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Abstract. We present a prototype for performing integral elimination
for nonlinear integral equations. This work is motivated by the parameter
estimation problem in control theory.
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1 Introduction

This article is motivated by the parameter estimation problem in control theory
for systems of nonlinear parametric ordinary differential equations. This prob-
lem has been extensively addressed in the differential algebra [I8/I3] context
following [8] in [I5J6] and many other works.

In this algebraic context, a key object is the so-called input/output (I/0)
equation which is a differential equation only involving the parameters, the ob-
served variables (i.e. variables for which experimental data can be obtained) and
their derivatives, and also the (freely chosen) inputs and their derivatives. Dif-
ferential I/O equations can be computed using differential elimination technics
(by eliminating non observed variables) such as [B/I1]. They can be sensitive to
noisy experimental data especially if their order of derivation is high. Integrat-
ing those differential I/O equations [3] to obtain integral I/O equations has been
successfully tested in a variety of work (see [4] and references within).

An alternative to integrating the differential I/O equations consists in devel-
oping an elimination theory for integro-differential equations. Integro-differential
operators (which are suited for linear equations) has been studied in [T9I6]. A
Grobner-Shirshov approach has been developed in [2JI0] but has not been im-
plemented to our knowledge.

We present a first draft of an integral elimination algorithm. Our approach
is incomplete and still needs an important theoretical development. However it
is already sufficient to handle nontrival examples (see Section @ The originality
of our approach consists in using new types of reductions and introducing expo-
nential terms during the computations. Our prototype has been implemented in
Python using SymPy.

Organization of the paper. Section [2] explains how to manipulate and order the
so-called integral monomials, and introduces basic rewriting rules. Section [3]
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presents more elaborate rewriting rules and an algorithm for reducing a polyno-
mial. Section [4]introduces critical pairs for integral equations. Section [f| presents
methods for introducing exponential terms during the elimination process. Sec-
tion [6] presents Algorithm integral_elimination which performs the integral
elimination. Finally, Section [7] presents two Biology models treated by Algorithm
integral_elimination.

Notations. In all the paper, X is a set of indeterminates (morally representing
time values functions), the set of commutative monomials on X is denoted X*,
and K denotes a field of constants (such as Q, Q(«), ...).

2 Background

In an analysis context with enough assumptions on z(t), fot x(7)dr is the prim-
itive of the function x(¢) which cancels at ¢ = 0. In an algebraic context, we
can introduce a (formal) operator [ which encodes the primitive operator. It
is known that this operator is a Rota-Baxter operator of weight 0 since it sat-
isfies the integration by part ([f)-([g) = [(f [g9) + [(g [ f). This last prop-
erty is easily extended to iterated integrals following the shuffle product [I7]
section 1.4 page 23| of two words w; and ws, which is defined as the sum of
all the words obtained by interlacing w; and ws. As an example (if we omit
the inner parenthesis in the iterated integrals) we have ([f[g) - ([afb) =

JflafaJo+ [flafgfb+ [f[afbfg+ [af f[afb+ [af f[bfg+ [a]bf f[g.

2.1 Integral Algebra

We introduce the so-called integral monomials and the so-called integral algebra
in a rather informal way. More rigorous definitions and mathematical construc-
tions (based on tensor product and tensor algebra) can be found in [I29] where
the authors define their mixed shuffle algebra (which corresponds to our integral
algebra).

Definition 1 (Integral monomial). An integral monomial M on X is an
iterated integral mo[mi [ .../ me where e € N, and the m; are monomials in X*.
The length e of M is denoted |M|. When e = 0, an integral monomial is simply
a monomial mg of X*. The set of all integral monomials on X is denoted x/.

Ezample 1. 2°, zy, [y?, x[zy[y are integral monomials.

Notation Monomials in X* are written in lower case (for example m, mg, mq,
.., Mo, ...) and integral monomials of X/ are in upper case (M, My, ...).
One can define a commutative product on our integral monomials in the
following way. Note that the product of integral monomials yield a sum of integral
monomials because of the shuffle product.
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Definition 2 (Product of monomials). Let us consider two integral mono-
mials M = mofm1f~~fme and N = nofnlfn2f~~-fnf.
The product of the two monomials M and N, denoted M - N is defined as

— mong whene= f =0

— mono[nifnef--[ny whene =0 and f #0

— nomo[maf--[me when e #0 and f =0

— mong - Zle o, I; where the sum Zf:l a;I; is obtained by developing the
product ([ma[---[me) - (nifnaf--[ng) as described above.

Definition 3 (Integral algebra). The algebra of the so-called integral polyno-
mials is defined as K[Xf] where the product is induced by the product of mono-
mials of Definition[d The product of two polynomials P and Q is denoted P- Q.

When M is a monomial in X*, the product simply amounts to multiply the
first monomials ng in N. In that case, we omit the - in the product M - N to
simplify the notations. The - product notation allows to distinguish between the
iterated integral [(P[Q) simply written [P[Q, and the product of [P times
J @ which is written [P - [Q.

Ezample 2. (xfxy[y) - (yf2) = zy[ay[y[z + zy[zy[ 2y + zy[z[zy[y.

Definition 4 (Integral ideal). A set I is an integral ideal of K[X/] if I is an
ideal of the algebra K[XJ] and if T is stable by [ (i.e. if P € I, then [P € 1).

The notion of integral ideal is consistent with the fact that the primitive of
the zero function (which cancels at ¢ = 0) is also the zero function.

2.2 Ordering the Integral Monomials

The elements of X/ ~can be totally ordered. In this paper, we define an elimina-
tion ordering on X/. More subtle ordering are certainly possible but are left for
future work.

Definition 5. Fixz an ordering on the elements of X. This ordering defines a
lexicographic ordering on X* denoted <g. With the same notations as in Defi-
m’tion@ we define an ordering <, on X/ in the following way: M <; N if

- Hf:o m; <g H{:o g
— or in case of equality e < f
— orin case of equality (mo, m1,...Me) <peview (M0 N1, ...15)

where <,eplex 1S the reverse lexicographic order on tuples induced by <pg.

It can be shown that the ordering of Definition [5]is a well-ordering.

Our order is an elimination ordering and as a consequence is different from
the ordering defined in [9, page 5| which first sorts the monomials with respect
to their length.
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Ezample 3. Simply take X = {z,y} with # > y. Then any monomial only
involving y is smaller than any monomial involving at least one x. Here are some
monomials ordered by <;:

1<fy<fy/1<f/y<‘,-//y<fx<f/x<f//:17<fxy<v/x2.

Definition 6. Fix an ordering <, on integral monomials. We denote by P the
leading monomial of an nonzero integral polynomial P i.e. the highest monomial
M; occurring in P written as Z?Zl o; M; with «; nonzero in K and M; in x/.
The leading coefficient of P is the coefficient of P.

As a consequence, any nonzero integral polynomial P can be used to rewrite
P into smaller integral monomials.

In the rest of this section and in the next section, we explain how to form
particular polynomials in the ideal generated by P, which are suitable for defining
a reduction process.

The following lemmas [I} 2] and [3] show that our ordering is stable by mul-
tiplication by a monomial of X*, by integration, and by multiplication by a
monomial of X/ .

Lemma 1. Let M, N € X/ and w e X*. Then M <; N implies uM <; ulN.

Proof. — First case: If Hifol m; <g Hg(l) n;, then it follows that u Hli/[o‘ m; <g

ung(l) n;, which implies that uM <; ulN

— Second case: If H\leVfOI m; = ng(l) n; and |M| < |N|, then by multiplying by u,
the product of the monomials will still be equal. Moreover, since |M| = |uM|
and |N| = [uN|, we have that [uM| < |[uN|. And then, uM <; uN.

— Third case: If Hlfol m; = Hli(l) ni, M| = |N| and (mo, m1,..mar)) <reviex
(no,n1, ...n|ny). Clearly (umq, mi, ...m|ar)) <reviex (Uno,M1,...n|N|) and then
ubl <; uN.

O
Lemma 2. Let M, N € XJ. Then M <; N implies [M < [N.
Proof. The proof is similar to Lemma, O
Lemma 3. Let M, N € XJ and U € X/, then M <, N implies U-M <,

U-N.

Proof. We use the same notation as in Definition If szo m; <g H{:o n;
then the proof is immediate. If [[5_,m; = H{:o n; and e < f, then the proof is

. . . e €
also immediate. Consider the case [[;_,m; = [[;_,ni and (mo, ..., me) <reviex
. e e
(no,...,ne). The case e = 0 cannot occur. Moreover, since [[;_,m; = [[;_, 1,
we have (mq,...,me) <peptew (N1, -..,ne). Let us write U = ug[ - -[us (where

s > 0 since the case s = 0 is proved by Lemma |l)). Then the integral monomials
in the product U- M (resp. U-N) involve shuffles of (u1,...,us) by (m1,...,m.)
(resp. (n1,...,n.)). We end the proof using Lemma [4] O
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Lemma 4. Consider three noncommutative words u, v, w on a alphabet Y. Let
< denote the lexicographic order (or the reverse lexicographic order on words). If
u < v, then the mazimum word in ullw (w.r.t. <) is smaller than the mazimum
word in v W w (where LW denotes the shuffle product operation).

Proof. Left to the reader. ad

2.3 Basic Rewriting Rules

Consider a polynomial P in K[X/] with leading monomial P. The following
lemma shows that any integral monomial of the form mg/ - - -[m.P (where the
m; are in X™*) can be rewritten using P.

Lemma 5. Let P € K[X/] and monomials mo, ..., m. taken in X*. Then

mo/.../mep:mo/.../mep

Proof. Simple consequence of Lemma [I] and Lemma [2} O

Ezample 4. Take X = {x,y} withz > y. Let P = Jz—y (with leading monomial
P = [z) written as the rule [2 — y. Then the polynomial [(yP) has leader
Jyfz, and allows to reduce [y[z into [y?.

The following lemma |§| shows that any integral monomial of the form P - M
where M is in X/ can be rewritten using P.

Lemma 6. Let P € K[X/] and M € X/. Then

P-M=P-M.
Proof. Consequence of Lemma [3] O

Ezample 5. Following Example take M = [y. Then P- M = ([z—vy)- [y =
Jz[y + [y[z —y [y. The leading monomial P-M of P - M is fyfﬁ, which
coincides (as expected by Lemma @ with the leading monomial of P - M =

(Jz)- (Jy).

Remark 1. Examples |4 and [5|show that the polynomial P = [z —y can be used
in two different ways to reduce the same monomial [y [z. In some sense, there
is a critical pair between P and itself ! This will be clarified in the next section.

3 Extended Rewriting Rules and Reduction

We show in this section that a single polynomial P can be used to reduce more
monomials than presented in Lemmal5and Lemma[f] To do this, we build in the
next two subsections some kind of collisions between polynomials in the ideal
generated by P. Finally, last subsection presents a reducing process. Let us first
introduce some notations and definitions.



6 Francois Lemaire and Louis Roussel

Definition 7. Take an integral monomial M = mo[mf--- [ m.. We define
M0 = mg. When e > 1, we define Mtlw = my, MJ = mlf...fme7

MLH_“ :fmlffme

Finally MP‘*‘-‘ =1ife=1, andMLQH = [mof...[me ife > 2.

4]

Definition 8. Deﬁnition@ can be extended to polynomials ofK[Xf] by linearity.
Definition 9. Any polynomial P = Z?Zl ;i M; in K[X/] can be uniquely writ-
ten as P = P;+ Py with

P[ = Z aiMi and PN = Z Oéz'Mi.

M;| 1=1 M| 1#1
[o] [o]
This just amounts to collect the monomials which directly “starts” with an integral
sign in Py (hence the suffiz I), and the others in Py.

3.1 Reduced-Product Rule

Consider a polynomial P in K[X I | and a monomial M in X I'. The following
lemma 7| shows that the monomial f(EJ 1@ - [ M) can be rewritten using P.

This is a formalization of Remark [II

Lemma 7. Let M € X/ and P € K[X/] such that P; # 0 and P = P;. Then

oo - [ )

Proof. Smcep-fM:PI.fM+PN~fM:f(PIJ Nk M)+ [(M-P)+

Py - [ M and since [(M -P) = [(M-P)+ [(M - Py), we obtain P- [ M —
J(M-P) = I(PIJH] - [ M)+ Py [M— [(M - Py). Using Lemmaﬁ

Lemma (with M = Py, N = EJH] and U = [ M), we have Py - [ M <,

EIM <y f(ﬁle:‘ IM) Similarly, f(MPN) <y f(FIJ1+‘| fM), which
ends the proof. 0
Lemma 8. Let M, N and U in X/ then

M<f/Nimpliesthatm<f/(N~U) and/(M~U) <f/(N-/U>.

Proof. The proof of both statements is similar to that of Lemma [3] a

Ezample 6. Take X = {z,y} withz > y. Let P = [x—y (with leading monomial
P = [z). Take M = y. We have P; = [z and P = P = [u. ThusPIJ W—x

Lemma |7} I proves that the monomial [y can be rewritten using P.
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3.2 Reduced-Power Rule

This section introduces the Lemma [9 which amounts to apply n times Lemmal[7]
(where n is a positive integer) in the particular case where [ M = P. To do so,
we need to introduce a special power of P denoted P® which can be viewed as

a simplified version of P™ modulo the ideal generated by P.

Definition 10. Consider a nonzero polynomial P in K[X /] written as P =
Py + Py with Py # 0, Py #0, and P = P;. For any positive integer n, define

P@:n/(ﬂﬁﬂum4>+ﬂ}

Lemma 9. With the hypothesis of Definition P®@ belongs to the integral
ideal generated by P. Moreover,

— — -1
P@z/PIJIH P

Lemma [9] is proved below, since it requires some preliminary results.

Ezample 7. Take X = {z,y} with z > y. Let P = [z —y. By Deﬁnition for
any positive integer n, P® = n [(z(—y)" 1) + (=y)" = (=1)" " (n [(zy"") —

y™). Lemma |§| then shows any term of the form [ (xy™~1) is equal to y™ modulo
the ideal generated by P.

Lemma 10. Consider A and B in K[X/] and take P = [(B) — A. Then for
any integer n > 0 the polynomial n( [ B - A1) — A" s in the ideal generated by
P.

Remark 2. Lemma [I0] can be stated in the following less formal but more intu-

itive way using equalities. If A = [ B then A" =n [(B- A" 1).

Proof. To make the proof easier to follow, we use equalities and we actually prove
Remark [2| by induction on n. The case n = 1 is clear. We want to show (n +
1) [(B-A") = A" assuming n [(B-A"~!) = A™. Multiplying both sides of the
last equality by [ B and developing the product yields n ([((B-A""')- [ B))+
n(f(B-[(B-A""1))) = A" [ B = A", Using A = [ B and the induction
hypothesis ends the proof. a

Lemma 11. Let A and B in K[X/]. If A <, ﬁ andn > 1 then

n/(B.An—l)_An:/E-Z”*.

Proof. 1t is straightforward to prove by induction on n using Lemma [§] that
A" <, [(B-A""). Sincen [(B-An1) = [(B-A""")> A", we have

n/(B~A"—1)—A”:/(B-A"—1):/(F-Zn_l).
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Proof (of Lemma @ The first claim of the lemma is a direct consequence of
Lemma (10| by taking A = —Py and B = PIJ 1 Indeed, ([ B) — A equals

1+
Py + Py = P. Moreover, n([ B- A"~!) — A" is equal to P® up to (—1)"". The
second claim of the lemma is a consequence of Lemma ad

3.3 Reduction

This section presents a reduction process for rewriting an integral monomial M
of X/ by an integral polynomial P. This reduction process is not complete yet
and would need to be extended in a future work. In particular our reduction
process does not handle the case where M is equal to P - N for some integral
monomial N in X/,

The following lemma is straightforward (its proof is left to the reader).

Lemma 12 (Reduction of a monomial M by P (simple case)). Consider
M in X! and P in K[Xf] with P nonzero. Assume that the leading coefficient of
P is equal to one. If there exists a monomial m in X* such that mP = M, then
introduce R = M —mP. Otherwise, if P is in X* and if there exists a monomial

m in X* such that mP = MLOW , then introduce R = M — mP - MLPJ .

Then R <; M when R # 0. Moreover R is equal to M modulo the ideal
generated by P.

Next lemma handles a case where a power of P can be used to rewrite M.

Lemma 13 (Reducing a monomial M by P when P = P; and |M| > 1).
Consider M in X/ and M in K[X/] with P and P; nonzero with P = P;.
Assume that the leading coefficient of P is equal to one.

n—1

If there exists a positive integer n such that ELJJTNLO] = MLJ and

(Pr Lz_[‘) - (Py 1+] )yt = ML“] then introduce

1
R=M— ——M, ;PO
nlp o]
where Lp is the leading coefficient of Py.

Then R <; M when R # 0. Moreover R is equal to M modulo the ideal

generated by P.

Proof. LemmaHimplieSP@: Ik (PIJ 4] -PNn_1> = f(ﬁltl] ﬁNT(ﬁpr) where

Bp = (P LQH) - (Ps [1+4] )»—1. Using the two equality assumptions, MLowpi@ =
M lo] (M 1] M |2+] ) = M. Finally, it is easy to prove that the leading coefficient

of P is equal to n@?,ﬁl, which proves the lemma. a

Example 8. Recall Example m where X = {z,y} with z > y and P = [z —y.
Take M = [(zy™~!') for some positive integer n. Applying Lemma [13| yields

n

R=1Y.

n
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The following lemma simply extends Lemma[I2]and Lemma[I3]by considering
the “suffixes” of M.

Lemma 14 (Reduction of M by P). Consider M in X/ and P in K[X/]
with P nonzero. Denote M = mof~-~fme. If a suffix mif~~~fme for0<i<e
can be reduced by P using either Lemma[I3 or Lemma [I3, then there exists R
in K[XJ] such that R is equal to M modulo P, with R <; M when R # 0.

Proof. Direct consequence of Lemma 5] [I2] and [13] O

Previous Lemmas can be used to write Algorithm [I] which reduces a poly-
nomial by a set of polynomials. Note that Algorithm |I| terminates since <; is a
well-ordering.

Algorithm 1: reduce(Q, T, X)
Input: @Q an integral polynomial in K[Xf} ;

T a set of integral polynomials of K[X/]
Result: a polynomial R equal to @ modulo the ideal generated by T
begin
R+ Q;
while R contains a monomial M that can be reduced by some polynomial
P of T using Lemma |14/ do
‘ reduce M by P in R using Lemma;
end

return R
end

4 Critical Pairs

Given two integral polynomials P and @), we want to find an equivalent of the
classical S-polynomials used in the Grébner basis context. To do so, we look for
monomials M that can be reduced by both P and Q.

Using results from the previous sections, we define three different critical
pairs detailed in Lemmas and More critical pairs could be considered
and are left for future work. Finally, we present Algorithm [2] which extracts all
possible S-polynomials from a set of polynomials R.

In all this section, P and @) are non zero integral polynomials such that

Pi#£0, Py £0, Q1 #0and Qy £ 0
Py and Qg have a leading coefficient equal to 1 (1)
the leading coefficient of Py (resp. Q) is denoted ¢p (resp )

Since the three lemmas below are a bit technical, we first illustrate each
lemma with an example.
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Ezxample 9 (for Lemma . Take X = {z,y} with z > y. Let P = [2% — y[y
and Q = [zy —z. Both equations P and @ can be used to reduce the monomial

[22y[y. Indeed, PO = (y [y)? — 2 [x?y[y. Moreover, QD =42 - 2 [z?y, and
(Q@ -y - ny@) = =2 [2%y[y + 2?[y — [2?y. Finally introduce S(P,Q) =
—%P@ - (—%Q@ Jy— ny@) = 2(2?[y — [2%*y — (y [y)?) whose leading

monomial is less than [z2y[y.

Ezxample 10 (for Lemma @) Take X = {z,y} with > y. Let P = [2? —y[y
and Q =z f y — x. Both equations P and () can be used to reduce the monomial
[2*y[y. Indeed, PO = yfy )2 =2 [z?y[y. Moreover, [zyQ = [2*y[y— [zy>.
Finally introduce S(P,Q) = —% 2O J2yQ = [2%y — 1(y [y)? whose leading
monomial is less than [z? yfy

Ezample 11 (for Lemma . Take X = {z,y} with z > y. Let P = 2%y [y + =
and Q = zy® [z + y*. Both equations P and @ can be used to reduce the
monomial y3fyfx

) Jo =2 (Jyfz + [=fy) +xy? [
Moreover7 I—SQ fy—xxy f:v—l—y -fy:x?y?’(fyfx—&—fxfy)—&—nyfy.

Finally, introduce S(P,Q) = i y P [z-— ;;’;Q Sy = xy? [ — xy? [y,
whose leading monomial is less than 22y [yf .

Lemma 15 (Critical pairs: P = Py and Q = Q satisfying (T))).

Let P,QQ € K[Xf] such that P = ?1 and Q = Q. If there exist positive
integers o and 3 such that PIL ] LO—| QIL WQNTOT, then we define

S(P,Q) = # (P@'BQ - /(CQ 'P@)>

P

U

where Bp = (Fr), 1) - (Pw),1)* 7 Bo = (Qu),,7) (@) )P
0 if Bp = 0 if Bg =1
Cp = Br|,,) #Br#l and Cq = Bo|,) U Be#l
Then U = V. Moreover, S(P,Q) <; U when S(P,Q) # 0.

Proof. We only prove the general case where Bp # 1 and Bg # 1 (the other
cases are in fact particular cases that are not difficult to prove when the general
case is understood).
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Since both Bp and Bg start with an integral (more precisely B, o] =
Bg o] = 1), we have Bp = [Cp and By = [Cgq. Applying Lemma |§| yields

PO — i (PIJ 4] -PNa_l> = I(ELJ ﬁNTJ‘pr). Applying Lemmawith P

and [ Cg, we get U = I(ELQPT“T(EBP ([ Cq)) = I(ELﬂPiNTOﬂlBP - Bg).
By symmetry on P and @, we obtain V = [(Qr ] mioﬁlBQ - Bp). Using the

assumption ﬁltﬂ PfNo[o_f = @Lﬂ @TOT, we get U = V. It is easy to prove that
the leading coefficient of U (resp. V) is al® " (resp. Bfg_l). As a consequence,

the leaders of U and V' cancel each other in S(P, @), thus proving that S(P, Q) <;
U when S(P,Q) # 0. O

Lemma 16 (Critical pairs: Fiﬁ and @j Qn satisfying )
Let P,Q € ]K[Xf] such that P = Py and QQ = Q. If there exist a positive integer

a and a monomial m in X* such that ﬁ[b] ?NT;Il = mm@] , then we define

S(P.Q) = o= (PO B~ [(Co - P®)) - [(mQ- Br)

atp Q
U v

where
_ __ — L 0 if Bo =1
BP:(PIL2+-|).(PNL1+-‘) , BQ:QNL1+‘| and CQ: {BQJl—J——‘ szQ#l

Then U = V. Moreover S(P,Q) <; U when S(P,Q) # 0.

Proof. We only prove the lemma in the general case where Bp # 1 and Bg # 1,
so Bg = [Cg. From Lemmaproof, we have U = I(Eb] ?NTOTBP - Bg). On

the other hand V = [ (mQ - Bp) = [ <mQN lo] Bg - Bp) . Using the assumption

Etl—‘ PiNTOi‘l = mQx LO] , we obtain U = V. Since the leading coefficient of V is

(g, the leaders of U of V cancel each other in S(P,Q) and S(P,Q) <; U when

S(P,Q) #0.
O

The following lemma is directly inspired by the critical pair defined in the
Grobner basis context.

Lemma 17 (Critical pairs: P :E andﬁ@ :@ satisfying )

Let P,Q € K[X/] such thatE: Py and Q = Qy. We denote by L the least
common multiple (LCM) of Py LO] and Qy LO] , i.e. L = LCM(Py L0]7QN Lo]).
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Let us define

S(P.Q) = ﬁp'mbﬂ _éQQ%vM Q- Puyy]  FQuuy) 7 Popuy]
T/ T
RRNCCE R S R i) = P
U v

Then U =V, and S(P,Q) <; U when S(P,Q) # 0.

Proof. The proof is left to the reader. ad

Algorithm 2: critical_pairs(R, X)

Input: R a set of integral polynomials in K[Xf] ;
Result: the set S of all S-polynomials that can be obtained from R. Note
that S can be empty.
begin
S <+ 0,
for every pair (P, Q) of polynomials in R do
| add S(P,Q) to S if Lemma or [17| applies to P and Q

end
return S;
end

5 Exponentials

In this section, we explain how to encode exponentials of integral polynomi-
als by introducing new indeterminates (called w; and v;). This proves useful in
many examples we have treated. After presenting a small example illustrating
the interest of exponentials, we present some lemmas allowing to encode the
exponentials in an algebraic way. We introduce Algorithm [3] which checks if an
exponential can be introduced, and present Algorithm [4] which updates the sets
of exponentials used in the elimination algorithm (Algorithm @ presented in the
next section.

Ezample 12. Consider the following system (written in both differential and in-
tegral form) where z is unknown, and y is known

1.::93: — v=0+0 [z (2)
Y=y y=1yo+ [zy.

System admits the following differential 1/O equation —6%y + 0jj — %. We
believe (personal unpublished proof) that no integral I/O equation in y only can
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be deduced from System . However, by (informally) introducing u; = ¢, one
obtains « = xguy (by solving the equation in z) and (by a simple substitution)

Y=Y +9€0/(U1y)

which is an integral I/O equation in y.

The following lemma will prove useful later to compute a kind of product of
two polynomials.

Lemma 18. Consider polynomials Ay, As, C1 and Cs in K[Xf] and two con-
stants k1 and ko in K. Define Py = Ay — (k1+ [ C1) and P, = Ay — (ko + [ C5).
Then the polynomial

Ay Ay — (k1k2+/((]1 Ag+ Ay - Cy))

belongs to the ideal generated by Py and Ps.

Remark 3. Lemma [I8] can be stated in the following less formal but more in-
tuitive way using equalities. If A; = ki + [Cy and Ay = ko + [ Oy, then
A1 ‘A2 = k1k2+f(cl 'A2—|-A1 CQ)

Proof. To make the proof easier to follow, we use equalities and we actually
prove Remark Developing A; - Ay = (k1 + [ C1)(ka + [ Cs) gives Ay - Ay =
klkg—l—klng—l—kngl—i—f(Clng)—i—f(Cngl) Using fOl = A, -k
and f Co = A — ko in the previous expression yields Ay - Ay = kiks +M€5+

M‘FI(ClAQ)*M‘FI(CQAl)*W: k1k2+f(01A2+A102)
O

Ezample 13. ff u =1+ [(uG) and v = 1 — [(vG), then uv = 1 by Lemma

The following Lemma [T9] presented in an analysis context serves as a prepa-
ration for Lemma 201

Lemma 19. For any continuous function f(t) on R, denote by I(f(t)) the prim-
itive of f that cancels att = 0.

Consider three real continuous functions A(t), G(t) and F(t) defined on R.
Assume that A(t) = A(0) + I(A(t)G(t) + F(t)). Let us introduce u(t) = e!(¢®)
and v(t) = e~ 1(CW) . Then the following hold

A(t)o(t) = A(0) + I(v(t)F(t))
A(t) = AO)u(t) + u(t) I(v(t)F(L)).

Proof. This lemma is easy to prove using derivations: we have A’(t) = A(t)G(t)+
F(t), v/'(t) = G(t)u(t) and v'(t) = —G(t)v(t). Equation is satisfied at t = 0
since v(0) = 1. It suffices to prove that the derivative of is equal to 0. We
have (A()u(t) — (A(0) + I(0()F(1)) = A'@)u(t) + AD' (@) — v F(t) =
(At)G(t) + F(t))v(t) — At )G(t)v(t) —v(t)F(t) = 0 which proves Equation
Since u(t)v(t) = 1, Equation (4] is proved by multiplying Equation (3)) by u )

O

3

(3)
(4)
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The exponential u(t) = ¢/(“®*) in Lemma |19 can be encoded in an algebraic
way by introducing the integral equation u = 1+ [(uG). The following Lemma
restates Lemma [I9] in an algebraic context.

Lemma 20. Take three polynomials A, G and F in K[Xf] and a constant Ay
in K. Define P=A— (Ao+ [(A- G+ F)).
Introduce two new fresh indeterminates u and v (and add them to X ), and
consider the two polynomials P, = u — (1 + [(uG)) and P, =v — (1 — [(vQ)).
Then the polynomials Av — (Ag+ [(vF)) and A— (Aou+u [(vF)) belong to
the integral ideal generated by P, P, and P,.

Proof. Applying Lemm on P and P, implies that Av—(Ag+ [(—vA-G+v(A-
G+ F))=Av— (Ao + [(vF)) is in the ideal generated by P and P,. Applying
Lemma [I8 on P, and P, implies that uv — 1 is in the ideal generated by P, and
P,. As a consequence, u(Av— (Ag+ [(vF))) — A(uv —1) = A— (Apu+u [(vF))
is in the ideal generated by P, P, and P,. O

5.1 Algorithms find_A_AO_G_F and update_exp

Algorithm [3] takes an integral polynomial P and tries to write it in the form
P=A—(Ao+ [(A-G+F)) where Agisin K, A, G, F are in K[Xf], and A and
G nonzero. When this succeeds, by Lemma a new polynomial A — (Agqu +
u [(vF)) can be introduced where v and v are new indeterminates encoding
uw=-el/%and v = e /Y. Note the cases A = 0 and G = 0 are excluded since
they do not introduce any useful equations.

Ezample 14. Let P=z+y—2— [zfy— [y[y— [v* Algorithmsucceeds and
returns A=z +y, Ao =2, G = [y and F = y2.

Algorithm [4] takes as input a set 7" of integral polynomials and a set FE
of triples (u;,v;, @Q;). Algorithm [ is used by Algorithm |§| which performs the
integral elimination. The set T” is the set of generators under construction. The
set E describes the exponential terms introduced so far, where u; (resp. v;)
encodes e% (resp. e~ @), Algorithm mainly updates 7" and F by finding new
interesting exponentials.

6 Integral Elimination Prototype

We present Algorithm [6] which performs the integral elimination. It follows a
classical Knuth-Bendix approach by completing a set T with critical pairs until
the set T stabilises. An originality of Algorithm [6]is that exponential terms are
detected and added during the process.

Our algorithm still has many flaws. We do not know whether it terminates
or not. The reduction part and the detection of critical pairs are not exhaustive.
Moreover, we miss a Composition-Diamond lemma like in [2[9]. As a conse-
quence, our algorithm may miss some equations.
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Algorithm 3: find_A_A0_G_F(P, X)

Input: a polynomial P in K[X/]
Result: FAIL or (A, Ao, G, F) such that P=A — (Ao + [(A-G + F)) with
Apisin K, A, G, F are in K[Xf], and A and G nonzero.
begin
// We only deal with a simple case where A is in K[X]
try to write P as A — (Ao + [ Q) where A is a nonzero polynomial in K[X]
with no constant term, Ap is in K and Q is in K[Xf] ;
return FAIL if it is not possible ;
Write @ = 3 a; M; with a; in K and M; in x/ ;
// Since {A} is a Grébner basis (for the ordering <g), one can
decompose each M; o in the following way:

Decompose each M; L0-| as M; L‘ﬂ = q; A+ r; where r; is the normal form of
M»L' LO“ w.r.t. {A} 5
G+ ZaiqiMi Ll"’—l N F + ZainMiL

if G =0 then return FAIL;
return (A, Ao, G, F) ;
end

4]

However, our algorithm produces encouraging results (see Section . More-
over, it is to our knowledge the only implemented algorithm which performs
integral elimination. Our algorithm has been coded in Python using SymPy.

We terminate this section by running Algorithm |§| on System by taking
F={z— (x40 [2),y—(yo+ [zy)}, X =z >y and K = Q(, 2o, yo). We write
the polynomials of T, T, Tr and C as rewriting rules. The triplets (u;, v;, Q;)
will be written as u; = €.

After Line[6 we have

Ry
T,:{Gfx;:x 0 and X' =z > y.
Jry ==y —wo

After Lines [7] and [8] we have

Rs _ 01
Ty : xR QEOUI,E:{U1 efx and X' =us > vy > >y > up > .
4 Ug = €
Youz — Y 2
The set T” gets enlarged with T at Line [0} After Line we have

. T = xo+ 0z [uy
" —zo Jury = yo — -

After Line T’ is enlarged with the two new equations

R
{ —91‘0 ful —5> o — ToUl

R
—Iofuly —6—>y0 - Y.



16 Francois Lemaire and Louis Roussel

Algorithm 4: update_exp(T’, E, X)

Input: T set of integral polynomials of K[X J ]
E set of triples (ui,vi, Q;) in X x X x K[X/]
Result: g, E’
begin
Te +— 0 ; E' + E;
for every P € T' do
if find_4_40_G_F(P,X) succeeds and returns (A, Ao, G, F') then
if [ G is different from all Q; then
// The following lines are based on Lemma , and
encodes u; = efG, Vi =€ Ie
introduce two new variables uj and vy which are not in E’ ;
add (uk, v, [ G) to E';
Pexp + A — (Aour + uk [(viF));
add Pexp to TE;

end
return Tg, E’
end

After Lines [12| and [13| (ug is reduced by R; then Rs), we have

/ ulzegf1 /
E ) and X' =z >y > ug > vy > up > v1.

Uy = e# (zour—zo

Consequently, we have found the following two equations involving y and 6

y—youQ:Oandy—yo—xo/ulyz().

7 Examples

We present two examples handled by our implementation in Python. Both ex-
amples take less than two minutes on a computer equipped with a single CPU
Ryzen 7 Pro 5875U. Note that the kind of integral I/O equations we obtain
seem suitable for parameter estimation [I4] even if they contain complicated
exponential terms.

7.1 Intra-host Model of Malaria (taken from [I])
t=1—xz— Bxm
y=pPrm—y
m=y—m— fBzm

We assume that the only known indeterminate is y. As a consequence, we
want to eliminate x and m in order to obtain an I/O equation in y and 8. The
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Algorithm 5: extend_X_with_exp(X, E)

Input: X = [z1,...,2,] ordered by z1 > -+ >z ;
E = [(u1,v1,Q1), ..., (Um, Um, @m)] where the u; and v; are indeterminates,
and where the @Q; are integral polynomials over x1,...,Tn, U1, V1, .., Um, Um-

Result: a list X’ ordered decreasingly of n + 2m indeterminates obtained by
inserting the u; and v; in X at the rightmost positions such that each
u; (resp. v;) is greater than any variable in Q;.
begin
If needed, reorder E such that each @); does not involve any u; or v; with
j > 4. This can be done by a topological sort. ;
X +— X ;
for i from 1 to m do
if Q; involves at least one indeterminate in X' then
find the highest indeterminate w in Q; w.r.t. the ordering on X’ ;
insert u; and v; just before w in the list X’ ;
else
‘ insert u; and v; at the end of X’;
end
return X’ ;

end

differential I/O equation (computed with the Differential Algebra package [5])
is

4,82:[/3:!)3 + 12ﬁ2y2?)4 + 125211:[/5 + 4622-/6 _ 12[321121)3
—248%yy" — 128%9° + 128%y5° + 128%9" — 8By>y° + 48y> i
+By%i? — 328y — ABY*Y” Y + 3By — 37Byy" — 68y
—88yy® i + 68y — 1389° — 285" — 485" i
+ABPRIE — 457 + 168y° % — 8By>yij — 2By%if + 52Byy°
+10Byi%ij + 8Byy” i — 68yyii® + 3485 + 1484

+88y° i — 685§ — 8Byy” + 4Byyi + Byi® — 2085° (5)
—1089%ij — 489§ + 3B9i° + 4y — 4°§ + 200%5° — 4y”§ij
Ay — 6y — 297+ 29y5° + 1lygti + 1297
—5yyi” +ygi i+ vy U7 — vt i+ 1090 + 25°5 + 79%
TP+ 0T+ 0 — i - 200%
it = 4yPy + 425 — 20y5° — dyg iy + 10y + 2y i — 259° — 259%)

—109° ' + 9% — 5957 — 97 + 450 + 57§ =0
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Algorithm 6: integral_elimination(F, X)

Input: F a set of polynomials in ]K[Xf] ;

X a list of known indeterminates ordered decreasingly.

Result: if the algorithm stops, it returns an encoding of exponentials F, and
a set of polynomials T" that generates an ideal containing the one
generated by F'. Moreover, F' probably involves polynomials with
small leading monomials.

1 begin
2 T+ F;E+0; X +X,;
3 finished <« false ;
4 while not(finished) do
5 auto reduce T ;
6 T T ;
7 Tk, E' + update_exp(T’, E, X') ;
8 X' + extend_X_with_exp(X, F’) ;
9 T+ T'U TE ;
10 C < critical_pairs(T”,X’) ;
11 For each Q € C, add reduce(Q,T’, X’) to T" if reduce(Q,T",X') #0 ;
12 replace in E’ each (u;,vi,Q;) by (ui, vy, reduce(Q;, 7', X")) ;
13 X' + extend_X_with_exp(X, F’) ;
14 E+ E';
15 if T =T’ then finished « true;
16 else T« T';
17 end
18 return (E,7T) ;

19 end

After introducing u; = e~? and v; = €f, Algorithm @ computes

—Bmg / (u1y) — Bxo /(uly) — 2Byo /(Uly)Jrﬁmowo/("%)
+[J’m0y0/(u +51/0930/(U%)+[3U0/ ui +/3/ 1/2)

)
f(onfon) s (onfs) s f(af) o
o i o) (5 ) 50 (5
o (o) (3 f) s o

The prototype was not able to find any I/O equations without introducing ex-
ponentials. A non trivial step during the computation consists in introducing an
exponential thanks to an intermediate equation y +m = yo + mo — [ m which
produces y+m = (yo+mo)us +u1 [v1y. This last equation permits to rewrite m.
The same process also occurs for the x variable. Rewriting x and m terminates
the elimination process quickly.
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7.2 SIWR Model - Cholera (taken from [7])

S =p—BrSI — BwSw — uS + aR
I =BwSW + BrSI —~I — ul

W =¢(I-W)
R=~I—uR—aR
y=rl

We assume that the only known indeterminate is y. As a consequence, we
want to eliminate S, I, W and R in order to obtain an I/O equation in y
and the parameters. A differential I/O equation is computed in [7] using the
Structuralldentifiability package in Julia. This equation is huge and is a
sum of 209 350 terms containing y(¢)'°, y(#)1°, 4(t)%, ¥ (¢)°, ¥ (¢)*...

After introducing the following exponentials

— u; = e=¢ /1
— uy = e~ (et [1
(B B [y B (e ) B i)

and v1,vs, v their respective inverses, Algorithm [6] computes 4 equations only
involving y. The biggest of them involves all parameters and is equal to

~as | <u3y Iy m) ~ g [ <U3y / um>

[ (MS Juses [ vzy) ~asw [ <ulu3 Juses [ [ m)
S (O Y 0 o RO Y By Y
e [ (s o) e | (i [ f o)

o f (s o ) s f (v [5) s f
| (s )~ sursa [ ) [ (s o [ )
s [ (s o f0) e [ (v [ )

+’yfi/(y)752i0+ﬁmu/(y)+liy:0

Note that our I/O equations are much more compact than the differential ones.

Acknowledgments. This work has been partially supported by the THIA ANR Pro-
gram « AI PhD@Lille », from the French National Research Agency, grant ANR-20-
THIA-0014.

References

1. Anderson, R., May, R., Gupta, S.: Non-linear phenomena in host—parasite inter-
actions. Parasitology 99 Suppl, S59-79 (02 1989). https://doi.org/10.1017/
S0031182000083426


https://doi.org/10.1017/S0031182000083426
https://doi.org/10.1017/S0031182000083426
https://doi.org/10.1017/S0031182000083426
https://doi.org/10.1017/S0031182000083426

20

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Francois Lemaire and Louis Roussel

. Bokut, L.A., Chen, Y., Deng, X.: Grobner-shirshov bases for rota-baxter algebras.

Siberian Mathematical Journal 51(6), 978-988 (Nov 2010). https://doi.org/10.
1007/s11202-010-0097-1

Boulier, F., Lallemand, J., Lemaire, F., Regensburger, G., Rosenkranz, M.: Addi-
tive Normal Forms and Integration of Differential Fractions. Journal of Symbolic
Computation (2016), https://hal.archives-ouvertes.fr/hal-01245378
Boulier, F., Lemaire, F., Rosenkranz, M., Ushirobira, R., Verdiére, N.: On Sym-
bolic Approaches to Integro-Differential Equations, pp. 161-182. Springer Interna-
tional Publishing, Cham (2020). https://doi.org/10.1007/978-3-030-38356-5_
6, https://hal.archives-ouvertes.fr/hal-01367138v2/file/BLRUV.pdf
Boulier, F.: The DifferentialAlgebra project (2023), https://codeberg.org/
francois.boulier/DifferentialAlgebra

Denis-Vidal, L., Joly-Blanchard, G., Noiret, C.: System identifiability (symbolic
computation) and parameter estimation (numerical computation). In: Numerical
Algorithms. vol. 34, pp. 282-292 (2003)

Dong, R., Goodbrake, C., Harrington, H.A., Pogudin, G.: Differential elimination
for dynamical models via projections with applications to structural identifiability
(2022)

Fliess, M.: Automatique et corps différentiels. Forum Mathematicum - FORUM
MATH 1, 227-238 (01 1989). https://doi.org/10.1515/form.1989.1.227

Gao, X., Guo, L.: Constructions of Free Commutative Integro-Differential Alge-
bras. In: Barkatou, M., Cluzeau, T., Regensburger, G., Rosenkranz, M. (eds.) Al-
gebraic and Algorithmic Aspects of Differential and Integral Operators. LNCS,
vol. 8372, pp. 1-22 (2014)

Gao, X., Guo, L., Zhang, H.: Rota’s program on algebraic operators, rewriting
systems and grobner-shirshov bases (2021)

Gerdt, V.P., Lange-Hegermann, M., Robertz, D.: The MAPLE package TDDS
for computing Thomas decompositions of systems of nonlinear PDEs. Computer
Physics Communications 234, 202-215 (2019). https://doi.org/https://doi.
org/10.1016/3.cpc.2018.07.025

Guo, L.: An Introduction to Rota-Baxter Algebra (vol. 4 in the Surveys of Modern
Mathematics series). International Press of Boston, Incorporated, paperback edn.
(10 2012)

Kolchin, E.R.E.R.: Differential algebra and algebraic groups. Acad. Press (1973)
Lemaire, F., Roussel, L.: Parameter Estimation Using Integral Equations (2024),
https://hal.science/hal-04560846, to appear in Maple Transactions

Noiret, C.: Utilisation du calcul formel pour Iidentifiabilité de modeéles
paramétriques et nouveaux algorithmes en estimation de paramétres. Ph.D. thesis,
Université de Technologie de Compiégne (2000)

Quadrat, A., Regensburger, G.: Computing Polynomial Solutions and Annihi-
lators of Integro-Differential Operators with Polynomial Coefficients, pp. 87—
114. Springer International Publishing, Cham (2020). https://doi.org/10.1007/
978-3-030-38356-5_3

Reutenauer, C.: Free Lie Algebras. Oxford University Press (05 1993). https:
//doi.org/10.1093/0s0/9780198536796.001.0001

Ritt, J.: Differential Algebra, vol. 33. American Mathematical Society (1950).
https://doi.org/10.1090/c011/033

Rosenkranz, M., Regensburger, G.: Integro-differential polynomials and operators.
In: ISSAC’08: Proceedings of the twenty-first international symposium on Symbolic
and algebraic computation. pp. 261-268. ACM, New York, NY, USA (2008), http:
//doi.acm.org/10.1145/1390768.1390805


https://doi.org/10.1007/s11202-010-0097-1
https://doi.org/10.1007/s11202-010-0097-1
https://doi.org/10.1007/s11202-010-0097-1
https://doi.org/10.1007/s11202-010-0097-1
https://hal.archives-ouvertes.fr/hal-01245378
https://doi.org/10.1007/978-3-030-38356-5_6
https://doi.org/10.1007/978-3-030-38356-5_6
https://doi.org/10.1007/978-3-030-38356-5_6
https://doi.org/10.1007/978-3-030-38356-5_6
https://hal.archives-ouvertes.fr/hal-01367138v2/file/BLRUV.pdf
https://codeberg.org/francois.boulier/DifferentialAlgebra
https://codeberg.org/francois.boulier/DifferentialAlgebra
https://doi.org/10.1515/form.1989.1.227
https://doi.org/10.1515/form.1989.1.227
https://doi.org/https://doi.org/10.1016/j.cpc.2018.07.025
https://doi.org/https://doi.org/10.1016/j.cpc.2018.07.025
https://doi.org/https://doi.org/10.1016/j.cpc.2018.07.025
https://doi.org/https://doi.org/10.1016/j.cpc.2018.07.025
https://hal.science/hal-04560846
https://doi.org/10.1007/978-3-030-38356-5_3
https://doi.org/10.1007/978-3-030-38356-5_3
https://doi.org/10.1007/978-3-030-38356-5_3
https://doi.org/10.1007/978-3-030-38356-5_3
https://doi.org/10.1093/oso/9780198536796.001.0001
https://doi.org/10.1093/oso/9780198536796.001.0001
https://doi.org/10.1093/oso/9780198536796.001.0001
https://doi.org/10.1093/oso/9780198536796.001.0001
https://doi.org/10.1090/coll/033
https://doi.org/10.1090/coll/033
http://doi.acm.org/10.1145/1390768.1390805
http://doi.acm.org/10.1145/1390768.1390805

	Contribution to Integral Elimination
	Introduction
	Background
	Integral Algebra
	Ordering the Integral Monomials
	Basic Rewriting Rules

	Extended Rewriting Rules and Reduction
	Reduced-Product Rule
	Reduced-Power Rule
	Reduction

	Critical Pairs
	Exponentials
	Algorithms find_A_A0_G_F and update_exp

	Integral Elimination Prototype
	Examples
	Intra-host Model of Malaria (taken from malaria)
	SIWR Model - Cholera (taken from dong2022differential)



