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Fig. 1: 180-degree torsion of beams composed of different types of elements: pyramids, prisms, hexahedra and

tetrahedra, considering linear (P1), quadratic (P2) and cubic (P3) tetrahedra. The timing indicates the average

computation time for each XPBD simulation loop.

Abstract The simulation of deformable objects has

been the subject of a great deal of work in the field

of computer graphics. The constraint-based PBD (Po-

sition Based Dynamics) approach has been proven to be

effective in this field for real-time and stable deformable

objects simulation. Finite Element Method with linear

tetrahedron discretization are the most widely used in

Computer Graphics despite producing less accurate re-

sults than hexahedral or higher order elements. In this
context, our proposal is to integrate higher degree ele-

ments within the pbd framework. In addition, we pro-

pose a solution to improve convergence of unstable en-

ergies (like Neo-Hooke) when used as constraints. We

show that our approach improves accuracy compared

to linear tetrahedra. We also highlight the time sav-

ings, since fewer elements are needed.

B. Saillant
E-mail: bastien.saillant@liris.cnrs.fr, INSA Lyon, UCBL,
CNRS, LIRIS, UMR5205, F-69622 Villeurbanne

F. Zara
E-mail: florence.zara@liris.cnrs.fr, UCBL, CNRS, INSA Lyon,
LIRIS, UMR5205, F-69622 Villeurbanne

F. Jaillet
E-mail: fabrice.jaillet@liris.cnrs.fr, IUT Lyon 1, UCBL,
CNRS, INSA Lyon, LIRIS, UMR5205, F-69622 Villeurbanne

G. Damiand
E-mail: guillaume.damiand@liris.cnrs.fr, CNRS, INSA Lyon,
UCBL, LIRIS, UMR5205, F-69622 Villeurbanne

Keywords Physical Based Simulation · Position
Based Dynamics · High-order elements · Elasticity ·
Realtime Physics.

1 Introduction

In Computer Graphics, a lot of effort have been in-

vested in the field of simulation of deformable objects.

One of the challenges has been to develop physically

based models that are sufficiently accurate to be used

in medical applications [31,29,9,10,30], while also of-

fering real-time interaction with dynamic simulation.

For this purpose, well-known physical models have

been adapted to achieve real time performances. For

example, adaptive Finite Element methods [41,28,11]

have been proposed, or the realism of discrete mass-

spring model [38] has been improved by linking the

springs’ mechanical parameters to material properties

such as Young’s modulus or Poisson’s ratio [32,17]. The

interested reader can refer to these surveys [26,19,3] for

a better understanding of these physical models for dy-

namic simulation.

More recently, the position-based dynamics (pbd)

approach [27,6] has become popular. Due to its sim-

plicity and robustness, many physical models have been

defined within this framework [6]. To bring this ap-

proach closer to physics, the extension of pbd, called

xpbd [23], provides a direct correlation with elastic en-

ergy and dissipation potentials. An adaptation has also

been proposed incorporating a stable Neo-Hooke en-
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ergy [22] to ensure near-perfect preservation of the vol-

umes. However, the various formulations proposed over

the years, to solve continuum mechanics problems with

PBD approaches, are restricted to linear tetrahedron

discretization [5,22], which are known to be less accu-

rate than hexahedra or second-order tetrahedra [34].

Not to mention the fact that using high-order elements

makes it easier to represent curved surfaces and to de-

scribe the mesh more finely with fewer elements [18].

In this context, we propose two main contributions:

(i) a constraint formulation in the xpbd approach based

on iso-parametric elements permitting to use higher-

order finite elements in real-time; (ii) a solution im-

proving convergence of unstable energies, such as Neo-

Hooke, in constraint formulation. The interest of these

two contributions, in dealing both with different topolo-

gies and using higher-order elements than linear ones

for fast simulations, is demonstrated by our results.

In the following, Section 2 presents previous work on

physical simulation of deformable bodies using constraint-

based approaches. Section 3 gives a brief overview on

soft body dynamics with a focus on the xpbd approach.

Section 4 presents our method to integrate high order

elements in xpbd to improve the precision of simula-

tions. In addition, we provide detailed explanation on

how to use elements of any topology. Also, we present

our method that avoid convergence loss derived from

using unstable energies, as for Neo-Hookean materials.

Finally, Section 5 provides classical mechanical tests

showing that our approach reaches better accuracy and

lower runtime.

2 Previous Work

Simulation of deformable objects has been intensively

studied over the last decades since the pioneering work

of Terzopoulos [39]. Recently, Kim and Eberle [19] pro-

vide a survey on this topic.

Constrained Dynamics. Constraint based approach [37,

24] gained popularity due to its efficiency, simplicity

and capacity to represent a large scale of different phe-

nomena within the same framework. It has been used

in many software (PhysiX, Bullet, Havok) [13] for real-

time and interactive applications like game engines (Unity,

Unreal, Godot), robotic and medical simulator [12,7,

1]. Also, the compliant constraint formulation has been

shown to allow robust Finite Element simulation [35,

40,22,15].

Quasi-Newton Methods. To achieve real-time running,

constraint dynamics are often solved using quasi-Newton

methods [21,8,23]. These solvers are based on implicit

time integration [4] and a Newton solver while replac-

ing the geometric stiffness with a fast approximation.

The counterpart is slower convergence as a function of

the approximation and, in some cases, a deterioration

in simulation stability [40]. However in practice, quasi-

Newton methods permit greater accuracy with limited

resources compared to a fully Newton solver.

XPBD. The Position Based Dynamics (PBD) [27] ap-

proach is a popular method for real time simulation. It

has been applied on numerous types of simulations [6]

due to its simplicity and robustness. The initial prob-

lems of iteration count and time-step dependent stiff-

ness have been addressed within xpbd [23]. This is

based on a quasi-Newton solver where the geometric

stiffness computation is withdrawn in exchange for an

error ofO(∆t2) order, deteriorating its convergence rate.

Macklin [25] showed that xpbd approach converges faster

and yields more accurate results using small-time steps

with only one iteration rather than a large time step

with several iterations. In addition, an advantage of

the xpbd method is its ability to handle rigid mate-

rials and extreme deformations while remaining sta-

ble. Thus, xpbd [25,22] has demonstrated its robust-

ness, accuracy and efficacy while keeping its simplicity.

Moreover, this approach is interesting as it only requires

the computation of constraint’s gradient. Furthemore,

as a local solver, no system assembly is required. This

circumvents two of the main bottlenecks of high-order

elements, which in other solvers considerably increase

computational and memory costs.

High-Order Elements. Simulation methods are based

on the discretization of the object into unit elements.

Linear tetrahedral elements are predominant in com-

puter graphics [5,22,19] due to their simplicity. How-

ever, a high Poisson’s ratio (for near-perfect volume

preservation) is accompanied by locking artifacts for

linear tetrahedra as these elements do not have enough

Degree of Freedom (DoF) to handle deformation while

preserving their volume, resulting in artificial rigidity.

They also highly depend on the quality of the topol-

ogy. However, the energy-compliant formulation softens

constraints [16,15] avoiding the locking artifact.

The locking and discretization biases do not oc-

cur (or are considerably reduced) with high-order el-

ements [33] that are gaining in popularity. Although

expensive compared to their linear counterparts, they

can naturally represent curved surfaces and thus depict

complex shapes with fewer elements [18]. A consistent

study proposed by Schneider et al. [34] compared the

efficiency and accuracy of linear and quadratic tetrahe-

dra (called P1, P2, respectively) as well as hexahedra

(called Q1, Q2, respectively). They showed that P2 el-

ements offer a better discretization error reduction for

a given cost than other classical elements. Overall, the
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use of high-order coarse meshes achieves similar results

to those of dense tetrahedral meshes for a reduced sim-

ulation time [20,14].

3 Reminder on Soft Body Dynamics

Before presenting our method, we continue by giving

an overview of continuum mechanics for soft-body dy-

namics with a focus on the xpbd method.

Continuous materials. The deformation function ϕ de-

scribes the object’s displacement from its initial posi-

tion X ∈ R3, defined in the rest state Ω0, to its current

position x(t) ∈ R3, defined in a deformed state Ωt. The

object’s continuous displacement u(X, t) is relied on de-

formation ϕ by:

ϕ(X) = X + u(X, t) = x(X, t). (1)

The deformation gradient F corresponds to the Jaco-

bian of the displacement function. It represents the

mapping between Ω0 and Ωt:

F =
∂ϕ(X)

∂X
=

∂x

∂X
. (2)

The strain tensor (noted ϵ(x)) quantifies the object’s

deformation. It is defined according to the considered

material. For example, the Green-Lagrange tensor is

defined by ϵ(x) = 1
2 (F

T
F−1) (see Table 2 in Annex A).

The energy density field function, noted Ψ(x), mea-

sures the object’s deformation. For an isotropic Saint-

Venant Kirchhoff material, we have:

ΨStV K(x) =
λ

2
tr(ϵ(x))2 + µ tr(ϵ(x)2), (3)

where λ and µ are the Lamé coefficients characterizing

the material stiffness. The total strain energy U(x) of

an object is then obtained by integrating the energy

density Ψ(x) over its domain Ω with:

U(x) =

∫
Ω

Ψ(x) dX. (4)

Considering that forces are derived from potential

energy U(x), the equation of motion governs the ob-

ject’s movement with M ẍ = −∇xU
T (x).

Forces computation. The internal forces of an object

correspond to an energy gradient:

fint(x) = −∇xU(x) = −
∫
Ω

∂Ψ(x)

∂x
dX. (5)

Chain rule can then be applied to simplify their formu-

lations and computation with:

fint(x) = −
∫
Ω

∂Ψ(x)

∂F

∂F

∂x
dX = −

∫
Ω

P(x)
∂F

∂x
dX, (6)

where P(x) corresponds to the first Piola-Kirchhoff stress

tensor defined for this material by:

PStV K(x) = λ tr(ϵ(x)) F+ 2 µ F ϵ(x). (7)

The chain rule on the energy density separates the

material from object geometry. In the case of Finite

Element Method (FEM), it allows any type of energy

to be defined without knowing in advance on which

geometric element it will be applied and vice versa.

Finite Element Method. The Finite Element Method

(FEM) is a popular method based on the discretiza-

tion of the continuous object into geometrical primi-

tives (called elements) for which some shape functions

Ni are associated. These functions are defined at each

node i. Then, considering ui the displacement at node

i, the displacement can be evaluated at any position

inside the element’s domain with:

u(X) =
n∑
i

uiNi(X), (8)

where n is the number of vertices in the element. If the

shape functions are built in the rest state, they will be

different for each element and difficult to define for com-

plex elements. To avoid that, iso-parametric elements

can be used. The method consists of defining the same

reference state Ωr for all elements. The map between

any position x (defined in the deformed state) and the

corresponding position r (in the reference state) corre-

sponds to :

J(x, r) =
∂x

∂r
=

n∑
i

xi
∂Ni(r)

∂r

T

, (9)

where ri, xi are positions of node i in reference and de-

formed state, respectively. Therefore, the deformation

gradient F is defined as:

F =
∂x

∂X
=

∂x

∂r

∂r

∂X
= J(x, r) J(X, r)−1. (10)

Thus, the deformation gradient can be calculated for

any element as long as the shape functions derivatives

are known. Using this formulation, the energy gradient

correspond to:

∂Ψ(x)

∂x
=

∂Ψ(x)

∂F

∂F

∂x
= P(x) J(X, r)−T ∂N(r)

∂r
. (11)

The reference element is built in such way that nu-

merical integration can be applied effectively. First, the

forces integral is scaled to match the reference element

size with:

fint(r) = −
∫
Ωr

∂Ψ(x)

∂x
|det(J(X, r))| dr. (12)
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Then, this enables the use of Gaussian quadrature

to approximate the integrals. For polynomial functions,

like shape functions, the analytical solution is found

when enough integration points are used. The weight wi

of each integration point ri is then combined with the

scale factor to express the quadrature volume part Vi =

wi|det(Ji(X))|. The weights and integration points co-

ordinates are known beforehand. We obtain:

fint(r) = −
m∑
i

Vi P(xi) J(X, ri)
−T ∂N(ri)

∂r
. (13)

Using shape functions of linear tetrahedron’s gives

the same formulations of energy and forces presented by

Bender et al. [5] (a supplementary material is provided

which gives a demonstration).

XPBD. Macklin et al. [23] proposed the Extended Po-

sition Based Dynamics (xpbd) to improve the initial

pbd approach in order to efficiently simulate arbitrary

elastic energy. In constrained-dynamics, an energy po-

tential function U(x) can be expressed in terms of con-

straint vector C(x) [40,23], with:

UC(x) =
1

2
α−1 C(x)2, (14)

where the compliance α is the inverse of the stiffness. As

forces correspond to the negative gradient of the energy

potential, they can be expressed as a combination of

constraint functions and their gradients with:

fint(x) = −
∫
Ω

∂Ψ(x)

∂x
dX = −∇C(x) α−1C(x). (15)

Algorithm 1 XPBD simulation loop [25]

1: ∆ts = ∆tf/nsubsteps

2: while s < nsubsteps do
3: predict x̃ = xn +∆ts vn +∆t2s M−1fext(xn)
4: while i < nit do
5: for all constraints do
6: compute C(x) and ∇C(x)
7: compute ∆λ using Eq (17)
8: compute ∆x using Eq (16)
9: update λi+1 ⇐ λi +∆λ
10: update xi+1 ⇐ xi +∆x
11: end for
12: i ⇐ i+ 1
13: end while
14: update velocities vn+1 ⇐ 1

∆ts
(xn+1 − xn)

15: s ⇐ s+ 1
16: end while

Algorithm 1 gives the simulation’s loop involved by

xpbd [25] approach. Each xpbd simulation loop is sub-

divided in sub-steps (denoted nsubsteps) with smaller

time step. Each sub-step starts by using the explicit

Euler integration scheme to predict positions according

to velocities. Let’s note that these latter were obtained

by only considering the external forces (and not the in-

ternal ones). Then, solver iterations (denoted nit) are

carried out to project positions with a correction ∆x.

This correction is obtained by iterating over a set of

previously defined constraints, with:

∆x = M−1 ∇C(x)T∆λ. (16)

Thus, the correction applied to particle i is defined

through the direction of constraint gradient ∇xi
C(xi).

Its magnitude depends on its inverse mass m−1
i and a

scalar Lagrange multiplier ∆λj defined for constraint

j. If we consider ∆t the time step size and α̃ = α/∆t2

a time-step scaled compliance parameter, it gives:

∆λj =
−Cj(xi)− α̃j λij

∇Cj(x) M−1 ∇Cj(x)T + α̃j
. (17)

For each iteration, position and Lagrange multiplier

are updated using λi+1 = λi + ∆λ and xi+1 = xi +

∆x. Setting compliance to zero corresponds to origi-

nal pbd [27] formulation for infinitely stiff constraint.

Remember that in practice, as shown by Macklin [25],

there are several sub-steps (with a smaller time step)

but only one solver iteration. Reducing the time step

size leads to a quadratic reduction in error, making it

much more efficient.

Stable energies. To get a correct behavior, no forces

should appear when the object is not deformed. This is

naturally the case when using constitutive laws such as

Saint-Venant Kirchhoff or Hooke. But this is no more

true if we consider a Neo-Hookean material. In this

context, Smith [36] proposed a method for correcting

these unstable energies. To stabilize the energy, the first

Piola-Kirchhoff tensor must be checked to be a null ma-

trix if F = 1. If this is not the case, a correction can be

deduced. Smith put this correction into practice for a

Neo-Hookean material, involving this following energy’s

definition :

ΨSNH =
µ

2
(I2 − 3) +

λ

2
(I3 − γ)2, (18)

where γ = 1 + µ λ−1 is a constant factor added to the

energy’s hydrostatic term; I2, I3 correspond to their set

of invariants defined by I2 = tr(FT
F), I3 = det(F).

In 2021, Macklin [22] proposed to take into account

this corrected Neo-Hookean energy in the pbd formula-

tion. Macklin split the energy in two sub-energy terms

to obtain a constraint according to the Lamé coefficients

(λ, µ), as a single stiffness per constraint can be defined.

But these constraints no longer ensure that their cor-

responding first Piola-Kirchhoff tensor is a null matrix

if F = 1 (see Table 2). In the end, the deformation

gradient is not zero in the resting state resulting into

unwanted corrections at rest.
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4 Our Method

We propose a new method for high order elements in

the xpbd framework. The constraint is derived from

the definition of elastic energy potential expressed in

terms of iso-parametric elements. In addition, we de-

fine a stable strain energy constraint applied on Neo-

Hookean materials. For this purpose, the constraint is

constructed in such a way that the stability condition

presented by Smith [36] is also valid for constraints.

4.1 Iso-parametric element constraint

In the xpbd approach, energies are defined as compliant

constraint function. From Eq.(14), we have:

C(x) =

(∫
Ω

2 α Ψ(x) dX

)1/2

. (19)

By defining Ψ̃(x) = 2 α Ψ(x), we obtain

C(x) =

(∫
Ω

Ψ̃(x) dX

)1/2

, (20)

with the following constraint gradient

∇C(x) =
1

2 C(x)

∫
Ω

∂Ψ̃(x)

∂x
dX. (21)

As the stiffness α can be expressed by several terms

according to the constitutive law, the constraint can

also be expressed by several terms [22,15]. For Saint-

Venant Kirchhoff’s law remembered in Eq.(3), its two

stiffness components (µ, λ) can thus be linked to its

strain energy terms (Ψ̃A, Ψ̃B) (see Table 2) involving

two terms for its constraint.

Now that we have a continuous formulation, we can
apply finite element discretization (as in Eq.(12-13)).

The function is mapped onto reference elements, then

integrated with Gaussian quadrature. We obtain the

following formulations (with m being the number of

Gaussian quadrature nodes):

C(x) =

[
m∑
i

Vi Ψ̃(xi)

]1/2

, (22)

∇C =
1

2 C(x)

m∑
i

Vi P̃(xi) J(X, ri)
−T ∂N(ri)

∂r
. (23)

To sum up, Algorithm 2 details how we now com-

pute the constraint and its gradient, which are used in

line 6 of Algorithm 1. Moreover, Table 2 gives formu-

lations of Ψ̃ and P̃ considering three constitutive laws.

And the supplementary material of the article remem-

bers the shape functions formulations and how their

derivatives are computed.

Algorithm 2 Iso-parametric element constraint

1: C = 0; ∇C = 0;
2: for all i in QuadraturePoints do
3: compute J(x, ri) using Eq.(9)
4: compute Fi = J(x, ri)J(X, ri)−1

5: compute C += Ψ̃(Fi) Vi

6: compute ∇C += P̃(Fi)
∂N(ri)

∂r
Vi

7: end for
8: C = |C|1/2; ∇C = (2 C)−1 ∇C;

At the end, these formulations can be used for any

type of element. We only have to define shape functions

partial derivatives ∂N(ri)/∂r for the corresponding el-

ement, which is used for the Jacobian and constraint’s

gradient calculations. Then, as in previous work, we

can use any type of elastic material by defining energy

density function Ψ̃(Fi) and first Piola-Kirchhof stress

tensor P̃(Fi). Let’s note that these two formulas are

both topology-independent. They only require the de-

formation gradient F which is a 3× 3 matrix.

Furthermore, the quadrature volume term Vi and

the initial position Jacobian J(X, ri) can be pre-

computed at initialization for each element, regardless

of the element types (topology and order) using Al-

gorithm 3. In addition, the partial derivatives of the

shape functions are identical for all elements of the same

type and are evaluated at a predefined set of quadra-

ture points. It can therefore be evaluated only once and

shared by all elements of the same type. As a result, we

can greatly reduce the number of operations to be per-

formed at a small memory cost.

Algorithm 3 Iso-parametric element constraint (Init)

1: w : quadrature weights
2: r : quadrature coordinates
3: ∂N(r)/∂r : shape functions partial derivatives
4: for all i in QuadraturePoints do
5: Ji(X, ri) =

∑n
j Xj(∂Nj(ri)/∂r)T

6: Save Vi = |det(Ji(X, ri))|wi

7: Save Ji(X, ri)−1

8: end for

Let’s note that the constraint and its gradient are

not well-defined when the constraint is close to 0 corre-

sponding to very small corrections. Therefore, we can

assume that it can be ignored when the value of the

constraint is sufficiently small, i.e. close to the floating-

point arithmetic resolution. Moreover, by definition, a

compliant constraint can only represent non-negative

energies. If the energy can take negative values, like

for Neo-Hooke’s stable material, Macklin [22] proposed

adding a constant factor in order to shift the function

to positive half-space. This constant disappears in the

energy gradient, giving a force equivalent energy.
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4.2 Stable constraint

We now propose a new method to build strain energy

constraints that ensure stability at rest. This means

that no corrections will be applied when no deforma-

tion is measured (i.e. F = 1). A natural solution is to

ensure that the correction proposed by Smith [36] is

applied directly to the unstable term of the energy. At

constraint level, this means having the same stiffness

parameter. As an example, we consider the developed

version of stable Neo-Hookean material (Eq.(18)). This

permits to group together the correction and the term

to be corrected under the same stiffness parameter, giv-

ing:

ΨSNH2
=

µ

2
(I2 − 3)− µ(I3 − 1) +

λ

2
(I3 − 1)2 (24)

=
µ

2
(I2 − 2I3 − 1) +

λ

2
(I3 − 1)2

=
µ

2
Ψ̃A +

λ

2
Ψ̃B (25)

Let’s define the Piola-Kirchoff stress tensor of Smith’s

invariants [36] remembering that:

A−1 = det(A)−1com(A)T . We have:

∂I2
∂F

= 2 F;
∂I3
∂F

= det(F)(F−1)T = com(F). (26)

Next, we define F = [f0, f1, f2] in the same way as [22,

19] to compute the co-factor matrix of the deformation

gradient, which gives com(F) = [f1×f2, f2×f0, f0×f1].

In the end, the Piola-Kirchoff stress tensor of Ψ̃A and

Ψ̃B are:

P̃A =
∂Ψ̃A

∂F
=

∂I2
∂F

− 2
∂I3
∂F

− ∂1

∂F
= 2(F− com(F)); (27)

P̃B =
∂Ψ̃B

∂F
=

∂

∂F
(I3 − 1)2 = 2 (I3 − 1)

∂

∂F
(I3 − 1)

= 2(I3 − 1) com(F). (28)

These two Piola-Kirchhoff stress tensors comply with

Smith’s stability condition as they are a null matrix

when F = 1. This property ensures the stability of the

constraints gradients defined in Eq.(23). Moreover, Sec-

tion 5 shows that this stability condition greatly im-

proves the convergence rate of the xpbd approach.

5 Experimental results

We have implemented our approach using high-order

elements inside the xpbd framework into our own C++

software. All experiments were run on an Intel I5-10300H

CPU with 16 GB RAM. Rendering have been made us-

ing Paraview [2]. Let’s note that display time was not

taken into account in our measurements.

The aim of our experiments is to show that, al-

though xpbd makes major simplifications, this has lit-

tle effect on the properties of high-order elements and

remains stable. In particular, we want to prove that

conclusions made by [34] are still valid in xpbd. Nor-

mally, higher-order elements are assumed to be faster

than linear elements for a given accuracy. To highlight

this, we need to study the failure cases of linear tetra-

hedra and compare them with higher-order elements.

Let’s remember that linear elements suffer from two

main artifacts. Firstly, their accuracy is highly depen-

dent on topology, as shown by [33]. Secondly, they ex-

hibit a locking artefact creating artificial rigidity when

volume conservation is almost perfect (ν ≈ 0.5). Let’s

recall that one of the main features of xpbd is its ability

to represent this type of material thanks to its compli-

ant stress formulation coupled to the Neo-Hooke mate-

rial [22]. Moreover, we will show that, when the mesh is

not well constructed, high Poisson’s ratios still strongly

deteriorate the result for linear elements.

5.1 Mechanical validation tests

We first carried out conventional mechanical tests (ten-

sion, compression, torsion and bending) using several

types of elements to highlight the impact of the type

of elements chosen on the quality of results and perfor-

mances. We used the Neo-Hooke constitutive law (see

Section 4.2) to simulate quasi-near perfect volume con-

servation material. Similarly to [34], we considered as

reference, results obtained on linear hexahedral meshes

(see Table 5 for details) computed using a semi-explicit

Euler approach with a small step size (dt = 5.6e−5s).

In the following, we call P1, P2 and P3, the meshes

composed of linear, quadratic and cubic tetrahedra, re-

spectively and Q1 (or Ref) those composed of linear

hexahedra. Moreover, as linear tetrahedra are highly

dependent on the quality of the mesh, two types of

mesh (called biased and unbiased) were used to high-

light the impact of a topological bias in the mesh. For

this purpose, all beam meshes were built from a hex-

ahedral regular mesh. Then, biased meshes correspond

to a subdivision of each hexahedron into 2 prisms, then

each prism into 3 tetrahedra. Thus, prism subdivision

creates a regular pattern that makes a global direction

emerge. While, unbiased meshes were directly obtained

by splitting each hexahedron into 5 tetrahedra. For all

details, Table 3 sums up parameters used in our tests

and Table 4 gives information on meshes used, includ-

ing computational times. Simulations were carried out

up to the equilibrium state.

Tension. For the first mechanical test, we considered

biased beams having 637 vertices. The two sides of

beams were fixed and then displaced in opposite di-

rection until beams reached twice their initial length.

Young’s modulus was fixed to 100 KPa, Poisson ratio

to 0.499 and there was no gravity. Fig. 2 presents the
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simulation results for P1, P2, P3 meshes with respect to

the Ref solution corresponding to Q1 mesh. P1 beam

did not converge to the right result and followed the

preferred direction induced by the biased mesh. High-

order elements matched closely the reference and can

be used to simulate objects with strong volume preser-

vation constraints.

Fig. 2: Tension test performed on P1, P2 and P3 biased

beams having 637 vertices using a Poisson ratio ν set to

0.499. P1 elements did not behave correctly and moved

along the privileged diagonal while high-order elements

matched to the reference corresponding to Q1 mesh.

Compression. To highlight the impact of a Poisson ra-

tio close to 0.5 on the behavior of linear tetrahedra,

we now performed a compression test on biased cube

meshes (having 12,001 elements) for ν set to 0.49, 0.499

and 0.4999. The cubes were crushed by half. Young’s

modulus was fixed to 100KPa and there was no gravity.

Fig. 3 presents the displacement obtained in the middle

of the cubes for P1, P2, P3 (top to bottom) for the dif-

ferent values of ν (left to right). The behavior of linear

elements was deteriorated. And higher the Poisson co-

efficient was, more the privileged direction was visible.

Behavior of the high-order elements stays unchanged

whatever the Poisson ratio, further demonstrating their

ability to simulate incompressible objects.

Torsion. To go further on the comparison between el-

ements behavior, we performed a torsion’s test. It con-

sists of rotating the top side of beams by 180 degrees,

while the lower side was fixed. Poisson ratio was set to

0.35. Young modulus was equal to 1 MPa. There was

no gravity. Similar to [34], Fig. 5 shows the absolute

difference between the angle of each cross-section and

a linear interpolation. Moreover, to highlight results in

comparison to Q1, Fig. 4 shows a cut through the mid-

dle of the P1, P2, P3 biased or unbiased beams. We

observe that unbiased-mesh P1 beam gave a good over-

all approximation but reconstructed poorly the refer-

ence results, while high-order results were indissociable

from the reference.

Fig. 3: Visualization of the displacement norm for a

compression test on P1, P2 and P3 cubes considering

three values of Poisson ratios (0.49, 0.499, 0.4999). P1

followed the privileged direction, while high-order ele-

ments had a consistent behavior.

Fig. 4: Torsion test. Visualization of the cross-section

of biased and unbiased beams colored according to the

displacement. P1 did not match reference silhouette (in

red) or was a rough approximation of the reference,

while high-order meshes closely matched the reference

for biased or unbiased meshes.

Fig. 5: Cross-section angle deviation from a linearly in-

terpolated angle along the depth of the beam for P1,

P2 and P3 elements considering biased and non-biased

meshes. Linear tetrahedra exhibit a meaningful change

compared to other elements when the mesh was biased.
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Torsion of irregular meshes. We performed a second

torsion test by rotating both sides of irregularly meshes

beams by 180 degrees. Poisson ratio was set to 0.49.

Young modulus was equal to 100KPa. There was no

gravity. Moreover, we compared the time required to

achieve the same deformation for P1, P2, P3 beams hav-

ing 1,279 elements. Fig. 6 shows our results. As ex-

pected, higher-order elements were more costly with

314 ms. However, to achieve a similar result with P1

elements, a refined mesh had to be used with 64 times

more elements involving a simulation of 2184ms. Thus,

P1 loses its advantage in terms of efficiency. Overall, we

can expect a speed-up of at least one order of magni-

tude with higher-order elements for the same precision.

Fig. 6: Torsion of P1, P2, P3 irregular beams having

1,279 elements. High-order elements were more time-

consuming, but they achieved the same deformation

quality than refined P1 beam (with 64 times more ele-

ments) with a speed-up of one order of magnitude.

Bending. For a fair comparison, we performed a bend-

ing test with gravity considering a relatively small Pois-

son ratio (ν = 0.35) for unbiased P1, P2, P3 beams. The

Young modulus was equal to 1MPa. The errors shown

in Table 1 correspond to the difference in displacement

between the point at the center of the end of each beam

and the same point on the reference solution. Fig. 7

shows the beams at rest, but colored according to the

amplitude of displacement relative to the initial state.

Even if the P1 mesh was in the right configuration, it

was still far from the reference solution. By increasing

the number of elements dramatically, it became closer

but still did not reach the same precision as high-order

elements with coarser meshes.

Analysis. We tested high-order elements through clas-

sical mechanical tests for some failure cases of linear

tetrahedra. We found that, for the same number of

vertices, higher-order elements produced visually sat-

isfactory results, closer to the reference solution and

faster than linear elements. The use of the xpbd ap-

proach does not therefore change this well-known re-

sult in mechanics. In addition, higher-order elements

require fewer elements for the same number of vertices

than their linear counterpart. A difference in computa-

tion time for a given error can therefore be expected,

particularly with linear tetrahedra.

Beam #vertices #elements time (ms) e (m)

425 1,280 43.8 3.9e−1

P1 2,417 10,240 346 1.8e−1

16,625 81,920 3,055 5.6e−2

P2 393 160 24.8 8.0e−3

P3 573 80 29.4 7.7e−3

Table 1: Bending test. Displacement error of the middle

point at the end of each beam compared to the reference

solution obtained for a beam composed of Q1 elements.

Fig. 7: Top view of the beams considered in the unre-

formed state colored by the displacement induced by

the bending test. A good solution must have all colors

aligned with the reference. The greatest offset was for

the beam composed of 1,280 P1 elements.

5.2 Scaling

We now compared P1, P2, P3 elements in terms of per-

formance and memory to observe if we come back to

the fact that high-order elements cost more than linear

elements or not, due to the need of fewer elements.

For this purpose, we considered a unit cube fixed

at its base with only gravity and 50 sub-step. We put

E = 1MPa, ν = 0.49 and ρ = 1000kg/m3. We increased

the number of elements until reaching 10,000 vertices

for each mesh (corresponding to 55,566 elements for P1,

7,986 for P2 and 2,058 for P3).

Fig. 8 (up) gives times and Fig. 8 (down) gives re-

quired memory. We observe that linear tetrahedra were

more expensive and took more memory than higher-

order for the same number of vertices. It comes from the

fact that xpbd approach avoids the main bottlenecks

of high-order elements having only first derivatives to

compute for constraint gradients which reduces their

cost. Moreover, this cost is mostly due to the number

of needed integration. So even if a P2 element requires 4

integrations instead of 1 for P1, we need 8 linear tetra-

hedra to obtain the same number of vertices which ex-
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plain the factor 2 between P1 and P2 for the same num-

ber of vertices. Thus, the scaling changes from classical

approach and makes high-order elements cost less in

memory and calculation time for the same number of

vertices compared to their linear counter-part. This re-

sult demonstrates the interest of proposing the use of

higher-order elements in this approach.

Fig. 8: Comparison in (up) time and (down) memory

of P1, P2, P3 elements by progressively increasing the

number of vertices of a cube subjected to gravity.

5.3 Convergence

We performed a second bending test with P2 elements

to compare our stable Neo-Hooke constraints with those

proposed by Macklin [22] against a reference solution

obtained by performing a force based fem simulation

considering a stable Neo-Hookean material [36].

Fig. 9 shows results obtained with 20, 50 and 100

sub-steps. Our solution (purple) gives results close to

the fem reference solution (red outline) with only 20

sub-steps. Macklin’s constraints (blue) produce poor so-

lution and require many more steps to converge. Even

with 100 sub-steps, the displacement error remains sig-

nificant. As anticipated, the proposed stability condi-

tion greatly improves the convergence rate of the xpbd

approach.

20 sub-steps 50 sub-steps 100 sub-steps

Fig. 9: Comparison between P2 elements using Neo-

Hooke’s constraint (in blue) and our approach (in pur-

ple). The red outline corresponds to a detailed FEM so-

lution considering a stable Neo-Hookean material. Sta-

ble constraint requires fewer sub-ste to achieve a result

close to reference.

Fig. 10: The mesh is an unit cube made 2592 P2 ele-

ments. The upper part of the cube has two consecutive

twists of 90◦ and the lower part is fixed. Even in this

extreme scenario, the simulation goes without inversion

nor instabilities.

Fig. 11: Shape recovery of a crushed bunny mesh dis-

cretized with P3 elements and colorized by its displace-

ment (small shift in blue to large shift in red). With

extreme deformation and inverted elements, the rabbit

unfolds and regains its rest shape.
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5.4 Robustness

One of the problems with high-order finite elements is

that they are more prone to inversion and may not re-

cover. To check the robustness of our method in the face

of this problem, we carried out two experiments. The

first one consists of a fully inverted mesh and check-

ing whether it can recover its original shape. The sec-

ond one consists of an extreme twist similar to [36,22],

where element inversion is difficult to avoid.

Stanford bunny test. We generated a Stanford bunny

with P3 elements using the Jiang high-order tetrahe-

dral coarsing library [18]. The bunny is fixed on the

plate and then flattened at the first frame resulting into

a fully inverted mesh. After 1 s of simulation time, the

rabbit recovered its shape quickly and robustly. Fig. 11

shows this experiment where colors correspond to dis-

placement’s magnitude.

Twist test. Fig. 10 shows our results reproducing the

test proposed by Smith [36] on a unit cube initially

composed of 63 hexahedra, where each cell was subdi-

vided into 12 P2 elements. Then, the bottom side of the

mesh is fixed while the top side perform two consecutive

twists by 90◦. The simulation was carried out with 50

sub-steps. There is no element inversions nor instabili-

ties which illustrates the robustness of the simulation.

Analysis. Our method stays robust despite the tendency

of high-order elements to inversion. However, we have

shown that, in practice, their use in the xpbd approach

makes it possible to deal with complex situations while

remaining stable and recover from highly inverted mesh.

6 Conclusion and Perspectives

We presented our new method, which easily takes into

account all types of topology (tetrahedra, hexahedra,

prisms, pyramids), as well as high-order finite elements

within the framework of the XPBD (Extended Posi-

tion Based Dynamics) formulation, which has proved

its worth in terms of efficiency and accuracy.

Our approach is based on the formulation of con-

straints for iso-parametric elements from their force and

energy formulations. The use of higher-order finite el-

ements has more accurate results than linear elements

with coarse meshes. They also reduce the computation

time required for simulations, by reducing the number

of elements needed. In addition, we have proposed a

stable constraint to consider the Neo-Hookean material,

enabling us to obtain accurate results with a reduced

number of iterations.

Through various mechanical tests (bending, tension,

torsion, compression), we validated our approach and

proved its advantages in terms of accuracy and calcu-

lation time. We also illustrated its robustness.

Overall, our method provides a simple, stable and

efficient generic simulation. This framework has been

developed for elastic and hyperelastic materials. Ex-

tending it to more complex behaviors such as anisotropy

or plasticity, should be a great step forward. In partic-

ular, plastic deformations have been little studied in

computer graphics and, to our knowledge, never with

high-order elements. For our future work, we would like

to implement these extensions and propose a fix for high

stiffness artifacts.

A Appendix

For better readability,

– Table 2 recalls some well-known energy of deformation
formulations for usual constitutive laws and associated
Piola-Kirchhof tensors;

– Table 3 sums up the parameters of our experiments;
– Table 4 gives information about meshes used;
– Table 5 gives information about meshes used for the ref-

erence solution.
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Saint-Venant Kirchhoff Neo-Hooke [22] Developped Neo-Hooke
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2
(I3 − γ)2 µ
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P̃B(F) 2 tr(ϵ(x)) F 2 (det(F)− γ) com(F) 2(I3 − 1) com(F)

Table 2: Formulations of the Ψ strain energy, its various terms for the constraints formulations (with Ψ̃ = 2 α Ψ)

and their associated Piola-Kirchhof tensors for different constitutive laws.

Experiment picture size gravity nit nsubsteps ρ ν E
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Bunny Fig. 11 (1,1,1) no 1 50 1,000 0.49 1× 106

Hard twist Fig. 10 (1,1,1) no 1 50 1,000 0.49 1× 105

Table 3: Summary of experimental parameters: size corresponds to mesh’s size in m×m×m; ρ is the density in

kg/m3; ν is the Poisson’s ratio; E is the Young modulus in Pa; nit is the number of Gauss-Seidel solver iteration;

nsubsteps is the number of sub-step per xpbd simulation loop (see Algorithm 1).

Experiment #vertices #elements time (ms)

Mesh type P1 P2 P3 P1 P2 P3 P1 P2 P3
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Table 4: Summary for experiments: number of vertices and elements of the meshes used; computation times in ms.

Experiment resolution

Tension 64x16x16
Bending 64x16x16
Torsion 16x32x32
Stable Constraint 48x16x16

Table 5: Resolution of meshes used for reference’s tests.

9. Chentanez, N., Alterovitz, R., Ritchie, D., Cho, L.,
Hauser, K.K., Goldberg, K., Shewchuk, J.R., O’Brien,
J.F.: Interactive simulation of surgical needle inser-
tion and steering 28(3) (2009). DOI 10.1145/1531326.
1531394. URL https://doi.org/10.1145/1531326.

1531394

10. Chentanez, N., Alterovitz, R., Ritchie, D., Cho, L.,
Hauser, K.K., Goldberg, K., Shewchuk, J.R., O’Brien,
J.F.: Interactive simulation of surgical needle insertion
and steering. ACM Trans. Graph. 28(3) (2009). DOI
10.1145/1531326.1531394. URL https://doi.org/10.

1145/1531326.1531394

11. Courtecuisse, H., Allard, J., Kerfriden, P., Bordas, S.P.,
Cotin, S., Duriez, C.: Real-time simulation of contact
and cutting of heterogeneous soft-tissues. Medical Im-
age Analysis 18(2), 394–410 (2014). DOI https://doi.
org/10.1016/j.media.2013.11.001
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