

Conclusion. Having established Lemmas and and recalling that the proofs of Propo-
sitions [5.1] and were reduced to these two lemmas, we have completed the proofs of these
two propositions. O

APPENDIX A. SOME TOOLS OF FRACTIONAL CALCULUS

This appendix recalls basic facts on the fractional heat kernel and Bessel functions. It
moreover contains a proof of Lemma [2.1] and technical results on g,. Most of the material is
well known, see e.g. the books [7 8, Ol 27, [38], 40, [41] and references therein.

A.1. The fractional heat kernel and Bessel functions. Given « € (0, 2], define for any
t >0 and z € R,

(A1)

Golt,z) = F! (e_t"‘a) (x) and P,(z) = Go(1, 2).

Recall that

(A.2)

where

(A.3)

Golt,z) = Ga(l,t az) =t~ a Py(t ),

0 < P, € C° N WL(RY), and
P, is radially symmetric with || P,/ = 1.

For proofs, see e.g. [11l 22], 23] 26| [33]. Here is another property due to [11 [33].
Lemma A.1. Let o € (0,2). Then lim,| o |[2|*T Py (2) = o with cq as in (Z3).

The exact value of this limit is important for us. Here are details for completeness.
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g1
Fourier transform used in [11, Equation (1.1)] is as in (IL4)) up to the choice of the sign of
+ix - &, but this sign does not change the above limit since e“"a and P, = F~ (e""a) are
even. Conclude by Euler Reflection Formula I'(2)I'(1 — z) = valid for z ¢ Z. O

Proof. By [11}, Theorem 1], lim |00 |27 Pa(z) = 22! gin ()T (22)T (%) . Indeed the
K

sm(7rz)

Consider now the Bessel function
o0
B (=) <z > 2n+y
jv(z)_nzz:onlf(n—l—y—l—l) 2 ’
which we use for v = —1/2, 1/2, 3/2, etc. For any v > —1/2,
Jy € C°°( ) (meaning it is real-valued if considering it on R),

(A.4) Ty(2) (1/\/\?> as |z| — oo, and
(z'YJV) =2Ty-1,

while J_y/5(2) = (1)1/2 cos(z). Moreover:

Tz

Theorem A.1. Let f € LY(R?) be radially symmetric of the form f(|€]) = fo(|€]). Then'

_ 1 d
(A5) FAUN@ = s [ )t Ty (rlal)dr
(2m)2 x|z /R :
For proofs, see e.g. [40, Chap. IV, Sect. 3, Thm. 3.3 & Lem. 3.11] See also [8] 41] for
standard references on Bessel functions.

A.2. Calculation of the fractional Rosenau Lévy measure. In this section we prove
Lemma 21 Let us recall that it is standard in subordinate semigroup theory [7), 9, 27 [38],
but the exact computation of the measure v is fundamental for us, so we give details for
completeness. The proof is very short from the knowledge of G, from (AJ)) and the result
below.

Lemma A.2. Let a € (0,2]. Then go = F ! (

jup ‘a) e L'(RY) and

_ [T I B
(A.6) ga(x)—/o e Ga(t,az)dt—/o e 'tT P, (tl/a>dt.

This is a classical formula on semigroups and their resolvents, see e.g. [27]. Let us give the
proof for completeness.

Proof. Define f(x) to be the right hand side of (A.6]). It is measurable with values in [0, oo],
thanks to the nonnegativity of P,, see (A.2)—(A.3]). Moreover

1l :/0 |Gt )1 dt:/o etdt =1 < oo,

This shows that f € L'(R%) thus F(f) is continuous, and it suffices to show that F(f)(¢) =
for any ¢ € R?. By the Fubini-Tonelli Theorem,

€) :/ e_im'g/ e_tGa(t,x)dtdx:/ e_t/ e TG (¢, x) dx dt
R 0 0 R4

_ /OO e tHe gp = L O
0 L+ (€]~

16T he right hand side of (A.5) makes sense by ([A.4) and since 15 1fo (r)|r?' dr < oo, thanks to recomputing
Ifllz1 in spherical coordinates.
1T [0] the above theorem is stated for another choice of Fourier transform, see [0, Page 2]. This is

why we have different constants. The proof is given for d > 2, but the result for d = 1 easily follows from
Fﬁl(f)(x) = % fR cos(z€) f(&) d€ rewritting € as r.

1+\£\“
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Proof of Lemma 2. The properties in (Z.5]) are immediate from Lemma[A.2] and (A.3)). Re-
calling our notation g (z) = e %gq(z/€) we have for all ¢ € C®(R?) and z € RY,

R = -7 r0) @

- & (7 (rrar) ) @

_ ¢($) 1 €
- ca +€_a(ga*¢)(x)

= [ 0t +2) - ot B

since [ g5 = 1 by (2.5) which we already proved. Using now that g7, is radially symmetric
(thus even), we have lelSI Vo(r) - z¢5(z)dz =0 and

-1

R?(gb)(ﬂj) = /]Rd ((;5(33 +2) — ¢(x) — Vo(z) - ZX{|Z|§1}) gg‘;—f) dz. O

A.3. Further technical results. Let us end this appendix with several lemmas on RS (cf.
(C3)) and g, = F 1 (ﬁ)

Lemma A.3. Let a € (0,2). Then go is continuous in R4\ {0} with

lim |x|d+°‘ga(x) = Ca, M, :=sup |:E|d+°‘ga(:17) < 00,

|z|—o00 x#0

where ¢y, is as in (2.3)).

Remark A.1. Note that lim,_, go(z) = 00 since go(z) > co flzcl)a et a dt ~eso C1 x| T,
for some positive constants ¢;, thanks to (A6) and radial monotonicity of Py (cf. [4]).

Proof. We remark first by (A.6]) that

oo d+a
d+ _ —t, | T x
then Lemma [A 1] and the Dominated Convergence Theorem allow us to conclude. O

Lemma A.4. For any o € (0,2], ¢ > 0 and ¢ € CX(RY), A*2¢ — R2(¢) = g5, * A%(¢)
where g5(+) = e %ga(-/¢).
Proof. We have

sl reo) =7 (11" - ) 79)
- <1€+a|e?||2'a [ m’))
= F1 <71+;| : |a> «F 1 (=] P*F(e)) . O

=94
Lemma A.5 (Fractional gradient). For any 3 € (0,1) and ¢ € C°(R?), define
(A-8) Vi = F~1 (ihsF(¢))
where hg(§) = E|€|PL. Then for any x in RY,

(A.9) Vo) =C | (9w +2) = o(x)) W dz,
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for some constant C = C(d, ).
The proof is probably classical but we did not find any reference. Let us give it.

Proof. The Fourier transform of the right hand side of (A9]) equals

iz§ _ 1 . ‘
FONE) [ s #e = F OO [ T de

R
For € # 0 fixed, write z = % ¢ + 2+ where z+ € (span{¢})t. Then

sin(z-&)z , L/ sin(z- &)z - &
/Rd |2 [dFBTT d’z—£|£|2 wa |2 T dz,

=:15(¢)

; . L
since fRd Sllzl(dz% dz = 0. The latter integral can indeed be computed by fixing the coordinate

in ¢, while noting that sin(z - £) and z*/|z|*#+! will then be respectively constant and odd
during the integration in z. Given moreover any orthogonal transformation O, I, 3(0¢) =
I5(€) thanks to the change of variable z — Oz. In particular I(-) is radial and noting that
I5(AE) = N~ 1I5(8), for any A > 0, I5(€) = |€]°~1 up to a multiplicative constant. O
Lemma A.6. For any 0 < < a <1, VAg, € L'(R?,RY).

Proof. We will use the Fubini-Tonelli Theorem applied to the right hand side of (AZ9)), while
computing g, via (AG). To justify the computations, let us first show that

b (i) ()
= —tp— 4 i i dz dz dt .
///RR EGE s e

Changing the variables by tl% — x, and similarly for z, we get

I:/// oty-2 Palzt2) = Pa (@) 00
R+ xR2d |2|4+8

Cut I in two pieces I + I3, according as |z| < 1 or not. Writing P, as integral of its derivative,

1
L < /// / ety VP 59l o
R+xRIx{|z|<1} /O |2

o0
:/ e—tt—fidtnvpanLl/ 124+ 0) 4 < o,
0 |z|<1

thanks to integrating first in z. Using that |P, (z 4 2) — Py (z)| < |Pa (@ + 2)| + | Pa (z + 2)],
a similar reasoning gives

o ]
I, < 2/ e 't dt || Pyl / 12|74 dz < 0.
0 |z|>1

The Fubini-Tonelli Theorem then implies that

J et P, (Z%) dt — [° et P, <t1%> dt

B zdz

T +—

Rd
is a well-defined L' function. We recognize Vg, as in the right hand side of ([A.9)), up to the
multiplicative constant C'. We denote this operator (with C') by Y go for a while. It remains
to show that it equals Vg, in (AS). The latter makes sense as a tempered distribution.
Considering a test function ¢,

<Vﬁga,¢> :—/ gavﬁgbdx:—/ ga%ﬁgbdx:/ gb%ﬁgadx,
Rd Rd Rd
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where the latter integration by parts follows from elementary computations This proves
that VPg, = VPg, € LY(R?). O

APPENDIX B. FINITE-INFINITE PROPAGATION SPEED ESTIMATE

We adapt here [I, Theorem 3.2] to ([27)), see [24] and also [5, 6] for nonlinear diffusions.
Let us first recall standard results on Lévy operators and convolution semigroups. Assuming

2I)—-(22) and denoting
Y(E) = /Rd (1= e 4 iz €xqeicny ) dp2),

we have L£H(¢) = —F 1 (¥ F(¢)) for any ¢ € C(R?), where ¢ is continuous and negative
definite, see [27, Theorem 3.7.8] In particular G, (¢,-) := F ! (¢7™¥) is a nonnegative Borel
measure of mass 1, defining a convolution semigroup as in [27, Thm. 3.6.16 & Def. 3.6.1].

Proposition B.1. Assume Z1)-(Z2) and f € W,"°(R,RY). Let w and @ be the respective

loc

entropy solutions of (LT) associated to given wy and wo in L' N L= (R?). Then for all t > 0,
zo € R, and R > 0,

[ w-dlwndes (Golt, ) % o — o)) (x) de
|z—x0|<R |x—xo|<R+Lt
where L = || f'|| oo (= 1,00y ,met), M = max{|[wo| o<, [|wol| >}, and G, is as above.

Proof. Use [24, Proposition 4.2] for (Z7) to get

(B.1) //Rd|w w|0¢ + sgn(w — w) (f(w) — f(w)) Vo + |w — w|LH(¢) dx dt
B.1

/ Jwo () — To(2)[6(0, ) de > / (T, 2) — (T, 2)|$(T, z) de
R4

Rd
for all 7> 0 and 0 < ¢ € Cp°([0,T7] x R4) B As usually
[sgn(w — w) (f(w) — f(w))| < Ljw — wl,
since w and w are bounded by M by the maximum principle, see Remark 2.1 Choose
Pn(2,t) = (Gu(T = t,-) * enl(t,-)) (x)
where ¢, (t,z) = 7 <\/\x —x0|2+1/n> - R— L(T — t)> for some 0 < v € C®(R) fixed,

nonincreasing, and equaled to 1 on R~. Note that ¢,, € C([0, T]| xR?) with d;,, < —L|V,|.
Recalling moreover that for any fixed ® € C®(RY), (z,t) = (Gu(T —t,-) * ®) (x) is smooth
with

0L (GulT — 1.+ ®) () = —L* (Gu(T — £,) ¥ @) (2)
(1), easy computations show that ¢, € C°([0,7] x R?) with
at‘lsn + L|V¢n| + £M(¢n) § 0.

Putting finally ¢,, in (BIl), letting n — oo, and then v approximate xp- gives the desired
result. g

18ff‘z‘>rga( %zdzdw = ff\ a>r %zdzdm ff‘ a>r %zdzdw, do z+ 2z — z and
z + —z in the first integral, let 7 — 07, and get the result.

91t is standard that £*(¢) = —F ' (¢F(¢)) by computing F (£*(4)) and identifying the multiplier.

201n [24], T = o0 and ¢ € C°({t > 0}). But a standard procedure gives (B.I) since entropy solutions are
Cy(L}). Tt is moreover easy to pass to the limit in the Rosenau term via Lemma 2.1 when approximating
¢ € Cp° by functions with compact supports.

215ee [27, Example 4.3.1], or derivate ' (e~ (T~9% F(®))(z) under the integral sign using that Re(t)) > 0
and [9(€)] < cy(1 4 |€]?) to justify the computations; see respectively (3.123) and Lemma 3.6.22 in [27].
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APPENDIX C. ALTERNATIVE PROOFS OF LEMMAS [3.1] AND IN 1-D

This final appendix contains more simple an purely PDEs proofs of Lemmas B.1] and
when d = 1. It is convenient to start with the second lemma.

Proof of Lemma (32 Define H,(t,z) = ffoo Go(t,y) dy and recall that
O Hy = 09, Hy, teRT, z € RY,

C.1
(€.1) H,(0,z) = Heav(x) := {1’ for z > 0,

) x € R,

0, otherwise,

thanks to (A1) and (A3). Recall also our shorthand notation 9%, = (92,)%/? defined as in
(L8). Injecting the identity (A.2]) into the above equation, straightforward computations give

T 1+« €T o Ao .
for all positive ¢t and z. Using again the equation in (C]),
(C.3) Of(t,z) = —ax® 0%, (09,Hy) (t,x).
—_——

=—073 Ha by (L)

When « € (0,1], 22 is a Lévy operator. If in particular v # 1 we can apply (2.4]). Hence for
all positive ¢t and z,

(C.4) 0¥ H,(t,z) = caq lim (Ho(t,x+ 2z) — Ho(t,x) — 0 Ho(t, x)2) _dz <0.
r—00 |2|<r ‘2’1-1—201

The latter inequality holds since x — H,/(t, ) is odd, nondecreasing, and concave on R™; see
[4] Indeed the integrand in (C.4)) is nonpositive for positive or small z, while these regions
compensate those with the wrong sign by symmetry. If o = 1 we still have 029=2H,(t,z) < 0
for positive ¢ and x by concavity of H,(t,-) on RT. From (CZ2), (C3), (C4), and Lemma
A1l we get that f(¢,z) < lims_,o f(s,2) = cq for positive t and x. This proves Lemma
via (A7), first for positive x and then all z since g, is even. O

Remark C.1. We can also recover Lemma A1 with our arguments. Indeed (2.4]) shows that

d
%1_13% —ax®05, Hy(t, ) = —ax®cq /R (Heav(x 4 z) — Heav(z)) \z]% = Ca

I
az®

for any x > 0, and this proves Lemma [A 1 via (C2l). The computation of the abvove limit
via (2.4) is notably justified by Lemma [C 1.

Proof of Lemma [31l. Now a € (0,2), 02, is well-defined via (I.8]), but it is not a Lévy operator
if @« € (1,2). Assume the latter case, since Lemma [3] is a consequence of Lemma if
€ (0,1]. We need the result below.

Lemma C.1. Assume o > 0 and H, solve (C1l) as previously. Then H,/(t,-) 129, Heav(+)
in C°(R\ {0}) (meaning all space derivatives converge locally uniformly).

Proof. For any n € N, |0% Py(x)| = O(|z|™"7!) as |z| — oo because 8?:111 (€lg|mrelEl%) =
O(J€]*~1) as € — 0 and thus remains integrable on R. For any 0 < a < b,
bt~ 1/ ntl

o 1 n Ca (b—a)t =
||8w7LGa(t, )HLl(a,b) — W /atl/a | ;E"PCV(':L')| d$ é tn/a tl/a S Ca(b - a),

22These properties are also straightforward from the maximum and comparison principles for (CIJ).
231 fact O(|z|~" =), see [34], but we will not need it.
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thanks to (A.2)) and to what precedes to ensure that the above constant C' depends on a > 0
but not on small ¢. This gives enough compacity estimates on G (¢, ) ast — 0 to conclude. O

Going back to the proof of Lemma Bl note that (C.2) and (C.3) remain valid under our
assumption that a € (1,2). By (C.3) and Lemma [C.1], lim; 0 0, f(t, 2) = ax®9?¢Heav(x) for
any = > 0. But 9?Heav(z) = —02,(02¢"2Heav)(x) where 2a — 2 € (0,2). Hence

dz Coa—2 1

2a—2
H = o— H — H = —
072 “Heav(z) = c20-2 /R( eav(x + z) eav(z)) o 50 5 7303

by (Z4), and limy_, O f(t, ) = aax¥con_o 2%5% = aa—leaa=2 1 omma B then follows from

x2o T

(C2), Lemma [AT] and (A.T]). O
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