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We investigate the electronic structure and the optical absorption onset of close-to-30°twisted
hexagonal boron nitride bilayers. Our study is carried out with a purposely developed tight-binding
model validated against DFT simulations. We demonstrate that approaching 30°(quasicrystal limit),
all bilayers sharing the same moiré supercell develop identical band structures, irrespective of their
stacking sequence. This band structure features a bundle of flat bands laying slightly above the
bottom conduction state which is responsible for an intense peak at the onset of the absorption
spectrum. These results suggest the presence of strong, stable and stacking-independent excitons
in boron nitride 30°-twisted bilayers. By carefully analyzing the electronic structure and its spatial
distribution, we elucidate the origin of these states as moiré-induced K-valley scattering due to
interlayer B—B coupling. We take advantage of the the physical transparency of the tight-binding
parameters to derive a simple triangular model based on the B sublattice that accurately describes
the emergence of the bundle. Being our conclusions very general, we predict that a similar bundle
should emerge in other close-to-30° bilayers, like transition metal dichalcogenides, shedding new

light on the unique potential of 2D materials.

The unconventional physical properties exhibited by
twisted bilayers have given rise to the field of twistron-
ics.!* By stacking 2D atomic layers, a geometric moiré
superlattice emerges as a lattice mismatch and/or a ro-
tational twist.” The resulting pattern modulates the po-
tential at the supercell scale and hence changes the elec-
tronic band structure typically through the formation
of low dispersing bands often presenting peculiar prop-
erties.5® Typical examples of moiré composites include
the pioneering twisted bilayer graphene,” twisted hexag-
onal boron nitride (hBN)?1%!! or hetero- and homobi-
layers of transition metal dichalcogenides (TMDs).!? In
gapped twisted bilayers, like h BN, the width of band edge
states decreases continuously with the angle of twist (no
magic angle) and the presence of different atomic species
generates several stacking possibilities with specific elec-
tronic properties, providing an additional degree of free-
dom with respect to graphene bilayers.!3 1?

Since the early stages of twistronics, the scientific com-
munity has mostly focused on the small twist angle limit.
In this context, continuous models'®!7 or tight-binding
(TB) hamiltonians'® 2! have been developed and density
functional theory (DFT) calculations!”'® carried out on
several 2D material bilayers. Actually, few works treat
also larger twisting angles (in the 15°-28°range)?*2* and
even less works consider rotations of 30°2%:26 or very close
to it.'827 In any case, all these studies focus only on
graphene bilayers and mention large angle configurations
among other structures, none of them being specifically
devoted to the investigation of close-t0-30° twists. Re-
garding hBN, only the 30° twisted bilayers have been
considered very recently.?® DFT calculations suggest that
this BN material is a unique wide-gap 2D quasicrystal,
yet its electronic and optical properties have never been
addressed specifically.

In this Letter, we investigate the band structure and
optical response of different stackings of hBN bilayer
twisted in the vicinity of 30° wusing a dedicated TB
model. We demonstrate that all structures develop an
identical bundle of flat states just above the bottom of
the conduction band. We trace its physical origin and
develop a simple model describing its formation.

To identify unambiguously the structures, we use the
definitions introduced in'® and recalled in Sec. I of the
Supplemental Materials.?? Our TB model is purposely
designed to describe accurately the last occupied and the
first empty states Besides permitting calculations in su-
percells close enough to 30°, the TB formalism also al-
lows to unravel some fundamental mechanism. Our TB
model is inspired by literature!®1?:3% and detailed in Sec.
II of the Supplemental Materials.?? A feature it is worth
stressing is the distance-dependent exponential decay of
the interlayer hopping terms whose prefactor yXY gives
a measure of the interlayer coupling strength, XY la-
belling the pairings BN, BB and NN. Remarkably, our
TB model happens to describe reasonably well the top
valence (TV) and bottom conduction (BC) states in a
wide range of twist angles, comparing well to other low-
angle models.'4:20,31,32

The quality of the parametrization can be appreciated
in Figure 1 where we report the BC and independent-
particle (IP) optical spectra computed both with our TB
model and ab-initio methods. Ab-initio simulation de-
tails are reported in Sec. III of the Supplemental Ma-
terials.?® We present results from the BB(1,3), BN(1,3)
and BN(3,8) bilayers, chosen as paradigmatic because of
specific characteristics of their band structure, but we
checked that the agreement is equally good in the other
stackings (cfr. Fig. 6 of Supplemental Materials®?).
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FIG. 1. (a,b,c): Conduction bands of BN(1,3), BB(1,3) and
BN(3,8) in TB (black solid) and DFT (red dashed). The TV
of all structures have been aligned to 0.0 eV. In (c), tick bars
on the canvas highlight notable energy intervals (see text).
(d): Onset of IP absorption spectra of the same systems. The
BN(3,8) spectra are computed only in the I’ point. All spectra
have been broadened with a Lorentzian with variance 0.1 eV.

Our parametrization reproduces the general dispersion
of DFT bands and the gapwidth. Particular attention
has been paid on the BC. Let us first consider panels (a)
and (b), i.e. the two (1,3) supercells. DFT predicts the
formation of a pretty flat dispersion in the M-K region in
both systems. Actually the two bands avoid each other
in the BB(1,3), even though the splitting is extremely
small. Instead, they cross at K in the BN(1,3), con-
sistently with what simulated at smaller angles.'® Our
TB model catches very well these features although the
splitting in the BB stacking is somewhat overestimated.
At a larger angles, like in the BN(3,8), the agreement is
even better as panel (¢) exemplifies well. In particular,
the model predicts correctly the emergence of a group
of densely packed and low dispersing bands concentrated
between 4.37 eV and 4.46 eV, that we will call the ‘bun-
dle’ of flat states, highlighted by an olive green side bar
in Figure 1c). It is useful to split the conduction bands
into a lower energy region (blue bar in Figure 1.c) called
‘shallow conduction’, and a higher energy region where
bands are particularly flat called the ‘deep bundle’ region
(orange bar in Figure 1c¢). All energy intervals are given
with respect to the top of the valence band.

We also evaluated with the two methods the imagi-
nary part of the IP dielectric function® £(w) in the same
three systems whose results are reported in panel d of
Figure 1. Details on the calculation can be found in Sec.
II and III of the Supplemental Materials.?? Because of the
large size of the (3,8) supercell (388 atoms), the ab-initio
spectrum is computed only in the I' point, and the same
in TB for sake of comparison. Both methods predict a
well-detached peak at 4.5 eV, corresponding to transi-
tions towards the bottom conduction states. Differences

between the stackings are negligible, indicating that not
only the band structure but also the wavefunctions are
remarkably similar in these systems.

Having validated the TB model, we extend our inves-
tigation to twist angles closer to 30° and systems hardly
attainable with DFT. In panels a to f of Figure 2, we
report the BC states of the BB and BN stackings in the
(5,13), (4,11) and (11,30) supercells, corresponding to
twist angles ranging from 28.78° to 29.96°. The tendency
observed already in the (1,3) and (3,8) supercells is here
confirmed and strengthened: the stackings present basi-
cally the same band structure at fixed supercell. This is
actually true for all five stacking, as we assess in Fig. 7 of
the Supplemental Materials.?? The indistinguishability of
the stacking sequence when approaching 30° twist comes
from the fact that, in this limit, the bilayer approaches
a quasicrystal without any translation symmetry. As a
consequence, all local configurations are realized some-
where and a sort of self-similarity arise such that in each
supercell approximate replicas of smaller cells of all the
five stackings can be found. We will encounter another
manifestation of this property later on. Actually, the
same happens in any homobilayer formed of hexagonal
monolayers, so we expect a similar indistinguishability
to occur also in close-t0-30° twisted graphene, TMDs,
silicene and many of the most popular 2D materials.

More interestingly, we observe a bundle of flat states
forming in the conduction band of all structures at all
angles, comprised in a narrow interval (about 100 meV)
centered around 4.40 eV. This is in contrast to small-
angle twisted hBN bilayers, where one or more single
states are formed directly in the gap and clearly sepa-
rated in energy by about 0.1 eV.21%13 Because driven by
the twist, the corresponding enhancement of the density
of states (DOS) is very robust as basically independent
on the stacking sequence or on the chemical environment.
It is hence deterministic, contrary to a similar enhance-
ment observed in bulk quasicrystals.?4 36

Our TB formalism allows us to identify easily the origin
of the bundle in terms of the monolayer valleys. In fact,
since our TB model contain no s orbitals, a I' component
can be excluded from the beginning. A deeper analy-
sis, making use of the unfolding technique” and detailed
in section IV of the Supplemental Materials,?” indicates
that the bundle comes in fact from states close to the
K and M points of the monolayer Brillouin zone. This
explains the emergence of similar bundles in graphene-
based incommensurate stackings?"3%3% (even though in
these systems they are created symmetrically also in the
valence) and suggests that similar bundles should emerge
in other hexagonal 2D materials, namely TMDs.

It is particularly worthwhile to study the impact of
these flat states on the absorption properties. We used
TB to compute the IP optical response in the (5,13) and
(4,11) supercells, here reported in Figure 2, panels g and
h. As expected, the BN and the BB stackings present
very small differences that are further washed out as the
twist angle approaches 30°. Spectral onsets are domi-
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FIG. 2. (a — ¢): Conduction bands of the BB(5,13), BB(4,11) and BB(11,30) respectively. (d — f): Same as (a — ¢) in the BN

stacking. The TV of all structures have been aligned to 0.0 eV.

(g, h): IP absorption spectra of the BB(5,13) and BB(4,11)

(red solid curves) and BN(5,13) and BN(4,11) (black dashed) obtained including all empty and occupied states (full). Shaded
and patterned areas are obtained by restricting the empty states between 4.34 eV and 4.48 eV. (i,7): Blue circles: Radius

proportional to the L-DOS in the shallow conduction interval.

Green circles: Radius proportional to C;, (d) wherever it is

higher than k. See main text for details. Data are shown only for the upper layers of the BB(3,8) () and BN(3,8) systems (j).

nated by the same intense and well detached peak ob-
served in Figure 1.d). Spectra including only transitions
toward the bundle (4.34 eV to 4.48 eV) recover essen-
tially the same signal. This demonstrates that quasicrys-
tallinity has a strong impact on the smallest excitations
of this material because the bundle, despite not being the
BC, is solely responsible of the absorption onset. In this
respect, BN-based quasicrystals are very different from
graphene ones?73839 where the low-energy physics is still
dominated by monolayer-like Dirac cones. Given these
results, we predict that close-to-30° twisted hBN bilay-
ers will display exceptionally strong, robust (and possibly
localised) electron-hole excitations.

To go beyond in the analysis, we look at the spatial
distribution of the conduction states by evaluating the
local DOS (L-DOS) in energy intervals corresponding to
the deep bundle and the shallow conduction highlighted
in Figure 1.c). We show results in the upper layer of the
(3,8) supercells, because pictures are easier to read than
in larger structures. In Figure 2, the radius of the blue
circles in panels 7 and j is proportional to the L-DOS in
the upper layer of the BB(3,8) and BN(3,8) respectively.
No DOS is centered on N sites since they contribute only
to valence states.*? Despite the resemblance of both band
structures and optical spectra, the two stacking develop
quite different patterns which actually hide fascinating
similarities. In fact inside each structure, one can find in-
finite rearrangements of smaller-cell approximants of all
the five stackings repeating themselves in a kind of self-
similar scheme. The L-DOS patterns of Figure 2 arise
from a sort of frustrated interference between these lower
order configurations. Examples of this are presented in
Sec. VII of the Supplemental Materials,2? but further
studies go beyond the scope of this article. The L-DOS
appears to be stronger on sites where B atoms of the two
layers are almost vertically aligned. To highlight better

this feature, we evaluate at each B site jp the coinci-
dence function C;,(d) = 1 — dyy/D, where dgy is the
in-plane component of the vector d connecting the site
jp of one layer to the closest B site of the other layer
and D = 1.452 A is the in-plane interatomic distance.
By definition, C;,(d) =1 if two jp and a B atom of the
other layer are vertically aligned, and decreases linearly
to 0 where jp is aligned with a N or a hexagon center.
The radius of green circles of Figure 2 ¢ and j, is propor-
tional to C;, (d) of all B sites of the upper layer for which
Cjz(d) > Kk where k = 0.8 in BB(3,8) and £ = 0.73 in
BN(3,8). The resemblance between the high-coincidence
patterns and the shallow conduction L-DOS is striking.
The same can be shown for the “deep bundle” states
and low coincidence patterns (cfr. Fig. 5 of the Sup-
plemental Materials). This analysis reveals that B—B
interlayer states play a crucial role in the bundle forma-
tion and that the more vertical the B—B alignment, the
stronger the coupling and hence the lower the energy of
the corresponding empty state. These are actually bond-
ing states because the TB coefficients of coinciding and
quasi-coinciding sites change sign in the two layers.

Inspired by this analysis, we calculate the band struc-
ture of the BN(3,8) including all TB parameters except
for the prefactor of the B—B interlayer coupling vZ2
which we set to zero. The resulting states are reported
in Figure 3 a). They are dispersing and are basically in-
distinguishable from those of a monolayer. If we now
set YBB = 1.225 eV (50%) (panel b), then localized
states begin forming until a bundle of completely flat
bands emerges at vP8 = 2.45 eV (100%) in panel c.
The weakness of the interlayer N—N coupling explains
why there is no such a feature in the valence band, con-
trary to what happens in graphene twisted bilayers where
conduction-conduction and valence-valence couplings are
equivalent.!
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FIG. 3. (a): TB conduction band of the monolayer in the (3,8)
supercell (dashed red) and of the BB(3,8) with v5% =0 eV.
(b and ¢): The same bilayer with v2Z equal to 50% and 100%
of the correct value. The top valence of all structures have
been aligned to 0.0 eV. (d): Ball and stick model of the ac-
tual twisted bilayer. Dashed magenta line: the v22 interlayer
coupling. Red shaded area: the isolated monolayer. (e) Ball
and stick model of the triangular lattice twisted bilayer made
only of B sites. Dashed magenta line: the « interlayer cou-
pling. (f and g): bands of the triangular model with y= 0 eV
and 1.715 eV respectively.

We then devise an even simpler TB model which de-
scribes the formation of the bundle states. We select only
the B sublattices obtaining a structure formed of two tri-
angular lattice where only B—B interactions are taken
into account. Details of the model and its relation to the
full honeycomb model are reported in Sec. V of the Sup-
plemental Materials.?? The conduction band structure of
this simplified triangular model is reported in Figures 3 f
and g respectively for vanishing and non-vanishing in-
terlayer coupling. The model reproduces the isolated
honeycomb monolayer at no coupling and gives rise to
a bundle of flat bands at full coupling remarkably simi-
lar to the honeycomb TB model, clearly demonstrating
that B—B interlayer interaction is solely responsible of

the localization of the electrons in high-angle twisted BN
bilayers. This model allows us to unravel a fundamental
mechanism common to other large-angle twisted bilayers.
We deem probable that a similar bundle of flat states will
emerge in the valence band of close-to-30° twisted TMDs
where the interlayer coupling is mostly due to chalcogen
p, states which form the top of the valence band.'”

To conclude, we have investigated the electronic and
optical properties of hBN bilayers at twist angles close to
30° by means of a purposely developed TB model. We
have demonstrated that in this range of angles all h BN
bilayers develop the same electronic properties, irrespec-
tive of the stacking sequence. This is characterised by
the emergence of a bundle of low-dispersing states right
above the bottom of the conduction band. This results
from a strong coupling between B atoms belonging to
different layers and is responsible of an intense and ro-
bust peak at the onset of the absorption spectrum. The
asymmetry of the corresponding DOS enhancement and
its dominant role in the absorption onset, make hBN qua-
sicrystals very different from the other 2D quasicrystals
studied so far (mainly 30°-twisted graphene bilayer,27:3%
and incommensurate stacks of graphene trilayers.?? We
captured this fundamental mechanism with a very sim-
ple triangular lattice TB model which can be applied
to many other twisted bilayers (e.g. homobilayers of
TMDs). Our results suggest that 30°-twisted BN bi-
layers may host extremely strong excitonic phenomena
originated by the bundle of flat bands and independent
on the stacking sequence. Owing to its geometrical ori-
gin, similar bundles are expected to emerge in the valence
band of TMDs quasicrystals, probaly with similar con-
sequences on their excitonic properties. Moreover, its
robustness with respect to the stacking sequence is ex-
pected to be an ubiquitous characteristic in the quasicrys-
tal limit, and to occur in twisted bilayers of other 2D
materials including TMDs, antimonene, silicene, transi-
tion metal monochalcogenides, and all homostructures
formed of hexagonal single-layers.
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