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Abstract

Background The theory of ‘metafounders” proposes a unified framework for relationships across base populations
within breeds (e.g. unknown parent groups), and base populations across breeds (crosses) together with a sensible
compatibility with genomic relationships. Considering metafounders might be advantageous in pedigree best linear
unbiased prediction (BLUP) or single-step genomic BLUP. Existing methods to estimate relationships across meta-
founders T are not well adapted to highly unbalanced data, genotyped individuals far from base populations, or many
unknown parent groups (within breed per year of birth).

Methods We derive likelihood methods to estimate I'. For a single metafounder, summary statistics of pedigree
and genomic relationships allow deriving a cubic equation with the real root being the maximum likelihood (ML)
estimate of I'. This equation is tested with Lacaune sheep data. For several metafounders, we split the first deriva-
tive of the complete likelihood in a term related to T, and a second term related to Mendelian sampling variances.
Approximating the first derivative by its first term results in a pseudo-EM algorithm that iteratively updates the esti-
mate of I by the corresponding block of the H-matrix. The method extends to complex situations with groups
defined by year of birth, modelling the increase of I using estimates of the rate of increase of inbreeding (AF),
resulting in an expanded I' and in a pseudo-EM+AF algorithm. We compare these methods with the generalized least
squares (GLS) method using simulated data: complex crosses of two breeds in equal or unsymmetrical proportions;
and in two breeds, with 10 groups per year of birth within breed. We simulate genotyping in all generations or in the
last ones.

Results For a single metafounder, the ML estimates of the Lacaune data corresponded to the maximum. For simu-
lated data, when genotypes were spread across all generations, both GLS and pseudo-EM(+AF) methods were accu-
rate. With genotypes only available in the most recent generations, the GLS method was biased, whereas the pseudo-
EM(+AF) approach yielded more accurate and unbiased estimates.

Conclusions We derived ML, pseudo-EM and pseudo-EM+AF methods to estimate I in many realistic settings. Esti-
mates are accurate in real and simulated data and have a low computational cost.
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Background

The theory of “metafounders” (abbreviated MF in the
following) [1, 2] proposes a unified framework for rela-
tionships across base populations within breeds (that
are usually modelled using unknown parent groups for
different pathways of selection and periods), and base
populations across breeds e.g. in crossbred animals
(that are also sometimes modelled with unknown par-
ent groups) together with a sensible compatibility with
genomic relationships. Relationships across base popu-
lations are defined using an “absolute” reference point
which is an ideal population with allele frequencies at
biallelic markers of 0.5 [3, 4]. These relationships are con-
tained in a matrix called T'. In essence, matrix T contains
average (unobserved) relationships across (unobserved)
pools of founder gametes, and these are the so-called
metafounders.

It is of interest to use metafounders in predictions that
include pedigree, either in pedigree best linear unbiased
prediction (BLUP) or (more commonly) in single-step
genomic BLUP. The reasons are to obtain both more
accurate, less biased, and more robust solutions of meta-
founders themselves, in particular in the presence of a
genetic trend [5, 6], while at the same time ensuring com-
patibility of pedigree relationships with genomic rela-
tionships. This requires an estimate of matrix I, which
is typically based on genotyped individuals that rarely
belong to the base populations of interest.

Legarra et al. [1] suggested a series of methods, which
were improved, first, by the discovery that T is actually
a function of base allele frequencies [3] and, second, by
modelling the increase of relationships within breed
[6-9].

Still, there is no consensus and computational efficient
methods are lacking. This is true in particular for pedi-
grees composed of several breeds, possibly with cross-
ings, and with MF defined within and across breeds. For
instance, in their study, Kudinov et al. [6] considered in
genetic evaluations of four dairy cattle breeds (Holstein,
Nordic Red Dairy Cattle, Finncattle and “Other”), each
of them, in turn, including 16 to 61 MF. Their method
requires that the genotypes are well distributed in time
to fit a covariance function across all unknown parent
groups. Wicki et al. [10] considered two sub-populations
of Lacaune dairy sheep, each with 22 MF; the method
uses pedigree inbreeding to model the steady increase in
I', but requires estimates of I' at the earliest generation.
All current methods have drawbacks: either they require
that MF are within short genetic (time) distances of gen-
otyped individuals [3], or that genotypes are distributed
in time to obtain I' from a covariance function [6], or
methods are adapted to particular cases [10]. Moreover,
some methods can provide estimates that are outside of
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the admissible parametric space (matrix I' must be posi-
tive semidefinite, and diagonal elements must be within
the range from 0 to 2).

The companion paper [11] shows that a defini-
tion of I in a quantitative genetics context is such that
I = %(ZP,' -1)(2p; — 1)/, with p; and p; being the row
vectors of allele frequencies of k markers in base popu-
lations i and j, i.e. T is a “genomic relationship” that is
based on “genotypes” of their population, i.e. allele fre-
quencies. Using this result and new developments, here
we present: (1) a Maximum Likelihood (ML) estimation
for a single MF, (2) an estimation of I for several MF by
pseudo-Expectation—Maximization (pseudo-EM) (actu-
ally, EM of part of the derivative of the complete log-like-
lihood), which involves repeated set-ups of part of matrix
H-inverse, and (3) in the case of MF structured by year of
birth, we couple the pseudo-EM with a heuristic method
for within-breed estimation of I'. We describe the the-
ory and examine the results obtained with a simulated
dataset.

Theory

Likelihood

The likelihood of given markers is as follows [1, 4].
Let’s define, Argy, the pedigree relationship matrix of
genotyped individuals set up with the MF relationship
matrix I'. Thus, we estimate an unobserved quantity T
using a statistical model that involves T' as a parameter.
We assume Gaussian distributions for convenience.
The joint density of the observed genotypes in matrix
Z = [z3, ..., ;] with z coded as {—1, 0, 1}, assuming multi-
variate normality for markers, is, for k markers and given
I' and pedigree:

k
FOMIT) o [] det(0.5Ar2) " exp (20542 12/2),
j=1

where a proportionality constant is ignored. Because the
product of exponential terms is the exponential of the

sum, and that Y, 2/(0.5Ar2) '2;/2 = Tr((Am)—lzZ’),

the likelihood function is:
L(T) det(o.5AF22)—§exp(—ﬂ((Amz)—lzz’)).
Taking the logarithm of the likelihood function and

introducing the notation G = ZZ'/(k/2), we obtain the
log-likelihood function:

logr(T') = constant — (g)log(det(Arzz)) — (g) Tr (AITZIZG>.
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Note that the likelihood uses G, i.e. a direct crossprod-
uct of marker readings, and the inverse of G is not
needed, so G does not need to be strictly positive definite.
Some options to compute [(I') are presented in Appen-
dix. The constant in the log-likelihood function is invari-
ant to I and is ignored in the following.

Maximization of this likelihood function has proven
difficult for the general case. The main difficulty
compared to variance component estimation is, first,
that it is not possible to factorize Aryy into a Kronecker
product of a parameter-free relationship matrix and
I', and second, that the elements of I' are propagated
through the Mendelian sampling variance of the
animals. Furthermore, derivative-free and Markov chain
Monte Carlo methods proved to be difficult to use with
simulated data (not shown). Below, we show an exact
solution for a single MF, an EM maximization using part
of the derivative of the complete log-likelihood function,
and a heuristic extension to within-breed across-time
metafounders.

Maximum likelihood for a single metafounder

The theory for a single MF was presented in [12] and we
reintroduce it here for completion and for later
discussion. For the case of a single MF, there is an explicit
solution that maximizes the log-likelihood function
logr(T') = —(%)log(det(Arzg)) - (%) Tr (AI?ZIZG). Let
us call y the (single) scalar value of I' for the single MF
case. In that case, A2y = A (1 — %) + 11y, where Ay
is the matrix of pedigree relationships across genotyped
individuals. As detailed in Appendix, we used this to
obtain, in short-hand notation, a=1 A2_21 1,
b=Tr (AZ_ZIG) and ¢ = 7r(A;11A5G) = AL GAZ'D,
which are later used in the cubic equation (n being the
number of individuals with a genotype):

631/3 + 62)/2 +e1y +e =0,

where e3 = —n(—1/24a)?/2, ey =n((=3/2+a) +a
—b(-1/2+a)+c)(—1/24+a),e1 = (n—1)(=3/2 + 2a)
—(—-1+2a)(-3/2+a+b)andey =n —2a — b+ 2c.

The real roots of this equation are the ML estimate
of y, in our simulated and real examples we have only
found one real root. In addition, if the ML estimate
of y is outside the parametric space, the estimate is
at the boundary. Some methods to compute b and
¢ are presented in Appendix and their estimation is
actually easy when matrices G and A2_21 can be explicitly
computed.
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Maximum likelihood with multiple metafounders

Here we just sketch what could be done in principle.
Using the same log-likelihood, it is conceptually possible
to split the likelihood among breeds and pairs of breeds
using partial relationship matrices [1, 13]:

/
1Z) o (Vo T VYo Vow
Ar = Ab<1——) ALY (Yo Y0
r=>. S)t > o :
b bbb >b
+) Chyp+
b

3 Py,
b b'>b
with A? being the breed b specific partial relationship
matrix, APY being the matrix of partial relationships
due to segregation across breeds b and b’ [13], matrix
C? having entries Cii/ = ffff’, and matrix C»* having
/ / /
entries Cf’;7 =fEfY + £V f}F for fP being the fraction of
breed “b” origin of individual i. From this expression,
matrix derivatives with respect to MF parameters can be
obtained. However, this has proven to be difficult because
the expressions quickly get too complicated.

Derivatives of the “complete” likelihood

Following expectation—maximization ideas, we con-
sider the derivatives of a “complete” likelihood in which
all animals (including MF) are genotyped. The particu-
lar block of genomic relationships for MF will be named
Guir, and indeed by definition Gyr = T as described in
the companion paper [11]. From [11], we know the defi-
nition of elements of T', Ty, ;y = %(2pb —1)(2py — 1) for
the p, and py row vectors of allele frequencies, although
these allele frequencies are typically unknown (if they
are known, estimation is immediate). In other words, it
is meaningful to assign genomic relationships to MF.
Consider now the form of the “complete” log-likelihood
where Ar and G include all animals and the MF:

logr (T) = —glog(det(Ar)) _ /%Tr (A;le)
- —g [log(det(Ar)) +Tr (A;le)]

To maximize this “complete” log-likelihood function,
we need to derive formulas of the derivatives of

log(det(Ar) and Tr (AIT 1G> with respect to elements in
I'. For convenience, we use y’s to represent each of the
several parameters in I in the following.

Consider matrix Ar =TDrT. This matrix
includes relationship among individuals, among ME,
and among both individuals and MF. Its inverse is
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(Ar)~! = (T71)'Dp! T~ with T-! = I — § linking indi-
viduals to ancestors and MF to themselves; for instance
an individual with one parent known and the other a MF
has a -0.5 in the (individual, MF) element of S [14] (where
matrix S was called P). The dependence of (T’l)/D;lT’1
on I is only through matrix Dr.

Matrix Dr is a block diagonal matrix, consisting of the I’
matrix for MF and the usual diagonal matrix with Mende-
lian sampling terms for non-metafounders; T and T~! are
lower triangular matrices.

After some algebra that is shown in Appendix, we can

show that:
dlog; (T') k 10T r-1
—= " = — —|Tr|I'" I-T7°G
ay 2[ r[ ay( MF)

k Z dDr,; 1 B;;
2 - oy Dri,i D%ii

4

The structure of B and Dr is:

De — r, for metafounders
I' = diagonal matrix, for non-metafounders’

Gur for metafounders
_ ‘W"Wﬂ _ ’
B= - { WameWamE', for non-metafounders ’

where W = T~1Z/ \/m . Note that the block of T~ cor-
responding to MF is simply an identity matrix, and thus
the block of B corresponding to MF is simply Gur.

As for matrix Guyr, it is the genomic relationships across
ME: in order to derive the algorithm, we use the com-
plete likelihood, in which it is assumed that all individuals,
including MF, have been genotyped.

The first term in the partial derivative involves Gyr and
is simple to manipulate. The last term in the partial deriva-
tive involves individual terms of Mendelian sampling vari-
ances Dr,, and it is difficult to compute and derive
algebraically in a recognizable form. Instead, we approxi-

mate M by the first term, i.e. as:

dlogr(T) r —
0‘5?/ —7[Tr [1‘ T(I_ IGMF)H.

Pseudo-EM algorithm

E-step

The EM algorithm uses the expectation of the log-likeli-
hood over the distribution of unknown data, conditional to
the actual value of the parameters (I'). However, we know
from the single step theory that (using the notation o for
observed and # for not observed, in fact G, , is G actually
observed) [15]:
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G,,,G H, ,H
E G — E n,n n,o G — n,n n,o — H,
(@) ( |: Go,nGo,0 ] } Oﬁ) < Hy,»Ho,o )
and in fact, Hy,p = Gy, Using this together with
E(tr(A)) = tr(E(A)) we get:

Eg (logr () = Eg (-é (log(det(Ar)) + Tr(A7'G) | )

k
2

=~

[log(det(Ar)) +EG(Tr (A;lG))}
[log(det (Ar)) + Tr (AI?IEG (G))}
=1

log(det(Ar)) + Tr (A;lH)}

l\)\/\\‘l\ﬂ/\\‘

This means that, in the following derivations, we can
use H (computed at the actual value of I') in the place of
G.

M-step
The approximate first derivative of the complete log-like-
lihood shown before is:
dlog (T _
Ogg/( ) ~ _k |:Tr|:r lal( r IGMF)iH ,
and because the previous E-step uses the conditional
expectation of G, i.e. H, this becomes:

al (F) r —
2l ~ &1 [T 1 (1= T M) ||

setting to 0, factorizing — and introducing y;; to indicate
which of the elements of F we work with, gives:

A ) P AN
Tr|T = Tr|T T 'Hy .
Vi dyij

After some algebra that is shown in Appendix this
yields:

I' = Hyr,

where Hyr is the block of H corresponding to the MF
with themselves.

Remember that Gur is the (unobserved) genomic rela-
tionship matrix across MF, which at iteration ¢ in the
E-step is “augmented” by its conditional expectation,
Hur, the corresponding submatrix of H. The previous
expression simply says that the algorithm proceeds by

updating H;) from the previous estimate f(tfl) and then

setting f(t) < Har), the last being the block of H
corresponding to MF.
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Algorithm

(1) Either Z where Z contains {—1,0, 1} readings, or
G= %ZZ’ may be used. Note that G does not
change across iterations and does not need to be
full rank depending on the algorithm.

(2) Use a starting value f(t:()) different from 0, for
instance f(t:()) =0.1L
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. mf\ "L mf 2
(2) Equivalently, use I;y; =T+ (Alﬁ"{;;" Y ) Af-n{t)
2,mf mf ,mf -1
(G_AF22(t))AF(t) (AF(t) ) ’
mf ,mf -1 mf,2 1
(AF(t) ) Ar(t) ZAFMf,Z(t)Arzz(ty
(3) Note that A,rorr = QaI'r for Qp, which is a
matrix with MF proportions in genotyped individu-
als.

because

(3) Do the following steps until convergence, at itera-

tion t: Noting that Ame,Z(t)AFZIZ(t)Z is a matrix which con-
N tains two times the estimates of allele frequencies, minus
(a) compute Hyr () from T p—1y; one [3, 17], we can put results above as a function of esti-
mated allelic frequencies P, where P has as many rows as
markers (k) and as many columns as populations (npop),

as follows:

(b) update: T'(;) < Hpgr(s) using one of the options
below;

(c) optionally, compute (exact) log-likelihood
log(T) = — (g) log (det(Ara)) — (g) Tr (A;zlzc)
(just for checking);

(d) at convergence, T ;) is the estimate of T.

Tii1=Te + AurorAnig (G — Anro) Apre Az
= (Fz - Amf,zr<t>A£zlr(t>A2,mfr<t>)
. + Awfaro A2_211"(t) GA2_21r<t)A2»mf ING)
Convergence can be checked by comparing, for
instance, the elements of the Cholesky decomposition
U, U—1), respectively of I';) and of I';_1) and using
5 (U lifl -t i)
ZiZj((u(t—l)[ivj])2>
several options:
Option 1:

= (rt - Amf,2r<t>Az}lr(z)Az,mfr(t))

2 1 .
+ <Z> <Amf 'Zr(‘)AZZF(t)Z> (Z/AZZF(Z)AZ,mfl"(t))

. To update Hpr(; there are _
P © = (Ft - Amf,Zl“(t)Azzlr(t)AZWIfF(t)>

2\ /. - :
+ <;> (2Pr) = Lipop 1t ) (2Pr = Lipop )

(1) Compute AF(lt), A2_21F(t) from pedigree and T ;). This yields one extra option:

. ) 0 0 Option 3:
(2) Compute Hy) = A, + <0 G1_ Arzlz(t)> for
o . . (1) Use 1= (Tl —A AL A
all individuals including MF. Note that G does not t+1 £ mf 20 () 22T 1) A2mf T (0)

change across iterations, but A=+, and A=Y . do, 2 35 35 !
& r@) 122(8) +(k (ZPF(t) - lnpopl;() <2PF(t) - lnpoplk)

and so does H(t)l In addition, this requires G to be R
where Pr(; contains the current estimate of all

full rank. Note that H(;)l includes a square block for

ME.
(3) Extract the (MF, MF) block of Hyr(;) from H,
which can be done:

(a) by repeated “solving” of H(;)lx = v, where v is
a vector with 1 in the MF position and 0 else-
where;

. . -1

(b) or by sparse inversion of H,).

Option 2:

(1) Use the expression T;y; =T, +Armf,2(t)A1:212(t)

(G — A22F(t))A5212(t)AF2,mf(t) [16], i.e. using the
subblocks (genotyped individuals, MF) of Ar.

allele frequencies across populations using the cur-
rent value of Ar (in this case G is not needed).
(2) Equivalently, use

-1 2 ~
= (A7) + <k> (2Pre) — Lupop ;)
~ /
(2PF(t) - lnpoplk) , where A;né’;nf is the block of

Al?(lt) e.g. that is set up using Henderson’s rules cor-
responding to MF, which then has to be inverted.

-1
This is because (A;n{t)mf) = (T — Apsore

-1
Azzr(t)AZ,mf IN(3) )
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Methods to estimate I" across and within breeds using

the increase in relationships

The previous methods do not apply well to populations,
such as ruminant species with unknown parent groups
defined by year of birth within breed and sometimes
within sexes or selection paths. It is often the case that

F() Fo FO FO
In+ Al
I+ AN+ A

Iy In+ Al Io+ A
T= |1y Io+ AN ITv+ AN+ AL
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Var(e;) = AAy,

Note that, because inbreeding is half the relationship
between the parents (and assuming mating at random),
AA; =A; — Ay ~2F; 1 — 2F; = 2AF; 4.

Thus, we can describe I in the same manner:

Iy I+ Al In+ AN+ A Th+ AN+ AL + Al ...

there are too many of these groups or they are too far
away (in time, or to be more specific, in number of meio-
sis) from genotypes to be estimated accurately.

Here, we show how the previous method for estimating
MF parameters for separate populations by pseudo-EM
combines with previous work [8, 10] on how to estimate
MEF structured by year of birth, with the same objectives
(although different methods) than Kudinov et al. [6, 9].
First, we model the change in relationship across individu-
als with time. Then, we plug-in the methods from the pre-
vious sections.

For a closed population, the change of mean in time can
be expressed as u; = pi—1 + €, when Var(e) is described
by coancestry, this leads to the expression [18]:

po\ Ao Ao Ao Ao ...
151 Ao A1 A Ay ...
Var| na = | Ag A1 Ay Ay ...
M3 ZoK1ZZZg...
(A0 Ao Ag
Ao Ag + AA; Ao+ AA;
= | Ag Ag+ AA; Ag+ AA; + AA,

We will obtain those elements from pedigree-based
inbreeding. We use the equivalence between inbreeding
“with MF” AF, and inbreeding with “unrelated founders”
AF, such that AF, = AF(1+ %). Then, we consider the
fact that two times average inbreeding is equal to average
coancestry: AI'y = 2AF, ;11and we assume that AF, is the
same across all periods, and our MF are separated by the
same time distances (this can easily be modified), leading
to:

Ao + AA;

Ay + AA] + AA,
Ao Apg+ AA; Ao+ AAL + AAy Ag+ AAL + AAy + AAs . ..

and so on. This is simply the covariance structure of
the process (similar but not identical to an autoregressive
process):

Mt = Ue—1 + €,

Var(uo) = Ao,

Io Ip Io Iy ...
Iy I'o+2AFy) T'o+2AFy) To+2AFq,) ...
r=|1y Fo—l-ZAF(y) F0+4AF(y) Fo+4AF(y)...
Iy I'o+2AFy) Ty +4AFy) To+6AFy,) ...

This covariance structure can be described in matrix

terms as I' = 11'yo + KK'AF (1 + 2), where yq (or Tp)
is the self-relationship of the very first metafounder and
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K= . |- Therefore, we have a para-

=)
—_-0 O
_ o OO
[eNeoNeoNe!

metric structure for I in which we need only the ele-
ments AT';. Note that other definitions of K are
possible, e.g. with different or fractional time steps.

To consider two populations, we used the following
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(1) Start with values of T of the oldest MF only (in the
two breeds example above, I'1,1, I3, I,2). Expand
them to full I using the function of AF.

Obtain matrix Hyr(s) as described in one of the
three options before, as a function of Ar() and
observed G. Pick up the elements corresponding to
the oldest MF, i.e., I'1,1, I'1,2, I52. These are the new
values. From them, expand to the whole matrix I as

2)

above.
structure:
[ I I, I, . I Iy I, ]
Ny N +2AFO0 - My) Mg +28AFYA-T1) ... T I Iy
Iy T +2AFV A — My Ty +4AFYQ - 1y) ... T Iy I,
R
I I I . I I I
IP3 I I . Doy Doy +2AFD (1 — Do) Dop +2AFP (1 —Ip) ...
My Iy I, . Tay Toa+28FP (1 —Typ) D +4AFP(1—p) ...

The extension to more populations (e.g. breeds, coun-

tries, pathways of selection or combinations thereof) is
1)

immediate i.e. T = XToX + K IAF@

K/,
)

with X and K defined appropriately. If there are n popu-
lations, the model needs n values of AF and n(n + 1)/2

Numerical example

This is an example of the pseudo-EM algorithm. We took

the two metafounders and 12 animals in [1] with a simu-
1.16 0.16 0.96 0.36
0.16 1.18 0.69 0.96
0.96 0.69 1.80 0.87
0.36 0.96 0.87 0.96

valueI' = 0.1I. Pedigree is sorted so that MF precede real

individuals. The first iteration yields:

lated matrix G = and starting

Hur0) =

0.103 0.015 0.093 0.119 0.074 0.015 0.08 0.096 0.122 0.048 0.089 0.061 0.085 0.075
0.015 0.105 0.027 0.07 0.073 0.105 0.123 0.06 0.115 0.114 0.111 0.093 0.066 0.102
0.093 0.027 1.019 0.058 0.001 0.027 0.242 0.515 0.018 0.135 0.219 0.068 0.258 0.143
0.119 0.07 0.058 1.178 0.245 0.07 0.564 0.557 0.886 0.317 0.599 0.281 0.401 0.44
0.074 0.073 0.001 0.245 1.166 0.073 0.156 0.05 0.956 0.114 0.356 0.64 0.608 0.498
0.015 0.105 0.027 0.07 0.073 1.054 0.123 0.06 0.115 0.589 0.111 0.331 0.066 0.221
0.08 0.123 0.242 0.564 0.156 0.123 1.188 0.565 0.689 0.655 0.956 0.405 0.36 0.68
0.096 0.06 0.515 0.557 0.05 0.06 0.565 0.956 0.347 0.313 0.539 0.181 0.503 0.36
0.122 0.115 0.018 0.886 0.956 0.115 0.689 0.347 1.81 0.402 0.867 0.679 0.651 0.773
0.048 0.114 0.135 0.317 0.114 0.589 0.655 0.313 0.402 1.096 0.533 0.605 0.213 0.569
0.089 0.111 0.219 0.599 0.356 0.111 0.956 0.539 0.867 0.533 0.966 0.444 0.447 0.705
0.061 0.093 0.068 0.281 0.64 0.331 0.405 0.181 0.679 0.605 0.444 1.109 0.411 0.777
0.085 0.066 0.258 0.401 0.608 0.066 0.36 0.503 0.651 0.213 0.447 0.411 1.042 0.429
0.075 0.102 0.143 0.44 0.498 0.221 0.68 0.36 0.773 0.569 0.705 0.777 0.429 1.195

values in I'g. It is even possible to consider crossbred
cases, e.g. using AI'; 5 elements. Finally, we fit this struc-
ture into the pseudo-EM described before. The algo-
rithm (which we call “pseudo-EM with AF”) is similar to
the pseudo-EM above with the following modifications:

from which the upper left 2x 2 block, which corresponds
0.103 0.015>

to the two ME, is the new estimate fl = <0 015 0.105

0.408 0.367>

After 14 iterations, I’ = <0.367 0.412
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Fig. 1 Log-likelihood of genotypes as a function of y

Tests
Maximum likelihood with one metafounder
We wused 29,138 genotyped animals of Lacaune
dairy sheep [10]. For the sake of experimentation,
we considered a single MF. Matrices G and Aj, were
constructed and written to disk. Then, a Julia program:
(1) got ML estimates using the cubic equation described
above and (2) did a one-dimensional grid search of the
likelihood from functions of G and Ay as detailed in
Appendix. The outcome of the program was estimates of
y and an exploration of the log-likelihood /(y) curve.
Both the cubic equation and the one-dimensional grid
search agreed on an ML estimate ¥ = 0.37, however
this value does not need to be taken seriously because
the pedigree is not complete and therefore more than
one MF should be used. The cubic equation had only
one real solution. The shape of the likelihood is shown
in Fig. 1. The likelihood was reasonably peaked, and
using a quadratic approximation of the information
matrix gives an asymptotic standard error of 0.0755.

Simulation

We did three simulations. First, “mixture”
simulations (similar to, e.g. a synthetic breed or the
introduction of US Holstein into European Friesian)
with complete pedigree up to each parental breed. In
the “mixture” simulations, we considered a symmetrical
case (both breeds have the same genetic drift) and an
asymmetrical case (breeds have different genetic drifts)
(see details below).

Second, a more complex scenario of “two breeds with
groups per year of birth”. This is similar to the current
use of dairy cattle where most animals are purebreds
but some are crossbreds, e.g. Jersey and Holstein,
Nordic dairy cattle breeds, and it is similar to some

two
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sheep breeds where crossbreeding is frequent. This
scenario includes two mildly related breeds.

In the “mixture, symmetrical” case, using the program
macs [19], we simulated two “cattle” populations of
Ne = 300 which split 50 generations ago, resulting in
353,850 polymorphisms with a value of Fs7 = 0.082. We
selected a subset of 40K loci that were polymorphic in
both breeds (with a minor allele frequency (MAF)>0.01
in both breeds) to declare them “single nucleotide
polymorphisms” (SNPs) with a value of Fs7 = 0.079 (for
the 40K SNPs). With these SNPs, we computed
r— <0.75 0.64

0.64 0.75
chromosomes of 1 Morgan each. Then, we gene dropped
the 40K SNPs in a complex pedigree of 10 generations
with 84,200 individuals (200 sires and 4000 dams
founders, followed by 10 more generations, with a
progeny size of 2), completed at the top with the two MFE.
Individuals in the first generation were assigned to a
breed origin at random with equal probability. Then,
matings proceed at random, e.g. the second generation
had random proportions (25/50/25) of purebreds and F1
individuals, the third generation has purebreds, F1 and
F2 individuals and probably some backcrosses. For
instance, looking at animals with “first breed” proportions
of 0, 0.25, 0.50, 0.75, 1, each proportion had respectively
an animal count of 445, 2092, 3021, 1974 and 468.
Eventually, the population becomes a mixture of the two
breeds; in the last generation, the proportions of breed 1
oscillate between 0.46 and 0.56. This makes estimation of
I' more challenging as time advances. There were only
two MF corresponding to the two breeds.

Then, the individuals in this complex pedigree were
“genotyped” in two different ways that constitute two
scenarios. The first scenario (“all generations”) consists
in genotyping every 10th animal, i.e. all generations
are represented with 8400 genotyped animals. The
second scenario (“last generations”) considers the last
2000 of these 8400 animals, i.e. it considers animals of
generations 9 to 11.

In the “mixture, unsymmetrical case’, we simulated
that, after the split of populations, the Ne of population
1 was 450, whereas the Ne of population 2 was 45, lead-
0.58 0.25
0.25 0.65
identical. Again, there were only two MF.

In the “two breeds with groups per year of birth” sce-
nario, the coalescent simulation was as above, using

0.68 0.57
0.57 0.68 ) Then,
we plugged the true complex pedigree of dairy sheep
Latxa Cara Negra (LCN) and Manech Téte Noire
(MTN) [20] with 220 K individuals spanning 30 years

). The SNPs were aggregated into 30

ingto T = ), with all other settings being

program macs, with the initial ' =
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True Gamma

metafounders

5 10 15 20
metafounders

Fig. 2 Simulated gamma for the “two breeds with groups per year
of birth”scenario. The lower left block is one breed and the upper
left block is another breed. Metafounders are defined every 3 years
within breed

and ~10 generations (e.g. periods of 3 years), which
were mainly purebreds with a few sporadic crosses (474
F1 animals, of which 58 rams with at least 10 daughters
1/4 MTN and 3/4 LCN), with missing parentships in all
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generations (25% missing sires and 9% missing dams
after the initial generation), as it happens in real rumi-
nant populations. There were 20 MF, 10 per breed dis-
tributed every three years (i.e. 1 to 10 for breed 1 and 11
to 20 for breed 2). We “gene dropped” markers, in 25
chromosomes of 1 Morgan each, through the pedigree.
For animals in the two earliest MF (1 and 11, respec-
tively for each breed) alleles at markers were drawn at
random from corresponding allele frequencies. How-
ever, for animals in subsequent generations with miss-
ing parents, each missing parent was sampled from
contemporary animals. After the simulation, we com-
puted allele frequencies for each of the 10 generations
within each of the two breeds, and we obtained true I' of
size 20x 20 from the cross-product
Tpy = 2(2pp — 1)(2py — 1) with p;, and pyy being row
vectors, as shown in Fig. 2. Again, the scenario “all gen-
erations” considered 10% genotyped animals across all
generations, for a total of 22,433 animals, and we also
considered a “last generations” scenario of 2000 animals
corresponding (roughly) to the last three generations.
We applied the generalized least squares (GLS)
algorithm [3] and the pseudo-EM algorithm (the
stopping criterion was 107°) to all these scenarios. The
GLS algorithm was applied in its raw form, e.g. there
was no correction for estimates of allele frequencies
or of I that were outside the boundaries, and also, we

Table 1 True (simulated) and estimates of gamma using GLS or pseudo-EM and using animals from all generations (“all”) or from the

last two generations (“last”)

Symmetrical Asymmetrical
True All Last True All Last
GLS Pseudo-EM GLS Pseudo-EM GLS Pseudo-EM GLS Pseudo-EM
'y 0.75 0.75 0.74 1.07 0.76 0.58 0.58 0.58 0.96 0.58
| 0.64 063 0.64 0.31 0.64 0.25 0.24 0.25 -0.13 0.25
') 0.75 0.75 0.74 1.09 0.72 0.65 0.65 0.65 1.06 0.64

Table 2 Statistics of true and estimated values of gamma for the “two breeds with groups per year of birth”scenario

All Last

GLS Pseudo-EM+AF GLS Pseudo-EM+AF
Correlation, diagonal 0.967 0.783 —0.448 0.897
Correlation, off-diagonal 0.998 0.990 0914 0.996
Median (estimator-true), diagonal 0.000 0.007 0.045 0.009
Median (estimator-true), off-diagonal —0.007 0.000 —0.005 0.002
Maxdiff (estimator-true), diagonal 0.016 0.036 2542 0.031
Maxdiff (estimator-true), off-diagonal -0.022 0.033 -0.278 0.029

Maxdiff is the maximum absolute difference, with sign
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Fig. 3 Difference between estimated and true gamma when genotyped animals are distributed in “all” generations or in the three “last” generations.

Simulation “two breeds with groups per year of birth”

did not attempt a GLS+AF method. In the “two breeds
with groups per year of birth” case, we used the model
pseudo-EM+AF, using literature values of pedigree-
based AF of 0.0021 and 0.0016 per year for MTN and
LCN [21, 22], and a time interval of 3 years between each
ME. Note that although we do not use genotypes from
either of these breeds, we do use their real pedigrees and
hence the literature estimates are adequate.

Results from simulation
Table 1 shows the results with the “mixture” case. When
genotyped animals are present in all generations, both
GLS and pseudo-EM estimate I' correctly. However,
when information is available only for the last gen-
erations, GLS tends to overestimate the diagonal of I,
because errors in the estimate of allele frequencies, when
squared, cumulate in the diagonal. Regarding the values
of the off-diagonal elements of T, they tend to be under-
estimated because errors across two MF tend to cancel
out, i.e. pppy < PPy

Results of “two breeds with groups per year of birth”
scenario are in Table 2 and Figs. 2 and 3. Figure 2 shows

that the true, simulated relationships in T are struc-
tured within- and across-populations, and there is a
slow increase in I' due to increased coancestry within
breed. Values go from 0.69 to 0.74 (MTN) or 0.70 (LCN)
within breed, and are ~0.57 across breeds. The simu-
lated T increases with time as expected due to increased
coancestry within the breed.

Table 2 and Fig. 3 (note that in Fig. 3 the scales differ
for each panel) show the performance of the estimates.
In the “all generations genotyped” scenario, both GLS
and pseudo-EM+AF are very accurate. GLS under-
estimates off-diagonal relationships in the first breed,
because (again) estimated allele frequencies are not per-
fect, whereas pseudo-EM+AF overestimates them in the
second breed, probably because the literature estimates
of AF that we used do not consider correctly missing
pedigrees, which is shown by the bias being larger for
the block that would correspond to LCN (upper right)
that has more missing pedigree. In any case, both GLS
and pseudo-EM+AF estimates of I should perform ade-
quately for genetic evaluations because the differences
with the true T are very small.



Legarra et al. Genetics Selection Evolution (2024) 56:35

When only “last” generations have individuals with
genotypes, GLS does not provide a good estimate
because, although it does capture the block structure
of the two populations, it has values that are too high
in the diagonal, exceeding the biological limits of 2. On
the contrary, pseudo-EM+AF obtains values that are
quite close to true values, even if there are always small
biases towards the ends. It is also worth mentioning that
pseudo-EM errors are of the same (small) magnitude in
the “all” and “last” scenarios, which is not true for GLS,
that has a performance that is strongly affected by dis-
tance of the estimated MF to genotyped individuals.

Convergence to the required value was fast, about ~7
iterations for all simulations, except for the “asymmetri-
cal, last generations genotyped” scenario, which took 59
iterations.

In all three simulations, we genotyped every 10th indi-
vidual within each genotyped generation, which ensures
a homogeneous genotyping. This is not true in real life
where elite animals and lines are over-represented in the
genotypes, which might lead to biases in the estimation
of I.

Discussion

The lack of a general method to estimate I is a real prob-
lem for use of MF in genetic evaluations. Indeed, several
studies used ad hoc techniques to estimate I, e.g. [6, 8]
and the lack of a general method is a frequent complaint.
In our experience, the simple GLS method yields some
parts of T' that are well estimated (i.e. for large breeds)
whereas other parts are not (e.g. for small breeds).

Our method of ML for one population is rather simple
and not more expensive computationally than the GLS
method. Although a bit more complex to implement,
the ML method provides estimates that are guaranteed
to be in the parametric space and more robust than
the GLS method estimates. For the cases where there
are no genetic groups or MF, Garcia-Baccino et al. [3]
proved that using a single MF was better than the cur-
rent methods of “tuning” the G matrix [23], and that the
ML method or the GLS method provided good estimates.
Another option is, of course, to use base allele frequen-
cies to build G.

Our methods of pseudo-EM and pseudo-EM+AF do a
good job, in particular when information is “asymmetri-
cal” or genotypes exist only in the last generations. Our
method uses already available AF based on pedigree. It
may be argued that AF changes with time, but past AF
does not change, and the method can easily accom-
modate different AF along time by changing K, AF, or
both. Estimation of AF is challenging in itself [7, 24] and
underestimation of AF will result in values of I too close
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to each other. In our sheep-based example, we have not
applied any particular technique for correction of miss-
ing pedigree and the results are reasonable, which seems
to imply that the method is robust to a small number of
missing pedigree records.

An alternative method by Kudinov et al. [6, 9] models
I' using covariance functions in a rather general man-
ner, i.e. it would be of the form I' = ®I'¢®’ where ® is
a matrix that is similar to our K matrices and I'g can be
estimated from data. This method is expected to properly
describe the increase in coancestry in closed populations,
provided enough information (genotypes) across time is
given, which may not be true in all cases, for instance, for
beef or sheep. It is possibly of interest to dig into the sim-
ilarities of the two methods and combine them.

Another alternative method in the literature is GLS to
obtain allele frequencies [3, 17, 25], followed by the equa-
tion fb‘b/ = 8Cov(pp, p) [3]. We have improved this
method in two manners. First, we use a better definition
of Tpy = (%) (2pp — 1)(2py — 1)/, where p;, and py are
row vectors of allele frequencies, which does not rely on
random coding of alleles. Second, the equation
lA"b,b/ = 8Cov (pp, pi ) uses estimated p in place of true p
and this leads to cumulation of errors within MF (upward
bias in the diagonal) or negative covariance of errors
across MF (downward bias off-diagonal) globally leading
to biased estimates of T for extreme cases (i.e. our simula-
tions with “last” individual genotyped). On the one hand,
the GLS method can be refined and made into a sort of
GLS+AF method [10] although we have not attempted to
do this. On the other hand, the pseudo-EM strategy is
not more expensive computationally and has better theo-
retical properties.

Compared to GLS, pseudo-EM should be a more
robust method because it is an (approximation of) EM
algorithm, i.e., it should yield estimates within the para-
metric space, as far as the approximation is a good one.
Pseudo-EM+AF yielded estimates within the param-
eter space in the case “two breeds with groups per year
of birth’, whereas GLS did not. Computing times of GLS
and pseudo-EM (with or without AF) are similar if effi-
ciently programmed because both require some form of
either Ar! or A~! and manipulation of G or Z depending
on the actual form of the algorithms. A difference is that
pseudo-EM is an iterative algorithm that requires some
iterations, which in our case were mostly a small number
(< 7) but not always (59 for one case).

It is also of interest to present pseudo-EM compared
to previous algorithms and true ML. Consider the

1 N
update Ty = (Alr-"{;)mf) + (%) <2Pr(t) — lnpopl;()
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~ /
<2Pr(t) - ly,popl;(). The second part of the update,

~ —~ /
(%) (Zl’rm - lnPOPI;() (2Pr(t> - lnpoplk) ,
sponds to the GLS estimator of [3], the differences
being that the latter: (1) used A (not Ar), (2) was not
iterated and (3) used the covariance across allele fre-
quencies instead of the cross-product. In addition, the

corre-

-1
first part of the update <A?”{tmf) considers the pre-

diction error variance in the prediction of allele fre-
quencies in P, i.e. the more the genotyped animals are
far from MF, the less the EM algorithm relies on esti-
mates of allele frequencies. The prediction error vari-
ance will be different for MF that have less information
in genotyped animals.

This expression also allows us to see that, the left part
of the update (I't — Amf,zr(t)A£211~(t)A2,mfr(t)) is the pre-
diction error covariance matrix of genotypes for MF
given the observed G [15], and this prediction error
covariance which was included in the approximate ML
estimator suggested (but not actually used) by Garcia-
Baccino et al. [3]. R

Matrix Ay in Tron =Ts+ ApparmAsr (G
— A22F(t))A;21r(t)A2,mfF(t) is actually a matrix of
breed proportions Ajurr = szt, which gives
Ti =T+ TiQbA%r ) (G — Anary) Ay, Qs
At convergence T = ft-i—l = ft which implies that T is
the solution to the (non-linear) equation 0 = QéAz_zlr(t)
(G — Anrm)Ayr Q2

As for the comparison with true ML, consider this
last non-linear equation 0= QéA;zlr(t) (G - Azzr(t))
AprpQ  in the ME:

1 -1 .
0= I/Azzr(t) (G — A22F(t))A22F(t)1' After applying the
identities to A,z = A22(1 - %) and some algebra, the
preceding non-linear equation yields the linear equa-
tion on y:

case  of  single

14

_ 1A'GA
1=+ yUAG 1= 22 22

A1

The solution of this equation is an estimate y. How-
ever, we note that compared to ML, the term Tr (A2_21 G)

does not appear here. Therefore, the solution to this
equation is not the ML estimate. We also note that for n
unrelated individuals Aj; =1,, and we obtain
y R nizl’Gl = mean(G) as expected.

Last, it has to be recalled that the Mendelian sam-
pling variances D;; contain likelihood information about
I', which is used in true ML but the maximization of
which is unclear in pseudo-EM. For instance, F1 and F2

Page 12 of 16

individuals AXB or (AXB)X(AXB), in spite of having the
same breed proportions will have different Mendelian
sampling variances of their respective gametes [13].

Conclusions

The theory of MF allows a general method that accom-
modates pedigree and genomic relationships correctly.
However, its use demands estimation of relationships
across base populations (I') which is complex, in particu-
lar in the complex pedigrees used in livestock genetics.
Using Gaussian likelihoods, we derived ML, pseudo-EM
and pseudo-EM+AF methods to estimate I' in many
realistic settings. These methods require either set up
and comparison of genomic and pedigree relationships,
or use of allele frequency estimates based on observed
markers and pedigree, sometimes completed with addi-
tional information (evolution of inbreeding) from pedi-
grees. Computational cost is therefore low. Estimates are
accurate in real and simulated data. These methods will
help testing and using MF for genetic evaluations in live-
stock species.

Appendix

Computational tricks to obtain the likelihood and parts

of the maximization algorithm

Likelihood

The likelihood is composed of two parts, log(det(Ara2))

and Tr((Arzg)*lG). The value of log(det(Ara2)) can be

computed as follows:
(option 1) get log-determinant of Ay using:

(1) Compute Ars)

(2) L = cholesky(Ara2) ie., the lower triangular factor
of its Cholesky decomposition.

(3) In|lArazl = 23" logL;; where L;; are the diagonals of
the L Cholesky factor.

(option 2) In|Aroz| can be obtained from sparse matri-
ces Ap Land All-1 (the (sparse) block of the (sparse) Ap 1
corresponding to non-genotyped individuals and meta-
founders) using partitioned matrix theory as:

’

log|Araz| = log‘Allal‘ — log‘Ali1

where log|A}1‘ is computed e.g. using sparse inversion.
The log‘Alil ‘ is computed as follows. Alil =T 'D7IT!
[ar] = [T7||p~1] [T = DY)

because T~ is a triangular matrix with a diagonal of 1 s.

and therefore
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Matrix |D
and the part linked to “animals”:

_1‘ contains two parts, the part linked to MF

1
o= n
dj;
where 1/d;; are the contributions summed in Henderson’s
algorithm for the A-inverse, but here depends on I'. Thus:

log‘AFl‘ = log‘l'_l‘ + Zl(’g<;ﬁ>’

where the summation extends to all animals in the
pedigree.
The value of Tr (Al:zlzG) can be obtained in at least two

different ways.

b=Tr(A7HG) =3 > ((A;zlz) >

in other words, as the sum of elements of the direct prod-
uct A1?212 © G, which is very easy if they have already
been computed.

Alternatively, for instance if A1?212 is not directly com-
puted but products Alizlzz can be computed [26]:

_ _ ,2 2 _
b=Tr(Ar,G) = Tr <AF21222 k) =% ZZJ/’Arzlzzj’

where the summation includes j = 1,. . ., k loci.

Parts of the single-metafounder exact ML equation

The value of a = 1/ A2_211 can be computed as the sum of
the elements of Ay, (if explicitly computed) or using an
indirect method to yield products A1?212 1.
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For the value of b, see above.

The value of ¢ = 1/ AITZZGAITZIZI can be obtained explic-
itly if matrices are available or indirectly, noting that
¢ = VArLGAT, 1 = VAL (322 ) Arhy1 = e =
where t is a vector of size k number of markers,
t' = 1'Ar,,Z. Elements of t can be computed by pre-com-
puting the vector q = 1’ Ar22 and then looping through
markers as ¢; = q'z; or directly, in a loop similar as above,
as:

=3 (a%)"

j
Exact ML for one metafounder

Consider jog, (T = —(k/2)log (det(Arx)) — (k/2)Tr
((A]“gz)_lG). Using formulas from [27], we obtain:

(=5

det(Ay2) = det (A;zl) 1—y/2)" (1 + VA /(- y/2))

= det(Az ) —y/2" (14 VA1)

A1y

-1 _
=Ay(1—y/2)— v
—§ +y1AG))

(Ay22)

Inserting those into the log-likelihood function, and
using short-hand notation a =1’ A;zl 1, b=Tr (A;;G)

and ¢ = Tr(AZ' 1VAZG) = VA7] GAZ'L ie. the sum

of all elements of A,! GA,,!, we obtain:

. k k y k y
logi(y) = — (2>log(det<A22)> - (2><n ~Dlog(1-2) - (2>log(1 -2 +va)
(Bt e
2)(1-%) \2/ (1=-5)(A-5+ra)

The ML estimate is obtained by differentiating /(y) and
setting equal to zero, where we note that the k/2 in front of
each term in the expression can be ignored,

_ (n—-1)/2 —-1/2+4+a b/2
A-y/2) 1-y/24+ya (1-y/2’

1-50-%+ya)-v(a-3) (-3 +a) - (1‘*”“))'

+c 3 3
Q—-y/2*A-y/2+ya)
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Multiplying by ((1—y/2)?)(1 — y/2+ ya)* on both
sides of the equation followed by some algebraic manipula-
tions, we obtain a cubic equation:

e3sy® + ey’ +e1y +e =0,

where e3 = —n(—1/2+a)?/2, ey =n((-3/2+a) +a
=b(—1/2+a)+c)(—1/2+a), e1 = (n—1)(—3/2 + 2a)
—(—1+2a)(—3/24+a+b)andeg = n —2a — b+ 2c.

Solving a cubic equation, first requires the computa—
tion of the discriminant A = 18e3ezejey — 46260 + 6261
—4-6361 + 276360 If A > 0, then there are three distinct
real roots, and if A < 0, then there is only one real root,
which is the ML estimate of y (if in the parametric space),
and two complex roots.

Derivatives of the likelihood
The first derivative of Tr (Ali1 G)

Based on the definition of trace, and using rules for differ-
entiation of a trace [28]:

Tr( ) = Tr(T I’D_IT’1G>
(o7

= Tr (DT 'GT~ 1/)
=Tr DFIT_ 1’)
- Tr Drlww’)

= 1(D;'B),

where W = T~1Z/+/0.5k, B = WW’. Note that the block
of T~! corresponding to MF is simply an identity matrix,
and thus the block of B corresponding to MF is simply
Gr. Thus,

aTr(A;1G) BTr(DFIB) (aDFI )
= :Tr B .

oy oy oy

The first derivative of log (det(Ar))
Based on the definition of Jacobi formula (see for instance
chap. 15, 8.5 in [28]):
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ddet(Ar)

=det(Ar)Tr
dy

IA
=det(Ar)Tr< DT r)
dy
aD
(_I’DFIT_lT FT),
ay
—1m—1..0DF
< 1/Dr1T lT 8 >
y

where we note that 0D /9y depends on which parameter
the function is differentiated with respect to, but it does
not depend on the actual values of any of the parameters.

Therefore,
dlog(det(Ar)) 1 ddet(Ar) _,0Dr
= = Tr( DF == ).
ay det(Ar) 9y ay

The first derivative of logL(T)
Based on the preceding equations, the first derivative of
log-likelihood function would be:

[ -1
dlogr (I k | dlog(det(Ar)) 8Tr(Ar G)
oogLil) K N
Iy 2 oy ay
k| _19Dr aD;!
=——|Tr\Dp — | +Tr B
2 dy oy
k "T D! & —Dp
= -3 r —
2 dy r

The structure of B and Dr is:

D T, for metafounders
I' = diagonal matrix, for non-metafounders’

B— GumF, for metafounders
) WamrWaumr', for non-metafounders

Thus, dlog;(l‘) can be expressed as follows:

or—1! @G I
ay 2 ay ME

k aD;}i
) [Z l 3)/' (Bi'i _Dﬂ,i)]]’
i

where sum over i
ar! _ _ p-13lp-1
ay r 3yr

Inserting this, we obtain:

dlog/(I')  k

Tr

is for non-metafounders and
—1
DR

and 5L = aDF”/(Dr”).




Legarra et al. Genetics Selection Evolution (2024) 56:35

ay 2 Y
k Dy, 1 B;;
i

4

dy \Dry D%i,i

dlog; (T') _ k _ 0T _1
soe ) _ _ [Tr[r 8—(1— r GMF>H

The first term involves Gyr and is simple to manipu-
late. The last term implies individual terms of Mendelian
sampling variances Dr,; and it is difficult to compute and
derive algebraically in a recognizable form. Instead, we

approximate al%;(r) by its first term as:

dogg (M) . k —10I -1
oD ~ 7 [T 130 (1= T2Gr) ||

Derivation of the pseudo-EM algorithm
Consider the approximation above:
dlogr (M) . _k —19r -1
oD ~ 7 [T 13E (1= T1Gr) ||
setting to 0 and factorizing —% and introducing y;; to indi-
cate which of the points of T we work with gives:

aor aTr

Tr {r—l} = [Tr [r—lr*GMFH.
Vi dVij

Now we focus on Tr {I‘_lg—]};}. In fact, g—)}; is a matrix

E(i,j) that contains 1 in the (i,j) position and 0 other-

wise. The direct product T™! © E (i, j) produces a matrix

with 0 s and picking up elements (i,j) of the matrix T 1,

Then we use the fact that:

Tr(AB) = > aybj= Y

all elements

(A OB),

to observe that in fact Tr [F_laa—;;} = Tr[TE(i,j)] as
follows:

for i = j (diagonal elements) then we obtain the diago-
nal element y¥ (the element (i,j) of I}, not of I);

for i #j (off-diagonal elements) then we obtain 2"
(because there are two 1's then in E(i,j)).

Now we focus on the expression Tr [F_lg—}zr_lGMp}

=Tr [%F’IGMFF’I}. By the same reasoning, when we
consider y;; we obtain:

for i = j (diagonal elements) we get the element (i, ) of
I Gy ie. T G D14, )

for i # j (diagonal elements) then we get twice the ele-
ment (i,7) of I 7'GprT %, ie. 2T "1 Gpge T i, )

Thus, for each (i, j) combination we have one (for i =
in the position (i, {)) or two (for i # j, in the positions (i,j)
and (j, i)) scalar equations of the form:
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Y =T GurT i ],

(note that for i # j the factor of 2 cancels out). Putting
all these equations together we obtain:

I =T'GyI Y,
which after pre- and post-multiplication by I’ results in:

' =Gyr.

Acknowledgements
The reviewers and the editor are thanked for many details and insightful
comments.

Author contributions

All four authors derived different parts of the theory. AL and MB prepared the
examples. AL ran the test with real Lacaune data. The first version was written
by AL with input from all four authors. All authors have read and approved the
final manuscript.

Funding
Not applicable.

Availability of data and materials
Not applicable.

Declarations

Ethics approval and consent to participate
Not applicable.

Consent for publication
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Author details

'CDCB, 4201 Northview Drive, Bowie, MD 20716, USA. >Animal and Dairy Sci-
ence, University of Georgia, 425 River Rd, Athens, GA 30602, USA. *Department
of Biostatistics, Boston University School of Public Health, Boston, MA 02118,
USA. “Center for Quantitative Genetics and Genomics, Aarhus University, C. F.
Mellers Allé 3, bld. 1130, 8000 Aarhus C, Denmark.

Received: 8 September 2023 Accepted: 18 March 2024
Published online: 02 May 2024

References

1. Legarra A, Christensen OF, Vitezica ZG, Aguilar |, Misztal I. Ancestral
relationships using metafounders: finite ancestral populations and across
population relationships. Genetics. 2015;200:455-68.

2. Christensen OF, Legarra A, Lund MS, Su G. Genetic evaluation for three-
way crossbreeding. Genet Sel Evol. 2015;47:98.

3. Garcia-Baccino CA, Legarra A, Christensen OF, Misztal |, Pocrnic |, Vitezica
ZG, et al. Metafounders are related to Fst fixation indices and reduce bias
in single-step genomic evaluations. Genet Sel Evol. 2017,49:34.

4. Christensen OF. Compatibility of pedigree-based and marker-based
relationship matrices for single-step genetic evaluation. Genet Sel Evol.
2012;44:37.

5. Macedo FL, Astruc JM, Meuwissen THE, Legarra A. Removing data and
using metafounders alleviates biases for all traits in Lacaune dairy sheep
predictions. J Dairy Sci. 2022;105:2439-52.



Legarra et al. Genetics Selection Evolution (2024) 56:35

20.

21.

22.

23.

24.

25.

26.

27.

28.

Kudinov AA, Koivula M, Aamand GP, Strandén |, Méntysaari EA.
Single-step genomic BLUP with many metafounders. Front Genet.
2022;13:1012205.

VanRaden PM. Accounting for inbreeding and crossbreeding in genetic
evaluation of large populations. J Dairy Sci. 1992;75:3136-44.

Bermann M, Aguilar I, Lourenco D, Misztal |, Legarra A. Reliabilities of
estimated breeding values in models with metafounders. Genet Sel Evol.
2023;55:6.

Kudinov AA, Mantysaari EA, Aamand GP, Uimari P, Strandén I. Meta-
founder approach for single-step genomic evaluations of Red Dairy
cattle. J Dairy Sci. 2020;103:6299-310.

Wicki M, Raoul J, Legarra A. Effect of subdivision of the Lacaune dairy
sheep breed on the accuracy of genomic prediction. J Dairy Sci.
2023;106:5570-81.

. Legarra A, Bermann M, Mei Q, Christensen OF. Short communication:

redefining and interpreting the genomic relationships of metafounders.
Genet Sel Evol. 2024. https://doi.org/10.1186/512711-024-00891-w.
Christensen OF, Legarra A. Maximum likelihood estimation of meta-
founder parameters for single and multiple breeds. In: Proceedings of
12th world congress on genetics applied to livestock production: 03-08
July 2022; Rotterdam; 2022.

Garcia-Cortes LA, Toro M. Multibreed analysis by splitting the breeding
values. Genet Sel Evol. 2006;38:601-15.

Quaas RL. Additive genetic model with groups and relationships. J Dairy
Sci. 1988;71:91-8.

Christensen OF, Lund MS. Genomic prediction when some animals are
not genotyped. Genet Sel Evol. 2010;42:2.

Legarra A, Aguilar |, Misztal I. A relationship matrix including full pedigree
and genomic information. J Dairy Sci. 2009,92:4656-63.

Gengler N, Mayeres P, Szydlowski M. A simple method to approximate
gene content in large pedigree populations: application to the myostatin
gene in dual-purpose Belgian Blue cattle. Animal. 2007;1:21-8.

Sorensen DA, Kennedy BW. The use of the relationship matrix to account
for genetic drift variance in the analysis of genetic experiments. Theor
Appl Genet. 1983;66:217-20.

Chen GK, Marjoram P, Wall JD. Fast and flexible simulation of DNA
sequence data. Genome Res. 2009;19:136-42.

Garcia-Baccino CA, Pineda-Quiroga C, Astruc JM, Ugarte E, Legarra A.
High genetic correlation for milk yield across Manech and Latxa dairy
sheep from France and Spain. JDS Commun. 2022;3:260-4.
Granado-Tajada |, Rodriguez-Ramilo S, Legarra A, Ugarte E. Inbreeding,
effective population size, and coancestry in the Latxa dairy sheep breed. J
Dairy Sci. 2020;103:5215-26.

Rodriguez-Ramilo S, Elsen JM, Legarra A. Inbreeding and effective popu-
lation size in French dairy sheep: comparison between genomic and
pedigree estimates. J Dairy Sci. 2019;102:4227-37.

Vitezica Z, Aguilar I, Misztal |, Legarra A. Bias in genomic predictions for
populations under selection. Genet Res (Camb). 2011;93:357-66.

Colleau JJ, Sargolzaei M. MIM: an indirect method to assess inbreeding
and coancestry in large incomplete pedigrees of selected dairy cattle. J
Anim Breed Genet. 2011;128:163-73.

McPeek MS, Wu X, Ober C. Best linear unbiased allele-frequency estima-
tion in complex pedigrees. Biometrics. 2004;60:359-67.

Masuda Y, Misztal I, Legarra A, Tsuruta S, Lourenco DAL, Fragomeni BO,

et al. Technical note: avoiding the direct inversion of the numerator rela-
tionship matrix for genotyped animals in single-step genomic best linear
unbiased prediction solved with the preconditioned conjugate gradient.
J Anim Sci. 2017;95:49-52.

Henderson HV, Searle SR. On deriving the inverse of a sum of matrices.
SIAM Rev. 1981;23:53-60.

Harville DA. Matrix algebra from a statistician’s perspective. New York:
Springer-Verlag; 1997.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in pub-
lished maps and institutional affiliations.

Page 16 of 16


https://doi.org/10.1186/s12711-024-00891-w

	Estimating genomic relationships of metafounders across and within breeds using maximum likelihood, pseudo-expectation–maximization maximum likelihood and increase of relationships
	Abstract 
	Background 
	Methods 
	Results 
	Conclusions 

	Background
	Theory
	Likelihood
	Maximum likelihood for a single metafounder
	Maximum likelihood with multiple metafounders
	Derivatives of the “complete” likelihood
	Pseudo-EM algorithm
	E-step
	M-step
	Algorithm

	Methods to estimate  across and within breeds using the increase in relationships
	Numerical example

	Tests
	Maximum likelihood with one metafounder
	Simulation
	Results from simulation

	Discussion
	Conclusions
	Appendix
	Computational tricks to obtain the likelihood and parts of the maximization algorithm
	Likelihood
	Parts of the single-metafounder exact ML equation

	Exact ML for one metafounder
	Derivatives of the likelihood
	The first derivative of 
	The first derivative of 
	The first derivative of logL()

	Derivation of the pseudo-EM algorithm

	Acknowledgements
	References




