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A HYBRIDIZED NITSCHE METHOD FOR SIGN-CHANGING ELLIPTIC PDES

ERIK BURMAN, ALEXANDRE ERN AND JANOSCH PREUSS

ABSTRACT. We present and analyze a hybridized Nitsche method for acoustic metamaterials. The use
of a stabilized primal-dual formulation allows us to cope with the sign-changing nature of the problem
and to prove optimal error estimates under a well-posedness assumption. The method can be used on
arbitrary shape-regular meshes (fitted to material interfaces) and yields optimal convergence rates for
smooth solutions. As an illustration, the method is applied to simulate a realistic acoustic cloaking

device.

1. INTRODUCTION

Acoustic metamaterials have many interesting applications, for example they can be used to cloak
objects from incoming sound waves. We refer the reader to the review paper [25] and to reference
[30] for an overview of the mathematical theory behind cloaking. When it comes to simulating wave
propagation inside metamaterials, one is faced with the challenge to deal with the sign-changing nature
of the material coefficients. This leads to variational problems which are not coercive, even when
the wavenumber vanishes, thereby precluding the application of many established numerical methods
relying on this property.

To start with, let us briefly outline the current approaches in the numerical analysis literature
which have been proposed to cope with sign-changing coefficients. To investigate well-posedness of
these problems at the continuous level, the approach of T-coercivity, introduced in [7], has proved to
be fruitful. We refer to [4] in which scalar problems are studied using this approach and to references
[BL 6] for applications to time-harmonic Maxwell problems. T-coercivity is a reformulation of the inf-sup
condition that is necessary and sufficient for well-posedness, here applied to a symmetric problem in
Hilbert spaces (see, e.g., [28, Chap. 25]). The T operator allows one to keep track of the maximizer

considered in the proof of the inf-sup condition.

It turns out that for problems involving sign-changing coefficients, certain assumptions on the
mesh must be respected for the Galerkin discretization to work properly. These assumptions allow one
to apply the T-coercivity framework, or, equivalently, to prove the inf-sup condition, at the discrete

level, see, e.g., [22, B]. Furthermore, we refer to [20, BI] for an application to eigenvalue problems

Date: May 7, 2024.

E.B. and J.P. acknowledge funding by EPSRC grant EP/V050400/1.
1



and to [2I] for an application to multi-scale problems using the framework of localized orthogonal
decomposition. Unfortunately, the above assumption on the mesh can be very challenging to realize
if the interface at which the sign change occurs is geometrically complicated. The assumption even
becomes impossible to realize for certain advanced discretization techniques, e.g., geometrically unfitted
methods. In the recent preprint [32], an approach was suggested to avoid these stringent assumptions
on the mesh. However, its implementation involves an intricate assembly procedure and a delicate
construction of adapted quadrature rules, which have so far been neglected in the corresponding error

analysis.

We are aware of two other approaches which can be applied on general meshes and are applicable
to some more general settings. An optimization-based method was proposed in [1], see also [2], and very
recently also an optimal control-based method [23] was devised which overcomes a potentially restrictive
regularity condition required in the former reference. These methods can be proven to converge. Yet,
it seems that convergence rates have not been proven for either of these methods. Hence, there is the

need for more research on this subject.

In this article, we propose a stabilized finite element method for the numerical simulation of
acoustic metamaterials. We proceed in the spirit of [8] in which a stabilized primal-dual stabilized
framework is introduced to discretize non-coercive or ill-posed problems using the finite element method.
This methodology has for example been applied to various unique continuation problems [9] [14, [T5], [T6],
17] for which it leads to optimal error estimates when combined with appropriate conditional stability
estimates for the continuous problem [I8]. In this article, we show how to apply this framework to treat
problems with sign-changing coefficients. In particular, we derive optimal error estimates in the H'-
norm under the assumption that the continuous problem is well-posed. A hybridized Nitsche method is
considered in which an interface variable is introduced to enforce the appropriate zero-jump conditions
across the interface. Moreover, the discretization hinges, for both the primal and the dual variable,
on continuous finite elements on both subdomains, and discontinuous finite elements for the interface
variable. The hybridized Nitsche method has been introduced in [26] for an elliptic interface problem
without sign-changes. We also notice that it is possible to employ a hybridized discontinuous Galerkin

method in the subdomains, as done, e.g., in [10} [II] for unique continuation problems.

Let us briefly distinguish our method from the ones already proposed in the literature. In contrast
to the plain Galerkin discretization, our approach is applicable on arbitrary shape-regular meshes (which
are for simplicity assumed to be fitted to the interface). The price to pay is to solve for a larger problem
since a dual variable is introduced and needs to be approximated as well. Furthermore, even though
there already exist other methods in the literature [T, 23] 2] which can be applied on arbitrary shape-
regular meshes, it seems that convergence rates for these methods have not been shown so far. As we are

able to do so under the assumption of well-posedness, it thus seems that our method closes a gap in the
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literature. Another relevant aspect is that the methods in references [II 23] [2] appear to be applicable
under weaker conditions than well-posedness. If we lower the assumption on the continuous problem
to uniqueness, we still obtain convergence, but in a fairly weak norm which does not provide much
information of practical interest about the quality of the approximate solution. Thus, the development
of numerical methods under weaker assumptions on the continuous problem and the study of their

optimal convergence rates remains a topic that deserves additional research.

The remainder of this article is structured as follows. We define the hybridized Nitsche method
in Section [2and prove its convergence in Section [3} In Section [d] we conduct numerical experiments to
investigate the performance of the method for academic test cases and an actual metamaterial proposed
in the physics literature. We finish in Section [5| with a conclusion and give some perspectives on further

research.

2. CONTINUOUS AND DISCRETE SETTINGS

In this section, we present the continuous and discrete settings.

2.1. Model problem. We consider a domain Q C R? for d € {2,3} split by an interface I' into two
subdomains 4 in such a way that Q = Q, UQ_ and 99, N9Q_ = I'. For a pair of constants
o4 >0, 0_ < 0, a pair of functions uy € L°°({21) representing reaction coefficients, and a pair of
functions fi € L?(Q4) representing source terms, we consider the following model problem: Find

w= (uy,u_) € HY(Q4) x HY(2_) such that

L'i(ui) =-V- (aiVui) 4+ putrugs = fr in Qg (2.1&)

ugr =0 on oy \T, (2.1b)

together with the jump interface conditions

[ulr =0 onT, (2.2a)
[[O'VUHF'IIF =0 on F, (2.2b)

where
[ulr :== ut|r —u_|p, [oVu]r := 04 Vuy|r — o-Vu_|p. (2.3)

Here, we denote the outward unit normal vector of the subdomain 2+ by ni and conventionally set
nr := ny pointing from Q4 into Q_. Note that there is no assumption on the sign of p+, so that
covers, in particular, the case of the Helmholtz equation. Owing to the jump condition , it
is meaningful to consider the function @ € H'(2) such that @|g, = u+, and we notice that @ € Hg ()
owing to . We slightly abuse the notation and write u instead of 4. For later purpose, we set

oy, :=min(oy,—o_) and oy := max(oq, —0_).



To perform the error analysis, we will make one of the following two assumptions on the model

problem (2.1)-(2.2)). Clearly, Assumption [2|is stronger than Assumption

Assumption 1 (Weak stability). The model problem (2.1))-(2.2)) with zero right-hand side admits only

the trivial solution in H(().

Assumption 2 (Strong stability). There is CS**® such that, for all f = (f, f-) € L*(Q), the model
problem (2.1)-(2.2) admits a unique solution w € H} (), and it fulfills the stability estimate

1
2 2 -3
{ X losl IVuslia, }* <o 2™ | F 10y (2.4)
+

with | fllg-1(0) = SUPyeni (o) % and where the (nondimensional) constant C5** can depend on

the coefficients of L.

Generic constants that are independent of the problem parameters (including the size of Q) will
simply be called C' in what follows. The value of C' can change at each occurrence. We will characterize

the dependence of the other named constants on the problem parameters explicitly.

We define the following functional spaces:
Vi = {Ui S Hl(Qi) | Ui|6Qi\F = 0}7 V=V xV_, Vp:= L2(F), V=V x Vr. (2.5)

Note that for a function v := (v4,v_) € V, we have in general [v]r # 0. For later use, we record here

the following result.

Lemma 2.1 (Poincaré inequality). There is a (nondimensional) constant C¥ > 0 (independent of the

problem parameters) such that, for all (z,z2r) € V', we have

2 2 2 — 2
el = D el < CP D { IVasl, + 6" llex — =l }, (2.6)
+ +

where Lq is a length scale associated with €2, e.g., its diameter.

Proof. Owing to the Peetre-Tartar theorem (see, e.g., [29, Theorem 2.1.3] or [27, Lemma A.20]), we

infer that there is a constant C such that, for all z := (z4,2_) € V|,

120172y < CE (Z IVzellg, + 65" wzﬂrn%) :
+

The claim follows by adding and subtracting zr in the jump term and using the triangle inequality. O
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2.2. Discrete setting. We assume that  and Q4 are all (Lipschitz) polygons/polyhedra that can
be meshed exactly by a matching affine triangulation. Let 7, be such a triangulation, so that the
subtriangulations Thi ={T €Ty | T C Ny} fit the subdomains Q4 , respectively. Moreover, the set of

all the facets F, of 7; can be partitioned into
Fn=F UFL UFTUF,, (2.7)

where ]—',?Q and F} denote the facets on 9§ and I, respectively, and ]—'hi are the interior facets of Q.
i.e., those facets that neither belong to 92 nor to I'. For all F € ]-',f, np denotes the unit normal to
F = T1NT5 conventionally pointing from 77 to T5, and the jump operator across F' is to be interpreted

as
[Vut]r = Vus|n|r — Vus|n|p.

To alleviate technicalities, we assume in what follows that 7, is quasi-uniform and use a single mesh
size h. All what is said henceforth extends to shape-regular triangulations by localizing the mesh size
in the error analysis. We use the notation (v,w)y = [,, vw dz and ||”UH?W = (v,v)p to denote the
L?-scalar product and norm (with appropriate Lebesgue measure) over a subset M C Q which can be

a collection of either mesh cells or mesh facets.

Let I > 0 be a polynomial degree, let P;(T) be the space of d-variate polynomials of degree at
most [ on T € Ty, and let P;(F) be the space of (d — 1)-variate polynomials of degree at most I on

Fe }',1; . We define the usual continuous finite element spaces on the subdomains:
Vi g o= {ons € HY(Qu) |vpzlr € PiT), VT € TF | v alogr =0} C Ve, 121, (2.8)
and the discontinuous finite element space on the interface:
Vir:={vn € L*(T) | valr € P(F), VF € Fy} C Vp, 1>0. (2.9)
We will invoke the following trace inequality (see, e.g., [27, Sec. 12.2]):
WVzelf SCY(V2elf, s Ve € Vi (2.10)

For a real number s > 1, we consider the broken Sobolev spaces H*(7,5) := {vy € L*(Qx) | vi|r €
H*(T), VT € T5}.
Let Hi’l and Hl}i’l denote interpolation operators into the spaces V}f’ ., respectively Vi, with the

expected (local) approximation properties:
lve — IV (i) grmry < O™ il gs(ry, VT € T, (2.11)
for all s € {0,...,1+ 1} and all m € {0,..., s}, and

Joe — Pt (i) | r < Cho*E fug|gosipey,  YF € FL UFL, (2.12)
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for all s € {0,...,1}, where T* € ’7;Li is a corresponding volume element of which F' is a fact. We may
take Hi’l to be the Scott—Zhang operator [35] or the Ll-stable quasi-interpolation operators from [27,
Chap. 22|, and Hl}f’l to be the local L2-projection.

2.3. Hybridized Nitsche method. We use a hybridized Nitsche method to discretize (2.1)—(2.2).

We consider polynomial degrees k, k* > 1 and kit > 0. We assume that
k > max(k*, ki), ki >k —1. (2.13)

We define the following bilinear forms on (th, L X th,r) X (V,fl X V,ﬁ %) (to alleviate the notation, we

omit the subscript & for all the arguments):

a+[(v+,vr); (Y+,yr)] == (0+Vos, Vys)a, + (v+,y+)o, — (0£Vorng, y+ —yr)r

)‘:I:‘O—:E| (’U

W + — U, Y+ — Yr)r, (2.14a)

— (0+Vysmny, vy —wvp)r +

for user-dependent parameters Ay > 0 to be chosen sufficiently large (see Theorem below), as well

as the stabilization bilinear forms

2
sallvw o (s, ur)]i= Y 98 (Caloa). Lawa)y + 3 loal b([Voslenr, [Vuslenr),

TeTF FeFE
o
+ | ;' (v+ —or,ws —wr)r, (2.14b)
S:I:<Zi7 yi) = 7;|Ui‘(vzi7 Vyi)ﬂi + ﬂi(zi7 yi)ﬂia (2140)

for (nondimensional) stabilization parameters v > 0, v* = 1 and v = 0 (it is possible and potentially
useful to take v} > 0, e.g., to facilitate the solution of the linear systems). The value of 7S is prescribed
in Lemmabelow. Moreover, ji+ := ||[uZ| = (o, ) with the negative part operator pg := 1 (|p+|—p).
Notice that fie = 0 if gt > 0. For later purpose, we also define pu$ := (|p+| + p+) and notice that
p = p — pf, and we set o 4 1= [|ptl| Lo (1)

To allow for a more compact notation, we define the discrete spaces

V= (VE X VL) < ViF, V= (VFL x VD) v,jf{:, (2.15)
and we use the notation ¥ := (v,vr), v := (vy,v_) for a generic element of V; and 2 := (z,zr),

z := (24, z_) for a generic element of Vh* (we omit again the subscript h to simplify the notation). We

define the following bilinear forms:

alt, 2] ==Y ax[(vs,vr); (21, 2r)], (2.16a)
+
as well as
s[0,9] := > s+[(vs, vr); (wa, wr)], s*lzyl =) sk (zsye), (2.16b)
+ +

6



for all 6 € Vj,, all o € Vj, all 2 € V,;", and all § € Vh* . Putting everything together, we define the

bilinear form
B[(9, 2); (w0, §)] := alw, 2] + a[0, §] + s[0, 0] — 57 (2, y). (2.17)
The discrete problem cousists of finding (4y, 25,) € Vi x V};" such that, for all (wp, ) € Vi x Vh*,

2
(f+, Li(ws))r } (2.18)

B, 20)s (i, 9] = - {(Fronsdo + 32 28

+ TeT*
Before proceeding with the error analysis, we record here the following integration by parts and

consistency results.
Lemma 2.2 (Basic identity). The following holds for all vy € V}f LAHN(TE), s> 32 5, and allwy € Vi:

Z (Li(vs),we)r = (0£Vvg, Vwi)o, + (Bavs, Wi )ay
TeTE

— Z (01[Vui]rnp,we)rp — (0£Voyrng, wy)r. (2.19)
FeFE

Proof. Apply integration by parts. O

Lemma 2.3 (Consistency). Let u € H(2) solve (2.1)-(2.2) and denote 4 = ((uy,u_),ur) with ux =
ulo, andur :=u|p. Assume thatuy € H*(Qy), s > 3. The following holds: For all (@, r) € Viux Vi,

W e Lawa)r ). (2.20)

Bl(a,0), (wn, gn)] = Z{(fi ynt)os + > VL ozl
n

Te T
Proof. We have B[(4,0), (ip, §r)] = a[, §r]+s[d, wp]. Summing (2.14al) over £, using that [oVu]-nr =
0, and invoking the basic identity from Lemma 2.2 gives a[t, §n] = 31 (f+,yn,+)o.. Moreover, we have
s, wp) =>4 ZTeThi 7S \Uil (f+, Lo(wg))r since L4 (ug) = fr in Q4. This completes the proof. O

Remark 1 (Stabilization). It can be useful to scale some of the stabilization terms by some mesh-
independent constants to enhance the preasymptotic convergence rate in the numerical erperiments.

However, for the numerical analysis, these scalings are of no importance and therefore set to unity.

3. ERROR ANALYSIS

The error analysis proceeds in three steps. In Section we prove the (discrete) inf-sup stability
of the bilinear form B in a weak triple norm [||-||| defined in below. A convergence result in
this norm is derived in Section The first two steps only require uniqueness of the solution to the
continuous problem —, i.e., the weak stability Assumption An error estimate in the H'-norm

is derived in Section under the stronger stability Assumption
7



3.1. Discrete stability. Here, we deal with the stability of the discrete problem, and, for ease of
notation, we drop the index h on the discrete variables. We define the stabilization (semi-)norm on Vi
by |02 := s[8, 9], i.e.,

. h? o
o[ :=Z{ S A el + Y fosl B IVoslrnrl + 7 ||vi—vr%}. (31)

+ “Srert o] FeFt

Furthermore, we define the following triple norm on Vi, x V,Z‘ :

(@, 2)III* := 1o; + o3 b [[oVolrnr |7

o]
+Z{|ai\\|in||Qi + fillzelf, + 5 2 — 2l |- (3:2)

Lemma 3.1 (Triple norm). Let Assumption hold true. Then ||||| defines a norm on Vi, x V;*.

Proof. Let (9,2) € Vi, x V;* be such that ||(, 2)||| = 0. We need to prove that vy = 0, vr = 0, 2o = 0,
and zp = 0. Owing to the definition of the triple norm, we infer that £ (vy)|z = 0 for all T € T,*,
[Vui]pnp =0 for all F € Fhi, [oVu]rnr =0, vy =vpr =v_ on T, as well as Vzy = 0 in Q4 and
zp =zr =z_ on I'. Since 2 € V}:‘ C V, the Poincaré inequality from Lemma readily gives z4 = 0,
and thus zr = 0. Let us now deal with ¢. Since vy = vr = v_, we infer that [v]r = 0, and we also
have [oVo]p-nr = 0. Moreover, L (vi)|r = 0, for all T € 7,5, and [Voi]pnp = 0, for all F € FiF,
imply that £4(v+)|o, = 0. Hence, v = (vy,v_) solves — with right-hand side f+ = 0, so that
v is zero by Assumption [1} Then, also vr = vy|r = 0, and this completes the proof. O

Lemma 3.2 (Bound on stabilization). Set the least-squares stabilization parameters so that

-1
Y <t = {max(l, (oylox )RS 1)} (3.3)

There is C®, independent of h and the problem parameters, so that, for all Z € Vh*,

. : 2 1 2
22 <Y lowl{ Va2l + 7 llox = 2rllf - (3.4)

+

Proof. Invoking inverse inequalities, the assumption (3.3)) and h < ¢, we infer that

)P IR EHERTEL) D) DS (NI PR YENEY

+ reT * TeT

2 2 2
<O A Jowl IVaald, + 125t sl |
+

ul, 2 - 2
< O3S max (11263 2 ) {ow Va3, +00tg? 12213, }
+

2 — 2
<Y {losl 1V, + 0065 2115, }-
+

8



We conclude by observing that

— 2 2
olg® Y lzllf, < lowl{ V2,
+ +

owing to the Poincaré inequality from Lemma [2.1]and o, <

1
+ 3 Iz — =l

|(Ti| (|
Remark 2 (Stabilization parameter).

Under the mild assumption hlgpe + < (0,|0x|)2, one can set
7 =1

We can now state the main stability result of this section

Theorem 3.3 (Inf-sup stability). Assume that the polynomial degrees satisfy - Assume that
Ay > 20% + % and that 45 are prescribed by ([3.3)). The following holds:

inf sup A[(A 2); (uj’y)] > [ >0, (3.5)
(©,2)€Vx ¥y (.)€ x v (05 2@, G|
where
1 1
B = 1( (a® 4+ C° 4+ 2max(CY) +2)) 2,

o :=max(2,C® + §A§ +1), Ap=max(As). (3.6)
Consequently, under Assumption the discrete problem (2.18]) is well-posed

Proof. (1) Let « > 0 be chosen as in (3.6). We have
BI(6,2); (ad, ~a2)] = aslo, 0] + as”[z,2] = alof2 + > a{rilow [ Veellf, + iellz ). }
+

(3.7)
(2) Since k > max{k*, kj:} owing to (2.13), it is legitimate to test with

v := 2. We observe that
BI(6,2); (2,0)] = a2, 2] + s[é, 2.

On the one hand, classical manipulations invoking the trace inequality (2.10)) and Young’s inequality
lead to

Aot
asl(es,20); (22, 20)] 2 04 Vsl + (nazs, ze)as + 2272

h
—2/o4 |[(CY)E R 3| Var oy 24 — 2l

+ — 2r||}

o+
> 04 [Vs B, + (reze 2oy + O — 20072 oy o,
with o/, :=

50—. Summing over both subdomains and using the assumption on A,
this gives

s04 and o = 3

A A 0+
e 2> 3 {oblIVaslh, + (nazs,ze)as + 0 22 oy — a2},
+

(3.8)
On the other hand, owing to Young’s inequality and the estimate we infer that

1
s, 2] = — C*fol2 — 142



S|4 1 2 1 2
> = Cof; = 7 ) loxl IVazllg, + 5 llze — 2ol |-
4 h

+
Taking into account (3.8)), this gives
N A\ /A . 1o
B8, 2): (2.0 2 ~Cof2 + 3 {olIVasl, + (aze 2o, + 5 2 s R (39)
+

: no._ 1 no._ 7
with ¢/ 1= 304 and 0” := jo_.

(3) Since ki > k — 1 owing to (2.13)), it is legitimate to test with ¢ := (0, () with ¢p := i[[UVv]]p-np.
Using the Cauchy-Schwarz inequality followed by Young’s inequality and |0+ | < oy, and observing that
s*(2,() = 0, this gives

55,2 (0.0] = ap.d = 3 {7 Toens oo — 2207 ) o e}
+

h Atlo

= —|[[[oVo]rnr|f - Z ﬁ(vi —vr, [oVo]rnr)r

g T
1h

2Ai|0i|
Zz*”[[‘fvv]]r np |2 - Z v+ — vr|?. (3.10)
T

(4) Combining (3.7)), (3.9), and (3.10]), we infer that

A . . 1h
Bl(0, 2); (,9)] = (o = C* = ZAD)0[Z + Z;ﬁH[[UVU]]F'HPH%
* " 2 ~ 2 1 ‘ail
+) {(Milaﬂ +ou)IVasllo, +antllzela, + (e ze)os + 7= llzs — 2|2t
+
with @ = ad + 2, § := —aZ + (. The condition o > 2 > 3 ensures that afi]lzelld, + (pezs, 24)0y >
10 ”Zi”Qi Since we also have oo > C® + 2)\2 , we obtain
AN A 1 1h
B((9,2); (0, 9)] = 7185 + 7 —lloVolrnr|
oy
* 1" 2 1. 2 1 ‘O'il 2
+ Z (avilox| +o)[IVatlg, + ZMiHZiHQi + iTllzi —zrllp ¢
+
Finally, since v > 2, we have ayi|o+| + oL > f|os|. We infer that

B0, 2); (0, 9)] = 5110, DI
(5) To conclude the proof of the inf-sup condition, we bound |||(, §)[l|. We have
Il (@, DI < 202112, I + 2012, Il
Moreover, since (+ = 0, we have

IO = 122 + 0 'h [V alrnr |2 + Z“’i'nc 12

< |22+ o 'h[[[oVe]rnrf + Q;ﬂH[[UVUHF'HFH%»
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where we used the definition of (r and |o+| < o4. Invoking (3.4) to bound the first term on the
right-hand side and the trace inequality (2.10]) to bound the second one, we infer that

Iz, OlI? < (C° +2max(CF) +2)I[1(2, 2)|I.

(6) Since the discrete problem ([2.18) amounts to a square linear system, its well-posedness is a direct
consequence of the inf-sup condition (3.5 together with Lemma O

3.2. Convergence in the triple norm. For all ¢ := (v, vr) with vy € V} , +H? (7,5) and vr € L*(T),

we define the norm

~ ~ 2 2 — 2
2l = 1@ 00112 + S low { 190212, + b [ Foanrlf + (o los )~ e o, }
+

|62 + o5 'R |[[oVolrnr|f

+ S low { I190sl3, + b [ Fosnrl+ (@los)~ G s fosl?, }- (3.11)
+

Lemma 3.4 (Continuity). For all & = (v,vr) with v+ € Vi , + H*(TF) and vr € L2(T'), and for all
(in, 9n) € Vi x Vi, the following holds:

| B(9,0), (d@n, gn)]| < C* 0]l (o, Gl (3.12)

with a constant CP™ independent of h and the problem parameters.

Proof. We observe that |B[(%,0), (Wn,9n)]| < |a[d,9a]| + |s[0,@n]| and bound the two terms on the
right-hand side.

(1) Bound on a[t, Jn]. Since g € V;*, we can use the trace inequality (2.10) to obtain

ry\ & -1 R ~
Y (04 Vyneni,ve —or)r < (CE)2 Y IVyntllg, lowl 72 [los = vrll < (CE)2 [2[11(0, ga) Il
+ +

Moreover, we estimate the reaction term as follows:

_ 2 — 2
> (pavi,ynz)as < <Z o) Rt 4 ||vi|9i> (Ubfnzz |yh,:t||Qi>
+ +

+

1 1
2 2

1
2
_ 2 1 2 — 2
< <E gy lgszzﬂgo,i ||’Ui|ni> (C7)z (E |Ui\{ [Vyntllg, +7 o Yn,rllr }

+ +

1

2

— 1 ~
< (Z LT ||vi|éi> (€110, 3m)l,
+

where we used the Poincaré inequality from Lemma and o, < |o+|. The remaining terms are easily

bounded using the Cauchy-Schwarz inequality, leading to

a0, g][ < ClloNI: 10, gl
11

)
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(2) Bound on s[9,w,]. The Cauchy—Schwarz inequality readily gives
|s[0, @] | < [0]s[dn]s < [0l (@n, 0]

(3) Combining the bounds from Steps 1 and 2 yields the assertion since |||(wn, 9n)|l|? = |||(@n, 0)|||* +
11€0, )11 O

The next result demonstrates that the error in the triple norm |||(-,-)||| is bounded by the best-

approximation error in the augmented triple norm |||-|||s.

Theorem 3.5 (Convergence in triple norm). Let u € H(Q) solve (2.1)-(2.2) and denote 4 :=
((ug,u—),ur) with ux = ulo, and ur := ulpr. Assume that uy € HS(Thi), s> 3. Let (n, %) €

Vi x V}:‘ solve the discrete problem (2.18]). Under Assumption we have

Obnd
1@ = @, 20l < (14— ) inf [la — ol (3.13)
B eV,

Proof. Let vy € Vi, be arbitrary. For all (wy,,gn) € Vi ¥ Vh*, the consistency result from Lemma

gives

Bl(tp — Ony 2n); (Wn, Gn)] = B[ (i, 2n); (Wn, Gn)] — Bl(0n, 0); (Wn, Gn)]

= B[(ﬁ'a 0)7 (uA)ha gh)] - B[(ﬁhv 0)7 (wha gh)] = B[(a - ’[jh7 0)7 (whv gh)]
Using Lemma [3.4] then yields
Bl(an — 0, 25); (@n, Gn)) < CP|@ = onll¢lll (n, 9n) I

In view of the inf-sup condition from (3.5)), this implies

bnd

1@ = on, 20)IIl < @ — onllg-

The claim then follows from the triangle inequality ||[(@ — g, 2,)||| < |[|(G — D, O)||| + | (D — Gn, 20)]]],

observing that |||(% — 05, 0)||| < ||| — 04 ]||s, and recalling that o, € V;, is arbitrary. O

Corollary 3.6 (Convergence rates for smooth solutions). Under the assumptions of Theorem and

assuming that usx € H*Y(TF), we have

3=, 20l < OO S s (3.14)

with C*PP := o max(1, (004 ]) "3 hbopioe, ).

Proof. Combine the estimate (3.13)) with the approximation properties (2.11)-(2.12) (we used v}5 < 1

owing to (3.3]) to simplify some expressions). O
12



3.3. Convergence in H'. To derive convergence rates in the H'-norm, we will assume well-posedness
of the continuous problem (see Assumption . In particular, we would like to apply the stability
estimate to the error u — uy. However, this is not possible since the discrete solution is not
continuous across the interface. To overcome this issue, we will need to interpolate the discrete solution
into an H'()-conforming space. The following lemma ensures that the corresponding interpolation

error can be bounded by the jump terms over the interface which are controlled by the triple norm.

Lemma 3.7 (Discontinuous to continuous interpolation). There exists an interpolation operator IIf

from Vi, into a subspace of HY(Q) such that, for all wy, € Vi,
- c/on 2 cln 2 lo+| 2
D lors {2 TS () = wn, e, IV (W05 ) = wn 2, | < ™2 5 fuon s = wnrlF2 (3.15)
+ +
with a constant C independent of h and the problem parameters.

Proof. The claim follows from [13, Lemma 3.2 & 5.3 and Remark 3.2] with the following minor modifi-
cation in the construction: the value of II§ () at the mesh nodes located on T' is prescribed by using

Wh, - O
We can now state our main error estimate.

Theorem 3.8. Let u € Hj(Q) solve (2.1)-(2.2) and denote 4 := ((uq,u—),ur) with us = ulg, and
ur := u|p. Assume that uy € HS(’Y;Li), s> 3. Let (ap, %) € Vi, x Vi solve the discrete problem 1D
Assume that v§S > %’yé‘i with 71%?& defined in (3.3)). Under Assumption@ we have

1
[ loal IV = un )3, } < CC® inf [l —oll, (3.16)
+ VeV

with CF := max(l,C’s';ab)(ﬂ)% max(1, |Ui\_%€9,ui,i, (oplow]) 2 hlapes +) and C¥° defined in As-

Th

1
sumption @ Notice that CF < max(1, C’Stab)(g—g) > max(1, (ab|ai|)*%€?2,uoo7i).
Proof. We define the linear form r, € H=1(Q2) so that, for all y € H}(Q),

(o) = > {04V (5 () — ), Vg, + (s (T () — ) ), |- (3.17)
+

It is shown in Lemma [3.9] below that

lrnll =10y < CCMI(@ — dn, 20)l,

1 1
with CF := of max(1, |O':|:|7%£Q‘LL§O,:‘:, (Ub|oi\)*%h€9ym_’i). Invoking the stability estimate 1] from
Assumption [2} we infer that

C (5 % -3 sta
(X 1ol 19 @) = w3, } <0 20 a2
+

_1
< Co, 2C*PCR|||(@ — i, 2n) )]

13



By applying the triangle inequality

[ loal IV —wnli, } < {23 lowl 19015 (@) - wn s, }
+ +

1
2

1

{22 1o 1905 n) i, }
+

and using the estimate ([3.15)) for the first term on the right-hand side, we obtain (we absorb the constant

1
C™ in the generic constant C' and use that o, * CR > 1)
2 2 -3
{ Z |O':|:| ||V(u — uh»i)”Qi } < CYHIELX(]_7 C’Stab)ab chln(a . '&hv 2h)|||
+
The claim follows by invoking the error estimate in the triple norm from Theorem O

Lemma 3.9 (Bound on ry). Let 1, € H™*(2) be defined in (3.17). The following holds:

7nll =10y < CCMI(@ — an, 20)l (3.18)
with C® 1= Jf max(1, \Ui|’%ﬁgu§oyi, (op]os]) ™2 hlopise + ).
Proof. Let y € H}(Q). Set y+ := ylo, and yr := y|r. We have

(i) = D { (02 (5 (@) = wn2), V), + e (IT5 (@) — wns) 9, b
+

+3 {(Uiv (un+ —ut), Vy)g, + (pt (unx —uz) 7y)gi} =L +1
+
We need to decompose I further. Invoking the basic identity (2.19) from Lemma gives
I= Z{ Z (Li(up,+ —ust), y+)r + Z (U:t[[vuh]]F'nFay:t)F} + ([oVun]r-np, yr)r.
*  Tert FeFiE
Moreover, using the variational formulation (2.18]) with @, = 0 and since L4 (u+) = fi, we obtain, for
all gy, € Vi,

oY (Lelus)yne)r = Bl(in, 2), (0,98)] = alin, ga] — 5* (2, 9n]-
= TeT

Invoking again the basic identity (2.19) to transform the expression of a[ip, §r], we infer that

0= Z{ > (Laluns —us),yns)r+ Y (Ui[[vuh]]F'nF;yh,i)F} + ([oVur]rnr, yp,r)r
+  rert FeFE

Aglog ‘s

+y {#(umi — Un,0s Yh,+ — Yn,r)r — (O£ VYn £ Dy, up 1 — UhI)F} — 5" [Zn, Gn).
+

Subtracting the above identity from the above expression for I and adding to I; gives (rn,y)y =

> jeqi.7y L, with I; defined above and

L= Y (Lalunz—us)ys —ynt)p, Isi=Y_ Y (0x[V(un—w)]rnr,ys —yns)p,
+ TE'Thi + Fe]:}%
14



At o
Iy == ([oV(up — w)lrnr,yr — yar)p, Iy=> ill 2 (Un,+ — UR,Ts Yn,v — Yh,+)r
+

Is =Y (0£Vyn s, up s — upr)r, I7 == s™[Zn, 9nl,
+
where we used that [Vu]r-np = 0 in the expression of I3 and that [oVu]pr-nr = 0 in the expression
of Iy. We now choose
h,k” hok:
ynt =17 (y+),  ynr =1 (yr)

and bound the seven terms I; in terms of |Vy||, and |||(¢ — @n, 24)[||. Invoking the Cauchy-Schwarz
inequality, the Poincaré inequality for y, and the approximation property (3.15) gives (we absorb the

constant C'! in the generic constant C')
L] <C <Z o] (VI (Gn) — un+)llg, + lakoo,+ |11} (4n) — uh,:t”Qi) Vylle
+
l ~ A~
< Cof max(L, |ox| " hlopos, )@ — anls VYl »

where the second bound uses that ui|r = ur. Using the Cauchy—Schwarz inequality, the (low-order)

|

approximation properties of H}i’k* and H}J_Lr’k;, and observing that 1 < (v¥%)™! < 2max(1, o]

(see (3.3))), we infer that
|Io+ I + 1| < Cof max(1, (0y|o+]) 2 hhopioe )| (i — i, 0)|] |V |, -

To bound I5, we write

/\i o+
Is = Z i‘z |(Uh7i — Up,T — Ut +UD, Y+ — YT — Yh,+ + Yh,0)Ts
+
1
so that, reasoning as above gives (we absorb the factor )\ﬁz in the generic constant C)

1
15| < Cogl[(@ = an, )l [ Vyllg, -

From the discrete trace inequality 1) (applied now on functions in Vif;), we have h||Vyn 4| <
Ccy HVyh,iHQi. Since Is = >, (04 Vyn,+ 04, up+ —upr — (ux —ur))r, we infer that (we absorb the

factor C'" in the generic constant C')
1
[Is| < Co [l (@ — an, 0)[I[ I Vyllg

where we used the H'-stability of Hi’k*. Finally, the Cauchy—Schwarz inequality the Poincaré inequal-
ity, and the H!-stability of Hi’k* give

1 _1 1 .
[I7| < Cof max(1, o+ |2 lapu, )0, 20)[1[Vyllg, -

Combining the above bounds yields the assertion since o, < |o4|. O

Finally, convergence rates are inferred by proceeding as in the proof of Corollary
15



Corollary 3.10 (Convergence rates for smooth solutions). Under the assumptions of T heorem and

assuming that ux € H*Y(TE), we have
{Z‘O':H ||V(U*Uh7i)||?2i }2 < CCaPPCEth|Ui|Hk+1(Th:t), (319)
+ +

with C*PP defined in Corollary [3.6

4. NUMERICAL EXPERIMENTS

We present a series of numerical experiments to investigate the performance of the proposed
method. We start in Section [£.1] with an academic test case and proceed in Section to an acoustic
cloaking device proposed in [36]. Finally, in Section we explore the setting in which the stability
Assumption [2] is violated.

The numerical experiments have been implemented in the finite element library NGSolve [33] 34].
Reproduction material for the presented experiments is avalaible at zenodo in the form of a docker

image https://doi.org/10.5281/zenodo.11067991.

N

(A) Unstructured mesh (B) Symmetric mesh

FIGURE 1. Meshes for the cavity problem.

4.1. Symmetric cavity. The symmetric cavity problem is one of the main benchmark tests in the
numerical analysis literature on problems with sign-changing coefficients, see e.g. [22] [1| 23]. This is a
pure diffusion problem, i.e. uy := 0, in which the subdomains are given by Q4 := (—1,0) x (0,1) and
Q_:=(0,1) x (0,1). It is known from [22] Section 3.3] that Assumption [2| holds true for o +o_ # 0.
In this case, the solution is given by
((z+1)? = (04 +0-) 1204 +0-)(z +1))sin(ry) in Qy,
u(z,y) = (4.1)
(04 +0_)to (x —1)sin(my) inQ_.
The problem becomes numerically more difficult to handle if the critical contrast oy /o_ = —1 is

approached. Let us first test the hybridized Nitsche method for some contrasts away from the critical
16
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value. The relative H'-errors on a sequence of unstructured meshes, see Fig. for an example, are
displayed in Fig. We have taken here the minimal choice for the dual stabilization, k* = 1 and
t = k — 1. Clearly, the convergence rates predicted by Theorem are achieved.

oy =1l,0_=-2 oy =1,0_ =-200
T T T T 1] T T T 17 T T T 1] T T T 17
107 AR )
"/
1073 41073 N
107° AR )
h h
L | L] |
1072 1071 1072 101
FIGURE 2. Relative error [[u — un|| 10, uo )/ Ul g0, uo ) using unlo, = up 4 for
the symmetric cavity in the well-posed case on unstructured meshes.
Now let us approach the critical contrast by setting 04 = 1 and 0 = —1.001. It is well-known, see,

e.g., [22, ], that a naive Galerkin discretization obtained from the bilinear form (u,v) — [, oVu-Vo
with oo, = o4, suffers from instabilities on unstructured meshes, yet yields optimal convergence rates
on symmetric meshes of the form shown in Fig. We compare the performance of our stabilized
method with the plain Galerkin discretization in Fig. We observe that the Galerkin method is
unstable on unstructured meshes, whereas the stabilized method shows a fairly robust performance and
optimal convergence rates. We have taken the full dual order k* = k and kf> = k for this example since
it was observed that this allows to reduce the size of the stabilization parameters without affecting the
numerical stability, thereby leading to reduced errors on coarse meshes. Instead, on symmetric meshes,
the error for the stabilized method and coarse mesh sizes is slightly higher than that produced by the
Galerkin method. As our method contains a built-in Galerkin discretization, it is indeed possible to
deactivate the stabilization on symmetric meshes and achieve the same errors as the plain Galerkin

method. However, to keep the comparison fair, we did not resort to this device here.

4.2. Metamaterial. Let us proceed to a more realistic test case. To this end, we consider the acoustic

cloaking device from [36]. The equation for a point source at zo € R? takes the form

-V (O‘(?")VU) — ,LL(T)U - 5I0)
17



10°

107!

1072

100

101

10—2

10-3

10—4

Unstructured mesh, k=1

Symmetric mesh, k =1

FIGURE 3. Relative error [|u — unll g1 (o, s ) / [ull g1 (o, uo_) for the symmetric cavity

at contrast o4 /o_ = —1.001.

for a piecewise constant o and a radially varying p given by

1/po
1/p1
—1/p1

1/po

for 0 < r < a,
fora<r<b,
forb<r<ec,

for c <1,

plr) =

where 7 := /22 + y2. The parameters are as follows:

(w?/#0)(b/a)*
—(w?/r1)(b/r)!

w? /K1

w? /Ko

for 0 <r < a,
for a < r < b,
forb<r<e,

for ¢ < 7,

Ko := 2.19 GPa, r1 := 0.48k0, po := 998 kg/m?, p1 := po,

a:=10m, b:=1.2m, ¢:=1.44 m.

T T T T T T 717 T T 1T T T 1 11 T T T 1]
| —— Galerkin 1 10 O(h) E
| | — Stabilized 1 - 1
- 1107t E
- 11072 E
B : I h i
L | C | ! L] ]
1072 1071 1072 1071
Unstructured mesh, k = 2 Unstructured mesh, k = 3
E ‘ E § T T T T ]
B O(h?) 1101} O(h?) |
08
; IR JﬁJA/’ -
h g h ]
L \ \ L4 1076 ko \ \ | \ \ [
10-t® 10-* 10795 10-+610714107"2 107! 107081079610794

The source is positioned at z¢ := (—3.5,0) m, and we truncate the computational domain by a per-

fectly matched layer (PML), see, e.g., [24], active in the region Qpyp, := {r € (3.75,4.75) m}. To

18



ensure that the PML will work as usual to attenuate the waves, we take the full dual order and re-
place the primal stabilization terms in the PML layer by a scaled Tikhonov regularization of the form

R (up, 1, Vn + )apar - A sketch of the computational setup is displayed in the upper left panel of Fig.

70e+01
[ 40
20

0

I: 720

[ )
-7.0e+01

7.0e+01
[ 40
20

0

[ -20

[ )
-7.0e+01

(A) without cloak (B) with cloak

FIGURE 4. Cloaking using a metamaterial. The function values in the cloaking domain

are actually very high, but have been truncated here to £70 to aid presentation.

Before we embark on convergence studies, let us first study the effectiveness of the metamaterial,
which is located in the layer @ < r < ¢. The idea of this layer is to cloak the object contained in
the region r < a. Since p(r) differs for r < a and r > ¢, we expect to see traces of the object in the
propagating waves if no metamaterial is present, i.e., if o(r) = 1/pg and u(r) = w?/ko uniformly for
r > a. This is confirmed in Fig. fa] which shows the numerical solution computed with the stabilized
method using w = 27-1481.5 Hz. The waves are indeed strongly disturbed by the inhomogeneity.

However, if the cloak is activated, as shown in Fig. [db] the object becomes invisible.

If the cloaking works perfectly, we would expect that the solution in the exterior of the cloaked

region r > ¢ is given by a spherical wave emanating from the point source at g given by

ipo (1 Po
uw= TH((, ) (w1/5—0||m—x0||>, (4.2)

where H, él) denotes the Hankel function of the first kind of order zero. We will measure the convergence

of the numerical solution against this reference solution in the two circular regions
Q ={c<r<1.7}, Q.:={17<r <325},

as sketched in the upper left panel of Fig.[5] Note that §; represents a buffer layer between €2, and the

interface.
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FIGURE 5. Upper left panel: computational setup. Other panels: Relative H'-error
in ; and Q. with respect to the reference solution (4.2)) as a function of the mesh size.
Here, h refers to an upper bound on the mesh size in {r < a} U {r > ¢}. The mesh

size within the metamaterial {a < r < ¢} is bounded from above by h/3.

The relative H'-erors for the stabilized and the plain Galerkin methods in the various regions
are displayed Fig. []] We observe that the Galerkin method shows severe instabilities in the region
Q;. Interestingly, for & = 2, these errors even pollute the approximation in the exterior region €,
so that the expected convergence rate is not reached there. For & = 1 (not shown here), kK = 3 and
k = 4, however, the Galerkin solution converges at the optimal rate in ).. In contrast, the stabilized
method always converges at the optimal rate in both regions. These results clearly demonstrate the
suitability and relevance of the proposed method for the reliable simulation of physically interesting

metamaterials.

4.3. Non-symmetric cavity at super-critical contrast. Let us finally consider a test case for which

it is known, see [22, Section 3.3] and [2, Section 4.2], that the well-posedness Assumption [2| fails. As in
20



Section [.1] we set Q. := (—1,0) x (0,1), but now Q_ := (0,3) x (0,1) which breaks the symmetry of
the cavity. We set ur = 0 and consider the super-critical contrast o, = 1,0_ = —1. In this case, the
problem is not Fredholm, yet the weaker Assumption [I] of injectivity holds true. We consider then the
exact solution from [2 Section 7.2] defined as

(2(z +1)? = 5(z + 1)) sin(ry)  in Q,

u(@,y) =
(x — 3) sin(my) in Q_.

Notice that the theoretical convergence result derived in Theorem cannot be applied here as it

100 107
—‘—HI(Q+UQ_) —‘—Hl(Q+UQ_)
— ~ HY?(D) Cllog(h)|~? //
10-1 O(r*) 15
10~2
1
1077 ] h | log(h)| > 10-2
102 10-1 5 6 7 8 9

|u(z) — un(z)]

(-
00e+00  0.002 0.004 6.5e-03

FIGURE 6. Results for the non-symmetric cavity at super-critical contrast obtained
with the stabilized method using & = 2. The red line displays the relative er-
ror in the bulk, while the blue line shows the relative errors for the measure
lur — uh’p||1§ IVr(ur — Uhp)”é Note that the z-axis in the right plot is given in
terms of | log(h)| =2 and that the error looks almost like a straight line in this plot. The

figure on the bottom displays the absolute error on a mesh of size h ~ 0.028.

relies on the well-posedness of the continuous problem, but we do have the convergence result in the
weaker triple norm as established in Theorem [3.5] We would like to investigate whether convergence in

H' can still be obtained with our method. The relative H'-errors using polynomial degree k = 2 are
21



displayed in Fig.[6] To enhance the accuracy of the method, we add to the primal stabilization bilinear

form s (us,v4) the following second-order jump terms:

> W ([D%us]r, [D*0s]r) 5,
FeFZ
where D?u. denotes the Hessian. This is reasonable since the solutions in the subdomains are smooth.
Despite this modification, we were only able to obtain second-order convergence up to a mesh-size of
about h ~ 0.05. The right plot in Fig. [6] shows that on finer meshes the convergence deteriorates to
a logarithmic rate. Let us mention that without adding the second-order jump penalties, the error
even seemed to stagnate. The plot of the absolute error in Fig. [6] shows that this behavior seems to
stem from a poor approximation close to the interface. To investigate this more qualitatively, we plot

additionally the error measure (see blue line in Fig. [6])

1
(|UF — up,rllp Ve (ur — uh,F)Hr) 2
llur|lp [[Vrur||p

which, according to the Gagliardo—Nirenberg inequality, gives an upper bound on ||ur — uh,p”H Ly
We observe the same logarithmic convergence behavior in the asymptotic regime as for the error in
the bulk and a significantly higher error constant. This supports the conclusion that the difficulty
of capturing the behavior of the solution at the interface is responsible for the observed degeneration
of the convergence rate. Overall, this example shows that our method can still be applied when the

well-posedness assumption is violated, but the convergence rates proven in Theorem are no longer

valid.

5. CONCLUSION

We presented a stabilized primal-dual finite element method for the numerical approximation of
acoustic metamaterials and proved optimal error estimates under a well-posedness assumption on the
continuous problem. The method can be applied on general shape-regular meshes and has shown to
be reliable and accurate in numerical experiments featuring physically relevant metamaterials. These
results motivate to conduct further research on the proposed method. The following extensions seem

interesting:

e At the discrete level, the solutions in the subdomains are coupled only via a trace variable
defined on the interface I'. This suggest to solve the linear system efficiently via static conden-
sation, which seems particularly interesting for metamaterials composed of several layers.

e In the analysis and implementation of the method, we have assumed that the mesh fits the
interface. However, we expect that the method can be extended to unfitted discretizations by

combining the techniques from [12] and [19].
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e To prove error estimates in H', we assumed well-posedness of the continuous problem. In the
numerical experiment of Section where this assumption is violated, the method appears
to convergence asymptotically at a logarithmic rate. It would be interesting to investigate
theoretically whether this rate is optimal.

e We restricted our attention to acoustic metamaterials. An extension of the method to Maxwell’s
equations, which would be required to capture the electromagnetic characteristics of general

metamaterials, is certainly of practical relevance.
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