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Abstract. This paper describes a multi-objective reliability-based design optimization (MORBDO) of a two-
stage wind turbine gearbox. The optimization process incorporates the gear’s reliability of accounting for the
uncertainty of its internal geometric parameters. It also ensures that constraints relating to the gear’s reliability
index and efficiency are respected. The objective functions are to minimize both the total volume and the center
distance. A specific reliability target is established, and to address the multi-objective reliability-based design
optimization (MORBDO), the hybrid method (HM) in conjunction with the constrained non-dominated sorting
genetic algorithm (C-NSGA-II) is employed. The outcomes demonstrate that applying C-NSGA-II to solve the
multi-objective reliability-based design optimization problem yields dependable Pareto solutions that are well-
distributed in relation to the desired reliability level. The optimization using C-NSGA-II with a population size
of 300 particles and 1000 generations produced the most favorable outcomes. This research significantly
contributes to the multi-objective design optimization of wind turbine gear while simultaneously considering
their reliability.

Keywords: Gear system / multi-objective reliability optimization / Pareto front / NSGA-II / C-NSGA-II /
hybrid method
1 Introduction

Gears are an essential component of many power
transmission systems. They are essential for converting
rotary motion and transmitting torque. They are widely
used in a variety of industries, including automotive,
aerospace, power generation and industrial robotics. Gear
optimization is an active area of scientific research, aimed
at improving their performance characteristics, including
efficiency, durability, and noise reduction. In recent years,
significant progress has been made in this field, thanks to
technological advances, advanced modeling methods and
numerical analysis techniques. Researchers and engineers
have developed advanced tools to evaluate and optimize
gear performance, considering factors such as load
constraints, fatigue resistance, energy efficiency and weight
constraints. In wind turbine, gearbox failure is responsible
ilel.karmi@etu.univ-lehavre.fr

penAccess article distributed under the terms of the CreativeCom
which permits unrestricted use, distribution, and reproduction
for approximately 95% of total downtime, leading to
significant operational disruptions and incurring substan-
tial repair costs. Hence, the main challenge is to limit
gearbox failure rates and reduce weight, without affecting
load capacity. The aim is to minimize the total volume of
the gearbox, while maintaining its robustness and perfor-
mance. The optimization has already been applied to
multiple gear types such as helical gearing, spur gearing,
bevel gearing, spiral gearing, and worm gearing by
numerous researchers. In a study conducted by [1], the
Non-Dominated Sorting Genetic Algorithm (NSGA-II)
was employed for optimizing the total volume and total
power loss of three different gear profiles: unmodified
profile, smooth meshing profile, and high load capacity
profile [2]. Similarly, Edmund and Arora [3] investigated
the simultaneous optimization of three objective functions
volume, power output, and center distance for a two-stage
gear using the NSGA-II evolutionary algorithm. Chong
et al. [4] explored the multi-objective optimal design of a
monsAttribution License (https://creativecommons.org/licenses/by/4.0),
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cylindrical pair gears aimed at reducing geometric volume
and meshing vibrations, applying an objective-based
programming approach. Abuid and Ameen [5] applied a
min-max combined with a single-variable search method to
optimize a two-stage spur gear train, considering gear
volume, center distance as well as the shaft dynamic factors
as objective functions. Deb [6] employed NSGA-II to
perform a multi-objective optimization of a gearbox with
multiple stages. In their study, Zhong et al. [7] focused on
the multi-objective optimization of a three-stage gear train
using interactive physical programming. The objectives of
the design included minimizing volume and maximizing
surface fatigue strength and load capacity. Gologlu and
Zeyveli [8] implemented the genetic algorithm in the
volume optimization of a two-stage helical gear train. They
inserted static and dynamic reintegration functions into
the objective function to take account of design require-
ments such as frictional stress, bending strength, number of
teeth on the gear and pinion, modulus and gear face width.
Mendi et al. [9] introduced a multi-objective optimization
approach based on the genetic algorithm for selecting an
optimal design. Their objective was to minimize gear
volume, shaft diameter, and bearing dimensions, while
considering constraints at the tooth level. Marjanovic et al.
[10] has developed an approach for spur gears that defines
the optimum gear ratio, the optimum position of the shaft
axis as well as the material required for optimal design.
Golabi et al. [11] investigated the optimization of a gearbox
by minimizing its total volume using the MATLAB
optimization tool. They manipulated several parameters
such as input power, transmission ratio and gear material
hardness. Based on the optimization results, they estimated
parameters such as number of stages, gear face widths and
shaft diameters using the graphs obtained. Savsani et al
andPanda et al. [12] studied the sameoptimizationproblem,
which isbasedonan improveddifferential evolutionary (DE)
algorithm. The objective of this optimization was to
minimize the total mass of a single-stage spur gear, while
satisfying ten non-linear constraints that involve design
variables combined with integers.

In a recent study by [13] a novel multi-objective
optimization approach was proposed for a planetary
gearbox using a discrete version of the genetic algorithm
known as NSGA-II. The objective functions aimed to
minimize the weight and total power loss of the planetary
gearbox. The design variables considered in the optimiza-
tion included the number of teeth in the sun, planet, and
ring gears, modulus, face width, input shaft diameter, and
planet axis diameter. Qi et al. [14] introduced an
optimization approach based on the Peak Sound Pressure
Level to mitigate the radiated noise of the gearbox.
Similarly, Lei et al. [15] have proposed a multi-objective
optimization algorithm designed to reduce the causes of
noise, including the value of the transmission error, its
frequency and the maximum tooth load. To do this, a
multi-objective optimization algorithm for optimizing gear
micro geometry is used. However, it is worth noting that
none of these authors explored optimization based on gear
reliability. Reliability-Based Design Optimization
(RBDO) has been developed to take account of design
uncertainties. The main objective of the RBDO is to obtain
a reliable optimal design by ensuring that the probability of
failure remains below a predefined target level. To meet
this challenge, several approaches have been proposed to
address the problem of reliability optimization. Dammak
et al. [16] examined the reliability of the optimal design of a
brake disc through the use of a Kriging model. Barakat
et al. [17] has adopted a global multi-objective reliability-
based design optimization (MORBDO) approach for
reinforced concrete beams with pre-tensioning. Zhang
et al. [18] evaluated the resilience optimization of a tapered
foam structure in which the RBDO method was applied.
Lopez et al. [19] introduces an approach for conducting a
global optimization in the context of reliability-based
design (RBDO) for truss structures, focusing on both size
and shape considerations. Braydi et al. [20] introduces the
assessment of reliability and resilience for a nonlinear
energy sink device concept. The research examines the
system’s performance and seeks optimal in both determin-
istic and probabilistic scenarios. Additionally, it explores
the impact of different types of uncertainty modeling
through various formulations of reliability-based robust
design optimization. Zhou et al. [21] presented a theory
based on the hybrid analysis of reliability and optimization
to assess the uncertainty associated with limited objective
information or subjective expert opinions. Eckert et al [22]
focused on improving the traditional design of vehicle
powertrains. To do so, they used a multi-objective
optimization approach for the design of vehicle internal
combustion engine (ICEV) transmissions and gear shifting
control, aiming to minimize fuel consumption, exhaust
emissions, and gearbox, power losses. Stefanović-Mar-
inović et al. [23] presented a study on two-carrier planetary
gear trains with complex configurations, featuring four
external and two coupled shafts. The paper explores
structural designs and investigates gear trains using
coupled external shafts with controlling brakes for torque
input and output. The paper also highlights extreme
transmission ratio changes and establishes relationships
between ideal torque ratios and required transmission
ratios. This facilitates the selection of compound gear train
designs. The conclusion presents optimal design parame-
ters and the selected transmission solution based on input
data.

Compared to the previously mentioned researches, this
article makes a significant and new contribution by
introducing a reliability-based optimization approach for
the design of a two-stage wind turbine spur gear. The main
novelty of this research lies in achieving an optimal
combination of internal component dimensions for a two-
stage wind turbine spur gear, considering the geometric
uncertainties of its components. The objective is to
enhance the gear’s performance characteristics by address-
ing the geometric uncertainty and identifying the most
efficient combination of dimensions. The used method is
applied to develop an optimized and reliable model that
guarantees a level of failure probability not exceeding a
certain threshold. This comprehensive approach ensures a
more robust and efficient design, enhancing the overall
functionality and durability of the gear system in wind
turbines. To achieve this, the Constrained Non-Dominated
Sorting Genetic Algorithm (C-NSGA-II) will be employed.
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This algorithm will effectively address the multi-objective
optimization problem by generating a set of Pareto
solutions that are well-distributed.
2 Materials and methods

This section is divided into two main parts. The first part
introduces the global dynamic model of the studied system,
describes the geometry of the two-stage gearbox. In the
following part, the optimization problem is reformulated
by defining the objective functions, the design constraints,
the design variables, and by describing the modeling
approach used for reliability-based design optimization.
Fig. 1. Global dynamic system including gear box.

2.1 Studied system
2.1.1 Global dynamic model

The dynamic model consists of three blocks (j =1.3) each
supported by a flexible bearing. Specifically, for the first
block, the bending stiffness bearing is denoted as kx1 , and
the traction compression stiffness is denoted ky1. Similarly,
for the second block, we have kx2 and ky2. Then, k

y
3 and ky3 for

the third block. The three shafts exhibit torsional stiffness,
represented by ku1, ku2 and ku3. It is assumed that the
intermediate flexible shafts have negligible mass compared
to the gearbox. The angular displacements of each wheel
are denoted respectively as u(1,1), u(1,2), u(2,1) ,u(2,2), u(3,1)
and u(3,2). Additionally, the linear displacements of the
bearings in the plane orthogonal to the wheel’s axis of
rotation are measured as x1 and y1 for the first block, x2 and
y2 for the second block, x3 and y3 for third block.

The dynamics of our system (Fig. 1) is described by the
equation of motion derived using the Lagrange formula-
tion. This equation is expressed in the standard matrix
form as follows:

½MG�{q€}þ ð½Cs� þ Ldn
TLdn½CðtÞ�Þ{ _q}

þ ð½Ks�Ldn
TLdn½KðtÞ�Þ{q} ¼ {Fext}: ð1Þ

where:

q tð Þf g ¼ x1; y1;x2; y2;x3; y3; u11; u12; u21; u22; u31; u32f gT :
ð2Þ

⟨Ldn⟩ is a function of the n-level.

⟨Ld1⟩ ¼ �sin a1ð Þ; cos a1ð Þ; sin a1ð Þ;½
�cos a1ð Þ; 0; 0; 0; rb12; rb21; 0; 0; 0�: ð3Þ

⟨Ld2⟩ ¼ �sin a2ð Þ; cos a2ð Þ; sin a2ð Þ;½
�cos a2ð Þ; 0; 0; 0; rb22; rb31; 0; 0; 0�: ð4Þ

where rb22: and r
b
21: represent respectively the basic radius of

the pinion (1,2) and the gear (2,1).
rb22:and rb31:represent respectively the basic radius of the

pinion (2,2) and the gear (3,1).
a1 and a2 are respectively the pressure angle for the first

and the second gear stage.
The global mass matrix of the system, donated as [MG]
is expressed as follows:

MG½ � ¼ ML 0
0 MA

� �
: ð5Þ

With [ML] is the matrix mass of the wheel and it is defined
as [24]:

½ML� ¼ diagðm1;m1;m2;m2;m3;m3Þ: ð6Þ
Where mj is the mass of the bloc j.

[MA] is thematrix of inertia and is written as follows [24]:

½MA� ¼ diagðI11;I12; I21; I22; I31; I32Þ: ð7Þ
where Iij is the polar inertia of the Wheel (ji) relative to the
axis of rotation.

The stiffness matrix is composed of the average stiffness
matrix of the structure [Ks] assembling the torsional
stiffness matrix of shafts [Ku] and the stiffness matrix of
bearings [Kp].

Ks½ � ¼ Kp 0
0 Ku

� �
: ð8Þ

[Kp] is the matrix stiffness of the bearings, and can be
written as follows [24]:

½Kp� ¼ diag½kx1 ; ky1; ky2; ky2; kx3 ; ky3�: ð9Þ
[Ku] is the torsional stiffness matrix of the shafts, and it is in
the following form [24]:

Ku½ � ¼

ku1 �ku1 0 0 0 0
�ku1 ku1 0 0 0 0
0 0 ku2 �ku2 0 0
0 0 �ku2 ku2 0 0
0 0 0 0 ku3 �ku3
0 0 0 0 �ku3 ku3

2
6666664

3
7777775
: ð10Þ

The matrix [K(t)] representing gear mesh stiffness, a
critical component in the analysis, varies dynamically over
time. It captures the dynamic changes in stiffness during
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operation, offering valuable insights into the system’s
behavior over time. The expression for this matrix is as
follows [24]:

K tð Þ½ � ¼ K1 tð Þ½ � K12 tð Þ½ �
KT

12 tð Þ� �
K2 tð Þ½ �

� �
: ð11Þ

With:

K1 tð Þ½ � ¼ k1x
2
1 �k1 _x � k1x

2
1k1 _x00k1 _xk1_y

2k1_x
�

�k1 _x
200� k1x

2
1k1_xk1x

2
1 þ k2x

2
2 � k1_x � k2_x

� k2x
2
2k2_xk1_xk1_y

2 � k1_x � k2_xk1_y
2

þ k2_y
2k2_xk2_y

200� k2x
2
2k2_xk2x

2
2

� k2_x00k2_xk2_y
2k2_xk2_y

2�: ð12Þ

K12 tð Þ½ � ¼ 0 k1r
b
12x1 k1r

b
21x1 0 0 0

0 k1r
b
12 _y

�

k1r
b
21 _y0000k1r

b
21x1k1r

b
12x1k2r

b
22x2k2r

b
31x200

� k1r
b
12 _y � k1r

b
21_y � k2r

b
22_y � k2r

b
31_y0000

� k2r
b
22x2 � k2r

b
31x20000k2r

b
22_yk2r

b
31_y0�: ð13Þ

K2 tð Þ½ � ¼

0 0 0 0 0 0
0 k1r

b
12 k1r

b
12r

b
21 0 0 0

0 k1r
b
12r

b
21 k1r

b
21 0 0 0

0 0 0 k2r
b
22 k2r

b
22r

b
31 0

0 0 0 k2r
b
22r

b
31 k2r

b
31 0

0 0 0 0 0 0

2
6666664

3
7777775
: ð14Þ

where [K1(t)] is the first-time varying stiffness.
[K2(t)] is the second-time varying stiffness.

x1 ¼ sin a1ð Þ;x2 ¼ sin a2ð Þ; _x ¼ sin a1ð Þcos a1ð Þð Þ;_x
¼ sin a2ð Þcos a2ð Þð Þ;_y ¼ cos a1ð Þ; y ¼ cos a2ð Þ:

To reduce the vibration level, we applied a proportional
damping matrix [C(t)] [25].

CðtÞ½ � ¼ h MG½ � þ m Ks½ � þ Kc½ �ð Þ: ð15Þ
Ks½ � ¼ Kp 0
0 K �

� �
¼

kx1 0 0 0 0
0 ky1 0 0 0
0 0 kx2 0 0
0 0 0 ky2 0
0 0 0 0 kx3
0 0 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

2
6666666666666666664
With [Kc] is the mean component of mesh stiffness.
The stiffness matrix is composed of the average stiffness

matrix of the structure [Ks] assembling the torsional
stiffness matrix of shafts [Ku] and the stiffness matrix of
bearings [Kp] [25].

See equation (16) below

with: h and m are the damping constants defined by: h=10-2,
m=10-5 [25].

The external vector force is defined by:

Fextf g ¼ 0; 0; 0; 0; 0; 0;Caer tð Þ; 0; 0; 0; 0;Cgen tð Þ� �T
: ð17Þ

with: Caer(t) is the aerodynamic torque and Cgen(t) is the
generator torque.

Under standard operation conditions, the system is
subjected to excitations from both external and internal
sources. The primary factors contributing to these
excitations are the variability of the wind resources and
the fluctuation of the gear mesh stiffness as mentioned by
[25]. However, for the purposes of the present study, only
wind excitation is considered. Consequently, the wind
turbine speed Vwt is assumed to remain constant Vwt =
13rad/s, representing an average wind magnitude level
Vmoy =12m/s.

The wind velocity is expressed as below [25].

V winðtÞ ¼ V moy 1� 0:2cosðv1tÞ � 0:05cosðv2tÞ½ �: ð18Þ
where (v1=p) and (v2=2p) represent the angular
frequencies (rad/s).

Under these conditions, the instantaneous aerodynamic
torque is given as follows.

CaerðtÞ ¼ 1

2

1

VwðtÞ
prairR

2V 3
ðtÞCp: ð19Þ

With: Cp, R and rair represent respectively the power
coefficient, the rotor radius, and the air density.
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
ky3 0 0 0 0 0 0

0 k�1 −k�1 0 0 0 0
0 −k�1 k�1 0 0 0 0
0 0 0 k�2 −k�2 0 0
0 0 0 −k�2 k�2 0 0
0 0 0 0 0 k�3 −k�3
0 0 0 0 0 −k�3 k�3

3
7777777777777777775

ð16Þ



Fig. 2. Typical two stage spur gear.
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The generator torque Cgen(t) is dependent on the
aerodynamic torque Caer(t) and the gearbox ratio. It is
defined by:

CgenðtÞ ¼ �CaerðtÞ
hgear

: ð20Þ

where hgear represent the gear ratio and is calculated as
follows:

hgear ¼
Z11Z21

Z22Z31
: ð21Þ

2.1.2 Gear box geometry

The gear system under consideration comprises four gears
and three shafts. The overall volume of the model is
determined by these components, which are categorized
based on their shape and type. Both the shafts and gears
have a cylindrical shape, and their volumes are calculated
as the product of their cross-sectional area and length.
Figure 2 illustrates the two-stage spur gear being studied,
along with the key measurements. The dimensions of the
gearbox are represented by the length (L) and width (w).
The input to the gearbox is provided by the shaft length
Lint, and the output is connected to the shaft Lout The
diameters of the three shafts are denoted as ds1, ds2, ds3,
refer respectively the first shaft diameter, the second shaft
diameter, the third shaft diameter. The face widths of the
first and second stage gears are represented as b1,b2

2.2 Problem set- up

The objective of this study is to address the challenges
associated with designing a reliable two-stage spur gear
while simultaneously minimizing its total volume and
center distance. To achieve this, the study proposes an
approach that integrates the gear’s reliability degree into
the optimization process. The paper discusses two cases of
multi-objective optimization: the first approach is based on
traditional deterministic design optimization (DDO) using
the non-sorting algorithm II (NSGA-II). The second is a
multi-objective optimization based on reliability analysis
(MORBDO) using the constrained non-dominated genetic
sorting algorithm (C-NSGA-II).

As regards multi-objective genetic algorithms, NSGA-II
is widely preferred because of its ability to converge rapidly
andmaintain diversitywithin the population. This diversity
isachievedthroughapositioningconceptbasedonthedegree
of non-dominance of solutions, resulting in a uniform
distribution of solutions along the Pareto front, as shown
in Figure 3. The NSGA-II algorithm starts with a random
population, and the objective functions are evaluated for
each solution. The entire population is then ranked based on
their degree of non-domination, resulting in different non-
domination ranks. A lower rank indicates a more suitable
(non-dominated) member, while a higher rank indicates a
dominated member.

2.2.1 Objective functions

In this study, two key objective functions are explored.
The first function, f1(x), is to minimize the total volume,
and the second is to minimize the center distance. The f1
function is defined by the sum of the volumes of both
gears Vgears and shafts Vshafts. Due to its non-standard-
ized form, the volume of the gearbox frame is excluded
from this evaluation. Consequently, the total volume
considered for optimization includes only the volume of
gears and shafts.

Minf1ðxÞ ¼ V gearsðxÞ þ V shaftsðxÞ: ð22Þ



Fig. 3. NSGA-II flowchart.
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With:

V gears ¼
X2n
i¼1

p

4
d2i bi

� p

4
d2s1b1 þ d2s2ðb2 þ b3Þ þ d2s3b4
� �

; ð23Þ

V shafts ¼
Xnþ1

i¼1

p

4
d2siwþ p

4
d1s1Lin þ p

4
d2sðsþ1ÞLout: ð24Þ

In this context, the variable n represents the number
of stages in the gearbox, while b, d, and ds refer to the
face width, gear diameter and shaft diameter. To
calculate the width of the gearbox, denoted as v and
determined based on the second shaft, the following
equation is applied.

w ¼ 2ðe1 þ tÞ þ b1 þ b2 þ xg: ð25Þ

e1,t and xg correspond respectively to the distance
between the walls and the gear, the wall thickness of the
gearbox and the distance between two gears and are fixed
at 10mm [2].

In equation (15), the crossover length of the input shaft
Lint and the output shaft Lout outside the gearbox frame is
taken to be twice of the input shaft diameter ds1 and the
output shaft diameter ds1 [2].

Lint ¼ 2ds1;Lout ¼ 2ds3: ð26Þ

The second one consists of minimizing the center
distance.
As shown in Figure 2, the term of center distance in gear
transmissions means to the perpendicular distance between
the input shaft ds1 and the output shaft ds3. This distance is
calculated by summing up the radii of the corresponding
pinionandgear.Thepitchdiameterof thegear is obtainedby
multiplying the modulus (m) and the number of teeth of the
pinion(Z). Inthecaseofmulti-stagegear systems, suchasthe
one studied in this article, the total distance is obtained by
summingupthedifferent stagesof thegearing.CDnoted this
concept in the article.

CD ¼ m1 Z12 þ Z21ð Þ
2

þm2 Z22 þ Z31ð Þ
2

: ð27Þ

With:
m1 and m2 are respectively the modulus of the first and

the second stage gearbox.
Z12,Z21,Z31,Z32 are the teeth number for the first and

the second gearbox stage.
The aim of multi-objective optimization here is to

ensure effectiveminimization of the first objective function.
Since we already know that if we get an optimal total
volume, we’ll also get an optimal Center Distance (CD).

2.2.2 Design constraints

The requirements imposed as part of this study are
geometric requirements. They are based on the geometric
shapes of the parts.

–
 To eliminate interference, the radius of gear 21 must
always be smaller than the radius of gears 22 and 31,
minus the radius of the output shaft, as shown in the
formula below:

rb21 < rb22 þ rb31 �
d3
2

� �
: ð28Þ

rb22 < rb12 þ rb21 �
d1
2

� �
: ð29Þ
–
 The width of the gear face b, expressed in respect of the
modulus can be defined by the following formula.

3pm � b � 5pm: ð30Þ

–
 Under practical conditions, a contact ratio greater than
1,2 is recommended, as it is often reduced due to
assembly inaccuracies. It can also cause an increase in
vibration and noise of the system. For this reason,
another function constraint is added to the algorithm.

ea � 1; 2: ð31Þ

–
 Consequently, the total calculated volume f1 must be less
than the maximum allowed volume Vmax of the gearbox.
Vmax is limited to 10*107 mm3.

f1 � V max � 0: ð32Þ



Table 1. Random design variables properties.

Variables Symbol Distribution type Mean value Lower bound Upper bound

First stage module m1 Normal 2.5 1 10
Second stage module m2 Normal 3.25 1 10
First shaft diameter ds1 Normal 27.5 12 150
Second shatf diameter ds2 Normal 31.66 12 150
Third shaft diameter ds3 Normal 51.5 12 150
First stage gear width b1 Normal 15.26 10 120
Second stage gear width b2 Normal 21.85 10 120
Pinion1 number of teeth Z12 Normal 41 10 125
Gear1 number of teeth Z21 Normal 106 10 125
Pinion2 number of teeth Z22 Normal 32 10 125
Gear2 number of teeth Z31 Normal 94 10 125
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 The efficiency of a gear transmission should fall within
the range of 95% to 98%.

95% � h � 98%: ð33Þ

2.2.3 Design variables

The optimization conducted in this article, incorporating
uncertainty associated with all decision parameters, is also
combinatorial in nature. The eleven potential design
variables, encompassing the modules of the first and
second stages,m1,m2 the number of gear teeth Z12, Z21, Z22,
Z31, shaft diameters ds1, ds2, ds3, as well as gear widths b1,b2
are all addressed within this optimization framework. The
specified thresholds and permissible variable types, out-
lined in Table 1, are applied to account for the inherent
uncertainty in these parameters. These considerations are
integrated into the subsequent multi-objective optimiza-
tion analyses presented in the article. The design variables
x for the two-stage gearbox are formulated as follows.

x ¼ m1;m2; b1; b2;Z12;Z21;Z22;Z31; ds1; ds2; ds3f g: ð34Þ

2.2.4 Multi-objective reliability-based design optimization

Unlike traditional Multi-Objective Optimization (MOO),
Multi-Objective Reliability Based Design Optimization
(MORBDO) focuses on attaining an optimal trade-off
between multiple objective functions while considering the
uncertainty associated with variables and design param-
eters. This approach ensures that the resulting solutions
not only optimize the objectives but also account for the
inherent variability and uncertainties in the system.

min
x

f1 xð Þ; f2 xð Þ; :::; fn xð Þ½ �
s:t:Pr Gi x; yð Þ � 0½ � � PT

i

hi xð Þ � 0

: ð35Þ
where x and y represent the design and the random
variables, Pr[.] and PT

i : are respectively the probability
operator and the target failure probability.

2.2.4.1 Standard approach

The (RBDO) problem is typically formulated using the
conventional approach, considering two spaces: the physi-
cal space, which represents the design variables in their
original units, and the normalized space, where the design
variables are normalized or transformed as illustrated in
Figure 4.

The conventional formulation addresses two distinct
problems:

The optimization problem: the main objective is to
minimize the function f(x), subjected to deterministic
constraints gk(x) and reliability requirements.

min
x

f xð Þ
s:tgk xð Þ � 0; k ¼ 1; :::;K
b x;uð Þ≥bt:

ð36Þ

Hereu is themodulus of the vector innormal space,b(x,m)
is the reliability index of the system and bt is the theoretical
reliability.

To calculate the reliability index, which corresponds to
the minimum distance between the origin and the limit
state function H(x, m) the minimization equation below is
solved.

min
u

d uð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiP

u2
i

p
s:t:H x;uð Þ � 0

: ð37Þ

Due to the large number of numerical calculations
needed to be executed on both spaces, the classical
approach is known to demand considerable computational
time. As a result, a more effective technique known as the
hybrid method [26] has been developed to alleviate this
issue.



Fig. 4. Physical and normalized space.

Fig. 5. Hybrid design space for normal distribution [28].
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2.2.4.2 Hybrid method (HM)

To offset the significant computational time needed for the
classical approach, the hybrid method was introduced, as
demonstrated by [27] Within the MORBDO problem, the
hybrid method can be described as follows:

min
x;y

F x; yð Þ ¼ f1 x; yð Þ; f2 x; yð Þ; :::; fn x; yð Þ½ �:db x; yð Þ
s:t:G x; yð Þ � 0
gi x; yð Þ � 0
db x; yð Þ � bt

:

ð38Þ
In this scenario, the reliability target is represented by

bt and db(x,y) signifies the desired distance between the
design points and the optimal solutions. The objective
function is minimized within a hybrid design space that
encompasses both deterministic variables denoted as x and
random variables denoted as y [28]. Figure 5 provides an
illustrative example of an HDS for a normal distribution
involving two random variables. In the figure, the
reliability levels denoted as db are visually depicted using
ellipses. Additionally, Figure 5 clearly highlights two
significant points: the optimal solution denoted asP�

x: and
the most probable point denoted as P �

y:, which can be
identified at the intersection of the curveG(x,y)=0 and the
reliability limit db =bt.
3 Results and discussion

In this section, the results of the deterministic design
optimization are first presented. Two optimal design
models will be presented, each based on a different input
speed. Using the results of this first optimization phase, a
multi objectives reliability-based design optimization will
be performed to assess the influence of geometric parameter
uncertainty on the optimization process. The second part
of our study begins with a final check of compliance with
design requirements and constraints, both in terms of
reliability index and system efficiency.
3.1 Deterministic multi-objective Design optimization

The multi-objective optimization method used enabled us
to check the reliability of the numerical code developed to
handle the problem studied in this work, and to ensure that
it respected the expected results (i.e. maximizing center
distance leads to maximizing volume, and vice versa). This
approach made it possible to evaluate several criteria
simultaneously, and to explore optimal solutions in the
light of various complementary or converging objectives. In
addition, trade-offs between minimizing the center dis-
tance and total volume were effectively evaluated, while
considering the specific constraints and preferences inher-
ent in the problem.

To optimize multiple objectives, two different input
speeds, 1200 rpm and 1500 rpm, were considered using both
the non-dominated sorting genetic algorithm (NSGA-II).
The simulations were performed in MATLAB software on
a DELL Intel core i7 computer. It should be noted that the



Table 2. Operating conditions.

Motor torque 100N.m

Bearing stiffness kx1 ¼ kx2 ¼ ky1 ¼ ky2 ¼ 108N=m

Shaft torsional stiffness
ku1 ¼ ku2 ¼ 105N=m

Pressure angle a1 = a2 = 20°
Moment inertia
of the rotor

2587kg2

Rotor angular velocity vrot = 13rad/s
Generator velocity 1500rpm
Power coefficient Cp = 44%
Air density rair = 1,225kg.m3

Rotor radius R = 6m
Basic radius of wheels rb12 ¼ 0:8m; rb21 ¼ 0:2m; rb31

¼ 0:5m; rb32 ¼ 0:1m

Fig. 6. Pareto front NSGA-II_1200 rpm.

Fig. 7. Pareto front NSGA-II_1500 rpm.
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consideration of two different input speeds allowed for a
more comprehensive optimization of the objectives and
leads to a better overall performance of the two-stage spur
gear. Table 1 displays the upper and lower bounds of each
parameter, presenting the range within which they were
varied during the optimization process.Meanwhile, Table 2
provides a list of the various operating conditions that were
tested in the optimization process.

Figure 6 and 7 illustrate the respective Pareto Fronts
for the two studied cases with NSGA-II (1200 rpm and
1500 rpm). The comparison between two distinct input
speeds is shown. Overall, both cases demonstrate a
similar trend in terms of center distance. However, it is
observed that at a low-speed of 1200 rpm, the minimum
volume obtained is higher than that of the minimum
volume obtained at 1500 rpm. This is clearly evident
from the comparison of the Pareto Fronts shown in
Figure 6 and 7.

However, it is observed that at a low-speed of 1200 rpm,
the minimum volume obtained is higher than that obtained
at 1500 rpm. This difference is clearly evident from the
comparison of the Pareto Fronts shown in Figure 6 and 7.

Table 3 provides the optimal values of the design
variables considered in the multi-objective optimization.

3.2 Multi objective reliability-based design
optimization

The reliability optimization result is achieved through the
hybrid method (HM) in conjunction with the C-NSGA-II
developed by [6]. To minimize the solution space, the
problem parameters are subjected to lower and upper
bounds, as presented in Table 1. A comparison between six
population sizes is detailed in Table 4, which show the
optimal values of the design variables resulting in the
reliability multi-objective optimization for each of the six
different population sizes. Here, the target reliability level
is taken bt=3 which corresponds to a failure probability
about 10-3. In comparison to the deterministic optimization
studied in the first sub-section and based on its results, the
input speed in this section was determined to be 1500 rpm.

Figure 8 presents the Pareto front C-NSGA-II for 300
populations, illustrating the optimal objective functions of
the converged model. When comparing these optimal
objective functions with those obtained from the deter-
ministic optimization, which ran at 1500 rpm using NSGA-
II, a slight difference is observed in the minimum volume
achieved.

The minimum volume obtained using C-NSGA-II is
slightly higher compared to the one obtained through
deterministic optimization. However, the minimum center
distance is lower than that achieved through deterministic
optimization using NSGA-II.



Table 3. Optimal designs variables for two input speed using NSGA-II.

Input speed m1 m2 b1 b2 Z12 Z21 Z31 Z32 ds1 ds2 ds3

1200 rpm 2.5 4 44 35 15 75 15 87 18 26 30
1500 rpm 2 3.6 26 36.8 23 112 17 113 22 31 34

Table 4. Optimal design parameters for different population size using C-NSGA-II.

Population size m1 m2 b1 b2 Z12 Z21 Z22 Z31 ds1 ds2 ds3

50 2.5 3.5 24.8 35.7 39 125 40 125 32 40 52
100 2.5 3.5 24.7 35.2 37 115 36 115 30 39 52
150 2.5 3.5 24.5 34.3 35 86 34 86 27 36 52
200 2 3 23.4 32.7 35 86 32 86 26 27 51
250 2 3 21.2 29.4 24 76 26 76 25 24 51
300 2 3 21.2 29.4 24 76 26 76 25 24 51

Fig. 8. Pareto front C-NSGA-II for 300 populations.
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By examining Table 5, it is observed that, as the
population size increases, the values of the overall optimal
objective function improve. This indicates that larger
populations allow for a more thorough exploration of the
design space, leading to better design solutions. The lower
values of the objective function imply that the optimized
designs exhibit improved performance. Additionally, the
converged reliability index (b), is provided in Table 5. It
reflects the level of reliability achieved in meeting the
specified performance constraints. A higher value of the
reliability index indicates a higher level of reliability. It can
beobservedthat largerpopulation sizes (300) result inhigher
reliability index, indicating that the optimized designs are
more reliable in meeting the performance criteria.

Figure 9a and 9b complements the findings from
Table 6 by visually displaying the trend. The graph
illustrates how the overall optimization of the converged
reliability index vary with different population sizes. It
shows a clear trend where larger population sizes
correspond to lower values of the reliability index (b)
which approaches to 3. Based on these findings, it can be
concluded that larger population sizes are more favorable
for achieving better optimization results and improved
reliability.

Figure 10 represents the efficiency histogram, which
shows the distribution of the efficiency values obtained
from our model. The histogram shows a narrow distribu-
tion centered on the specified efficiency range [95–98%].
This implies that the majority of the gear configurations
generated by the model satisfy the efficiency constraints,
indicating a high level of reliability. The narrow distribu-
tion indicates also that there is minimal variation in
efficiency among the generated gear configurations. The
concentration of values within the specified range suggests
that the design optimization process has been successful in
producing reliable gear configurations that meet the
desired efficiency criteria.

Indeed, the fact that most of the efficiency values fall
within the specified range is promising from a design
perspective. It implies that theoptimizedgearconfigurations
are likely to exhibit consistent and reliable performance in
terms of efficiency. This is crucial for the effective operation
of the two-stage wind turbine gear system.
4 Conclusion

This paper presents a Multiobjective Reliability-Based
Design Optimization (MORBDO) technique for optimiz-
ing of the internal geometric parameters of a two-stage



Table 5. Optimal objectives functions for different population size using C-NSGA-II.

Population size Volume *107(mm3) Center distance (mm) Reliability index (b)

50 3.245332 1158.7 4.43
100 3.245330 919.2 3.71
150 3.245328 886.9 3.64
200 3.245326 804.31 3.5
250 3.026118 632.52 3.27
300 3.026118 632.52 3.27

Fig. 9. (a) Effects of population size on the reliability index, (b) 3D visualization.

Fig. 10. Distribution of the efficiency values.
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wind turbine spur gear. The primary objectives of this
study are to minimize the total volume and center
distance of the gear system. Notably, the proposed
approach takes into account the uncertainty associated
with the geometric parameters of the wind turbine gear
system. The results obtained from the MORBDO
approach demonstrate its effectiveness in generating
reliable Pareto solutions. The combination of the hybrid
method (HM) and the C-NSGA-II algorithm successfully
produces well-distributed solutions, considering the
required reliability levels. Furthermore, these optimized
solutions contribute to enhancing the overall performance
of the gear system. The MORBDO technique presented in
this paper offers valuable insights into optimizing the
internal geometric parameters of two-stage wind turbine
spur gears. By considering reliability and employing a
multi-objective optimization framework, this approach
provides a robust methodology for achieving improved
performance and addressing uncertainties in wind turbine
gear systems.
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