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Abstract

Hyperbolic conservation equations for polydisperse, high-speed, compressible, fluid—particle flows with added mass
and fluid-phase pseudoturbulence are derived. First, the kinetic-based model for monodisperse particles that accounts
for collisional and frictional pressure, as well as added mass and internal energy, is reviewed. Then, a kinetic-based
model for polydisperse particles is formulated in terms of the moments of the particle size distribution, and velocity
moments conditioned on the particle mass or size. Transport equations for velocity moments up to second order (or
total kinetic energy) are closed using the hyperbolic quadrature method of moments. In the numerical implementation
for the spatial fluxes and source terms, the particle mass distribution is treated using the generalized quadrature
method of moments and the size-conditioned moments are found with the conditional quadrature method of moments.
Example results for spatially 1-D test cases demonstrate the ability of the polydisperse model to capture a wide range
of particle-size-dependent multiphase flow physics.

Keywords: fluid—particle flow, polydispersity, kinetic theory of granular flow, quadrature-based moment methods,
added mass, pseudoturbulence

1. Introduction

Compressible polydisperse multiphase flows are ubiquitous in nature and important to many industrial applica-
tions. Particle size distributions are required to describe the dynamics of volcanic ash plumes and pyroclastic flows
[23]], triboelectric charging [8]], cloud formation and precipitation [4], the dispersal of dust layers by shock waves [20],
and the ignition and combustion explosively dispersed powders [25]. Experimentation of these multiphase flows are
challenging due to their extreme conditions and high optical thicknesses hindering modern diagnostic techniques. As
a result, numerical simulations are often required to obtain a detailed understanding of these flows. Lagrangian point-
particle methods can naturally handle polydisperse flows, but are limited to systems where the number of particles is
computationally feasible. This presents a barrier to practical scenarios that can involve many trillions of particles.

Eulerian multiphase flow models can naturally handle large numbers of particles, but are typically limited to
monodisperse size distributions [2, |5, |6, [18]. Recently developed Eulerian models have included polydisperse size
distributions using binning approaches [20]. These approaches require a large number of bins to accurately recon-
struct realistic size distributions, which is impractical for many realistic scenarios. Quadrature-based moment meth-
ods (QBMM) have recently been adapted to incompressible polydisperse multiphase flows [19]. The number of
transported quantities is significantly reduced for QBMM relative to binning. Nevertheless, thus far polydisperse
multiphase flows have only been applied to low-speed incompressible flows. Extending the QBMM to high-speed,
compressible, polydisperse flows is the main objective of this work.

In this work, we derive the hyperbolic conservation equations for polydisperse, high-speed, collisional particle
flows with added mass and internal energy starting from a kinetic model for granular flows. These equations are
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Figure 1: Energy flow in fluid—particle macroscale model from [6]]. Random particle motion is measured by @, while particle-scale, fluid-phase,
fluctuating kinetic energy is measured by k. The internal energies ey and e, define by the thermodynamic temperatures 7', and 7'y (°K). Inelastic
collisions transform @), into an increase in ¢,. Pseudoturbulent dissipation &, transform ks into an increase in ey. At each scale, the phases are
coupled through drag or heat transfer. Compression in the particle phase increases a),, while in the fluid phase it increases p;.

coupled with modified Euler equations for the fluid phase, including pseudoturbulent kinetic energy (PTKE). Details
for the monodisperse case can be found in prior work [6]]. The fluid phase is treated as ideal and inviscid with coupling
terms discussed in [14]. The particle phase is treated as inviscid with inelastic collisions, and a frictional-pressure term
is added to handle dense cases. Particle velocity moments up to second order (total kinetic energy) are included. The
diagram in fig. [T| provides a schematic on how kinetic energy is distributed in the compressible fluid—particle flow.
Given that most of the physical models have been described in detail for monodisperse particles in [6], the main focus
of this work is on how polydispersity in particle mass is handled using QBMM.

2. Macroscale model for monodisperse, high-speed, fluid—particle flows

In this section, the macroscale model for monodisperse particles derived in [[6] and applied in [S]] to model shock—
particle-curtain experiments is reviewed. Here, macroscale refers to the Euler—Euler model found from the moments
of a kinetic-based mesoscale model. The latter is related to an Euler-Lagrange description such as the one proposed
in [7]]. The principal objective of this section is to remind the reader how added mass, internal energy, and PTKE are
treated, and to introduce the notation used in the rest of the paper. The monodisperse model equations for the nine
conserved variables are summarized in tables[I|and [2] and example parameter values for fluid—particle flow are given
in table[3l

The variable fluid density is denoted by py, and the constant solid density by p,,, both have units kg/m?. The fluid-
and particle-phase velocities are uy and u,, respectively, with units m/s. The total energies of the fluid and particle
phases are denoted as Ey and E,, respectively. The total energy is the sum of kinetic and internal energies. We denote
the former for each phase as Ky and K),, and the latter as ey and e,. (All energy variables have units of m?/s%.) The
phasic total energies are thus Ey = Ky + e; and E, = K, + ¢,. The total kinetic energy is divided into mean and
fluctuating components (see fig. [I):

1, 1, 3
Kf = Euf + kf and KP = EMP + z@p (1)
Here, u’> = u - u, ks is the PTKE and 60, is the granular “temperature”. For the fluid phase, it is convenient to

solve transport equations for £ and ky. In contrast, for the particle phase, the kinetic description leads naturally to
transport equations for K, and e,,. In any case, the thermodynamic temperatures 7 and T, (units °K) are found from
the internal energies ey and e, respectively, using the heat capacities for each phase [18]]. The equation for PTKE has
production terms due to drag and turbulent dissipation (term with Cy) at the length scale of the particle diameter [27]].

In our modeling approach, added mass is handled by assigning a fraction of the fluid phase surrounding a particle

to move with the velocity u,, of the particle phase [I4]. In the context of two-fluid models, we define o =

=@yt
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Table 1: Nine-equation macroscale model for monodisperse fluid—particle flow derived in [6]] and written in conservative form. Gravity g is included
in the model for completeness. The pfp-pressure tensor P, s, appears as flux in the particle-phase momentum balance and a work term in the energy
balances. Alternatively, it can be written as a force in the momentum balances [14].
Mass balances:

Oy, + 0x - apu, =0

8tpfa; + 0y -pfa;uf -Sa

* *
Oipea, + Ox - peayu, = S,
Momentum balances:

*

P
“u,; =Sy, +prafg

Tp

C()tpf(l;llf + 0Oy + (pfa;uf ®uy + ﬁfl) = a;(axﬁf + F[,f) +

*

pe
b U,y + S_fp + pea;g
Tp

G,pea;up + 0 -pea;(u,, Qu,+ 60,1+ P,I+P,,) = — a;(ﬁxﬁf +F,p) -

Fluid-phase energy balances (total and PTKE):

atpfa_‘;Ef + 0y * [pfa;ufEf + (a;uf + a;up)[)f] = - prp : Bxup + d;llp . (6xﬁf + pr)

*
Pe
+ p

[3a@p -2(1 - Cl)kf + Uy llp] + pr -SE +pf(l;llf -g
P

Pe

*
a”[3a@ —2(1 = )k + u?, — Cks]
» £+, = Crkg

2
(9,pfa;kf + Ox °prZ;llfkf + gpfa’;kfax Uy = -
P

Particle-phase energy balances (kinetic and internal):

0ipey K, + Oy + [peayup(Ky + O + Pp) + Pppyeup] = Pppy 2 Ou, —ayuy, - (0xps + Fpp)
Pe),

Tp

[3a0, - 2(1 — a)ky +u,p-u,] — Hy, + Sk +pga;u,, g

(')tpea;ep + Oy -pea;epup =H,-H,;+S,




Table 2: Parameters appearing in macroscale model in table In the definition of R, the parameters must satisfy 3B + B, > 0 so that r(R) = uf] ’
and Cprp > 0. The correlations for By and B, come from [30], and are valid for a limited range of Re;, and @), > 0.01. For smaller @, B can be

taken as constant. The thermodynamic temperatures 7'y and 7', are found from the internal energies of their respective phases. Ay is the fluid-phase
thermal conductivity.

_ pea'; _ppa'p _ l _ K * _ *x _ _
K—W ar=1-a, aa—1+Kaf ay =ap+a, ay =af—aq, U, =u, — Uy
BluifI+Bzupf®upf N
= 38,1 B, Poip = Corppra, R Fpp =R 0xpr — (v — Dps(0x - upuyr + Crppuyr X (Ox X up)

Se=(ctasay—as)  S;p=max(Se,0)u; + min(Sa0u,  Sp=max(S.0)E; + min(Sa0)E,
Ta N

) ) 6a;ArNu
Sk = max(S,,0) Ky + min(S 4, 0) K, S. =max(S,4,0)er + min(S,, 0) e, H,p = d—z(Tp—Tf)
P
dpVps PrC.svy 2 02p,.1/3 245,07 p,1/3
Re, = V_f Pry = T Nu = (7-10ay + SCyf)(l + 0.7Rep' Prf )+ (1.33 - 24ay + l.Za/f)Rep' Prf
ay 1 4p.d; 24
— * 1o _ __ P _ 0687\ _-2.65
Vpf = p Upr Cp = 5 min(1 +2a,,2) 7,=Cu1, T, = 31,CoRe, Cp = Re, (1 +0.15Re, )af
d[,\/; Cer 1 +ay p — Xmax
= ————— T4 = 20 h,(a)——l+tanh(
120,800} 7" hpay) max(i0y - w,l, 1/7,) 2a} e Ag
~ X _ P 2 1, PR
pr=0r=Dprer=vpoy e =Ef—zup—ky  0p=3K,=zu,  Hy=pe, T—C( —e)+ . 0,
. 2 Prr@p&o
br=pr+3psky  Pp=PotPp Po=20+e)00, P = —; P20 hyo(rp)
e®p
_Yrer _ & -1 3 B 12p.1/2 l-a  py _ %
Ty = _C,,,f T, = _Cp,p C; = apll + 1.250/f exp( apa; Re,)] e oK +p; Corp=cpp

Table 3: Default model constants for fluid—particle flow examples.

By = max(1.0915 - 0.95R¢%"* + 0.01 In,, —B,) B, = —max(0.4046Re,"> - 0.042,0)

amin =05 K=0.06 C;=05 C,=1 ¢ =001 @uu=063 Ay =001 py = 533,333 kg/m/s’
=09 v, =148x10"m%s y;=14 2A;=0.026kgm/s’/K C,;=1005m?*/s’/K C,, =840 m*/s*/K




where a, is the volume fraction of the added-mass phase while «,, is the particle-phase volume fraction. It then
follows that a.’; = ay — @, where ay is the fluid-phase volume fraction. The mass of the fluid, excluding added mass,
is then p fa;, while for the particle phase, including the added mass, it is p.a),. The mass of the particle + added-mass
phase can be expressed as

pe)y = ppp + prea = (pp — ppla, + praj,, 2

which defines the effective density p,. In the mass balances, S, is the mass-transfer rate from the fluid phase to the
added-mass phase with timescale 7, and Sy, and S ¢ are the corresponding rates for momentum and energy. Notice
that the velocity of the fluid phase (including the added mass) is v, = (a;u r + aqup,)/ay [14]. Thus, the slip velocity
without added mass v,,; = (a; /ayr)(u, —uy) is always smaller than the slip velocity denoted by u,s = u, — uy. This
difference must be taken into account when applying drag (or other) correlations from the literature that depend on
v,y (e.g., through the particle Reynolds number Re,,).

In the momentum and energy balances, py = ps + %pfkf is the modified fluid pressure, and D, Dpr, and Dg
represent drag exchange with the particle phase with timescale 7,,. The fluid pressure p, is found from the pure
fluid-phase equation of state (i.e., it does not depend on «,,). In the total energy balance, H, represents convective
heat transfer from the particle phase due to the temperature (and velocity) difference [[18]. The slip-pressure tensor R
and exchange term F, arise due to finite-size particles [14]], and are the same as when added mass is neglected. The
particle—fluid—particle pressure tensor P, modifies the particle-phase pressure tensor and ensures hyperbolicity [14].
Because it scales with the fluid density, P, s, is less important for heavy particles (o; < p,); however, it can produce a
significant pressure in the particle phase in high-speed flows with very large u,, [5)]. In the energy balances, the term
P,sp : Oxu, represents the work done by the fluid on the particles to lower the particle-phase volume fraction.

In the model, p,, is constant, but p, changes due to compression/expansion of the fluid. Thus, given &, from the
particle-phase mass balance and the conserved variables peal’; and p fcx;, a, is found from

. Peaf*—P a a
KK(I—a/p) with k= o—r P77 _ 2 3)

A, =

and @y = 1 — @,. Then o} = @, + @, and @% = ay — ag, so that py is found from the conserved variable pfa;:. The
detailed derivation of the monodisperse two-fluid model is available in [6], and follows the same procedure employed
for polydisperse particles described below. An extended discussion of the physical meaning of each term in the nine-
equation macroscale model in table |2} and a robust numerical solution algorithm for the balance equations can be
found in [6] and references cited therein (e.g., [10}[14]).

In any case, summing together the balance equations for the two phases, it is straightforward to show that mass
(pra} + peas;), momentum (psayuy + p.ayu,) and total energy (pra}Er + peajEp) are conserved(| Compared
to “standard” multi-fluid models, the spatial fluxes reflect the mesoscale physics incorporated in the Kinetic-based
description of the disperse phase (e.g., the particle-phase pressures P, and P, ¢, and the fluid pressure p, seen by the
particles). Thus, the most important terms in the two-fluid model are closed at the level of the kinetic description,
and no additional information need be introduced (e.g., the mixture equation of state) as is the case for multi-fluid
models derived using phase averages [17]]. More importantly, as shown next, the kinetic-based description developed
for monodisperse particles extends naturally to polydisperse particles.

3. Kinetic-based model for polydisperse particles

In this section, a 1-D size space and 3-D velocity space kinetic model is developed for polydisperse particles with
added mass. The principal objective is to demonstrate how polydisperse particles are treated using QBMM [19]. A
key assumption made in the following equations is that p, is the same for all particles at the same location. This
essentially amounts to assuming that a, is proportional to the volume fraction of each particle size: ), = f a(é)dé
where a(&) d¢ is the volume fraction of particles of mass fE] This assumption implies that the added-mass factor

*
3

2a(é) = Vp(én(€) where V,(€) is the volume of a particle with mass £ and n(§) is their number concentration. Here, particles are approximated
by spheres with diameter d,(¢).

IFor constant p ¢, conservation of mixture volume leads to the constraint d - (aFuy + a; u,) = 0, which determines the fluid pressure py.



B(t,x), defined by (c,, is related to the added-mass constant [6])
pra

Pe),
R B @)
Pp@p Ppp " Pp

B

which does not depend on &. In words, if m,, is the particle mass, then m; = Bm,, with 8 > 1 is its effective mass (i.e.,
including the added mass). Thus, when & = m,, is a distributed variable as in the polydisperse model, its local effective
mass m; = B(t,x)¢ is also a distributed variable that is linearly proportional to £&. As shown below, the kinetic model
for the polydisperse case will be expressed in terms of the particle mass &, instead of the effective mass.

After manipulating the mass balances for p.a, and p,a, from table |1} we find the transport equation for the
added-mass factor:

1
O +uy-0:8=—(B ~p) 5)

where 8* = 1 + chaspr/p, is the local equilibrium value of 8. For 8 to be independent of £, 7, must be independent
of £ In the dilute limit (@ — 1), ¢y is the added-mass constant. In practice, 7, is small enough that 8 ~ 8* in most
regions of the flow [14]]. In summary, the effective particle density p,(z,x) defined in eq. (2) and the added-mass factor
B(t,x) defined by eq. (@) do not depend on the particle size in the polydisperse macroscale model derived below. This
is equivalent to taking the size-dependent added volume to be a,(¢) = ¢ ra(€). As done in the monodisperse model,
in the polydisperse model we solve a transport equations for pea/; and a),, which is equivalent to solving for § using

eq. (3).

3.1. Definitions

For polydisperse particles, we must extend the velocity distribution function used in [6] to include the particle
mass. Let & be the particle mass and u be its particular velocity in the sense of kinetic theory [10]]. As in [6], e is
the particle internal energy. Dropping the space and time variables, the number-based distribution function for the
particles is denoted by n(¢, u, €). Then, in order to account for added mass in the momentum balance, we multiply the
NDF for the particles by S(¢, X) to define the joint NDF for mass, velocity and internal energy: E]

& u,e) =pn u,e). (6)

For convenience, we define lower-order distributions functions by integrating over certain variables. For example, the
joint mass—velocity NDF, the joint mass—internal-energy NDF, and the mass NDF are, respectively,

1
f@m:j}@mw@,f@@=j}@mam,n@=ﬁf}@m@mw=j%@mamw.(ﬂ

Thus, if only f appears, then we mean f(&, u, e). Otherwise, the arguments of f will be included. Notice that the mass
NDF n(¢) does not include the added-mass factor. However, if it did, all of the mass moments would be multiplied by
B. If these moments were normalized by the zero-order moment, the normalized moments would not depend on S.

In addition to the distributions in eq. (7), we will make use for mass-conditioned variables defined using con-
ditional distributions. For example, n(¢,u,e) = p(u,elé)n(¢) introduces the conditional probability density func-
tion (PDF) p(u, e|¢) of velocity and internal energy given particles with fixed mass &, which has the property 1 =
f p(u, el¢) dude. In this manner, we can define mass-conditioned statistics such as velocity, kinetic energy and inter-
nal energy:

1
up(€)=fup(ll,€|§)dllde, Kp(§)=f§bt2p(u,€|§)dude, ep(§)=f€p(u,e|§)dude, ®)

respectively. Similarly, we can define the mass-conditioned velocity PDF p(ulé) = f p(u, el¢)de and the mass-
conditioned internal-energy PDF p(el¢) = f p(u, elé) du.

3Since £ is an independent variable, another alternative is to derive the kinetic model using the mass-density function f(£,u,e) = én(¢,u, €)
[6]]. In either case, B is a multiplicative factor that does not depend on the independent variables (¢, u, e).
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The conserved particle-phase variables (i.e., mass, momentum, internal energy, kinetic energy) that are coupled to
the fluid phase are defined by

pear) =ﬁf§n(§)d§, peapu, = ffuf(f,u)dé"dll=ﬁf§up(§)n(§)d§,

€))
1

peayey = ffef(f,E)dfde=ﬁf§€p(§)n(§)d§, pey K, = ffzuzf(f,“)dfdu=,3f§Kp(§)n(f)d§

where we have made use of the distributions defined in egs. (7) and (8). In addition, to account for the particle mass
NDF and to compute the mass-conditioned moments, we will make use of the following higher-order moments in & ﬂ

Mm#fwww,mmgﬁ%@%/%%f&@%
1ﬁ=f€w@w@m=gf&w&@ma (10)
1
&=f€d@@®@=ﬁf$m&@ma ‘m=ff7%@w®mwﬁf€&@wa@

where s is a non-negative integer. Notice that the particle-phase conserved variables in the monodisperse model are
related to the above integrals by p.a;;, = My, p.aju, = (Ll},pea/;ep = &1, and p,a; K, = K. Comparing with eq. @),
we see that the monodisperse model uses s = 1 for all moments including the mass M. Our principal objective in the
remainder of this section is to derive transport equations for the conserved moments in eq. (I0) starting from a kinetic
model for (¢, u, e)E]

3.2. Kinetic model for polydisperse particles
The generalized population balance equation (GPBE) [22] for the joint mass—velocity—internal-energy number
density function (NDF) f(&, u, e) is written as

1

*
peaty

of

? u

0
(03( * prp)f + &[Ae(‘f)f] =
2

oudu

0 1 1
8,f+6x-(uf—P )+ [ (uf—u)f—p—(@xﬁf+pr)f—

o |7,

:BLEfI+C+F+S. (11)

This GPBE is the same as for the monodisperse case in [6], except that now some of the physical processes depend
on the particle mass &. As in [6]], the particles are assumed to not change mass so that terms involving gradients in
£ phase space are absent in eq. (IT). (Numerous examples of a GPBE containing such terms can be found in [22]].)
The term involving the spatial derivative dx contains free-transport and particle pressure P,. The terms inside of 8y
represent particle acceleration due to surface forces (e.g., fluid drag, buoyancy, pfp-pressure). Here, the drag time
scale 7,(£) depends on the particle diameter, while the other forces have the same form as for the monodisperse case.
Likewise, the heat-transfer rate A,(£) depends on £ through the particle diameter.
On the right-hand side, the fluctuation source term for the particle velocity has the form [6]

1- 2
B, = T(;)l [(u —u,y(§) @ (u—u,) + gkfl - (12)
The trace of B, (£) can be conditionally averaged with respect to mass to find
1-
jﬁmmmam=;éw%@+%ﬂ (3)

4Fractional moments with s/3 and integer s correspond to a NDF based on a characteristic length [22]).

SWe use f(£,u, e) instead of n(¢, u, e) because the particle acceleration depends on the added mass through S(t, x). Nevertheless, using a change
of variables, it is straightforward to find the transport equation for n(¢,u, e) that can be somewhat simplified using eq. (3). In either case, since no
processes that change ¢ are included, the form of eq. @]) will be the same.
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where 0,(¢) is the mass-conditioned granular temperature. This second form will be needed to solve for the mass-
conditioned particle-phase kinetic energy K,(¢). The remaining terms (C, F, §) corresponding to point processes [22]]
are defined below. For example, C represents particle—particle collisions and considers inelastic collisions between
particles with different masses (see for details).

The GPBE in eq. (I1)) has the same form as the kinetic equation in [6]]. If the particle mass were evolving in time,
then there would be additional terms to account for such physics. Hereinafter, we assume that the individual particle
masses (in a Lagrangian sense) remain constant. Finally, for simplicity, we take F,,r and P, to be the same as in the
monodisperse model (i.e., they do not depend on &). An easy generalization for F, s would be to replace u, with the
mass-conditioned mean velocity; however, we anticipate that the effect will be small compared to the size-dependent
fluid-drag term.

In the monodisperse limit considered in [6], the NDF can be written as f(£,u,e) = B5(£ — &,,)g(u, e) where &, is
the mass (not including added mass) of the particles and g(u, e) is proportional to the average number of particles with
velocity u and internal energy e per unit volume. Its relationship with the monodisperse f(u, e) is thus (by integrating
&f first over €, and then over u and e)

S, o) = f EfE w0 dE = BEngue) -  pea’ = BEuMo (14)

where M is the number concentration of monodisperse particles. This result also illustrates that when the particles
masses do not change, the mass moments of a monodisperse NDF can all be found from M, and 8&,,.

When particles with different chemical composition (and hence different p,,) are of interest, eq. (IT) is written for
each particle type. In addition, collision terms involving different particles types are included. Here, for simplicity,
only a single type of particle is considered with constant p,,. In a moment approach, the GPBE in eq. is used to
derive balances equations for the joint mass—velocity—internal-energy moments of interest. For a polydisperse system,
we need a GPBE to account for correlations between mass and velocity, which arise due to the physics contained in
eq. (T1), e.g., size-dependent fluid drag and heat transfer.

3.3. Size-dependent terms in the GPBE
The particle diameter d,(¢) is defined by the relation

¢ = pphid, (15)

with volume shape factor k, = % for spheres. In eq. , 7,(£) is the size-dependent drag timescale with the fluid
phase, C is the source term due to particle—particle collisions [10], and the source term due to friction is modeled as

1
F== [B(©06(u - u,)dle - e,(¢) - QO - (€ u,e)| (16)

with 7, defined in table Here, Q is defined such that the particle-phase kinetic energy loss due to friction is
transferred to internal energy (see 72 in egs. , and ) at a rate proportional to the particle mass. For clarity,
and except for added mass, we neglect processes that change the particle mass, such as mass transfer between phases,
and aggregation and breakage due to compression. However, such terms are treated in the kinetic formulation similar
to added mass.

For simplicity, the particle-phase pressures P, = P, + Py and P, are assumed to not depend explicitly on
the distributed variables (£, u, e). As a first approximation, this choice is reasonable because P, is mainly needed
to ensure global hyperbolicity in extreme cases such as zero granular temperature. Under ‘normal’ conditions, it is
small compared to the particle pressure and can be modeled using the average slip velocity. Likewise, Py, controls
the eigenvalues for dense granular flows and will have the same qualitative effects as for monodisperse particles. In
principle, it is possible to allow the collisional pressure P, to be size dependent; however, this must be done with
care to ensure the correct behavior in limiting cases (e.g., monodisperse limit). For simplicity, here we employ a
polydisperse collisional pressure of the form

p=F f EpEn(e) dé (17)
Pp
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where a closed expression for p.(£) has been derived from kinetic theory [10,[19] and is given in eq. (A.T§). Alter-
natively, one can employ the size-dependent collisional pressure described in[Appendix A.3| which is well suited for
the QBMM introduced in section 4]

3.4. Source term for mass exchange in the GPBE

Unlike C and F, S changes the added mass, momentum, and internal energy of the particles due to exchanges
with the fluid phase; however, it does not change n(¢). The integral constraints, similar to those introduced in [6] for
monodisperse particles, are thus

frfS dé =S(u,e) (18)

and

f,;rs dédude = S, fges dédude = S, fgus d¢ dude = Sy, f%uzs dédude=Sx  (19)

where the right-hand sides (S4,S.,Syp, S k) are given in table 2| The simplest model for S that satisfies these con-
straints, while keeping the particle size distribution unchanged, is

2

Cuzoga  Pufl (20)

0
N =C§f+Cu&[(€—€f)f]+ [(u— Uf)f]+
where the parameters (C¢, C,) are the same as in table @ The velocity diffusion matrix is defined by
2
D,=(u-up)®@Uu-uy)+ gkfl 21)

where the final term represents an isotropic model for the PTKE Reynolds stresses [6]. In the polydisperse two-fluid
model, only the trace of D, will be needed to determine %K:

f tr(D,)p(ulé) du = 36,(€) + (,(é) — uy)* + 2. (22)

Aside from the definition of £, eq. (20) is the same as for the monodisperse case in [6].
In the moment equations that include the particle mass, we will need closed expressions for the following inte-

grals ﬂ

S0 = f &S dé dude = f £C, f d& dude, (23)
S¢ = f &eS d¢é dude = f gfe(cff+cu£[(e—ef)f]) d¢ du de, 24)
S f§ uS dédude = fg—‘ (Cgf+C 0 - [(u - uf)f]) dé dude, (25)

and (including the factor of 1/2 in K})

2
fg 2Sdgdude—fg —u (c,fercu‘9 [(u— uf)f]+ 0’96 [D,,f])dfdude (26)

for 0 < 5. Applying integration by parts yields the definitions of the added-mass source terms:

SV=CeM,, 8¢ =(Ce— Cu)E; + CuMiey,

27
= (Cf - Cu)q/li + CuMsufs S% = (Cf - COK; + CuMSKf @7

©For clarity, in the final form on the right-hand side found by inserting eq. @), only the non-zero parts are retained.



where SY, 8¢, and S? are scalars and S; is a vector. For s = 1, these results satisfy eq. 1' Note that the definition
of 8Y is applicable to non-integer values of s.

3.5. Particular limiting cases

For monodisperse particles with mass £€; and number concentration n;, the NDF reduces to f = g1(u, e)Bn6(£—&1)
where 6(¢) is the Dirac delta function. Integrating eq. (IT)) over £-space yields the kinetic equation for g(u, e). More
generally, a binary system with fixed (unequal) masses &; and &, has

f =810, e)Bn6(& - &1) + g2(u, €)Bnad (& — &2). (28)

Thus, integration over mass phase space yields two coupled kinetic equations. More generally, n; with fixed &; can be
found from N mass moments [22]:

N
Mszfg“fdgdudezz,Bn,-ff fors=0,1,...,N—1; (29)
i=1

so that solving for moments is equivalent to solving N kinetic equations. The binary case is a difficult numerical test
case for moment methods [[19]. During spatial transport of the moments, the masses must remain constant, which will
be true only if the numerical fluxes are correctly defined. Consistent with our treatment of the monodisperse case, the
conditional velocity distribution function will be assumed to be Maxwellian, but with a different mean velocity u, (&),
granular temperature 0,(£), and internal energy e,(¢) for each mass &.

3.6. Definition of particle-phase moments needed for spatial fluxes

In section[3.1] we have defined some of the particle-phase moments needed to derive mass, momentum, and energy
balances from eq. (TI). In addition, to compute the spatial fluxes, we will need the following moments for i + j+k = [
with orders / = 1,2,3 and s > O:

U = f Eeu fé u,e)dédude, UL, , = f Eulviwt £(£, u) dé du. (30)

In words, the vector U! = (U 31_’1’0’0, (ui,(),l,O’ 1(‘1,0,0,1)’ is the £*-mass-weighted flux of number concentration, U is the

&°-mass-weighted flux of internal energy, ‘Llil.’jy
and (L{?’i’j’ . yields the &*-mass-weighted flux of kinetic energy. In the polydisperse model, the set of mass-weighted
moments in eq. are the conserved variables, and their spatial fluxes depend on the moments in eq. (30).

For polydisperse particles, the quadrature-based reconstruction developed in section ff] uses s = 0,1,2,3. By
construction, the mixture mass, momentum and total energy defined, respectively, by p fcy}‘ + M, p fcy;u + MU,
and prayEy + ME, are conserved quantities. When the particle mass NDF does not change (as is the case with
inert particles), we shall see that the source terms in the transport equations are most easily evaluated using the mass-
conditioned moments introduced in sectiond] In general, operator splitting can be employed to separate source terms
into two groups: those that do and do not change n(¢). Specifically adapted numerical methods are then used for each
group to ensure that the moments remain realizable at every time step [22].

. are the components of the £*-mass-weighted kinetic-energy tensor,

3.7. Transport equations for the particle-phase moments

Using integration over phase space, the GPBE in eq. yields the generic transport equations for the mass-
weighted moments in eq. (I0). The derivation methodology follows exactly as is done for monodisperse particles in
[6], the only difference being the integration over mass phase space. Thus, in the following, we provide only the final
expressions without the intermediate mathematical steps. For the mass moments, the resulting governing equation is

IM+0c- U =8S° 31
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where exponent s can take on non-negative values. Similarly, the internal-energy moments are governed by
e e 1 2 1 2 e
0,E5 +0x - UG = A — EC“' - 57—} + 85 (32)

with

ﬁff A)n(@)ds,  Ac&) = =T, (33)

u
d2 (f)
and where C?+7?2 < 0 is the kinetic energy lost due to inelastic particle-particle contacts (see{Appendix A). The final
terms on the right-hand sides of eqs. and are due to added-mass exchange, and A represents heat transfer
from the fluid phase. Here, the conditional particle temperature 7,(£) is computed from the corresponding conditional
internal energy e, () found as described in section[d} The standard Nusselt number Nu (see table [2) depends on the
particle Reynolds number Re,, but not on a particle Reynolds number based on the RMS velocity Rey = d, @},/ 2y £
In cases where Re, << Rey, this Nu definition will likely underestimate the heat-transfer rate.

It is important to note that for a particle phase with @, > ;.. (i.e., under close-packed conditions) conductive
heat transfer between particles with different sizes can be significant and, therefore, should be accounted for in the
polydisperse model. In practice, this would be modeled by an additional term on the right-hand size of eq. that
causes the mass-conditioned internal energies to reach equilibrium while keeping &; constant, e.g.,

=ﬁf§sz‘\f(§)n(§)d§, A§(§)=fh(f,{)[Tp(i)—Tp(éf)] a(f)dg (34)

where h(&, () = h({, €) is a size-dependent heat-transfer coefficient that must be specified [3]]. Such a term corresponds
to particle—particle heat transfer between particles in sustained contact with different temperatures.
For the mass—velocity moments (in Cartesian coordinates), the first-order governing equations are

R M
6(Lls100+6X((L{s200+MPP)+aﬂs110+a(L{s101_ Pr+ Fpp, : pfp)x
- ﬂ;,ho,o + C;,Lo,o +F, 1,00 T Ss 1,0,0°
ULy o+ O U o+ 0(U o+ MPy) + 0. U —&(aﬁ-uv»)—&(a P,
5,0,1,0 5,1,1,0 yUH5,02,0 5,0,1,1 0o P f pfy ped; y " Lpfply (35)

1 1
~Asp10+Co10+ 77 01,0 T SsO 1,00

8(LIOOI+671 10,+6’L1011+3(’L( 000 T MPp) =

M
[’f,Z) (a Pﬁfp)z
pe),

e

1 1
—Asp01+Coo01 + 77 00,1 T Ss 0,0,1°

and (for kinetic energy)

1 1 1 1
K+ (U +U'P,) = —p—(u} (Oxpr+Fpp) — mw; (O Ppp) — A+ B+ Ecz + zﬁ? +8  (36)

e=p

where 29 = Uz, o + Uz, 0+ U, and U is the free-transport spatial flux of kinetic energy. These equations
have the same mathematical structure as in the monodisperse case. The only difference is the dependence on s,
whereas for monodisperse particles we have s = 1. Physically, with s = 1, eq. (3I) represents a mass balance,
eq. (32) an internal-energy balance, eq. (33)) a momentum balance, and eq. (36) a kinetic-energy balance. Additional
values of s are required to account for polydispersity. Notice that these balance equations are not yet closed. For
example, we must provide a closure for the free-transport momentum flux (LIJ Lk in terms of the conserved variables

M, UL, K, Ey).
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3.8. Definition of fluxes and source terms in the moment transport equations

The governing equations for the moments have spatial fluxes and source terms that depend on the underlying
physics. The particle-phase pressure is again modeled by P, = P. + Py, where the collisional and frictional pressures
are given in table[2] The acceleration source term from the fluid-phase drag has the monodisperse form, but averaged
over the sizes. For example, the fluid-drag vector for the mean velocity is

A= [t - wit @)= 5 <® (37
§ = —usln with 7 =
@ 70T 30/Cp (@) Rey (©)
Re, (€) is the particle Reynolds number for particles with mass & and Cp (€) is the corresponding drag coefficient.
In this work, we will mainly consider very small particles near the Stokes regime where Cp () Re, (£) = 24. Thus,
7,(€) o €13, Nonetheless, any appropriate model for the drag coefficient can be easily accommodated [24].
The multi-component frictional source terms are

1 1
Fl=—Mau, - Uy, FJ=—Mu,-2%,). (38)
Tfr Tfr

Due to conservation of momentum, we have 7-11 = 0. Momentum and energy exchange between particles of different
sizes are captured by 7! and 72, respectively. In addition, friction results in a loss of total granular energy (?'12 < 0),

which is transferred to internal energy (see for details).
The multi-component particle—particle collision term can be written as (see[Appendix_A]for details)

Ci=8 f ECl@ne)ds, Ci=p f ECHE) n(é)dé (39)
with o
Cle) = f %[uﬂo —u, @14 (40)
and ) i
2= [ Y _ MHes ) _
0 = [ 72555 00 - BEE €0+ u,©) - 0~ 0, (0] . @1
The collision timescald/lis W
.0 = O GOTBT (“2)
12g0 (‘f’ é’) (v.f,{ E (é:’ g)
The volume fraction of particles with mass ¢ is related to the NDF by
o) = ). 43)
Pp

The particle—particle collision restitution coefficient e., and hence n = %(1 + e.), are assumed to be independent of
particle size. The hard-sphere collision parameters areE] [LO]

[dy() + dp ()P 2d5(0)
=" ==\ 44
TR0 T B+ 40 "
and the energy function is
1
E(,0) = 0,(&) + 0,0 + 5[y —u, (O 45)

TFor the monodisperse case, 7. include the volume fraction of collision partners a,,. Here, this volume fraction is /({) in eq. . The factor of
2 multiplying 7 comes from the definition of E in eq. .

8These parameters are defined for particles with the same density pp. More generally, collisions between particles with different densities can
be easily accommodated (e.g., the definition of yz ; uses the particle masses instead of the volumes).
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The radial distribution function for polydisperse particles is [26]
1 1\ {d}) 2d,(£)d,(()
80 =—+ (go(a )~ —) N TTA T (46)
ay Py By dp(@) + dp(O)
where (d) = f d,(&) n(§) d§ is the number-averaged value of d},(£). For monodisperse particles, this formula reduces
to go.

Due to conservation of momentum, C} = 0. For elastic collisions (7 = %(1 + e.) = 1), the collision term Cf =0
due to conservation of energy. Otherwise, particle—particle collisions result in a loss of total granular energy (C% < 0),
which is transferred to internal energy. By applying QBMM (see section [)), the integrals over mass phase space
will become weighted sums over mass abscissae. Thus, eq. (39) yields a double summation over all possible binary
collision partners.

3.9. Transport equations for polydisperse granular flow: Final form

The moment-conservation equations written in tensor notation that will be used in this work to describe a poly-
disperse flow are summarized in table[d] For the mass moments, we have eq. (31). Likewise, for internal energy, we
have eq. (32), and for kinetic energy eq. (36). Finally, the velocity moments are governed by

U + 0y - (U + MP,T) = — /;AS (Oxpr+Fpp) — pﬂai(ax Py —A +CL+FL 4+ S! (47)
e e“p

where U is the (unclosed) second-order velocity covariance tensor. With s = 1, the four equations found from
egs. (3I), and + correspond, respectively, to mass, momentum and total energy.

As described in the next section, quadrature-based moment methods (QBMM) are used to close the integrals
appearing in the definitions of the source terms, and to define U i for non-integer values of s. As done in the monodis-
perse case [6], HYQMOM [[I1] is applied to the mass-conditioned velocity moments to close the flux vector U in
eq. 1' and U? in eq. by assuming that the mass-conditioned velocity moments are Maxwellian. The particle-
phase governing equations correspond to Euler equations (left-hand side) for each value of s coupled with the fluid
phase and other values of s (right-hand side). It is important to keep in mind that the closures used for the veloc-
ity moments require that the particle-phase volume fraction be large enough to allow for significant particle—particle
collisions. If this is not the case, then higher-order velocity moments will be needed to accurately model the spatial
fluxes [13].

At this point, the system of conservation equations that must be solved to describe polydisperse, high-speed, fluid—
particle flows is complete. However, in order to formulate a numerical method to solve them, we must provide a robust
algorithm to find mass-conditioned moments from the conserved moments.

4. Quadrature-based moment methods

The transport equations for the particle-phase moments have the form of nonlinear hyperbolic conservation laws
[28]. Due to the non-linearity, care must be taken to ensure that the moments remain realizable when solving the
system numerically. For polydisperse particles, a powerful approach for ensuring realizability is to design numerical
algorithms using QBMM [22]]. In the following, we provide an overview of QBMM that specifically addresses the
salient points arising for polydisperse fluid—particle flows. A more comprehensive discussion can be found in [22]. In
/Appendix H we provide an extension of QBMM to allow for the number of mass quadrature points (¥,) to be larger
than the number of mass-conditioned velocities (N). This extension may be useful for cases where the mass NDF has
a complex shape requiring large N, [22]], but the coupling with velocity requires only a small value for N (e.g., fine
particles with small Stokes number require only N = 1).

4.1. Overview of OBMM

In the previous section, we derived unclosed transport equations for the conserved variables for the particle phase
(see table : M, (Lli, K, and E. In order to close the spatial fluxes and source terms (see table, we must associate
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Table 4: Polydisperse model for high-speed fluid—particle flow with added mass, internal energy, and PTKE. See tdblesland.for definitions of the
model parameters. For s = 1, conservation of mass, momentum and total energy (where M; = pga 71 p,_.,a u,, and 7/{ = pea, K)) for the
sum of the two phases defines the exchange terms. The free-transport spatial fluxes for the particle phase are computed using QBMM as described
in section[d] The collisional/frictional terms are discussed in detail in[Appendix_C| The particle-phase balances are written with the fluxes on the
left and the sources on the right and gravity g is included for completeness. Finally, note that @, is used in place of § to define the added mass.

Mass balances:
Oy + 0y ~apu, =0

Opyay +0x-prajuy = -89
IM;+0c- U =S°
Momentum balances:
a,pfa/;uf + 0O+ (pf(l;llfllf + ﬁfl) = &;(axﬁf + pr) + ﬂi - S} +pfa;§g

U +dy - (U + MP,T) = —%[ax Py + @5 Oxpr +Fpp)] - AL+ CL+ FL+ Sy + Mg
1

Fluid-phase energy balances (total and PTKE):

8,pfa_‘;Ef + Oy + [pfa/;ufEf + (Q;Uf + d;llp)ﬁf + prp . llp] =u,- [Ox + prp + a;(axﬁf + pr)]
+ AT - (1 - a)B] - A} - S} - S +prajus-g

2 .
dupyathy + 0y prafurky + Zpsatkydy-uy = Al — (2 2a+Cy) Bl ks
Particle-phase energy balances (kinetic and internal):

7/’1
M

1 1
0K+ 0x - (U +U'P,) = [Ox - Ppsp + s Oxpy + Fpp)] = A + (1 - )B: + ch + 5553 +8+U g

1 1
0,8S+6X-71§=ﬂ§—§6§—§ﬁ2+86

Table 5: Terms in the polydisperse model for high-speed, fluid—particle flow in table All other terms are in tableand Ce = Sa/ My up(é), Ky(é),
and 6, (¢) are the velocity moments conditioned on mass &, and e, (¢) and T (¢) are the mass-conditioned internal energy and the corresponding
thermodynamic temperature. Source terms and spatial fluxes are closed using GQMOM with N weights wg and N mass abscissae &g.

SV =CM; 8! =CMus+(Ce—COU. S = CMKEKs+(Ce— COK, S = CuMies + (Ce — C)E;

N N
Ay = Y wpks— W) —ug] A= Y ws = [30,(E) + (u(E) —uy) - uy(E)]
£ p<§ ) £ p(f )

N

A;Nu
BZ Weés p(f)[3a@,,(§ﬁ)+(u,,(gﬁ) w)?l A= Z Wt dz(f)[Tf Tp(&)]

N N 1 N
B! = ——[30 2k U, = .
ﬁz ﬁfﬁrpcf) ; [;Wﬁgﬂrp@M[ s+ 2l s ,;Wﬁfﬁ )

N N N
U2 =) Wt [Up(Ep) @ Up(Ep) + OpENT] U = D Wets Kp(Ep) + Op(Ep)lup(és) U = ) wple,(Ep)u,p(ép)
p=1 B=1 B=1
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a distribution function to a given set of mass moments (i.e., given choices for s). In QBMM, this is accomplished using
the generalized quadrature method of moments (GQMOM) such that the mass NDF is approximated by a summation
of N > 1 Dirac delta functions [12]]:

N
B ~ ) wpd(€ — &) 48)
B=1
with mass abscissae & and number concentrations wg. The mass moments M, are related to the weights and abscissae
by

N
M=) weth,  s€,1,...,Ny) (49)
B=1

where Ny < 2N — 1 fixes the number of moments required for the polydisperse model: (Mo, My, ..., My,). Given
these moments, wg and & are found using a moment-inversion algorithm [12,[15]. By definition, Gaussian quadrature
weights are always non-negative if the moments used to construct them are realizable [15}[16]. Except in degenerate
cases where the moments correspond to a mass NDF composed of less than N Dirac delta functions, the abscissae are
distinct and the weights positive. In the degenerate case, some weights are zero.

The value of N in eq. {#8) fixes the number of particle types used to represent the mass NDF. As we will show
below in section 4.2} it also fixes the number of momentum and energy balances that must be solved. Based on
accumulated experience with QBMM, a value of N = 3 or N = 4 usually suffices [22]. Variations of GQMOM
wherein one of the abscissae is fixed (i.e., Gauss—Radau quadrature) are also available [12]. For example, very small
particles can be treated as following the fluid with zero slip (i.e., u,(&) = uy), and hence we can assign them to have
mass & = 0 with concentration wy (i.e., the dusty gas model).

For solid particles, it is often preferable to use the particle-size NDF instead of the mass NDF, which makes use
of non-integer moments:

N
My = D wgtsl, s €0,1,...,N)). (50)
B=1
Another viable option is to use an NDF with half-order moments
N
My =D wgts?, s €0,1,..,N)). (51)
B=1

Note that when non-integer mass moments are used, the weights and abscissae will usually be different than those in
eq. (39). However, the procedure in section 4.2 for finding the mass-conditioned moments is exactly the same. For
clarity, the mass abscissae for the size moments are defined by &g = £ ; where the {3 satisfy

N
My = Zwﬂgg, s€(0,1,...,N,), (52)

5=
and for half-order moments as & = 5. The units of {5 and ¢ are kg'/* and kg'/?, respectively. Generally speaking, the

moment-inversion algorithm (which returns 3 or gz, depending on the input moment set) is better conditioned when
size moments are used. This is because the higher-order mass moments depend strongly on the tail of the mass NDF
(i.e., very heavy particles), which usually represents a very small fraction of the total mass. Nonetheless, to satisfy
mass conservation, the mass moment M; must always be included as a conserved variable. Thus, size moments are
used only when N, > 3, and half-order moments when N, > 2.

With GQMOM, the unknown higher-order moments (e.g., M; with s > Nj) are fitted to a particular distribution
function (e.g., lognormal, gamma, beta). In our numerical implementation, we use either beta-GQMOM or lognormal-
GQMOM with N = 4 to approximate the unclosed terms in the particle-phase transport equation. The half-order-
moment set for Ny = 6 is thus (Mo, M2, My, M3a, Ma, Ms;2, M3), which can capture an NDF with three modes
[12]. This choice of N and Ny, and use of the half-order moments, is motivated by the definition of the mass-
conditioned moments described in section@ There we show that Ny = 2(N — 1) with half-order moments provides
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consistency with the orders of the mass-weighted velocity and energy moments. Nonetheless, using a smaller Ny with
mass moments is also an option when the mass NDF is known a priori to be uni-modal.

For example, a noteworthy special case is to use beta-GQMOM with Ny = 2, and the mass moments (Mo, M;, M>).
Using three mass moments is the minimal number for capturing mass polydispersity for a uni-modal NDF. Beta-
GQMOM allows one to specific an upper/lower bound on the largest/smallest particle, while keeping N > N, abscis-
sas. Finally, the simplest case is Ny = 1 and N = 1 that solves for two mass moments: (My, M;). QBMM for this
case has a single Dirac delta function with number concentration w; = M, and mean particle mass & = M/ M.
This representation of the mass NDF (with zero variance) may be useful for obtaining rough information on the spatial
distribution of the particle size for very small particles that nearly follow the fluid. However, it will not be able to
capture size segregation due to fluid drag (or other size-dependent physics).

4.2. Mass-conditioned moments

Finding a property (e.g., velocity or internal energy) of particles with a given mass can be accomplished using the
conditional quadrature method of moments (CQMOM) [31]]. As described above, GQMOM provides the N weights
wg and N mass abscissae &g, computed from the mass (size, or half-order) momentsﬂ For example, the mass-weighted
internal-energy moments &, are related to the mass-conditioned internal-energy moments M; = M°(&) = wge,(&p)
by

N
E = ) &M (53)
B=1

For N > 1, the M/‘; for=1,2,...,N are found by solving a linear system:

1 Lo 1 ]IMS &Eo
& & o &y || M &
: . . =1 (54)
g g bl e
where the moments (&, . .., Ey-1) are found from the polydisperse model in table[d To avoid ill-conditioning of the

linear system, each side of eq. (53)) can be divided by &} where 0 < £, is a reference mass. For example, the Euclidean
norm of the vector of abscissae can be used for &,. As the internal energy is positive, the realizability constraint on the
mass-conditioned internal energies is e,(£g) > 0. The same procedure is applied to find the mass-conditioned kinetic
energies wgK,(£3) from the mass-weighted kinetic-energy moments (Ko, . .., Ky-1).

Likewise, using CQMOM, the mass-weighted velocity moments U 1 are related to the mass-conditioned velocity

Mﬁl, = wﬁu,,(fﬁ) by

N
Uy =) M. (55)
B=1

For N > 1, using eq. for the known conserved moments on the left-hand side, the M['f forp =1,2,...,N are
found by solving the linear system:

1 1 1Ml U,
& & - & ||M u,
: o L= (56)
gt g el g,

Again, to avoid ill-conditioning of this linear system, each side of eq. (53) can be divided by & where 0 < &, is a
reference mass.

91f mass moments are input to GQMOM, then the N abscissae &g are returned. Otherwise, for size or half-order moments, {g and g, respectively,
are returned, from which the &g are computed.
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In summary, for N = 4, the polydisperse model must provide the velocity moments ((Ll(l), (Ll}, (Ll;, Uu é) in order to
determine the four mass-conditioned velocities (u,(£1), u,(£2), ,(€3), u,p(€4) ). Then, the mass-conditioned granular
temperatures are found from 36 ,(&g) = 2K ,(&p)— ulz,(fﬁ) and must be non-negative. As mentioned earlier, this velocity
moment set is consistent with using the half-order moments with Ny = 6 (or mass moments with Ng = 3), because the
highest-order mass moment needed is M3, which has the same order in mass as U é, % and &;. Once the variables wg,
&, u,(&p), O(&p), and e, (&) are calculated from the conserved moments, they can be used to close the source terms
appearing in the transport equations as shown in table[5} Because binary collisions were assumed in the kinetic-theory
derivation, double sums over all abscissae arise due to particle—particle collisions (see [Appendix A). It is important
to notice that the half-order-moment fluxes U i 2 for s = (1, 3,5) are found from

4
(l/li/z = Z wﬁfg/zup(g-“ﬁ). (57)
p=1

For a system wherein the abscissae are uniform in space and time, this specification of the half-order-moment fluxes
ensures that the abscissae remain constant.

4.3. Realizability of conditional moments

The realizability constraints on the mass-conditioned energy moments (K,(£p), ©,(&3), e,(£5)) must be satisfied at
each time step; however, mass-conditioned moments found with CQMOM are not guaranteed to be realizable [31]].
In particular, one or more mass-conditioned granular temperatures can be negative. The simplest correction is to set
a negative granular temperature to zero. However, this change will increase the kinetic-energy moment K; such that
the total energy is not conserved. In practice, this can cause the simulation to abort. Another situation that can arise
is that a mass-conditioned granular temperature becomes nonphysically too large. This is usually associated with
the corresponding wy tending towards zero. As done in [13]], a physics-based upper bound can be applied for the
mass-conditioned granular temperature, provided that it does not change K.

To enforce conservation of total energy, it is imperative to keep K; and &, conserved when finding the mass-
conditioned particle energies. In our code, in each grid cell, this is done for N = 4 as follows:

Find K,(&p) for 8 = 1,2,3,4 given (Ko, K1, Kz, K3) using CQMOM.

Correct the K,(£3) as needed so that @,(£) is non-negative (or less than a physics-based upper limit).
Using the corrected K,(£), compute K = Zg,zl wpépK,(€p), which may be different than %.
Replace the K,(£g) with K,(£3)K /K, thereby ensuring that K is conserved.

5. Using the new K,(&3), compute the corrected Ko, K, and 7.

e

Note that this algorithm conserves K, while modifying Ky, K> and 3. Our numerical tests, requiring only that
0,(&3) = 0, indicate that the resulting simulations are robust and do not show any spurious behavior. We anticipate
that this correction algorithm can be applied successfully for larger N.

The above algorithm can be used with other conditional variables, such as the mass-conditioned particle velocity
and the mass-conditioned internal energy. For the former, as has been previously observed with QBMM [13]], the
magnitude of a mass-conditioned velocity may diverge as its number density tends towards zero (i.e., the overall
contribution to U { is negligible). The main issue is then to establish an upper limit on the magnitude of the mass-
conditioned velocity based on the local variables that is compatible with U } Notice that the velocity-correction
step must be done before computing 6 ,(£g) and correcting the mass-conditioned kinetic energies. Likewise, for the
mass-conditioned internal energy, physics-based upper/lower bounds must be determined that are consistent with &;.

5. Application to 1-D polydisperse, high-speed, fluid—particle flows

In this section, we first present the 1-D model equations for N = 4 and Ny = 6 using half-order mass moments,
and then describe the numerical method used to solve them. The section ends with a description of the two example
applications.
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5.1. 1-D model equations

The 1-D conservation equations for the fluid phase are

Opsa} + Owpraiuy = -89,
dpsafus + Oxppaus + py) = ay @by + Fpp) = AL = Si,
2
G,pfa}'kf + axpfa/;ufkf + gpfar;kfaxuf = ﬂ{ -2-2a+ Cg)B{ kf,
Ot Ep+ OxlprafusEr + (@fus + ajup)psl + Ppppdty — ayuy@spy + Fpp) = A = (1 - a)B] - AT - S7 - S.
(58)

The formulas for the source terms on the right-hand side are provided in table 5]
To account for added mass, we solve for the particle-phase volume fraction:

Oy + Oy pu, =0 59)

where u, = U, !/ M, is found from the polydisperse moments with s = 1. Given «,,, the formulas in eq. (3) are used for
find @,. We use GQMOM for the half-order moments with Ny = 6. The 19 conserved variables for the polydisperse
particle phase are (Mo, Mij2, My, Maja, Mo, Mspp, M), (U, UL, Uy, U3, (Ko, Ki, Ko, K3), and (&, &, &5,
&%). The system of seven 1/2-order-moment conservation equations is
Mo + 0, Uy = S,
3¢M1/2 +0 7/11/2 = 81/2,
oM+, U, =S,
3,/\/(3/2 +0 ﬂg/z = 83/2, (60)
M+, Uy = S,
6,M5/2 +0 (LIS/Z = 85/2,
IMs +0,U; = 8.

For the mass-velocity moments, the conservation equations for momentum are

M
UL + 02 + P,Mo) + Oa Py + (ax,af + Fyp)My = AL+ CL+ 7l + S},

U, + 0 (U + PyMy) + 0.Pyrp + —(axﬁf + Fo)My = —-A] + 8],

61
Uy + 0 (Us + P,Ms) 7 M a Porp + (axﬁf + Fop)My = —AL +Cy + F5 + Sy, o
U + 0 (U3 + P,Ms) 7 M a Porp + (axﬁf + Fo)Ms = —AL + Cy + 75 + S).
The balance equations for kinetic energy are
8 Ko + 0 (UG + PyUy) + ——U0.P sy + ple(axf’f + Fpp)Uy = = + %C(z) * %7:02 + 55
Ky + 0, (U + P, U + — U0 Pysp + pi(axﬁf +F, U] = -A + %c% + %?‘12 +81,
’ (62)

1 1
(lea prp (axﬁf + pr)q/lzl = _ﬂ% + EC% + 57:22 + 829

§~_§~§~_§~

f . 1, 1
—ULOLPypp + @y + Fop)Us = =76 + SC+ 555 + S5,
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For the mass-internal-energy moments, the conservation equations are

1 1
8,80 + 0, U = A — ~C2 - 5?02 + S5,

2
1 1
O+ DU = =501 5T S0

1

1 (63)
0,6 + 0, U = A; - 505 _ 57-22 + S5

1 1
8,63 + 0, U, = A - Ecg - 5?'32 + 5.

The collisional and frictional source terms on the right-hand sides are given in section[3.8] The formulae for the spatial
fluxes and source terms are provided in table[5] The 1-D polydisperse model has a total of 24 conserved variables.

5.2. Numerical implementation

As done for monodisperse cases in [6]], the coupled fluid—particle moment equations have been implemented in
a 1-D flow solver. Given that the overall system of equations is hyperbolic, the extension to three dimensions on
a structured Cartesian grid would use the same approach with directional splitting [[18]. Details on the numerical
algorithms are provided in the indicted appendices, and in [6].

Fluid and added-mass phases. The following items have been implemented for the fluid phase:

1. The buoyancy and F,r terms coupled to the particle phase.
2. The drag terms, including PTKE, coupled to the particle phase.
3. The convective heat-transfer term coupled to the particle phase.
4. The added-mass source terms coupled to the particle phase.

Particle phase. The following items have been implemented for the particle phase:

1. The moment-inversion algorithm GQMOM to compute the abscissae.

2. The moment-inversion algorithm CQMOM to compute the mass-conditioned velocity, kinetic energy, and in-
ternal energy.

The collisional and frictional particle pressures.

The buoyancy, F ¢, and P, s, terms coupled to the fluid phase (see[Appendix D).

The collision source terms, including internal energy (see[Appendix C).

The friction source terms, including internal energy (see[Appendix C).

The drag terms, including PTKE, coupled to the fluid phase (see[Appendix B].
The convective heat-transfer term (see[Appendix B).

The added-mass source terms (see[Appendix E)).

An operator-splitting approach is employed to solve the coupled moment equations (i.e., for fluid and particles)
separately for each item listed above. In the first step, a first order in space and time HLL scheme [14] is used
to advance the coupled moment system due to the spatial fluxes. The eigenvalues for the spatial flux are found
numerically using a subroutine for the Jacobian matrix that was generated symbolically. These eigenvalues are used
to define the numerical fluxes in HLL, and to set the overall time step [14]. After advancing the moments due to
the spatial fluxes, the changes due to buoyancy, F s, and Py, are computed using an Euler scheme with central
differences [14]. Next, the changes in the moments due to the collisional and frictional source terms are computed.
Finally, the changes in the moments due to drag and heat transfer are computed. The collisions, friction, drag, and
heat transfer are handled with semi-analytical solutions (see for an example). Since these source terms
do not change the mass abscissas, the solver uses the mass-conditioned velocity moments instead of the mass—velocity
moments. Then, GQMOM is used to find the latter from the updated mass-conditioned moments.

When the velocity variance is extremely small (or negative due to round-off error), application of HyQMOM to
find Mj is ill-conditioned. Thus, realizability is checked after each sub-step and the velocity moments are corrected

XNk Ww
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Figure 2: Initial beta PDF of particle diameters scaled by the maximum value (blue curve). The four GQMOM scaled abscissas for diameter d,(£3)
are shown by red symbols. These abscissae are used to compute the mass abscissae &g via eq. @p The scaled weights are multiplied by a constant
to achieve the desired .

if needed. Based on numerical experiments, corrections are rarely applied and when they are it usually occurs at the
interface with ‘particle-free’ regions. In the simulations, to avoid division by zero, such regions are initialized with a
tiny particle number density. Thus, applying the realizability corrections has no impact on the observable quantities.

The Jacobian matrix needed for the HLL solver can be computed symbolically for N = 2, but not with N = 3.
In any case, the number of eigenvalues becomes quite large for N > 2, and only the magnitudes of the largest and
smallest eigenvalues are required to define the numerical fluxes. From numerical experiments, it was determined that
the latter are well approximated by the nine eigenvalues found for the monodisperse systemm i.e., using the added
mass and fluid+particle-phase moments. We should emphasize that the intermediate eigenvalues are not available
using this approach, but that has no importance for the HLL solver. In general, unless the particle phase is very dense,
the largest/smallest eigenvalues correspond to the fluid phase, albeit modified by the presence of the particles.

5.3. Numerical test problems

Two test problems are used to demonstrate the polydisperse model. In the first problem, a shock wave impinging
on a dense particle curtain is simulated. As shown in fig.[2] the particle diameter distribution in the particle curtain is
initialized as a beta PDF with a mean of 100 ym and maximum of 1000 ym. In the second problem, two particle-laden
jets impinge at the center of the domain. We use again a beta PDF with mean size of 100 ym on the left side and 200 um
on the right side. Simulations have also been run using a lognormal distribution and the results are qualitatively very
similar. For both cases, a 1-D computational domain is discretized with 2000 computational cells. In the simulations,
we solve for the half-order mass moments (Mo, M2, Mi, Ms2, Mo, Ms;2, Ms) and use beta-GQMOM to find ¢,
$», ¢3 and ¢4 at each grid point. In order to account for large particle Reynolds numbers and the volume fraction, the
drag coefficient is modeled using the Schiller-Naumann formula with the Richardson—Zaki correction used to account
for clustering effects [5]:

Cp= R%(l +0.15Re) " a > (64)

where Re,, is different for each particle size. The added-mass timescale 7, is found from the drag timescales using

4

1 1 Wptp

Ta B pea; = Tp(é:ﬁ).

(65)

The reference value for the frictional pressure constant has been set at py = 533,333 Pa. The initial thermodynamic
temperatures of the particles is set equal to the fluid, and p,, = 2500 kg/m*. (Results for monodisperse particles with a
wide range of p¢/p), are presented in [6]].) The default model parameters are given in table Unless stated otherwise,
these parameters will be used below. For all cases, the 1-D computational domain extends from -0.2 m to 0.2 m.

101y fact, only the seven eigenvalues found with ky = e, = 0 suffice since these variables are advected with the mean phase velocities.
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6. Numerical results

Quantitative examples of shock—particle-curtain interactions using the monodisperse model are available in [6]],
along with details on the initial conditions and experimental setup used for validation. Here, we focus on qualitative
comparisons with emphasis on the effect of polydisperse particles.

6.1. Results for polydisperse particle curtain

The initial number concentrations of the four types of particles inside the curtain are larger than 103 1/m? due to
the small particle diameters. Outside the curtain, relatively smaller values of number concentration are used to avoid
division by zero. The fluid density and temperature before the shock (right side) are p; = 1.18 kg/m? and 300 °K,
respectively. Behind the shock (left side), they are p; = 2.476 kg/m® and 429 °K, respectively. Different temperatures
are used to illustrate the effect of heat transfer. The initial phase velocities are null, and inside the curtain a/, is uniform
and three cases are simulated @, = (0.01,0.2,0.6). In order to test the robustness of the code, we use e, = 1 so that
the particle collisions are elastic. In general, we found that elastic particles are most sensitive to numerical errors that
can lead to numerical instabilities. Simulations with inelastic particles were also carried out and are qualitatively very
similar.

The space—time contour plots in fig. [3|for the three cases with different initial values of a,, illustrate the qualitative
behavior of the model variables. The initial shock, located just to the left of the particle curtain (x < 0), is partially
reflected, depending on the curtain density. For 0.01, the reflection is very weak, while for 0.6 it is very strong.
This creates jumps in density p, and temperature 7, upstream from the curtain. The particle curtain (i.e., ) is first
compacted due to the shock, before beginning to spread and move to the right. In doing so, the particles exhibit strong
size segregation (see dy; = (My/M;)'/?) with small particles accelerating faster than large particles. For 0.01, there
are very few particle—particle collisions so that the segregation occurs faster. At @, = 0.2, the frictional pressure
P/ plays no role, but the collisional pressure P, is significant. This causes the larger particles to move to the left of
their original position, which shows up in the variable 7),. Due to thermal inertia, the particle temperatures do not
change much from their initial values. Thus, the lower T, on the left side is caused be particles bouncing back due to
collisions. Finally, for initial value a,, = 0.6, the frictional pressure is very large at short times due to particle packing.
The larger mass of the particle curtain at 0.6 slows its acceleration, generating a large drop in p, across the curtain.

In fig. |4 the weights (number concentration) and mass abscissae at the end of the simulation (2 X 1073 s) are
plotted. Notice that the extreme values (left and right of domain) correspond to the initial values, and that for the
abscissae these values are the same for all cases. From the abscissae, it is clear that inside the curtain the particle mass
decreases continuously from left to right. Moreover, because GQMOM represents a continuous NDF, the largest (£4)
is larger than the initial size. As mentioned above, the size segregation is largest for a, = 0.01 due to the relative
lack of collisions. In fig.[3] the contributions to the particle pressure are shown for each case. Aside from the kinetic
pressure (o, ©),), the pfp pressure is dominant for 0.01, while the collisional component plays a more significant
role for 0.2 and 0.6. Notice that the frictional component is null in fig. E]because @, is everywhere below a,,,4,. Finally,
notice in fig. [ that the strong segregation for 0.01 leads to two abscissae very close to the mean mass near x = 0.125.
In fact, for this case the mean mass for x > 0.125 is very close to the smallest abscissa, indicating that the variance
of the mass NDF is very small due to segregation. For 0.2 and 0.6, similar behavior is observed, but to a lesser extent
because the gas velocity is lower so that the spreading rate is lower for these cases.

In fig. @ the mass-conditioned velocities and temperatures, as well as the gas velocity u, and mean particle values
u, and T, are plotted at the end of the simulation (r = 2 x 107 s). For all cases, the particle velocities lag behind
the gas velocity due to particle inertia. The same is true for the particle temperatures due to thermal inertia. As
expected, the smaller particles approach the gas values faster than the larger particles. More interesting is the effect
of collisions on momentum transfer between different particle masses. For 0.01 where collisions are weak, the mass-
conditioned particle velocities inside the curtain remain well separated. On the other hand, for 0.6 where collisions are
strong, the mass-conditioned particle velocities inside the curtain are nearly the same. This effect leads to the particle
temperatures being nearly equal inside the curtain. Finally, notice that for 0.01 some of the conditional velocities
exhibit large variations near x = 0.125 where u, = u,(£1). The reason for this behavior is that the linear system
in CQMOM becomes poorly conditioned when the variance of the mass NDF is small. One possible solution to
overcome this issue would be to reduce the number of abscissae N in spatial regions where this occurs. Typically,
such regions have very small particle volume fraction and a detailed representation of the mass NDF is not needed.
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Figure 3: Space-time contour plots for the polydisperse particle curtain with initial @, = 0.01 (top), 0.2 (middle), 0.6 (bottom). Left: Gas-phase
variables (pg, Ug, pg. kg, Tg). Right: Particle-phase variables (ap, up, @), da1, Tp). The reflected shock is most easily observed from p, in the
far-left column, while size segregation is seen from the mean particle size dy;.
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However, when adapting N to the local conditions, care must be taken to conserve the particle-phase mass, momentum
and energy (which can be accomplished even in the monodisperse limit with N = 1). In practice, reducing N will be
simpler from a computational standpoint than increasing N in regions where the variance of the mass NDF abruptly
increases (e.g., crossing jets).

6.2. Results for polydisperse crossing jets

Crossing jets are often used to test QBMM for the velocity moments in the absence of collisions [9]. It is well
known that collision-less systems require velocity moments up to at least third order to correctly capture trajectory
crossing [[1L1]]. Here, however, the polydisperse model is closed at the level of second-order velocity moments because
we assume that a), is large enough that particle—particle collisions cannot be neglected [[29]. Thus, for this example,
the initial particle volume fraction is uniform with @, = 0.2. The initial phase velocities are 100 m/s (left) and
—100 m/s (right). The initial fluid and particle temperatures are 300 °K. The initial granular temperature is null, but
grows rapidly at x = 0 due to the crossing jets. The collision model is therefore very important, and we shall vary
the restitution coeflicient e, to investigate the effect of inelastic collisions and particle heating. For this example,
size segregation is not as important as in the previous example. Nonetheless, to test the transport scheme for mass
moments, we use a mass NDF on each side of x = 0 (see fig. ) with mean diameters that differ by a factor of two.
Finally, the simulation with e, = 0.9 was ran until # = 2 X 1073 s, while for larger e, the end time was set as 1 X 10735
due to the difference in the dynamics.

Space—time contour plots of the variables at the end of the simulation are shown in fig. [7] for e, = (1,0.999,0.9).
Due to the balance between the left and right incoming momenta, the fluid and particle velocities are null in the center
region. Otherwise, the behavior of the variables is highly dependent on e.. For elastic collisions, @, never reaches
close-packed conditions (maximum a, ~ 0.36), which is not the case for e. = 0.999. Indeed, even with a small
amount of in-elasticity, the strong collisions between the crossing jets transforms kinetic to internal energy, which
lowers the collisional pressure (see fig. [8). Once the particles in the center reach close-packed conditions, the granular
temperature goes to zero, leaving only the frictional pressure. With e, = 0.9, this process occurs very early and
only a tiny region with significant collisional pressure is observed. In summary, there are two possible regimes: with
and without a close-packed region, that depend on the inlet @, and, most importantly, on e.. If @, is too small, the
dynamics are driven by the gas phase and particles are pushed out before they can become close-packed. Otherwise,
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Figure 7: Space—time contour plots for the polydisperse crossing jets with e, = 1 (top), 0.999 (middle), 0.9 (bottom). Left: Gas-phase variables
(pg» g, Pg, kg, Tg). Right: Particle-phase variables (ap, up, ©p, da1, T)). For elastic collisions (top), ), never reaches close-packed conditions and
the granular temperature remains large along the line x = 0. Otherwise, for inelastic collisions, a close-packed region is formed.
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Figure 9: Model predictions for the polydisperse crossing jets with e, = 1 (left), 0.999 (middle), 0.9 (right) at the end of the simulation. Number
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collisions, the particle size distribution are ‘frozen’ in place due to lack of transport.

the dynamics are driven by the particle phase as discussed in more detail below. Finally, note from fig. [§] that the
pfp pressure plays no role in the dynamics for this example, which are dominated by the collisional and/or frictional
pressure.

In fig.[9} it can be observed that the mass abscissae do not change outside the region (-0.05,0.05). This is because
the mass-conditioned velocities are ‘frozen’ to the mean particle velocity due to collisions and friction (see fig. E|
On the other hand, the mass-conditioned temperatures depend strongly on the value of e, due to collisional/frictional
heating (H,). Notice in fig. 10| that the individual temperatures remain separated in the close-packed regime. This is
due to two reasons. First, collisions between the smaller particles are more frequent due to their small mass leading
to a higher granular temperature. This causes them to heat up faster than larger particles. Second, we have neglected
conductive heat transfer between particles in contact (see eq. (34)). This implies that the particle temperatures can
reach equilibrium only due to heat transfer with the fluid phase. Nonetheless, the equilibrium temperature is 7', (black

1 Unlike the mass-conditioned velocities, the mass-conditioned granular temperatures in the collisional regime will not be equal because they
depend on the particle mass. At equilibrium, £30,(£p) will be the same for all 5.

26



100

100 100
50 50 50
a a a
B} Bj Bj
o 0 ;_e_._;_ﬁ%_} ICI o 0
D: D: D:
-50 -50 -50
-100 -100 -100
0.2 -0.1 0 0.1 02 -0.2 0.1 0 0.1 0.2 0.2 -0.1 0 0.1 0.2
X X X
380 400 400
370
380 380
360
}_:.1350 360 =360
2340 - =
330 —° 340 —° 340
320
320 320
310
300 300 300
0.2 -0.1 0 0.1 02 0.2 0.1 0 0.1 02 0.2 0.1 0 0.1 02

X

X

Figure 10: Mass-conditioned velocity (top) and temperature (bottom) for the polydisperse crossing jets with e, = 1 (left), 0.999 (middle), 0.9
(right) at the end of the simulation. Colors correspond to mass abscissae in ﬁg.El The green curve is the gas velocity u, (top) and temperature 7',
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curve), whose value is very different for elastic versus inelastic collisions. Finally, it is also interesting to observe how
the gas temperature 7, differs in the collisional (e. = 1, a;, ~ 0.36) versus frictional (e, = 0.9, @, = 0.63) regimes.
In order to understand the differences in the dynamics, the flux eigenvalues employed in the HLL solver are shown
in fig. [T1} along with the maximum/minimum particle-phase eigenvalues found by neglecting the frictional pressure.
Notice that the eigenvalues on the left/right sides of each figure are the same because they correspond to the initial
conditions where the HLL eigenvalues are set by the fluid. For e, = 1, the HLL eigenvalues in the center are set by
the particle-phase collisional pressure, and the corresponding speed of sound is significantly larger than for the fluid.
In contrast, for e, = 0.9 the HLL eigenvalues are set by the frictional pressure. Interestingly, in this case the speed
of sound in the close-packed region matches the values in the fluid at the interface. This is because @), > @, in the
close-packed region adjusts to match the interface pressures. The case with e, = 0.999 has more complicated behavior.
For the close-packed region in the center, the HLL eigenvalues show the same behavior as e, = 0.9. Likewise for the
collisional region on the outside. However, there is a small transition region between the close-packed and collisional
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Figure 11: Eigenvalues used in HLL for the polydisperse crossing jets with e, = 1 (left), 0.999 (middle), 0.9 (right) at the end of the simulation.
Particle-phase without friction minimum (blue) and maximum (red). HLL minimum (gold) and maximum (purple). The collisional region cor-
responds to the red/blue curves being maximum/minimum. The frictional region corresponds to the center region where the red and blue curves
overlap. A transition region separates the collisional and frictional regions when e, = 0.999.
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regions wherein the HLL eigenvalues are set by the fluid speed of sound. Hyperbolic solvers such as HLL that require
estimates of the maximum/minimum eigenvalues may fail in the transition region if the magnitudes of the eigenvalues
are underestimated.

7. Conclusions

In this work, we have extended the macroscale model developed in [6] to handle particles with different diameters
but with the same solid density using the polydisperse kinetic theory from [19]]. The first step was to develop a kinetic
model for the number density function f(&,u,e) based on the underlying physics, which includes size-dependent
particle acceleration due to fluid drag, buoyancy, unsteady forces, and the particle—fluid—particle pressure, as well as
particle—particle interactions due to collisions and friction, and heat transfer with the fluid phase. The resulting kinetic
equation is in closed form and contains all of the physical models for the microscale physics. The second step was to
derive balance equations for selected moments of f(£, u, e) that ensure mass, momentum and energy conservation as
well as predicting the evolution of the properties of the particle mass distribution. Because they contain integrals with
respect to f(&,u, e), these balances equations are not closed given only the selected moments, which represent the
conserved variables. Thus, the third step was to provide moment closures using quadrature-based moment methods.
The final step was to develop a numerical algorithm for solving the system of conserved variables, ensuring that
the moments remain realizable when advanced in time throughout the computational domain. For this purpose, the
hyperbolic conservation equations were solved using an HLL scheme for the spatial fluxes [21} 28] and operator
splitting with semi-analytical solutions for each of the sources terms. The robustness of the numerical scheme was
tested using two examples of 1-D high-speed, gas—particle flows with very different physics. Moreover, the basic
structure of the 1-D solver carries over to 2-D and 3-D spatial domains [[18]. Furthermore, as shown in [6], the effect
of added mass is included in the basic two-fluid model, which allows it to handle any particle-to-fluid density ratio
(e.g., polydisperse bubbly flows).

In future work, the polydisperse model can be extended in several different directions. For example, chemical
species can be added in each phase [18]] to simulate chemically reacting flows, or multiple particle phases with different
solid properties for each phase can be derived to account for interactions between particles types. Another potential
extension would be to add terms to the kinetic equation that describe changes in the particle mass (e.g., breakage or
aggregation) [22]]. In any case, the starting point for deriving such models for the particle phase is a closed kinetic
equation containing all of the relevant microscale physics. In this work we have limited the description of the particle
velocity to the trace of the second-order velocity moments (i.e., the particle-phase kinetic energy). However, it is
well known [9]] that crossing jets in the absence of collisions cannot be described by a Maxwellian distribution for
the particle velocity. Thus, a macroscale model that closes at the level of the particle-phase kinetic energy will yield
qualitatively incorrect results for dilute impinging jets. However, if third- and fourth-order velocity moments are
added to the model and closed with HyQMOM [[11]], the correct behavior will the captured. Starting from the kinetic
model, it is straightforward to derive the additional balance equations for these moments [13]]. Finally, to improve
the numerical solution, high-order schemes (such as is done in [3 |6l [18] for monodisperse particles) will need to be
developed for the polydisperse model equations.
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Appendix A. Multi-component, inelastic BGK model

Here, we review the kinetic model proposed in [[1] for elastic collisions, and extended in [22]] to inelastic collisions.

First, we present the formulas for a binary system with particles of different diameters, and then these expressions are
generalized for a continuous size distribution. By construction, this hard-sphere collision model is exact for velocity
moments up to second order.
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Appendix A.l. Collisional source terms for binary systems
Following the notation in [22]], the multi-component BGK model with inelastic collisions yields source terms for
a binary system of the form
C} = kn(M{Gy; = M) + k(MG = M),

: : : ) : (A.1)
Ch = ki1 (MYGh, — Mb) + koo (MYGh, — MS).

Here, M! (M) is the mass-weighted velocity moment of order i for a type 1 (2) particle, and C} (C}) is its collisional
source term. The Gaussian moments G;ﬁ are found from a Gaussian distribution with mean u,g and covariance matrix
0. For example,

Gop=1, Giy=ap, Gog=1Uus®Uyp + 0ap. (A2)

It is the definitions of these means and variances that determine the evolution of the velocity moments.
In terms of notation, we first define the mean velocity and granular temperature for each particle type:

M M, M; M3
u = —-, ll2=—0, 3@|=—0—ll]'ll1, 3@2=—0—u2'112 (A3)
M(l) 2 Ml MZ

where o) = @I and 0, = @1 for a Maxwellian distribution (which corresponds to the Euler equation for the particle
phase). Also, a;/a, = §~‘,~M? / (pea;) defines the component volume fractions. The particle diameters are d; and d,,

and we define di, = (d| + d2)/2 and yop = dop/dg. Thus, x11 = x2 =1, x12 = di2/d» and x21 = dy»/d;. Finally, letEI

Hap = 2dg/(d(3l + dg), so that u;; = uy = 1. For later use, we note that ,uaﬁX?,ﬁ = ngﬁ/(dg + dg) = ﬂﬁw\fga-

We can now define the means and variances of the Gaussian distributions:
1 1
up =u, up=up+ Z(l +eopp(uy —up), w =uy + 4_1(1 +eopi(u; —u), uxp =uy, (A.4)

and

1
0'11=0'1+—(1+ec)

1 1 1
4_1(1 +e)S| — 0'1], op=01+ 5(1 + ec)ur2 Z(l +ec)p12S12 — 0'1},

2
1 1 1 1 (A-5)
02 =02+ 5(1 + et 4_1(1 +e)u21S12 — 0'2], on =02+ 5(1 +ec) 4_1(1 +e)Sy — 0'2}
where (the first equality is for arbitrary distributions, while the second is for a Maxwellian)
1 1
S] =0 + @1[ = 2@11, S]z = E(O’[ + 0 + ElzI) = E(@] + @2 + E]z)I, S2 =0 + @21 = 2@21, (A6)
and E1p = @1 + 0, + 1(u; — wp)?. The collision rates .z are defined by
K11 = —24g11(x1@}/2 Kip = —24812&2}(?2E%2 Ky = —24g22a/2@;/2 K1 = —24g120/1)(g]E:£2 (A7)
\/7_Td1 \/Zl'dm ﬁdz \/Zl'du
and are inversely proportional to the collision time 7.
Applying the kinetic model to evaluate momentum exchange, we find
121,E' 2 (1 + e.)d? 1281,E' (1 + e.)d?
C| =peaiay 12 2w, —wy), C) =poaia 12 2 (u; —w) = -C|. (A.3)

Var o (di+d) V2 () +d3)

As it must be, momentum is conserved during collisions, and there is a net exchange of momentum between particle
types with different mean velocities. In the moderately dense regime, momentum exchange will reduce the velocity
difference considerably. In general, the velocity difference decreases faster than the granular-temperature difference.

12The Hap are mass ratios, but here the densities of both particle types are equal.
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Applying the kinetic model to determine the energy exchange and dissipation, we find

68110," 12g12E) (1 + e)d?, [ 1
Ci= —Pe“%\/—le(l - )0 + pearaz \/2—12 & + d31)2 [Z(l +e)unEpn — 01 —up - (u — 112)} (A.9)
1 T 1 2
and
6820," 12g12E,) (1 + e)d?, [ 1
C% = —pea%\/_TdZ(l - eg)@z + pe1 3 \/2_12 @+ d31)2 [Z(l +e ik — 0 —uy - (U — 111)] . (A10)
2 T 1 2

The first term on the right-hand side is dissipation of granular energy due to like collisions. The second term is the
exchange/dissipation of kinetic energy due to collisions of unlike particles. At equilibrium (e, = 1), u; = u, and
pgd§@1 = pedg@z as expected. Note that because i, + (o1 = 2, the sum C% + C% < 0 where the equality holds for
e. = 1. When e, < 1, the lost kinetic energy increases the internal energy of the particle phase. This provides the
definition of H), (without friction) for a binary system:

12 2811 o372 ‘/5312‘1%2 32, 282

2 132
a + a0y —————= +a (&) . (A.11)
a, Ydyp ! 1 (d? + dg) 12 2 2

H, = peas(l - e?) -

Note that if particle types 1 and 2 are identical, then using @, = a; + a; reduces the right-hand side to p.aj,(1 —
ez)ial,f’;—“@?,/ 2, which is the expected result for monodisperse particles. This property is referred to as the indiffer-
T P

entiability principle [[1]], and it follows from the definition of hard-sphere collisions.

Appendix A.2. Collisional source terms for multi-component systems with binary collisions

For a continuous distribution of particle sizes, we can define the collision term by making use of the NDF, denoted
by n(£). As in the main text, the moments of the NDF are M;. We will also need to define the mass-conditioned mean
velocity of order i, denoted by M(¢), and the mass-conditioned granular temperature 3@(&) = M?(&) — M!(¢) - M!(¢)
where M (&) is the mass-conditioned velocity vector. Formally, the collision model for moment 2! is

C, =8 f £C@n@) de (A.12)
where, for a given mass &, the change in M(¢) is modeled by a mass-conditioned multi-component BGK model:
C') = f k(& DGO - M@1dL. (A.13)

For a binary system, this model must reproduce the results in [Appendix A.1] In particular, eq. (A.12)) will have the
form

C\ = BEIMIC| + BEMSCY (A.14)

for s = 0, 1; which is the weighted average of the binary collisions terms in eq. (A.I).
The means and variances of the Gaussian distribution function with moments G;(¢, {) are defined by

1
u¢, ) =M+ 2+ e e M) - M ()],
(A.15)
1 1
T 0) = 0@+ S(1 + eptes | 51+ e [OE) + O + EE O] - Q)| 1

where E(£,{) = O&) + () + 1 M'(0) - M'(©)]>. Note that when ¢ = £, these definitions are consistent with self
collisions. For the velocity moments up to second order, the Gaussian moments in eq. (A.13) are

G'&0) =1, G'& D =u ), GHED =uE ) uE L) + o, 0). (A.16)
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The other parameters in the collision model are generalizations of the binary case:

WD) = 24g0(&, {)a(f))(?,{ VEE, ) s 1 &) + (O]
' \/ﬂdg,g P e 2-°F P ’ AT
240 _dgg Y .
Heg = Lo+ D0 Xer = 0 a(é“)—ppn(é),

and go(&,¢) is the radial distribution function given in eq. . Likewise, the particle diameter d,(£) is given by
eq. . Note that for multi-component systems, H,, = —C % In the numerical implementation described in
[Cl the integrals in eqs. (A.12) and (A.T3) are evaluated using Gaussian quadrature, and thus eq. (A.T2)) is represented
by a double summation over all binary collision partners.

Appendix A.3. Collisional pressure

For the collisional pressure P, the polydisperse version [[10,19] has the form of eq. with the exact expression
for binary hard-sphere collisions given by

Pp© =21 +e) f (Q)go(E, DN} phe e EE.Q) AL (A.18)

where
1 if& <
Yer = %”g’g 1 §<¢ = 052y, <1 (A.19)
’ SHee E=L ’

In the monodisperse limit, this expression with eq. (17)) yields the monodisperse expression. In general, computing
P, with GQMOM requires a double summation over the N mass abscissae:

N
Z Wi ;g i YiiEij (A.20)

Jj=1

N N
peayPe= ) witip&) = 2(1 + ¢,)
i=1 =1

I

where a), = Zfi 1 @; and the subscripts ij indicate the masses of the two colliding particles. When all particles have the
same mass, velocity and granular temperature, eq. (A.20) reduces to the definition of P, for monodisperse particles.

The expression for P, in (A.20), used in the main text, applies the same collisional pressure to each particle type.
In contrast, the exact treatment with GQMOM based on (A.T8) yields

(A21)

N

1 1
Pei=2(1+e) Z @;gixiiyiiEij = 21 + e.) (a'igii@i +5 Z @;gjiX iy ji + 3 Z @;giix; i Eij
=1 j<i j>i
where we have made use of the identity X?j,ui = X?ﬂ“ ji- In the last form, the first term corresponds to self-collisions
of type i particles, the second term to collisions with smaller particles, and the third term to collisions with larger
particles. For example, for a binary system we have

1 1
Pei =2(1 +e.) (01811@1 + za'Zng/\/?zﬂ%zEIZ)7 Pep =2(1 +e.) (@2822@2 + Ea'lngX?z,u%zElz), (A.22)
which satisfy the indifferentiability principle [1]. The exact collisional pressure for particle types 1 and 2 are w &) p, |
and wa&; p.. 2, respectively, which are different than p.a), P,..

For an exact treatment, it is straightforward to modify the collisional pressure in the polydisperse kinetic model in
(TT) to use (A.2T). In the particle-phase momentum and kinetic-energy balances in tabled] the following substitutions
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are required for the collisional pressure (the frictional pressure contribution remains the same):
N N
MPe = 3 wetipes, UPe = ) webu,Epes. (A23)
B=1 B=1

Note that these expressions are in closed form, depending on the known mass-conditioned moments. However, the

mathematical form of (A.23) (in particular, the energy fluX™)) makes it more difficult to estimate the eigenvalues of
the polydisperse model and, hence, to show that the model is hyperbolic.

Appendix B. Numerical treatment of drag-like exchange terms

The fluid—particle coupling terms (e.g., drag, friction, and heat transfer) are advanced over a time step At by
employing operator splitting. Using drag as an example, the model equations in table ] reduce to the following:

pra; = constant

dprat =0 M, = constant
0 Mf— 0 a, = constant
t s =
ﬂl
atap =0 (9[llf _ 1*
a*
diprafus = A o pf !
U, =-A. = U 6_7;‘7“‘ (B.1)
K1
dipsatEp = AT - (1 - a)B; OE;+ oyt =0
x1, —al _ (o _ f I
dpyathy = AL~ (2~2a+Cy) Bl ky A @20 Bk,
0K, =~ + (108 oy = = ——
6185 = O

0Ky = A + (1 — a)B>

& = constant

so that the mass variables and particle-phase internal energies remain constant. The change in the fluid-phase total
energy Ey results from conservation of energy.

The non-constant variables can be rewritten using their mass-conditioned versions. Thus, since the moments M

are constant, we have wg and &g constant so that for 8 = 1,..., N the mean velocities obey
1
tH¥p gﬁ Tp(é:ﬁ) f 14 fﬁ
N (B.2)
wgép
du — P (&) — uy],
1= 2 e ) Y
and the fluctuating kinetic energies obey
2a 41 -a)
0:0,(&) = — (&) + kg,
Ore) == e O p@)f
Wt (B.3)

ks = 2 et @ [3a6,(&) — (2 - 2a + Coky| + ZT&) (&) — up).

3The energy flux does not have the form of the velocity multiplied by the collisional pressure. It may be possible to approximate the energy flux
by such a form, but further work is needed to test such alternatives.
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Over the time step At, we assume that 7,(£g) is constant. Thus, eq. is a linear ODE with N + 1 components and
constant coefficients that can be solved analytically using the matrix exponential.

Likewise, eq. is also a linear ODE with constant coefficients and a non-negative inhomogeneous term de-
pending on the squared velocity differences that act to increase k. The latter are known from solving eq. . In the
analytical solution of eq. (B.3), the inhomogeneous term yields an integral that we approximate with the mid-point
rule (i.e., at Az/2). Finally, given the updated mass-conditioned particle velocities and granular temperatures, we com-
pute K (t + Ar) and then E (¢ + At) using eq. . By construction, this method conserves the mixture momentum
and total energy, while increasing the fluid-phase internal energy since a,,;, < a < 1. The treatments of friction and
heat transfer follow the same procedure.

Appendix C. Numerical treatment of particle—particle collisions

We start by considering the binary system in and the mass-conditioned velocity moments of types
1 and 2. In particular, the moments (MY, M}, M?) = (wi, wiuy, 2w Ky) and (M3, M3, M2) = (w2, wouz, 2w2 K), with
volume fractions a, @, etc. Using time splitting and keeping the collision parameters k,g constant over the time step,
the change in the moments for each particle type results in a linear ODE system. Most importantly, when extending
the algorithm to more than two particle types, the contribution from each collision pair can be solved separately.

Appendix C.1. N =2
Here, we use the following identities:
K21H21 43!
el J —, M2+ p2 =2, (C.1)
KioMi2 @2
to eliminate ky; and py;, respectively. We also have a; + a; = a),. During collisions, the number of particles does not
change so that M? and Mg are constant. The momentum for each particle type changes by{ﬂ

1 dM! du 1
—0—1 =k —u) = — = kp—(1+ ey —uy),
M dr dt 4 d |u u
| dM} du, L dr |42 w2
— . = - — = - + c - b}
i KUy —mp) = ” K214( e pz1(uy —up)

where u;, and uy; are defined in eq. (A.4), and A is the 2 x 2 coefficient matrix:

A=

A s €3

day -—a;  Qa

We can observe that the following identities hold:
1 0
A[l]:[o}, o1 a2]a=[0 o (€4

The first leads to the steady state u; = u,, while the second is due to momentum conservation. One eigenvalue of A
is null, while the other is the trace:
(4 edkinpna,

Ay =
12 4a/2

<0. (C5)

The left/right eigenvectors for the zero eigenvalue are given in eq. (C.4).
Taking A as constant during the time step, eq. (C.2)) gives

u ()| _ A [w(0)
[Uz(f)} =e [112(0) €6)

4Each element of u; is multiplied by the same scalar in eq. (C.2), so the vector solution uses the velocity vectors as components.
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where u;(0) is the velocity before the collision step, and the matrix exponential is

ar_ Lo+ age™ (1 —e')
a, |11 =e") @y +aje' |

In summary, the 2 X 2 exponential matrix exp(Ar) gives the change in momentum for each particle type.
For the fluctuating energy change due to collisions, the starting equations are

doe du
3d_ll = K11(G%1 —u;-u; — 391) + K12(G%2 —u;-u; — 391) = 2111 . d—tl,
do, duy

37 = K21(G§1 —u-u — 3@2) + K22(G§2 —u-u — 3@2) - 202 . E,

where the traces of the Gaussian second-order moments are Gﬁﬁ = Ugp * Uep + t7(0op). In particular,
G —uj-u -30, = —%(1 -eH6,,
Gy~ +w =301 = 201+ eopunlm - (o —w) 36011 + (1 + e 136, +30; + (w —w Y]
G31— w2+ = 30> = 31+ eyl - () —ws) = 36031 + (1 + e 1361 +36; + (wr —w Y],
G, -uy-uy-36, = —%(1 - ))0,.

Thus, the linear system for the granular temperatures is

doe 1 1 1 1
d_tl = —Kuz(l -e)o, - KIZE(I + e )un 6 + K12§(1 +e)ut, |01+ 6; + g(uz - Ul)z],
de,

1 1
e —K221(1 -e))0, - KZIE(I + e )21 07 + K21§(1 +e) 1y,

1
O1+06, + g(llg - 111)2] .

This system must be solved with initial conditions ©(0) and ©,(0).
Using eq. (C.2)), we can write the mean-velocity difference as

(1) = i (D]= ¢ uz(0) — w; (O],
which is non-negative and decreases with 7. The analytical solution of eq. (C.10) is then

|:@1(t) _ Bt |:@1(0) + [ezﬂlglt _ €Bt](2/1]21 _ B)ilDluz(O) _ u](0)|2

0|~ 6,00

where (treating .z as constants over the time step) B = By + B3,

1 ki1 0
By=——(1-¢
6 4( eL)I: O K2 5
Bo — (1 + e )kia12 a/z—a/zlff‘#n —02128”#12 ]
2="5— I+e, 1+e. >
2a -T2 @ — a1l

and

p = 4* ekt [axu;
24a, ajuo |’

(C7

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

When e, < 1, the total energy of the particle phase will decrease, and the lost energy is added to the internal energy.
When e, = 1, B has a null eigenvalue, reflecting the conservation of total granular energy, and the other is equal to the
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trace.

Appendix C.2. N =3

For N = 3 and larger, the semi-analytical solutions follow the same general pattern, which accounts for all possible
pairwise collisions. For N = 3, the six collision pairs are (1,1), (1,2), (1,3), (2,2), (2,3) and (3,3). Here, we use the
following identities:

K121 ap K31M31 aq K32(32 @2

=—, —=—, =—, Hp+tpn =2, mz+us =2, po3+un=2,
Ki2M12 (¢%) Ki3M13 0%} K23M423 a3

to eliminate x>, k31, K32, 21, M31, U32, respectively. For N = 3, the momentum balance yields

d ug u
- =A 1
ar up uy (C 6)
us us
where A = Ajp + A3 + Ags,
- 0 -3 0 «a
1+e, @ @ l+e, 3 3
A12=( Z)K12H12 —ay 0 ’A13=( Z)Kls,um o o o]l
@2 0 0 0 @3 a0 -a
(C.17)
(1 + ec)kozpos 0 0
Ay = B 0 -3 a3
@3 0 (0%} -
We can observe that the following identities hold:
1 0
Al1]=10], [ar @ as]a=[0 0 0] (C.18)
1 0
The first leads to the steady state u; = up = up, while the second represents momentum conservation. Due to

conservation of momentum, one eigenvalue of A is null. Again, the right/left eigenvectors of the zero eigenvalue

appear in eq. (C.I8).

Taking A as constant during the time step, eq. (C.16) gives

u (1) u;(0)
w()| = M [ (0)]. (C.19)
us (1) u3(0)

In summary, it is necessary to compute the 3 X 3 exponential matrix exp(A¢) to find the change in momentum for each
particle type.
For the velocity differences A;;(¢) = w;(#) — u;(?), we define the matrices

I -1 0 Xio(1) u (1) Ap(?)
P=|1 0o -1}, Xz =Plu(n)| = A3(t) (C.20)
a a3 C3 u3 (1) aju(t) + aaur(?) + azus(r)

where Cj is constant due to conservation of momentum. Using the change of variables and PAP~! with eq. (C.16))
yields

)+

aX o A L+ ec | Z2Kiopn + Kaspios K13H13 = K2323

—_— = AX, A B s aitas %) ’
t 4 Kiopiz = 5 K233 @ KI3H13 + K233

(C.21)
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where the two eigenvalues of A are negative. Thus, the analytical solution is

_|A®] _ A |A1200)
X(’)‘[Anm}‘e [AB(())}’ €22)

and A3(f) = A2(f) — A13(¢). In summary, it is necessary to compute the 2 X 2 exponential matrix exp(At) to find the
velocity differences, which can be done analytically.
The linear system for the granular temperatures is

d 0, 0,
- 6> | = B|6a| + DpA, (1) + DAL (1) + Doz Ady(1) (C.23)
05 O3
where B = Bg + Blz + B13 + B23,
1—2 |k 0 0
By =- 7 10 «k» 0], (C.24)
0 0 K33
r 1+e. 1+e, 1
— c _ c 0
(1 + e)Kiaf1n @ — @z 4 H12 @2 /:12
By, = —Tl — B o - e 0], (C25)
2 0 0 0]
r 1+e. 1+e. b
l+e, o3 —a3—pi3 0 —a3—53
B = —(‘;ﬂ 0 0 0 , (C.26)
@ e e
} | —er ey 0 o — e B
[0 0 0
1+e)k e e
By = —(zﬂ 0 as—as s —astus |, (C27)
a3 l+e. l+e,
0 —ex—7fun @ - @ cusn)
and
1 +e.)? @2[12 1 +e)? @313 1 +e.)?
Dy, = ( ;4) K12M12 avgon |, Dys = (1 + e) k33 0 | Dy = (1 + ec) ko33 sty (C.28)
10%) 0 24&3 240’3
3] 232

The eigenvalues of B are negative if e, < 1, and, if e, = 1 due to conservation of energy, one of them is null with left
eigenvector [a] ay a3].
The analytical solution of eq. (C.23) is

01(1)
0(1)
03(1)

01(0)
0,(0)
03(0)

f
= + f PID AT (5) + Di3AT(s) + DasAj,(s)] ds. (C.29)
0

Unlike with eq. (C.I2), evaluating the source terms in eq. (C.29) is complicated. However, to ensure conservation of
total energy for e, = 1, this evaluation must be exact. The 3 X 3 exponential matrix exp(B¢) is also difficult to find
analytically. Thus, it may be necessary to solve eq. numerically. For this purpose, if the time step Az is small,
the midpoint formula

01(An 01(0) 1
O1(AD) | = BV [ 02(0)| + 2B DA, (AL/2) + Dy13A%,(A1/2) + D3 A3 (At/2)]AL (C.30)
63(A1) 65(0)

may suffice. Numerical tests with e, = 1 show a kinetic energy difference of less than one percent for parameters
representing the target application.
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Appendix C.3. Particle-phase internal energy change due to binary collisions

When e, < 1, particle-phase kinetic energy is transformed to internal energy e, during collisions. Let e; be the
internal energy of type i particles. During binary collisions, we assume e; + 360; + ulz is constantE] For N = 3, the
governing equation for a;e; during binary collisions is

ajeq A O0,(1) . A .
= e =B|6:(t)| + DAL (1) + D13 AL, (1) + D3 A3, (1) (C.31)
aze3 Os(1)

where ﬁ = ﬁ(.) + ﬁ]z + B]3 + ﬁ23,

L 3(1-¢?) | Mk 0 0
By = % 0 awn O |, (C.32)
0 0 @3K33
. 3(1 — e2)ak [CEREER
B, = 2Ry o) (C33)
0 0 o
A 3(1 — o2 (13 0 3]
By, = % 0 0 0]l (C.34)
31 0 pan]
0 0 0]
. 3(1 = e?)a K23
By = fzz%ﬂza 0 pos p23|, (C.35)
10 w3 3|
and
. 1—¢ Mi2| |- o2 sl 12 0
D, = (q)# 1|, Dis = (ef)# 0|, Dy = Ww s | (C.36)
0 31 U32

Note that all matrices are null when e. = 1 as expected, and the matrices B; j have two zero and one positive eigenvalue.
Thus, the right-hand side of eq. (C.31)) is non-negative, which ensures that the internal energies never decrease. In the
simulation code, over a small time step the solution to eq. (C.31) is approximated by

arer(An| a0 [0:1(An) +6:(0) A A A
are2(At)| = [@2e2(0) | + =B |02(A1) + 02(0) | Af + [D12A%,(A2/2) + Di3AT(AL/2) + DasA3;(AL/2)]1At (C.37)
aze3(An)]  |azes(0) O5(Ar) + 05(0)

where eq. (C.30) is used to find ©;(Ar). The increase in the particle-phase internal energy is found from the identity
apep, = @re) + azey + azes.

The extension to an arbitrary number of particle sizes follows the same pattern as for N = 3, i.e., one must
account for binary collisions for each pair of particle sizes. In our code, the algorithm is implemented for four particle
sizes (N = 4). Given the number of particle pairs, the computational cost for collisions increases significantly with
increasing N.

Appendix C.4. Correction algorithm for conservation of particle-phase total energy

Due to numerical errors in egs. (C.30) and (C.37), the particle-phase total energy will not be exactly conserved.
Thus, at each time step, either the kinetic energies @;(Af) or the internal energies e;(Af) are multiplied by a correction
factor to ensure total-energy conservation. Specifically, if the total energy has increased during the time step, then the
kinetic energies are decreased; otherwise, if the total energy has decreased, then the internal energies are increased to

15This assumption is sufficient, but not necessary since the lost kinetic energy could be distributed differently, depending on the particle mass.
Here, we assume that the kinetic energy lost by type i stays with type i in the form of internal energy.
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ensure conservation. Numerical tests with e, = 1 (i.e., no change is internal energies) have shown that this correction
scheme performs as expected, i.e., the total energy at the end of the time step is always too large so that the kinetic
energies are decreased. In any case, this scheme ensures that the internal energies can never decrease during collisions.
Moreover, without a correction scheme, the kinetic energies can increase nonphysically with time and eventually can
cause a simulation to fail.

Appendix C.5. Treatment of frictional collisions

For frictional collisions, the kinetic energy lost by particles is redistributed as internal energy proportional to the
mass of each particle type. The increase in particle-phase internal energy due to friction is found from

de, dK, 13
L=t =_Zp,. C.38
dt e 12" (€38)

Since the particle density is constant, the mass fraction is proportional to the volume fraction. Thus, if A&, is the
change of &, over the time step, then AS; = —MAK,, where AK,, < 0 is the change in particle-phase kinetic energy.
Appendix D. Numerical treatment of buoyancy-like exchange terms

Time splitting is used to update the buoyancy-like exchange terms in the momentum and energy balances. For a
monodisperse particle phase, this amounts to solving the system

atpew; = 0,
d,p.u, = —B,
e (D.1)
Opea, K, = -B-u,
6tpea;e,, =0
where the vector
B = a;(axpf +F,0) +0xPyyyp (D.2)

is held constant over the time step. Given that peoz; is constant and K, = %(3@p + uf,), we can observe that the

second-order central moment &), is also constant over the time step. The same is true for higher-order central velocity
moments, i.e., they remain constant when only the buoyancy-like exchange terms are included. This observation has
important implications on the numerical integration because only the mean velocity, and not the central moments, will
change over a time step.

Using a Euler time step, and denoting the value at the end of the time step as (-)*, we find (in conservative form)

(Pey)" = pea,,

(pea;up)* = pea,u, — BAt,

T Sy (D.3)
(peapK,,) = pea, K, + Epeap <up ‘u,—u,- up) .
(peie,)” = peiey,
which conserves the central moment ), for arbitrary At. For the fluid phase, the corresponding equations are
dipraj =0, (pray)" = praj,
6,pfa;uf =B, = (pfa/’f*uf)* = pfa/;uf +pea/1*,(up -u), (D.4)
6tpfa;Ef =B-u, (pfa}'Ef)* = pfa;Ef +p.ay (K, = K}),

which conserve the mass, momentum and total energy of the two phases. Note that with higher-order time accuracy
beyond Euler, only the formula for the updated velocity uj, will change.
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For the polydisperse case, the integration formulas for mass-conditioned velocity moments are analogous to
eq. li Defining the second-order central moment 3M;0, = 2K — (Ll} . (Lli /M, this can be shown for s =
0,1,...,N — 1 starting from

M, =0, M= M,
M M
I _ __Y Lx = 1 — hl
6,‘Lls = Ml B, — rl’ls (Lls Ml BA[’ (DS)
1 1
8K, = ——B-U., K =Ko+ 0 (U7 - U7 - U - UY).

M TO2M;

Note that the central moment @, is constant over the time step. For the fluid phase, eq. again conserves the
overall mass, momentum and energy.
More generally, by defining the vector

1
C =+ W -uUH) = U*=uU+MC, (D.6)
we can write :
M (U -uy -u)-uy)=2U)-C, + MC, - C, (D.7)
so that |
K = 7(32 + (l/li -Cs + EMsCs -Cy; (D.8)

or, for the full second-order velocity tensor,
U =1 +U & C;+C,oU! + M,C,®C,. (D.9)
Similar formulas can be derived for higher-order moments, and preserve the central-moment velocity tensors during

the time step for arbitrary At.

Appendix E. Numerical treatment of added-mass source terms

Time splitting is used to update the added-mass source terms. For the particle phase, this amounts to solving a
linear system of ODEs:

oM = C:M;

0,Es = Cuefo + (Cf - Cu)gs : :
. ., = u' U (E.1)

6,(lls = Cullst + (Cf - C,,,)(Lls 0; MY = CMUf -C, /WY

8K, = C.K M, + (Ce — CK, ’

t ! e ) 0 LS C,Kr-C LS

t Ms = LCullf u MJ

with ef, ur, Ky, C¢, and C,, held constant. The analytical solution for the size moments at time # is

M) = My(0) ' (E2)

with s = 0, %, 1, %, 2, % 3. As expected, since all size moments change by the same factor, this step leaves the mass
abscissae unchanged. The change of mass in the fluid phase over the time step At is then M;(0) — M, (Ar).

For the internal energy, momentum, and kinetic energy (s = 0, 1, 2, 3), the analytical solutions are

&S _ &(0)

—Cyt _—Cut
Mo Mo T (1-e), (E3)
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U  U©O ., .
Mo - Mo° Y (1-e) (E4)
" K1) K(0)
s _ K —Cyt _Cut
Mo - m@o° K (1-e). (E5)

The change in momentum and total energy in the fluid phase are computed in the same manner as for mass with s = 1.

Appendix F. Generalized CQMOM

Roughly speaking, generalized CQMOM (GCQMOM) is employed when N, > N quadrature nodes are used to
find mass-conditioned moments from N mass-weighted moments. In this case, we must find an interpolation scheme
in mass phase space that satisfies the N mass-weighted moments appearing on the right-hand side of the linear system
used with CQMOM. Because N, > N, the direct application of CQMOM is under determined (more conditional
moments than constraints); however, we can obtain a fully determined linear system by interpolating between the N
mass-conditioned moments found at the N quadrature-method-of-moments (QMOM) nodes. Recall that QMOM uses
2N moments that satisfy [22]

N
M;Z%};, se€,1,...,2N 1) (F.1)
a=1

for the mass moments (or equivalent equations for the half-order moments). Hereinafter, we will describe the method
using the conserved mass moments (Mo, M, ..., My,) with Ng > 2N; however, it is straightforward to use size or
half-order moments. Given the conserved moments, GQMOM provides N, > N quadrature nodes. In the following,
we use a hat to indicate the weights and abscissae found with QMOM, and those from GQMOM are shown without a
hat. Keeping this goal in mind, the basic idea behind GCQMOM is as follows.

Appendix F.1. Definition of GCOMOM

For arbitrary N, > N, the GQMOM representation for mass ¢ can be combined with CQMOM for a fixed number
N of QMOM mass abscissas. (Recall that N fixes the number of velocity moments needed for the polydisperse model.)
We assume that the mass moments, denoted here by (§k » = My, are known fork =0,1,...,2N—-1. Applying QMOM
with these mass moments gives the N weights W, and N mass abscissae &,. Let ¢ denote a particle property other than
mass (e.g., velocity, internal energy, etc.). As described in the main text, for mass conditioning CQMOM uses the joint
moments, denoted here by (¢&*), to find an approximation for the conditional expected value of ¢ given &, denoted by
(¢|€). Finally, we assume that ¢g = (¢|¢ = 0) is known (e.g., smallest particles have properties in equilibrium with
fluid phase), while ¢, = (¢|¢ = &,) for @ = 1,..., N must be found from the N mass-weighted moments (¢&*) with
k=0,1,...,.N—1.

The main difference between CQMOM and GCQMOM is that the latter provides values for (¢|£) in between
the QMOM quadrature nodes, i.e., at the GQMOM quadrature nodes. By definition, we have the following relation
between the conditional moments and the GQMOM quadrature:

NS’ NR
() = ) wabb(dlE = ) = ) wabko(En) (F2)
a=0 a=0

where we define & = 0. Analogous to eq. (56), this formula provides a set of N constraints, one for each value of k.
If N, = N, then the problem reduces to CQMOM since &, = £,. Otherwise, we will use an interpolation formula to
represent the function ¢(¢) = (¢|¢) given the data (£,, ¢,) for @ = 0, 1, ..., N. The constraints in eq. will be used
to compute the unknowns, i.e., @,.

Let the interpolation formula have the form

N
GEDW G (F.3)
B=0
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with the property ¢, = ¢(£,), which implies that fﬁ(fa) = 0qp. The interpolation functions f,(£) depend on the type
of interpolation, and on the QMOM abscissae. For example we can use a linear interpolation between the QMOM
nodes. In any case, the important point is that eq. is linear in the unknowns ¢g. Thus, for example, when ¢
is independent of &, the interpolation functions must have the property Zﬁ o /(&) = 1 for all £. Using eq. in
eq. (@]) gives the joint-moment constraints in terms of the unknowns:

(") = Z ok Zfﬁ@msﬁ = Z<§ Fodpp = € fo)po + Z@f Fodes (F4)
a=0

where we have introduced the notation

Ng
Efp) = ) Wakk fola). (ES)
a=0

Note that after the interpolation method has been chosen (& Jp) can be computed using GQMOM. In other words,
(& Jp) does not depend on the moments involving ¢. In the case where N, = N, we have (& B = Wﬁ%’;, which
corresponds to QMOM.

The linear system for GCQMOM is found from eq. (F4) by setting k = 0, 1,...,N — I:

9V (f2) . v ][ (¢) — {fo)po

&m &hy ... & |92 (p&) = (& fordo
. . . = . (F.6)

@Ry @y @ ollen] Leeh Ty — @ fyg

where ¢ is known. Given that the abscissae coming from a Gaussian quadrature are distinct, the coefficient matrix
is non-singular, in which case the solution to the linear system is unique. Thus, the interpolation function ¢(¢) found
from eq. (F3) is well defined and satisfies the joint-moment constraints.

Appendix F.2. Example of piece-wise linear interpolation with N = 3
In this case, the interpolation function is

P(&) = fo(§)do + f[1()P1 + fo(§)da + ()3 (E7)
for the interval & € [0, ), and ¢, is known. For piece-wise linear interpolation based on the mass, we have
So® = Loz (&) + ; £ 12 @),
hi©) = 8 {O Iig, 2,)(&) + f 278 Iig, (&),
i e =
L) =5 Z 7 laa© g b )&
-4
fS(f) - 5" —f I[gzgz)(f) 1[53 w)(f)

where we set 50 = 0 in our code. Notice (i.e., final term in f3(¢)) that extrapolation with a constant value is used
for this example. Another choice would be constant-slope extrapolation. The indicator function Ij,z)(x) is unity for
x € [a, b) and zero otherwise. The functions in eq. (F8)) can be averaged using GQMOM to compute the coefficient
matrices in eq. . In practice, interpolation based on the size (i.e., { = & 173y or half-order mass (i.e., ¢ = & 172y may
be preferred.

For other interpolation schemes (e.g., cubic splines), the interpolation functions are more complex than in eq. (E-8).
Nonetheless, the computational algorithm for finding ¢, from (¢*) and (¢£*) remains the same. It is important to note
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that N, can be made larger than N without changing the number of moment transport equations that must be solved
in the polydisperse model. Thus, in theory at least, it would be possible to approximate more closely the mass NDF
by increasing N, without a significant increase in the computational cost. However, based on our experience with
GQMOM [12], since the exact form of the mass NDF is unknown, the value of N, and not N,, controls the accuracy
of the approximation in most cases. Thus, choosing N, > 2N + 1 usually will not lead to any further improvements.
Likewise, setting the number of mass moments Ny > 2N is only useful when the Stokes numbers of the particles are
small such that the mass-conditioned particle velocities are close to the fluid velocity.
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