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A note on the convergence of a class of adaptive optimal identifiers ⋆
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Abstract

This paper proposes a unifying framework for the convergence analysis of a class of adaptive optimal identifiers. The considered class
of identifiers is constructed from the sequence of minimizing sets of a family of objective functions. For the purpose of the analysis we
introduce a generalized version of the classical persistence of excitation condition. Based on this an Input-to-State-Stability (ISS)-type of
property is derived for the studied class of adaptive estimators.
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1 Introduction

Estimation algorithms can be roughly classified into two
main categories: batch methods and adaptive ones. While
the first type of estimators produces a single estimate based
on a finite collection of data, the second type generates a
sequence of estimates by processing the data sequentially
[2]. With an appropriate weighting of the data, adaptive es-
timators can be endowed with the capacity of tracking slow
variations in the parameter being estimated. In some cases
it is even possible to find a cheap and recursive updating
mechanism which computes the estimate at a time step from
the one obtained at the preceding time step and the new in-
coming information. In these particular cases, adaptive algo-
rithms (e.g., the stochastic gradient descent algorithm) may
present a much lower complexity than their batch counter-
parts, a property which is of practical interest when dealing
with high dimensional or large amounts of data. Well-known
adaptive identification algorithms include the recursive least
squares (RLS with or without exponential forgetting factor)
[7], the least mean squares and their respective variants [2].

This note considers a general adaptive estimation frame-
work for linearly parameterized systems. Its contribution
consists in the unified analysis of the convergence prop-
erties of a class of optimization-based adaptive identifiers.
Our main result is the derivation of an Input-to-State (ISS)-
type [3] of property under a new generalized persistency
of excitation condition. An interesting feature of the pro-
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posed analysis is that it relies (only) on the properties of
the loss functions from which the estimating optimization
problem is formed. That is, no explicit expression of the so-
lution to the optimization problem is required for the anal-
ysis. This makes the approach very generic as it renders
it applicable to a variety of estimators including those re-
sulting from smooth/nonsmooth or convex/nonconvex loss
functions. Many existing convergence analysis methods for
adaptive optimal estimators apply to a single estimator and
require in general an analytic expression of the solution of
the optimization problem (e.g., the analysis of the RLS in
[4]). In contrast, the current paper takes a more abstract
analysis approach to adaptive optimal identifiers thereby re-
vealing the precise convergence-inducing properties of the
minimized loss function and of the training data.

Note that the focus of the paper is only to analyze the be-
havior of the sequence of estimates generated by the opti-
mal adaptive identifier ; we do not consider implementation
aspects such as computability of the estimates or numerical
complexity.

Notation. R (resp. R+) denotes the set of real numbers
(resp. nonnegative real numbers). We use R∗ to denote the
set of nonzero real numbers and N for the set of natural in-
tegers. ∥·∥ refers to an arbitrary norm. In denotes the iden-
tity matrix of dimension n. For two symmetric matrices S1

and S2 the notation S1 ⪯ S2 means that S2 − S1 is a pos-
itive definite matrix. A function α : R+ → R+ is said to
be of class-K∞ [5] if it is continuous, zero at zero, strictly
increasing and satisfies limr→+∞ α(r) = +∞. We denote
with K∞ the set of all such functions. Note that any α ∈ K∞
is invertible and its inverse, which we will denote by α−1,
is also a K∞ function.
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2 Estimation setting

We consider a linearly parameterized data-generating system
defined by

yt = x⊤t θ
◦ + vt, (1)

where yt ∈ R is the output at discrete time t ∈ N, xt ∈ Rn
is the predictor (regressor vector) and vt ∈ R represents
modelling uncertainty. θ◦ ∈ Rn is an unknown and constant
parameter vector to be estimated.

Although the following analysis is, for simplicity reason,
presented here for a single output model, the results are di-
rectly applicable to multivariate measurements model (i.e.,
situations where the to-be-estimated parameter vector θ◦
would be a matrix).

We consider the problem of finding a sequence
{
θ̂t
}

of
estimates for the parameter vector θ◦ in (1) such that each
estimate θ̂t relies on the data zt = {(xτ , yτ ) : τ = 1, . . . , t}
generated by the system up to time t. The focus of this note
is to analyze the properties of a class of optimization-based
estimators which generate the sequence of estimates such
that

θ̂t ∈ argmin
θ∈Rn

Vt(θ), (2)

where the objective function Vt : Rn → R+ is taken to be
of the form

Vt(θ) =

t∑
k=1

λt−kψ(yk − x⊤k θ) + λtψ0(θ − θ̂0) (3)

for t ≥ 1 and V0(θ) = ψ0(θ − θ̂0). Here, θ̂0 denotes some
initial guess (or prior estimate) of the parameter vector θ◦,
λ ∈ (0, 1) is called a forgetting factor and ψ : R → R+

and ψ0 : Rn → R+ are some loss functions. In words, Eq.
(2) says that θ̂t is selected as one minimizing point of the
performance index θ 7→ Vt(θ).

Indeed, most adaptive schemes are recursive (greedy) heuris-
tics in that they do not necessarily minimize at each time t
a global objective Vt of the form (3). The approach taken
here is to first setup as in (3) the cumulative performance
function from which the estimates are generated. The ques-
tion of whether the solution can then be computed exactly
or approximately through a one step-ahead recursive update
equation rather pertains to practical implementation aspects
which are beyond the intended scope of the current paper.
We rather focus on well-definedness of the sequence {θ̂t}
from (2) (i.e., existence of a minimum value for Vt at each
time t) and the convergence property.

For future reference, we consider the following properties.
A positive function ℓ : Rn → R+ is said to

A1 be positive-definite if ℓ(x) = 0 ⇔ x = 0.
A2 be symmetric if ℓ(x) = ℓ(−x) ∀x ∈ Rn.

A3 satisfy a generalized triangle inequality (GTI) if there
exists a constant number αℓ > 0 such that

ℓ(x− y) ≥ αℓℓ(x)− ℓ(y) ∀(x, y) ∈ Rn × Rn. (4)

A4 satisfy a generalized homogeneity (GH) property if
there exists a K∞ function fℓ such that

ℓ(x) ≥ fℓ
( 1

|r|
)
ℓ(rx) ∀(x, r) ∈ Rn × R∗. (5)

We will assume throughout the paper that the loss functions
ψ : R → R+ and ψ0 : Rn → R+ are continuous on their re-
spective domains. Moreover, they will be required, accord-
ing to the situation, to satisfy a subset of the properties A1-
A4. Note that ψ and ψ0 need not be convex for the follow-
ing reasoning to be valid. Examples of candidate functions
for ψ may be all power functions of the form e 7→ |e|p/p
with p being a strictly positive real number, or the scalar
Huber loss defined on R, for a given h > 0, by e 7→ e2/2
if |e| ≤ h and e 7→ h(|e| − h/2) otherwise. In the special
case where ψ(e) = e2/2 and ψ0(θ) = θ⊤P−1

0 θ (with P0

being a symmetric positive definite matrix), a closed form
expression of the solution θ̂t can indeed be obtained; more-
over, that solution can be written in a recursive form (called
the RLS algorithm, see, e.g., [7]).

Lemma 1 Let ℓ : Rn → R+ be a continuous function which
has the properties A1–A2 and A4 with a K∞ function fℓ.
Then, for all norm ∥·∥ on Rn, there exist ξ1, ξ2 ∈ K∞ such
that

ξ1(∥θ∥) ≤ ℓ(θ) ≤ ξ2(∥θ∥) ∀θ ∈ Rn. (6)
A particular choice of ξ1 and ξ2 is given by ξ1(r) = D1fℓ(r)

and ξ2(r) = D2
1

fℓ(1/r)
for r ̸= 0 and ξ2(0) = 0, with

D1 = min∥θ∥=1 ℓ(θ) > 0 and D2 = max∥θ∥=1 ℓ(θ) > 0.

PROOF. The proof follows similar arguments as that of
Lemma 2 in [6]. First, by the continuity of ℓ we know that
it admits minimum value D1 and maximum value D2 on
the compact set S = {θ ∈ Rn : ∥θ∥ = 1}. Second, by the
generalized homogenous property A4 of ℓ we have

fℓ(∥θ∥)ℓ
(

θ

∥θ∥

)
≤ ℓ(θ) ≤ 1

fℓ(1/ ∥θ∥)
ℓ

(
θ

∥θ∥

)
(7)

for all θ ̸= 0. The result follows by noting that θ/ ∥θ∥ lies
in S, which implies that D1 ≤ ℓ(θ/ ∥θ∥) ≤ D2. 2

3 General convergence analysis

We start the analysis by introducing a concept of persistence
of excitation on the predictor sequences {xt}.
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Definition 1 The sequence {xt} is said to be persistently
exciting (PE) with respect to the loss function ψ : R → R+

(subject to A1–A2 and A4) if there exist two K∞ functions
α and β and a fixed time horizon T > 0 such that

α(∥θ∥) ≤
t+T∑
k=t+1

ψ(x⊤k θ) ≤ β(∥θ∥) ∀(t, θ) ∈ N× Rn

(8)
for some norm ∥·∥ on Rn.

Definition 1 can be interpreted as a generalization of the
classical PE condition, see e.g., [4]. For example, in the
special case where ψ and the K∞ functions α and β are
defined respectively by ψ(e) = e2, α(r) = ar2 and β(r) =
br2 for some a > 0 and b > 0, Eq.(8) becomes, when
Euclidean norm is substituted for the generic norm ∥·∥,

aθ⊤θ ≤
t+T∑
k=t+1

θ⊤xkx
⊤
k θ ≤ bθ⊤θ ∀(t, θ) ∈ N× Rn.

The latter is equivalent to aIn ⪯
∑t+T
k=t+1 xkx

⊤
k ⪯

bIn ∀t ∈ N. The latter corresponds to the classical PE
condition [4]. The PE condition (8) can indeed be equiva-
lently reformulated as follows.

Lemma 2 Assume that ψ is continuous and satisfies A1-A2
and A4. Then Eq. (8) holds true if and only if there exist
positive constants γ1 and γ2 such that

γ1 ≤
t+T∑
k=t+1

ψ
(x⊤k θ
∥θ∥

)
≤ γ2 ∀(t, θ) ∈ N× Rn \ {0} . (9)

PROOF. The proof follows the same idea as that of Lemma
1. In effect, if (9) holds then by applying the inequality
(7) with ℓ(θ) =

∑t+T
k=t+1 ψ

(
x⊤k θ

)
we immediately see that

(8) holds with K∞ functions α and β defined respectively
by α(r) = γ1fψ(r) and β(r) = γ2

1
fψ(1/r)

for r ̸= 0 and
β(0) = 0.

Conversely, to see that (8) implies (9), it suffices to replace
θ with θ/ ∥θ∥ in (8) and take γ1 = α(1) and γ2 = β(1). 2

Lemma 3 Let ψ : R → R+ and ψ0 : Rn → R+ be con-
tinuous functions satisfying the properties A1-A2 and A4.
Consider a function Gt : Rn → R+ defined by

Gt(θ) = αψ

t∑
k=1

λt−kψ(x⊤k θ) + αψ0
λtψ0(θ), (10)

where xk ∈ Rn ∀k, αψ > 0, αψ0 > 0 and λ ∈ (0, 1). If {xt}
satisfies the PE condition (8) with respect to the function ψ,
then there exist time-invariant K∞ functions g1 and g2 such
that

g1(∥θ∥) ≤ Gt(θ) ≤ g2(∥θ∥) ∀(t, θ) ∈ N× Rn. (11)

PROOF. Since {xt} is PE with respect to ψ, there exist
α ∈ K∞ and a number T > 0 such that (8) holds. For any
t ∈ N, consider the pair (qt, rt) of integers denoting the
quotient and the rest of the euclidean division of t by T , i.e.,
such that t = qtT + rt with 0 ≤ rt < T .
Then by a similar reasoning as in [1], the following series
of inequalities holds for t ≥ T :

Gt(θ) ≥ λt
qt∑
i=1

iT∑
k=(i−1)T+1

λ−kαψψ(x
⊤
k θ

)
= λ(qt+1)T−1

qt∑
i=1

λ−(i−1)T
iT∑

k=(i−1)T+1

αψψ(x
⊤
k θ

)
.

Recalling that
∑iT
k=(i−1)T+1 ψ(x

⊤
k θ

)
≥ α(∥θ∥) by the PE

condition, we can write

Gt(θ) ≥ λ(qt+1)T−1

qt∑
i=1

λ−(i−1)Tαψα(∥θ∥)

= λ(qt+1)T−1 1− λ−qtT

1− λ−T
αψα(∥θ∥) ≥ g11(∥θ∥)

with g11(r) = αψλ
2T−1α(r). On the other hand, for t < T ,

we can write Gt(θ) ≥ αψ0λ
T−1ψ0(θ). Since ψ0 is subject

to the conditions A1-A2 and A4, we conclude from Lemma
1 that there exists g12 ∈ K∞ such that αψ0

λT−1ψ0(θ) ≥
g12(∥θ∥) for 0 ≤ t < T . Taking then g1 = min(g11, g12),
it can be shown that g1 ∈ K∞. Hence, the lower bound in
(11) is proved.

We now turn to proving the upper bound. For all t ≥ T :

Gt(θ) ≤ λt
qt+1∑
i=1

iT∑
k=(i−1)T+1

λ−kαψψ(x
⊤
k θ) + αψ0λ

Tψ0(θ)

≤ αψλ
T

qt+1∑
i=1

λ−iT
iT∑

k=(i−1)T+1

ψ(x⊤k θ) + αψ0λ
Tψ0(θ)

≤ αψλ
T

qt+1∑
i=1

λ−iTβ(∥θ∥) + αψ0
λTψ0(θ)

≤ αψ
1− λ−2T

1− λ−T
β(∥θ∥) + αψ0

λTψ0(θ).

The right hand side function satisfies the conditions of
Lemma 1. Therefore, we can find a time-invariant g′ ∈ K∞
such that Gt(θ) ≤ g′(∥θ∥). Consider now the case where
0 ≤ t < T . For each such t, Gt(θ) fulfills the conditions of
Lemma 1. As a consequence, there exist K∞ functions g2,t,
t = 0, . . . , T − 1, such that Gt(θ) ≤ g2,t(∥θ∥). It suffices
then to take g2 = max(g′, g2,0, . . . , g2,T−1) (which is in
K∞) for the upper bound in (11) to hold. 2

The next lemma gives sufficient conditions for the the esti-
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mates sequence {θ̂t} to be well-defined.

Lemma 4 Consider the performance index (3) with ψ and
ψ0 satisfying all the properties A1–A4 along with continuity.
If the regressor sequence {x(t)} satisfies the PE condition
stated in (1), then the sequence of estimates (2) is well-
defined, that is, argminθ Vt(θ) ̸= ∅ for all t ∈ N.

PROOF. The idea of the proof is to show that Vt is coercive
(i.e., continuous and radially unbounded) and then apply a
result in [8] to conclude on the existence of a minimizer of
Vt for all t. For this purpose, note that Vt is continuous as a
consequence of ψ and ψ0 being continuous. Moreover, from
the properties A2-A3 of ψ and ψ0, one can write

Vt(θ) ≥ Gt(θ)−
t∑

k=1

λt−kψ(yk)− λtψ0(θ̂0)

≥ g1(∥θ∥)−
t∑

k=1

λt−kψ(yk)− λtψ0(θ̂0)

for some norm ∥·∥ onRn. Here, g1 is defined as in (11). From
the inequality above it is clear that lim∥θ∥→∞ Vt(θ) = +∞.
Hence, we conclude that Vt is coercive. As a consequence, Vt
admits a minimum value for all t. The sequence of estimates
(2) is therefore well-defined as claimed. 2

The claim of the lemma is that Vt admits a minimum value
but the minimizer of Vt(θ) need not be unique. The poten-
tial nonuniqueness of the sequence

{
θ̂t
}

is not an issue as
the derived convergence property holds for any sequence of
estimate satisfying (2).

Theorem 5 Consider a parameter sequence
{
θ̂t
}

gener-
ated as in (2) with the assumption that the functions ψ and
ψ0 in (3) are continuous and satisfy the conditions A1–A3.
If the sequence {xt} of regressors satisfies the PE condition
as stated in Definition 1 for a given norm ∥·∥ on Rn, then
there exists ξ ∈ K∞ such that

∥θ̂t−θ◦∥ ≤ ξ−1
[
2λtψ0(θ̂0−θ◦)+2

t∑
k=1

λt−kψ(vk)
]

(12)

for all t ∈ N.

PROOF. By invoking Eq. (1), it is easy to see that

Vt(θ) =

t∑
k=1

λt−kψ(vk−x⊤k (θ−θ◦))+λtψ0((θ−θ◦)−(θ̂0−θ◦)).

Now pose ηt = θ̂t − θ◦ so that η0 = θ̂0 − θ◦. Then we can
observe that

Vt(θ̂t) =

t∑
k=1

λt−kψ(vk − x⊤k ηt) + λtψ0(ηt − η0)

and

Vt(θ
◦) =

t∑
k=1

λt−kψ(vk) + λtψ0(η0).

By the generalized triangle inequality property of ψ and
ψ0, we have ψ(vk − x⊤k ηt) ≥ αψψ(x

⊤
k ηt) − ψ(vk) and

ψ0(ηt − η0) ≥ αψ0ψ0(ηt) − ψ0(η0). Making use of these
inequalities give

Gt(ηt)− Vt(θ
◦) ≤ Vt(θ̂t) ≤ Vt(θ

◦),

where Gt is defined as in (10). In the above equation, the
right hand side inequality follows from the definition of θ̂t as
a minimizer of Vt. Therefore, we haveGt(ηt) ≤ 2Vt(θ

◦).By
applying Lemma 3 for a given norm ∥·∥ on Rn, there exists
a time-invariant K∞ function ξ such that Gt(θ) ≥ ξ(∥θ∥).
Combining this with the inequality above yields

∥ηt∥ ≤ ξ−1 (2Vt(θ
◦))

which is the stated result stated by the theorem. 2

Theorem 5 states a property of ISS (see, e.g., [3] for a def-
inition) for the system

(
η0, {vt}

)
7→ {ηt} which maps the

initial parametric error η0 = θ̂0 − θ◦ and the measurement
noise {vt} to the estimation error sequence {ηt}. What it
says is that the estimator forgets exponentially fast the ini-
tial condition and produces an error which is bounded by an
increasing function of the amount of noise.

Assuming that the noise sequence {vt} is bounded, we ob-
tain an immediate consequence of Theorem 5 in the form of
an asymptotic upper bound on the estimation error.

Corollary 6 In addition to the conditions of Theorem 5,
assume that the noise sequence {vt} is bounded and λ ∈
(0, 1). Then there exists a K∞ function ξ such that

lim sup
t→+∞

∥∥θ̂t − θ◦
∥∥ ≤ ξ−1

(
2

1− λ
sup
t∈N

ψ(vt)

)
for any sequence

{
θ̂t
}

generated according to (2).

A direct implication of this corollary is that in the noise-
free case, we have limt→+∞ θ̂t = θ◦. More, it can be seen
from Eq. (12) that the associated rate of convergence is
exponential.

Example 1. If ψ and ψ0 are instantiated respectively by
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ψ(e) = |e|p for a real p > 0 and ψ0(θ) = γ0 ∥θ∥2, then the
properties A1-A3 are satisfied. In particular, the constant αψ
in (4) can be taken equal to 21−1/p if 0 < p ≤ 1 and 21−p

otherwise. Moreover, we may take the functions α and β
in the PE condition (8) to be of the form α(r) = arp and
β(r) = brp respectively for some positive constants a and
b. Using now the proofs of Lemma 3 and Theorem 5 we
determine a valid candidate for the K∞ function ξ in (12)
as ξ(r) = min

(
aαψλ

2T−1rp, γ0/2λ
T−1r2

)
.

4 Conclusion

This paper has proposed a unified framework for conver-
gence analysis of a class of adaptive optimization-based es-
timators. More precisely, an ISS-type of property has been
derived for the parametric estimation error under a gener-
alized condition of persistence of excitation. An interesting
feature of the proposed analysis is that it relies only on the
assumed properties of the loss function entering the defini-
tion of the to-be-minimized objective function, that is, no
closed-form expression of the estimates is required in the
analysis. This makes the analysis applicable to a wide range
of optimal adaptive estimators. Moreover, it characterizes
the precise convergence-inducing properties of the objective
function and of the training data.
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