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Model Checking Reversible Systems: Forwardly⋆

Federico Dal Pio Luogo1, Claudio Antares Mezzina[0000−0003−1556−2623]2, and
G. Michele Pinna[0000−0001−8911−1580]1

1 Dipartimento di Matematica e Informatica, Università di Cagliari, Italy
2 Dipartimento di Scienze Pure e Applicate, Università di Urbino, Urbino, Italy

Abstract. Reversibility is nowadays playing a major role when dealing
with systems, allowing to revert to safe states of systems evolutions. For
instance reversibility can be applied to causal-consistent debugging. On
the other hand, Linear Temporal Logic (LTL) has been used to formalize
properties that a system may fulfil, and it may be equipped with past op-
erators. This makes this logic appealing to express and prove properties
of a reversible system. In this paper we investigate this feature, and we
use the classical approaches to model check LTL formulas on unfoldings,
in order to deal with reversible systems.

1 Introduction

Reversibility has attracted interests since the 70’s for its promise of reach-
ing low-energy computations. Recently, reversibility has found applications in
modelling biochemical reactions [28, 26], enhancing parallel discrete event sim-
ulators [29], formalising fault-tolerant systems [3, 13, 31, 22], and improving re-
versible debuggers [10, 16]. Due to this versatility, several classical formalisms
have been adapted to model reversible systems: reversible process calculi [2, 27,
14], reversible Petri nets [21, 20, 23] and reversible event structures [30, 19], just
to name a few. Although many formalisms have emerged for modelling reversible
computations, especially in concurrency, the verification of such systems has re-
ceived little attention mainly focusing on equivalence theory [24, 25, 15].

Model checking is a well-know verification technique. It involves building a
finite state model of the system to be verified, and then proving that desired
properties, expressed as logic formulae, hold on the model. Usually properties
are expressed using a temporal logic, for instance linear temporal logic (LTL).
Such a logic has modal operators to deal with the future of events, and its
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Main Thread A Thread B
. . . . . .
x = 1; a = x; b = x;
. . . . . . . . .

Fig. 1: A shared memory scenario involving two threads

applications to forward-only systems have been studied thoroughly (e.g. [1, 5]
and quotation herein).

In a reversible system we can observe two directions of computation: the
classical forward one, and a backward one aiming at undoing the effects of the
forward computation. Hence, a natural question arises: how can we model check
a reversible system? One option is to equip LTL with modal operators dealing
with the past. In fact LTL can be endowed with past modal operators and
the interesting result is that this extension does not add expressivity to LTL
([17]). Therefore a logic with past operators seems promising in the capability
of describing the two computational directions of a reversible systems.

However the act of undoing the effect of a forward computational step can be
seen itself as a forward action. This observation suggests that one can use just a
future temporal logic only. Since LTL with past (PLTL) and LTL without past
have the same expressive power, and there are various ways to encode PLTL into
LTL (see for example [8]), we can just focus on LTL. The choice of considering
LTL instead of other logics is also motivated by the fact that in the reversible
system we are not interested in branching time, but rather on the linear line on
which we can go also backward.

Consider the following shared memory scenario, depicted in Figure 1, in which
two threads read the value of a variable shared with the main method: the threads
can read the initial value of the variable, which is 0, or 1 depending on whether
they have read the value of x before or after the main method has modified it.

Assuming sequential consistency, if we were to reverse debug such a program
we would like to check the following property: if thread A reads the value 1 this
means that it has never read 0 before, or it has read in the past 0 but then it
has undone this action. This is a kind of property that can be expressed in a
temporal logic with past operators. However, if we think in terms of future we
could rephrase the above property as follows. If the thread A reads 1 then two
situations are possible: either it will never read 0 or it can read 0 and then it
will have undone this read. The above scenario can be described using future
operators only.

We now turn our attention on how to describe the forward and backward
computations of a reversible systems. A concurrent system can be seen as a
product of several components that run in parallel and synchronise on some ac-
tions. Such components run sequentially without internal concurrency, but they
exhibit internal nondeterminism due to some choices. This model of concurrency
is not different from the real world ones. Take for example the actor-model (made
popular by Erlang) where actors are sequential computational units and they
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can synchronise with each other by message exchange. Hence, we consider our
system as a multi-clock net (mcn-net), introduced in [6], which precisely captures
the idea of single-threaded components running in parallel.

The choice of modelling a system with mcn-nets allows us to describe their
behaviours with unfoldings that in this particular case turn out to be mcn-nets
as well. Also, the unfolding produces an occurrence net, and we can reason
about reversibility as it is done in [21], by simply adding for every transition
we want to reverse an exact opposite one (e.g., consuming tokens in the postset
and producing tokens in the preset). Despite these transitions, the unfolding
remains a product of state machines without concurrency, or transition systems.
Therefore, the final result is still a transition system, and we can use standard
techniques to verify LTL formulae, as in [5].

We sum up our approach to model check forwardly properties regarding
reversible computations of a reversible system:

1. we describe a concurrent system as a parallel composition of sequential pro-
cesses,

2. we unfold the system to obtain a representation of all its possible behaviours,

3. we add reversible transitions to the unfolded system following [21], which
can be unfolded again to obtain a forward representation of all the possible
behaviours of a reversible system, and

4. we use standard LTL model checking to model check the obtained system.

Structure of the paper: We start, in the next section, by revising nets, multi-clock
nets and unfoldings, and in Section 3 we describe the temporal logic we will use.
In Section 4 we show how to add reversibility to the transition systems and in
Section 5 we describe how properties of our reversible systems can be verified.
Finally we draw some conclusions.

2 Petri nets, Multi-clock nets and Unfoldings

A concurrent system can be modelled by a suitable class of Petri nets, and its
computations can be still expressed as a Petri net. Hence in this section, we will
first introduce the class of Petri nets we will be using to model a concurrent
system and then show how it is possible to express its behavious.

With N we denote the set of natural numbers. Let X be a set, with |X| we
denote the cardinality of the set.

We start reviewing the notions of (safe) labeled Petri nets and of token game.
We fix a set Σ of transition names.

Definition 1. A labeled Petri net over Σ is a 5-tuple N = ⟨S, T, F,m, ℓ⟩, where
S is a set of places and T is a set of transitions (with S∩T = ∅), F ⊆ (S×T )∪
(T × S) is the flow relation, m : S → N is the initial marking, and ℓ : T → Σ is
a labeling mapping.
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Ordinary Petri nets are those where the labeling is the identity. Subscripts or
superscript on the net name carry over the names of the net components. Given
x ∈ T ∪ S, •x = {y | (y, x) ∈ F} and and x• = {y | (x, y) ∈ F}. •x and x• are
called the preset and postset respectively of x. A net ⟨S, T, F,m, ℓ⟩ is as usual
graphically represented as a bipartite directed graph where the nodes are the
places and the transitions, and where an arc connects a place s to a transition t
iff (s, t) ∈ F and an arc connects a transition t to a place s iff F (t, s) ∈ F . We
assume that all nets we consider are such that ∀t ∈ T •t and t• are not empty.

A transition t is enabled at a marking m, if m contains the pre-set of t,
where contain here means that m(s) ≥ 1 for all s ∈ •t. If a transition t is
enabled at a marking m it may fire, yielding to a new marking m′ defined as
m′(s) = m(s)−|•t∩{s}|+ |t•∩{s}|. The firing of t at m giving m′ is denoted as
m [t⟩m′ and with m [t⟩ we say that t is enabled at m. A marking m′ : S → N is
reachable whenever there exists a sequence of transitions t0, . . . , tn and markings
m0, . . . ,mn+1 such that mi [ti⟩mi+1 for all i ≤ n, m0 is the initial marking and
mn+1 is m′. The set of reachable markings of a net N is denoted with MN .
A net N is said to be safe whenever its places hold at most one token in all
possible evolutions, namely ∀m ∈MN it holds that m can be seen as a set (the
only possible values are 0 and 1). We will consider safe nets only, and we will
identify markings with the subsets of places carrying a token.

We recall some notions that will come in handy in the following.

State machines: A state machine net is a safe net where only choices are allowed,
and at each reachable marking if two or more transitions are enabled, then only
one can fire. Formally:

Definition 2. Let N = ⟨S, T, F,m, ℓ⟩ be a safe net. N is said to be a state
machine net whenever ∀t ∈ T it holds that | •t| = 1 = |t•|, and ∀m′ ∈ MN it
holds that for all t, t′ ∈ T if m′ [t⟩ and m′ [t′⟩ then •t ∩ •t′ ̸= ∅.

Net morphisms: The notion of morphism between safe nets [32] formalizes how
labeled safe nets are related.

Definition 3. Let N = ⟨S, T, F,m, ℓ,Σ⟩ and N ′ = ⟨S′, T ′, F ′,m′, ℓ′, Σ′⟩ be safe
nets over Σ and Σ′ respectively. A morphism ϕ : N → N ′ is a pair ⟨ϕT , ϕS⟩,
where ϕT : T → T ′ is a partial function and ϕS ⊆ S × S′ is a relation such that

– for each s′ ∈ m′ there exists a unique s ∈ m and s ϕS s
′,

– if s ϕS s′ then the restriction ϕT :
•s → •s′ and ϕT : s

• → s′
•
are total

functions,
– if t′ = ϕT (t) then ϕ

op
S : •t′ → •t and ϕopS : t′

• → t• are total functions, where
ϕopS is the opposite relation to ϕS,

– ϕT preserves labels, i.e. ℓ′(ϕT (t)) = ℓ(t).

Morphisms among safe nets preserve reachable markings. Consider ϕ : N → N ′,
then for eachm,m′ ∈MN and transition t, ifm [t⟩m′ then ϕS(m) [ϕT (t)⟩ϕS(m′)
where ϕS(m) = {s′ ∈ S′ | ∃p ∈ m and p ϕS s

′}.
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Restriction of a net: A subnet is obtained by restricting places and transitions,
and accordingly the flow relation and the initial marking.

Definition 4. Let N = ⟨S, T, F,m, ℓ⟩ be a labeled Petri net and let S′ ⊆ S be a
subset of places and T ′ = •S′ ∪ S′•. The subnet generated by S′, denoted with
N |S′ is the net ⟨S′, T ′, F ′,m′, ℓ′⟩, where F ′ is the restriction of F to S′ and T ′,
m′ is the multiset on S′ obtained by m restricting to the places in S′ and ℓ′ is
the restriction of ℓ to the transitions in T ′.

Product of safe nets: We define how to combine components represented as safe
nets. The idea is that the components may share transitions with the same
labels, synchronising on them. We assume w.l.o.g. that nets have disjoint places
and transitions.

Definition 5. Given two safe nets N = ⟨S, T, F,m, ℓ⟩ and N ′ = ⟨S′, T ′, F ′,
m′, ℓ′⟩ on Σ and Σ′ respectively, such that S ∩ S′ = ∅ and T ∩ T ′ = ∅, their
product is defined as the safe net N ×N ′ = ⟨S ∪ S′, T̂ , F̂ ,m+m′, ℓ̂⟩ on Σ ∪Σ′

where

– T̂ = T \ {t ∈ T | ℓ(t) ∈ ℓ′(T ′)} ∪ T ′ \ {t′ ∈ T ′ | ℓ′(t′) ∈ ℓ(T )} ∪ {{t} ∪ {t′} |
t ∈ T, t′ ∈ T ′ ∧ ℓ(t) = ℓ′(t′)},

– (s, {x, y}) ∈ F̂ iff (s, x) ∈ F or (s, y) ∈ F ′, ({x, y}, s) ∈ F̂ iff (x, s) ∈ F or
(y, s) ∈ F ′, and

– ℓ̂(t) = ℓ(t) if t ∈ T \ {t ∈ T | ℓ(t) ∈ ℓ′(T ′)}, ℓ̂(t) = ℓ′(t) if t ∈ T ′ \ {t′ ∈ T ′ |
ℓ′(t′) ∈ ℓ(T )} and ℓ̂({t, t′}) = ℓ(t) = ℓ′(t′).

The projections from N ×N ′ to N and N ′ are defined in the obvious way: the
places of each component are related with the same places in the product and the
mapping on transitions is undefined for the transitions of the other component,
and it is the identity on the ones of the component.

We observe that the product on safe nets is commutative and associative.

Proposition 1. The product of safe nets is associative and commutative, i.e.
N ×N ′ = N ′ ×N and N × (N ′ ×N ′′) = (N ×N ′)×N ′′.

2.1 Multi-clock nets

Safe nets can be seen as formed by various sequential components (automata)
synchronizing on common transitions. This intuition is formalized in the notion
of multi-clock nets, introduced by Fabre in [6].

Definition 6. A multi-clock net (mcn-net) N is the pair (N, ν) where N =
⟨S, T, F,m, ℓ⟩ is a safe net and ν : S → m is a mapping such that

– for all s, s′ ∈ m, it holds that s ̸= s′ implies ν−1(s) ∩ ν−1(s′) = ∅,
–

⋃
s∈m ν

−1(s) = S,
– ν is the identity when restricted to m, and
– for all t ∈ T . ν is injective on •t and on t•, and ν( •t) = ν(t•).
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The cardinality of a mcn-net N, denoted with υ(N), is the cardinality of m.

Given s ∈ S, with s we denote the subset of places defined by ν−1(ν(s)). The
consequence of the last two requirements, namely (i) ν(m) = m, (ii) ν is injective
on the preset (postset) of each transition and that ν( •t) = ν(t•), is that, for
each s ∈ m, the net ⟨s, Ts, Fs, {s}, ℓs⟩ is a net automaton, i.e. the preset and the
postset of each transition has exactly one element, where Ts are the transitions
of N such that ∀t ∈ Ts •t ∩ s ̸= ∅ and t• ∩ s ̸= ∅, and Fs is the restriction of F
to s and Ts. Each place s in the initial marking can be identified with an index
in {1, . . . , υ(N)}, hence we denote Ni as the net ⟨s, Ts, Fs, {s}, ℓs⟩ where i is the
index of s.

Proposition 2. Let (N, ν) be a mcn-net, with N = ⟨S, T, F,m, ℓ⟩. Then N |s is
a state machine net.

State-machine nets can be considered as finite state automata, and the conse-
quence of what stated above is that N = ⟨S, T, F,m⟩ can be seen as formed by
the various components. More precisely N is the product of the nets Ns where
s ∈ m and each Ns is ⟨s, Ts, Fs,ms⟩.

Proposition 3. Let (N, ν) be a mcn-net, with N = ⟨S, T, F,m, ℓ⟩. Then N =
×s∈mN |s.

Sometimes multi-clock nets will be identified with the underlying safe net
N = ⟨S, T, F,m⟩ and the partition mapping will be denoted with ν(N). It should
be stressed out that the partition is not unique.

We have now enough material to re-elaborate the shared memory example
given in the Introduction, casting it as a multi clock net.

Example 1. Let us consider the following shared memory scenario:

Main Thread A Thread B Possible Values
. . . . . . . . . x = 1; a = 0; b = 0;
x = 1; a = x; b = x; x = 1; a = 1; b = 0;
. . . . . . . . . x = 1; a = 0; b = 1;

x = 1; a = 1; b = 1;

where a global variable x is shared among two threads and the main program.
We assume that x is initialized to 0. The two threads read the value of x and copy
it to their local variables (respectively a and b), while the main program modifies
the value of the variable x by assigning 1 to it. Under sequential consistency,
we can have four possible combinations of values, depending on the scheduling:
either the two threads read x before the main method changes its value or one
of the threads reads 0 and the other reads 1, or they both perform the reads
after that the value of x has been changed. The above scenario can be modelled
by the mcm-net in the top part of Figure 2. We can see that as long as the
main program does not overwrite the value of x the two threads can only read
0 independently. This is modelled by the pink and light green transitions, which
are independent (occur in different components). The act of assigning 1 to x,
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w0

w1

x = 0 x = 0

x = 1 x = 1

b1

b2

b′2

a1

a2

a′
2

w0

w1

x = 0 x = 0

x = 1 x = 1

b1

b2

b′2

a1

a2

a′
2

Fig. 2: An mcn-net and its components

by the main program, is rendered by the w transition which consumes the old
value of the variable and produces the new value of the variable. Hence if the
transition w takes place, the pink and light green transition cannot fire, while
the red and green transition are enabled. These last transitions mimic the fact
that the threads can potentially read 1, and they are modelled so that their
execution is independent of the other. The bottom part of Figure 2 shows the
state machine nets whose product is the mcm-net (according to Proposition 3).

When we turn our attention to mcn-nets, we consider morphisms that pre-
serve the partitions.

Definition 7. Let N = (⟨S, T, F,m, ℓ⟩, ν) and N ′ = (⟨S′, T ′, F ′,m′, ℓ′⟩, ν′) be
two multi-clock nets. A morphism ϕ : N → N ′ is a mcn-morphism iff ∀s ∈ S,
∀s′ ∈ S′, s ϕS s

′ implies that ν(s) ϕS ν
′(s′).

2.2 Occurrence nets

Once we have modelled a system using (multi-clock) nets, we turn our attention
on how to describe the behaviours of the system. And on such behaviours we
will prove properties of the original system. The behaviour of a Petri net can be
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described using a suitable net ([4, 32, 11] among others). The idea is that a net
can be unrolled, yielding to an acyclic net called occurrence net, which describes
all the possible executions of a net.

Let N = ⟨S, T, F,m, ℓ⟩ be a labeled safe Petri net, the causality relation <
is the transitive closure of F and ≤ is its reflexive transitive closure. The set of
causes of a node x is defined as ⌊x⌋ = {y ∈ T ∪ S | y ≤ x}. Two different nodes
x and y are in conflict, written x#y if there are transitions t1 and t2 such that
•t1 ∩ •t2 ̸= ∅ and t1 ≤ x and t2 ≤ y. Execution paths of the Petri net branch
at the conditions where the conflict originates. Finally, the concurrency relation
co holds between nodes x, y ∈ S ∪T that are neither ordered nor in conflict, i.e.
x co y ⇔ ¬(x ≤ y) ∧ ¬(y ≤ x) ∧ ¬(x#y).

Definition 8. A Petri net N = ⟨S, T, F,m, ℓ⟩ is an occurrence net whenever

– ≤ is a partial order;
– for all s ∈ S, | •s| ≤ 1;
– for all x ∈ S ∪ T , the set ⌊x⌋ is finite;
– no node is in self-conflict, i.e. there is no x ∈ B ∪ E such that x#x; and
– for all s ∈ m. •s = ∅.

In literature, places and transitions of occurrence nets are called respectively
conditions and events and denoted with B and E respectively. Therefore an
occurrence net will be denoted with C = ⟨B,E, F, c⟩ with c ⊆ B being the
initial marking. The initial marking is such that the conditions b ∈ B have the
property that •b = ∅. The occurrence net associated to a safe net N , together
with a way relating places and transitions of this occurrence net to those of the
net N , is called unfolding of the net. The unfolding holds useful properties that
can be exploited to make the semantic of a net a reversible one.

Definition 9. Let N = ⟨S, T, F,m, ℓ⟩ be a safe net on Σ, C = ⟨B,E, F, c, ℓC⟩
be an occurrence net on Σ and let ϕ = (ϕS , ϕT ) : C → N be a net-morphism
such that

– ∀e ∈ E, ℓC(e) = ℓ(ϕT (e)),
– ϕ−1

S and ϕS |m are total functions; and
– ϕS |m is injective.

Then (C, ϕ) is an unfolding of N . The morphism ϕ is the folding morphism.

The construction of the unfolding, i.e. of the occurrence net and of the folding
morphism, is standard and it is omitted here. When considering nets with cycles,
as the unfolding represents all the computations, the resulting occurrence net
may be infinite. However it is enough to consider, of the unfolding, only a finite
part, provided that it is complete, namely all the possible computations are
somehow represented (see [18, 12] among others). Here we consider unfoldings
that are complete prefixes of an unfolding.

We now characterize better the unfolding obtained from a mcn-net.
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w0

w1

w1 w1

x = 0 x = 0

x = 1 x = 1

b1

b2

a1

a2

x = 0 x = 0

a′
2 b′2x = 1 x = 1

x = 1 x = 1

x = 1a′′
2 x = 1 b′′2

x = 1 x = 1w1

Fig. 3: The unfolding of the mcn-net in Figure 2. The conditions arising from
the places of each state machine are coloured in the same way.

Proposition 4. Let (N, ν) be an mcn-net on Σ, C = ⟨B,E, F, c, ℓC⟩ be an
occurrence net on Σ and ϕ : C → N be a net-morphism such that (C, ϕ) is an
unfolding of N . Define νC : B → c as follows: νC(b) = b′ when ∀s, s′ ∈ ϕ−1

S (b).
ν(s) = ν(s′) and ν(s)ϕSb

′. Then (C, νC) is an mcn-net.

The relevant result is that the unfolding of an mcn-net, which is the product
of some components, is an occurrence net which is still the product of some
components.

Proposition 5. Let (N, ν) be an mcn-net on Σ and (C, ϕ) be an unfolding of
N , with N = ⟨S, T, F,m, ℓ⟩ and C = ⟨B,E, F, c, ℓC⟩. Then C = ×b∈cC|b.

Example 2. Figure 3 depicts the complete unfolding of the mcn-net in the Ex-
ample 1. Observe that there are four writes (depending on whether or not x = 0
has been read by one of the readers) and each reader can read x = 1 in two dif-
ferent ways. When restricting the net to various components we have the various
unfoldings that keep memory of the previous interactions.

3 Past Linear Temporal Logic

Past Linear Temporal Logic (PLTL) is a modal temporal logic that extends
propositional logic with time operators (formally, modalities) to reason on (the
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future or the past of) paths of events. In the context of system verification, the
atomic propositions of the formulae are state labels, or basic assertions about
the states of the system under consideration.

Syntax: We fix a set AP of atomic propositions. A PLTL formula, ranged over
by Greeks letters, obeys to the grammar

ψ ::= true
∣∣∣ a ∣∣∣ ψ1 ∧ ψ2

∣∣∣ ¬ψ ∣∣∣⃝ψ
∣∣∣⊙ψ

∣∣∣ ψ1 Uψ2

∣∣∣ ψ1 Sψ2

where a ∈ AP . The temporal modalities are ⃝ (pronounced next), ⊙ (pro-
nounced previous), U (pronounced until) and S (pronounced since). We in-
dicate with PLTL the set of all the possible formulae generated by the above
grammar. The until operator allows to derive the future temporal modalities ♢
(eventually, sometime in the future) and □ (always in the future, from now on

forever) as follows ♢ψ
def
= trueUψ and □ψ

def
= ¬♢¬ψ, whereas the since opera-

tor allows to derive the temporal modalities ♢· (once, sometime in the past) and

� (always in the past), hence ♢·ψ def
= true Sψ and �ψ

def
= ¬♢·¬ψ.

Semantics: PLTL views time as a discrete domain, whose ticks (advances of a
single time unit) correspond to transitions of the system under observation. The
present refers to the current state (e.g., state i) and the next moment corresponds
to the immediate successor state (e.g., i + 1). The system behavior is assumed
to be observable at the time points 0, 1, 2, ....

The semantics of PLTL is defined over infinite sequences of sets of atomic
propositions. Intuitively, these sets correspond to the conditions that the system
satisfies in a given time frame. The occurrence of a transition triggers a change
in the state of the system and consequently in the basic assertions (i.e. atomic
propositions) that hold in the next frame. The i-th letter Ai ⊆ AP of a word
σ = A0A1A2 . . . corresponds to the assertions that hold at the i-th time frame,
where i ≥ 0. With (σ, j) we denote the suffix of σ starting at index j ≥ 0.

Definition 10 (Semantics of PLTL). The relation |= ⊆ (2AP )ω×N×PLTL
is defined inductively as follows:

(σ, i) |= true always

(σ, i) |= a iff a ∈ Ai
(σ, i) |= ψ1 ∧ ψ2 iff (σ, i) |= ψ1 and (σ, i) |= ψ2

(σ, i) |= ¬ψ iff (σ, i) ̸|= ψ

(σ, i) |=⃝ψ iff (σ, i+ 1) |= ψ

(σ, i) |=⊙ψ iff i > 0 and (σ, i− 1) |= ψ

(σ, i) |= ψ1 Uψ2 iff ∃j ≥ i (σ, j) |= ψ2 and ∀k. i ≤ k < j (σ, k) |= ψ1

(σ, i) |= ψ1 Sψ2 iff ∃j. 0 ≤ j ≤ i. (σ, j) |= ψ2 and ∀k. j < k ≤ i (σ, k) |= ψ1



Model Checking Reversible Systems: Forwardly 11

The PLTL property induced by the formula ψ (or equivalently the model of
ψ), denoted by Words(ψ), is the language comprising the infinite words that

satisfy the property: Words(ψ) =
{
σ ∈ (2AP )ω | (σ, 0) |= ψ

}
Example 3. Consider the propositional letters AP = {a, b} and the PLTL for-
mula ψ = ♢ (♢· a ∧ ⃝ b) which says simply that there will be a point where b
holds and before that in a point a held. The word σ = ∅n{a}∅m{b} . . . is such
that (σ, 0) |= ψ. Observe the ψ can be written using forward modalities only
as ϕ = ♢ (a ∧ ♢ ⃝ b), as it is easy to observe that ∀σ ∈ (2AP )ω it holds that
(σ, 0) |= ψ iff (σ, 0) |= ϕ, hence Words(ψ) =Words(ϕ).

3.1 Modeling a (P)LTL formula and model checking it

According to [17] past modalities do not add expressive power to LTL, but
are useful to express more succinctly formulae. Hence, any formula with past
modalities can be rewritten into one using just forward modalities as done for
example in [7, 8]. Therefore, we will be considering just forward LTL formulae.

We recall that the model of any LTL formula ψ can be represented as the
language accepted by a nondeterministic Büchi automaton (NBA), which is a
nondeterministic finite state automaton where accepting states have to be visited
infinitely often. Given an NBA A = (Q, 2AP , δ, Q0, F ) the language recognized
by it is denoted as Lω(A) and it is the set of infinite words A0A1A2 . . . such
that there exists an infinite sequence of states q0q1q2 . . . such that ∀i ∈ N.
qi+1 ∈ δ(gi, Ai) with q0 ∈ Q0 and there exists infinite indexes j such that
qj ∈ F .

Proposition 6. Given an LTL formula ψ, there exists an NBA automaton Aψ
such that Lω(Aψ) =Words(ψ).

Example 4. The following NBA accepts the words σ ∈ (2{a,b})ω modeling the
formulae in Example 3:

s0 s1 s2
a

true

b

true true

Once that the automaton is built, it is sufficient to build a product of the
automaton with the representation of the behaviours of the system (on which
we want to verify a formula) and then check whether there exists a way to fulfil
the accepting conditions of A. If this is the case, then the formula is satisfied by
the system.

The unfolding of a multi-clock net can be seen as the product of components,
hence given a multi-clock net, we can compute its unfolding, and then construct
the product of the unfolding with the automaton A. This is possible since the
unfolding of a mcn-net can be seen as the product of several state machines (see
Property 5), and the automaton itself is a state machine.
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s1

s2 s3

s4

t1 t2

t3 t4

(a) N

s1

s2 s3

s4,1 s4,2

t1 t2

t3 t4

(b) C1

s1

s2 s3

s4,1 s4,2

t1↑ t2 ↑

t3↑ t4 ↑

(c) C2

Fig. 4: A net with backward conflict (left), its unfolding (center) and its reversible
version (right).

4 How to model Reversibility

A reversible computational model is a model which is able of describing not only
the forward direction of the computation but also the backward one. Starting
from a system modeled as mcn-net we are able to represent its forward behaviour
as an unfolding. It is worth recalling that unfolding a mcn-net produces an
occurrence net which is still a mcn-net. For example, if we take the unfolding
of our running example, which is depicted in Figure 3 it is easy to check that
the net is an occurrence one, where the initial markings is represented by all
the places (conditions) with no incoming arc. One important property of the
unfolding is the absence of backward conflicts (e.g., a token in a place can be
produced by two or more transitions). Backward conflicts are not desirable in
reversibility because they do not allow to distinguish between transitions putting
a token in the same place. Graphically, a backward conflict is represented by a
place with two or more input edges. The unfolding removes backward conflicts by
creating a copy of this state for each of its input transitions, explicitly rendering
the different execution paths that lead to it. Hence, for each place it is always
possible to know which transition generated a token in it.

Since all the places (or conditions) have a unique path, adding reversibility is
quite straightforward: to undo any transition, we simply add its inverse, where
the postset of the original transition becomes the preset of the undoing transition,
and vice versa. For example, let us consider the net N on the left of Figure 4.
If we have a token in the place s4, we really cannot tell whether the token has
been produced by transition t3 (e.g., left branch) or by transition t4 (e.g., right
branch). By unfolding the net on the left of Figure 4, we obtain the net C1 on
the center, where now the place s4 has been duplicated into two places: each
one having a unique history. Now, the resulting net can be easily reversed, by
just adding for each transition we want to reverse a transition which is the exact
inverse. For example, the inverse of transition t1, consumes the token produced
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by t1 and puts it back. Once we have an unfolding, adding reversible semantics
to it is easy: we equip the unfolding with as many undo events as there are events
that are labeled by a transition we wish to undo. In [21] it is shown how it is
possible to obtain a causal-consistent reversible semantics of a Petri net via its
unfolding into occurrence nets: for every transition that one wants to undo it is
just sufficient to add the exact opposite transition where each undo event has the
postset of the original event as its preset, and the preset of it as its postset. This
transformation introduces cycles in the unfolding - any execution could execute
and immediately undo the same event infinitely often, therefore the resulting
net cannot be considered an occurrence net. These cycles are necessary in the
automata approach to model checking.

The above intuition is formalized in the notion of reversible net which is
a Petri net where some transition perform the step of the backward flow (the
reversing transitions) and removing these ones we have an occurrence net, which
is related to the original system under consideration via a folding morphism.

Definition 11. Let N = ⟨S, T, F,m⟩ be a net and let T ⊆ T be a subset of
transitions such that

– ∀t ∈ T there exists a unique t ∈ T \ T with •t = t• and t• = •t;
– ∀t, t′, t′′ ∈ T , it •t = t′

•
= t′′

•
and t• = •t′ = •t′′ then t′ = t′′; and

– ⟨S, T , F ,m⟩ is an occurrence net, where T = T \ T and F = F ∩ ((S × T ) ∪
(T × S)).

Then (N,T ) is a reversing net with T as reversing transitions.

The first condition stipulates that for each reversing transition there is just one
forward one, and the second says that the set of forwards transitions having a
reverse is bijectively related with the set of reversing transitions.

Operatively, given an occurrence net C, we can add reversing transition as
follows.

Definition 12. Let C = ⟨B,E, F, c⟩ be an occurrence net and let E′ ⊆ E be

a subset of transitions to be reversed. Let
←−
C = ⟨B,E ∪

←−
E′,
←−
F , c⟩ where

←−
E′ =

{(e, r) | e ∈ E′} and
←−
F = F ∪ {(b, (e, r)) | (e, b) ∈ F} ∪ {((e, r), b) | (b, e) ∈ F}.

Then (
←−
C ,
←−
E′) is a reversing net with

←−
E′ as reversing transitions.

We simply add the reversing transitions that have the effect of undoing the
forward one.

Example 5. Given the net N in Figure 4, the net C1 is the unfolding of N
into an occurrence net. The net C2 is the reversing net of C1, that is C2

= (
←−
C1,
←−−−−−−−−−−−−−−−−−−−−−
{(t1, r), (t2, r), (t3, r), (t4, r)}).

With this approach we add reversibility to our model.

Example 6. Figure 5 reports the reversible variant of Figure 3. For the sake of
clarity, we have just added one backward transition (the one labelled with ↑),
which corresponds to the undoing of the read of the thread A when it reads 0.
In the model we have considered (and model checked) all the transitions have
been reversed.
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w0

w1

w1 w1

x = 0 x = 0

x = 1 x = 1

b1

b2

a1

a2

x = 0 x = 0

a′
2 b′2x = 1 x = 1

x = 1 x = 1

x = 1a′′
2 x = 1 b′′2

x = 1 x = 1w1

↑

Fig. 5: Adding reversible transitions

Let us note that by adding reversing transitions to the unfold of a mcn-net, we
still obtain an mcn-net, which is still a product of sequential components.

Proposition 7. Let ((C, νC), ϕ) be an unfolding of an mcn-net (N, ν) and let

E′ ⊆ E be a set of reversing transitions, then
←−
C is a reversing net and (

←−
C , νC)

is a mcn-net.

We do not care too much about the morphism from the enriched unfolding
to the original net as it is not important for our purposes. We just notice that
the extension of the mapping on transitions which is undefined on the reversing
transition would work perfectly.

By adding reversible transitions we obtain a net which is not any longer an
occurrence net, it is however the model of the behaviour we are interested in,
and on these we can reason about the properties we want to check.

5 Model checking a Formula

To prove that the behaviours of a system or program satisfies some property, a
standard method is to use model checking. The method we use to perform model
checking is very classical and it is known as the automata-theoretic approach. It
can be summed up in three steps:

1. translate the negation of the formula to be checked into a Büchi automaton,
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2. synchronize the system and the Büchi automaton in an adequate way to
yield a composed system, and

3. check emptiness of the language of the composed system.

This approach works well with a state-based version of LTL, i.e. LTL where
the atomic propositions are the states of the system under verification. We first
introduce the details about model checking, and then we sketch reversibility
properties using the states of the enriched unfolding and finally apply the model
checking solution to handle reversibility semantics of arbitrary mcn-nets (we will
often refer to these as products).

Let ψ be a formula of LTL. Using well known algorithms we can construct a
Büchi automaton A¬ψ for the negation of ψ and build a tester for checking the
emptiness of the language accepted by the compose system.

5.1 Constructing the tester to model check a formula

Let N = (N, ν) be a mcn-net with N = ⟨S, T, F,m, ℓ⟩ and let ψ be an LTL
formula over S. The model checking problem consists of deciding whether N |= ψ
holds.

We first observe that, given a mcn-net N, its unfolding represents a language
that we denote as Traces(N) ⊆ (2S)ω, by simply observing that each element of a
trace is indeed a reachable marking of the unfolding. Now, being N a multi-clock
net, also its unfolding is a multi-clock net, which implies that in the reachable
marking just one place of each component is marked. A Büchi automaton A¬ψ
for the negation of the formula recognizes the language Words(¬ψ) containing
all the infinite words that satisfy ¬ψ, i.e. ∀σ ∈ Words(¬ψ). (σ, 0) |= ¬ψ. The
classic construction of the automaton for the LTL formula (e.g. see [1]) yields
an NBA that is exponential in the size of the formula.

Therefore checking whether ψ holds for N reduces to verifying whether the
language Traces(N) ∩Words(¬ψ) is empty. Formally we have:

N |= ψ iff Traces(N) ⊆Words(ψ)

iff Traces(N) ∩ ((2S)ω \Words(ψ)) = ∅
iff Traces(N) ∩ (Words(¬ψ)) = ∅
iff Traces(N) ∩ (Lω(A¬ψ)) = ∅

In order to provide an answer to the emptiness problem of Traces(N)∩(Lω(A¬ψ)),
we need to construct a new device recognizing the intersection of the two lan-
guages. Such a device can be obtained by the synchronous product of N and
A¬ψ. Observe that any automaton can be seen as a state machine, hence the
product we are going to use is well defined.

Definition 13. Let N = (N, ν) be a mcn-net with N = ⟨S, T, F,m, ℓ⟩ and let
A¬ψ = ⟨S′, T ′, F ′,m′, ℓ′⟩ be a state machine net encoding the Büchi automaton
recognizing ¬ψ labelled over Σ = T . The full synchronization of N and A¬ψ is

the product N×A¬ψ = ⟨S ∪ S′, T̂ , F̂ ,m+m′, ℓ̂⟩ given by Definition 5.
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In the full synchronization the Büchi tester participates pervasively in every
transition of the product.

Therefore to check whether ψ holds for N one first constructs the NBA for the
negation of the input formula ψ, representing in this way the infinite histories
that violate the property, and then one constructs the product N×A¬ψ whose
language is the language we are interested in, namely Traces(N) ∩ (Lω(A¬ψ)).
Loosely speaking, the emptiness check on Lω(N×A¬ψ) reduces nicely to check-
ing whether a final state of lies on a cycle in N×A¬ψ. This translates to model
checking the fixed LTL persistence property “eventually forever ¬F” where F is
the disjunction of all final states of A¬ψ. This property formalizes the require-
ment that no accepting state of A¬ψ will be visited infinitely often in a run, or,
equivalently, that from a certain point on the state sequences induced by the
histories of N never visit accepting states. Therefore:

N |= ψ iff Lω(N×A¬ψ) = ∅

iff N×A¬ψ |= ♢□¬F

Checking the formula ♢□¬F amounts to checking whether no global transition
leading to a marking containing a final state of the tester can be executed in-
finitely often. This is a persistence checking problem, and can be solved by means
of algorithms that perform cycle detection, such as Nested DFS illustrated in
[1].

Theorem 1. Let N = (N, ν) be a mcn-net with N = ⟨S, T, F,m, ℓ⟩ and let ψ
be an LTL formula over AP = S. Let A¬ψ = ⟨S′, T ′, F ′,m′, ℓ′⟩ be the state
machine net encoding the Büchi automaton for ¬ψ labelled over Σ = T . Then
N |= ψ iff the product N ×A¬ψ does not contain a reachable final state of A¬ψ
that lies on a cycle.

Notes about performance: The automata-based model checking approach we
work with is PSPACE-hard, but there is room for optimizations in each step.
In step (1), an LTL to Büchi automata naive translation produces very large
automata which states can be reduced by using on-the-fly techniques as in [9],
increasing performance of subsequent steps; in step (2) a more compact syn-
chronization of the system and the automaton can be obtained by coupling only
those transitions that trigger a change in the truth value of the states observed
by the Büchi automaton and idling the others; this is the stuttering synchroniza-
tion illustrated in [5] (it is however worth to note that this theory works nicely
only on the fragment of LTL without the next operator - and consequently on
the fragment of PLTL also without the previous modality). Many algorithms
have been studied to solve the persistence check of step (3), [5] again studies a
method that employs the unfolding procedure equipped with search strategies
that intelligently exploits the concurrency of the stuttering synchronization.
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5.2 Model checking reversible systems

We combine all the results seen so far to handle reversibility semantics in testing
LTL formulae against arbitrary mcn-nets. Let N = (N, ν) be an mcn-net and let
C = ((C, νC), ϕ) be its unfolding, where C = ⟨B,E, F, c⟩ is an occurrence net,
let E′ ⊆ E be a set of reversing transitions and let ψ be an LTL formula over
AP = B:

1. Let
←−
C = (

←−
C , νC) be the reversing net of N over E′ as defined in Section 4,

2. Construct the Büchi automaton A¬ψ for the negation of ψ labeled by the

events of (
←−
C , νC) as hinted at Section 5.1,

3. Construct the product Σ =
←−
C ×A¬ψ as shown previously;

4. Test for illegal ω-traces in Σ, which is an infinite sequence violating the
property (operatively a trace where accepting states of the NBA are visited
infinitely often). If the test is positive, then there exists an infinite run of
←−
C that violates ψ, and the model checker returns FALSE together with a
sample run; otherwise it returns TRUE.

Example 7. Consider the Example 1, the unfolding is shown in Figure 3, and its
enriching is partially depicted in Figure 5. We may try to prove that the thread
A reads 1 then either she/he has never read 0 or if this is the case then the
action of reading 0 has been undone. This property can be formalized in either
PLTL (formula 1) or LTL (formula 2) as follows:

♢ (L1⇒�¬L0 ∨♢· (L0 ∧⃝L0)) (1)

♢L1⇒ (□¬L0 ∨♢ (L0 ∧♢L0)) (2)

where variables L1, L0 and L0 represent the actions “read 1”, “read 0” “undo
read 0” respectively. The formula (1) reads as follows: “ if the thread A has read
1 this implies that back in the past either he/she has never read 0 or he/she
has read 0 and then afterwards that operation has been reversed”. This formula
can be re-written by just using forward modalities as (2). We instantiate these
variables using the states of the unfolding of Figure 5, choosing L1 = a′2, L0 = a2
and L0 = a1. These atomic propositions only concern thread A, its copy of the
global variable x and the writing agent. We are able to verify the property which
can be written using only forward operators.

6 Conclusions

In this paper, we have proposed a strategy to verify properties of reversible
systems using model checking. This is, to the best of our knowledge, the first
work to address this problem.

We model the system under verification as a product of sequential automata
without internal concurrency. The unfolding of such a model captures all its
possible behaviours. We then introduce reversibility at this level, following the
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approach of [21]. Once we have enriched the unfolding with reversible transitions,
we can apply again the unfolding, obtaining a forward only model which has the
same behaviour (in terms of visited states) of the enriched one.

In model checking, properties are usually written in some logic. Linear tempo-
ral logic (LTL) is one of the most common logics, which enables writing formulae
with future modalities. Past linear temporal logic (PLTL) extends LTL with past
modalities, enabling reasoning about past. A well-known result [17] shows that
PLTL and LTL have the same expressive power, so every PLTL formula can be
rewritten as an equivalent LTL formula. Hence, classic LTL can be used to prove
properties on reversible systems.

After reducing the model and the logic to only forward transitions, we have
applied classical automata-based model checking consisting of constructing a
Büchi automaton for the formula, and then building the product of the automa-
ton with the system. We then have shown how this approach can be used to
reason about reversibility with a shared memory example.

To the best of our knowledge, our approach is a first attempt to tackle the
problem of model checking reversible systems. The closest work to ours is [33],
where linear-time model checking techniques are applied to the verification of
(closed) quantum systems. The idea is that a closed quantum system is inherently
reversible, hence it is modelled by a class of reversible automaton called quantum
automaton. We leave as future work a deeper comparison with [33].

Our work can be improved in several ways, for instance by implementing
several optimisation algorithms to minimise the formula and the complexity of
Büchi automaton. To reduce the complexity we could also resort to bounded
model checking algorithms. Finally, we plan to build a fully-fledged tool with
an usable interface wherein a user can model a reversible system and verify an
arbitrary formula against the model.
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