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INSENSITIZING CONTROL PROBLEM FOR THE KAWAHARA EQUATION

MANISH KUMART AND SUBRATA MAJUMDAR#

ABSTRACT. This paper deals with the existence of insensitizing control for a nonlinear dispersive equa-
tion, namely Kawahara equation. Roughly speaking, the underlying problem is to find a distributed
control such that L2-norm of the state in some subregion is insensitive with respect to small pertur-
bations in the initial data.

The problem of finding an insensitizing control is first reduced to a null controllability problem for
an extended cascade system using some standard arguments. Next, to solve this null controllability
problem we first establish null controllability of the associated linearized system using suitable Car-
leman estimates for the corresponding adjoint system, and then use the well known inverse mapping
theorem to conclude the desired controllability result for the main nonlinear extended cascade system.

1. INTRODUCTION AND MAIN RESULTS

1.1. Setting of the problem. This article studies an insensitizing control problem for the following
non-linear Kawahara equation

Ou + aOyu + 582u + 'yaiu +uPo,u=0

on a bounded domain (0,7) x (0,L) for « = 8 =~ = 1 and p € [1,2). This equation for « = 0 and
p = 1 was first introduced in [43] by T. Kawahara. The presence of fifth order derivative term 93 in the
equation strengthens the dispersive effect due to the 93 term, and thus plays an important role when
the coefficient 3 is small. This is the reason why this equation is also sometimes referred as fifth order
KdV equation (see [9]) or singularly perturbed KdV equation (see [37]). This equation models many
physical systems in fluid dynamics (such as shallow water waves [41]), plasma physics, and nonlinear
optics. The Cauchy problem for this equation over R? was first studied in the work [21], followed by
few other works, for instance, see [51], [23]. In the work [29], Cauchy problem over a bounded domain
with homogeneous boundary conditions was studied.

Let us discuss about the recent developments on the Kawahara equation in theory of Control of PDEs.
Regarding the controllability problem, it was first addressed in 2009 by O. Glass and S. Guerrero in
their work [36]. They showed that the Kawahara equation is locally controllable to trajectory with
two boundary controls. In the paper [20], Mo Chen has shown the local null controllability and null
controllability with some constraints of the Kawahara equation with distributed control. Later in [15],
R de A. Capistrano-Filho et al. have studied the well-posedness and controllability of the same equation
in weighted Sobolev spaces. They also introduced the regional controllability of the concerned equation
in L2. Next, let us mention the work [47] of A. F. Pazoto et al., where the authors established the local
exact controllability of Kawahara equation in periodic domain using the moment method. There are
many other control results in the literature with different boundary conditions and/or different type
of controls, for instance, [32], and [53]. Concerning the stabilization problem, a significant number of
articles are present in the literature. We refer to the works [49], [50] by C. F. Vasconcellos et al., and
also see [2], [28], [13], [34] for more information. The stability using time delayed feedback control has
been recently addressed by R. de A. Capistrano-Filho et al. in the works [14], [24]. In [46], the authors
investigated stabilizability of the Kawahara equation by a saturated internal control and boundary
feedback control.
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To describe the main problem of this article, let us first introduce the relevant control system. For
T,L > 0, denote @ := (0,T) x (0,L), and we consider the system
Ou + Opu + O3u + Ou + uPOpu = € + xuh, in Q,
u(t,0) = u(t,L) = dyu(t,0) = dyu(t,L) =0, t€(0,T),
d2u(t,0) = 0, t € (0,7),
u(0, z) = uo(z) + o (), z € (0,L),
where w, O C (0, L) are any non-empty open subsets satisfying O Nw # () and 7 € R. The function
h = h(t,z) is the interior control localized on the subset (0,7) x w, and £ = &(f,z) is some known
external force term. The initial state u(0) is partially unknown for the system (1.1), more precisely,
ug € L*(0, L) is given, but 7 € Rand 4o € {f € L?(0,L) : ||f| z2(0,r) = 1} are unknowns. The unknowns
U and T € R represent uncertainty in the initial data.
Next, let us introduce a functional J; (known as sentinel), defined on the set of solutions to (1.1) as

-3/ / [ul?, (12
0,T)xO
where O is the observation domain.

Thus, the insensitizing control problem is to guarantee the existence of a control function h such that the
uncertainty in the initial data u(0) does not alter the value of functional J, drastically. More precisely,
we aim to find some control h € L?((0,T) x w) so that
0J-(u)
or

(1.1)

=0, Vi€ L*(0,L) with [|ol|r2(0,r) = 1. (1.3)
7=0

The condition (1.3) indicates that the sentinel J. does not detect the small perturbations 7ty in
the given initial data ug. When such h exists, the sentinel J; is said to be locally insensitive to small
perturbations in initial data, and we say that the control h insensitizes J.. Such insensitizing control
problem was originally introduced by J.-L. Lions in his work [44]. Since then many works have been
devoted in the literature to study the insensitizing problem from different perspectives.

To begin with, let us mention the pioneer works [26] and [7], concerning the existence of insensitizing
control for the linear and semilinear heat equations. Similar problems for linear and semilinear heat
equations with different types of nonlinearities and/or boundary conditions was further addressed in the
works [5,6,8]. Moreover, a numerical study for the insensitizing property of semilinear heat equations has
been pursued in [10]. It is worth mentioning the works [30,45] which also study the insensitizing control
problem wherein the insensitivity of some functional is established with respect to domain variation.

In [39], the author addressed an insensitizing control problem for a linear parabolic equation, where
the sentinel depends on the gradient of the solution. The same author later studied this control problem
for the Stokes equation in [38], where the sentinel is based on the curl of the solution. The paper [31]
investigated the insensitizing control problem for quasi-geostrophic ocean models. For the semilinear
parabolic equation with dynamic boundary conditions, one may look into the paper [54]. Moreover,
in the work [52], the authors discussed insensitizing controls of a Stefan problem for a semilinear heat
equation in one-dimension. Next, let us refer to the work [42] which studied insensitizing problem for the
fourth-order parabolic equation. In [33], the author considered Cahn-Hilliard type equation to discuss
the insensitizing control property. Concerning the study of similar insensitizing problem for scalar wave
equation, one can refer to the work [1,22]. It is worth mentioning that the paper [48] treated this issue
with a gradient type sentinel associated with the solutions of a nonlinear Ginzburg-Landau equation.
In a recent work [25], the insensitizing property for the fourth-order dispersive nonlinear Schrodinger
equation with cubic nonlinearity has been studied.

In the context of insensitizing problems for coupled PDEs, let us cite the works [18,19,40] for Navier-
Stokes equation; [16,17] for Boussinesq system, and [11] for a phase field system. Finally, we mention the
most recent works [3] and [4], where the insensitizing control problem for the Hirota-Satsuma system of
KdV-KdV type and for the stabilized Kuramoto-Sivashinsky system have been analyzed, respectively.

1.2. Main results. With the goal of proving the insensitivity of the sentinel J. given by (1.2) with
respect to small perturbation in the initial data, we could obtain the following result.
Theorem 1.1. Assume that O Nw # () and set ug = 0. Then, there exist constants 6,C > 0 such that
for any & € L*(Q) satisfying

e/ €| L2y < 0, (1.4)
there exist control h € L?((0,T) x w) which insensitizes the functional J, in the sense of (1.3).
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Remark 1.2. The above theorem proves the insensitizing problem partially in the sense that we have
chosen a particular initial data, i.e., ug = 0. However, a study of the possible initial conditions for which
the sentinel J is insensitive can also be done. Such problem has been studied for the heat equation in [27],
which suggests that the answer is not immediate.

Mimicking the arguments used in the works [7, Proposition 1] and [27, Appendix], one can easily show
that proving Theorem 1.1 is equivalent to establishing null controllability for the state w, associated to
the following extended cascade coupled system:

Opu + Opu + O3u + u + uPOru = € + Xuh, in Q,

—Opw — Opw — O3w — 3w — uPd,w = xou, in Q,

u(t,0) = u(t, L) = d,u(t,0) = dpu(t, L) = d2u(t,0) =0,  t€ (0,7), (1.5)
w(t,0) = w(t, L) = 0,w(t,0) = dyw(t, L) = d2w(t,L) =0, te (0,7),

w(0,z) = up(z), w(T,z) = 0, x € (0,L).

More precisely, we have the following equivalence result.

Proposition 1.3. A control functions h € L*((0,T) x w) insensitizes the sentinel J, given by (1.2) if
and only if the associated solution to (1.5) satisfies

w(0,-) =0 dn (0,L). (1.6)

Thus, from now onwards our main goal is to prove the following null controllability theorem which
subsequently establishes the insensitizing control result mentioned in Theorem 1.1.

Theorem 1.4. Assume that O Nw # () and set ug = 0. Then, there exist constants §,C > 0 such that
for any & € L*(Q) satisfying
e €l| 2 () < 6, (1.7)
there exist a control function h € L?((0,T) x w) such that the solution (u,w) to (1.5) satisfies
w(0,-) =0 4n (0, L).

The proof of Theorem 1.4 is done using inverse mapping theorem, which forces us to study global
null controllability problem for the following linear system, obtained by linearizing system (1.5) about
Z€ero

Ou + Opu + O3u+ 2u = f1 + Xuh, in Q,

—0pw — pw — O3w — Bdw = fo + You, in Q,

u(t,0) = u(t, L) = d,u(t,0) = dyu(t, L) = d2u(t,0) =0, te (0,7), (1.8)
w(t,0) = w(t,L) = ,w(t,0) = dyw(t, L) = 02w(t,L) =0, te (0,T),

(0, ) = ug(z), w(T,z) =0, xz € (0,L),

where the non-homogeneous terms fi, f2 belong to some relevant space (to be specified later).

Remark 1.5. Although we are concerned about the null controllability of component w, the control h,
localized on the subset w, does not directly affect the equation of w. However, the state u can be solved
independently and acts as a control for the state w, which is localized on the subset O. Hence, the
condition O Nw # ) is necessary in the above theorem.

The controllability of this linear system will be proved via duality approach which requires establishing
some observability property for its associated adjoint system, given by

—0v — Opv — 930 — d3v = g1 + o, in Q,

Ayh + 0utp + O3 + O31h = ga, in @,

U(t,0) = P(t, L) = 0,4(t,0) = 0,(t, L) = 034(¢,0) = 0, t € (0,T), (1.9)
v(t,0) = v(t,L) = 0,v(t,0) = v(t, L) = O2v(t,L) =0, te€(0,7),

o(T,z) =0, ¥(0,2) = tho(), z € (0,L),

where 1)y € L?(0, L) and the non-homogeneous term g, go belong to some relevant space (to be specified
later). To study this observability problem, we derive a suitable Carleman estimate for the adjoint system
(1.9) using the known Carleman estimates for single Kawahara equation, see [20, Proposition 3.1].
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1.3. Paper organization. The organization of this paper has been done as follows. In Section 2,
the well-posedness of aforementioned systems have been proved. Section 3 is dedicated for deriving
suitable Carleman estimates for the adjoint system (1.9). Using this Carleman, the relevant observability
inequality for the adjoint system (1.9) has been obtained in Section 4. Finally, the null controllability
result for linear control system (1.8) and main control system (1.5) has been proved in Section 5 and
Section 6, respectively.

2. WELL-POSEDNESS RESULTS

In this section we study the well-posedness issues for the system (1.5). Let us first consider the
following linearized Kawahara equation with given source term f and initial data yq

Oy + Opy + O3y + By = f, inQ,
y(t,0) = y(t, L) = d,y(t, L) = d,y(t,0) = 02y(t,0) =0, te (0,T), (2.1)
y(0,z) = yo(x), x € (0,L).

We introduce the following spaces related to the state and source term
X, =C([0,T); H*(0,L)) N L*(0,T; H*"*(0, L), s € [0,5],
S =L*0,T; H2(0,L)) U L*(0,T; L*(0, L)).

Let us recall the following known well-posedness results for (2.1).

Lemma 2.1 ( [20, Proposition 2.1]). For given yo € L*(0,L) and f € S, the system (2.1) admits a
unique solution y € Xor = C([0,T]; L*(0, L)) N L?(0,T; H*(0,L)). Moreover, there exists a constant
C > 0 such that
1Ylleqoryz20.0)) + 9l 20.7:m20,9) < C (Iyollz2(0,) + 1 flls) - (2.2)
We also have the following results for the Kawahara equation (2.1) with yo = 0.
Lemma 2.2 ( [20, Proposition 2.2]). Set yo = 0, and assume f € L*(0,T; H5?), for s € [0,5]. Then

the system (2.1) admits a unique solution y € Xs . In addition, there exists a constant C > 0 such
that

lyllx.» <C ||fHL2(0,T;H§*2)~ (2.3)

Remark 2.3. Note that the above results are also applicable for the adjoint equation to (2.1) which is
backward in time.

2.1. Well-posedness of the linearized system and its adjoint. In this subsection, we mention the
well-posedness result for the linearized coupled systems, mentioned above. The proof is immediate due
to the cascade nature of the system and Lemma 2.1.

Proposition 2.4. Letug € L?(0,L), h € L*((0,T) xw) and (f1, f2) € S xS be given. Then, the system
(1.8) possesses a unique solution (u,w) € [Xor|*. In addition, there exists a constant C > 0 such that

@)l 2 < € (luoll 20,0 + Ibllz2omyxe) + 101 f2)llsxs)- (2.4)

Proof. We demonstrate the proof of this proposition in the following way. First, we use Lemma 2.1 to
the equation (1.8); to show that u € X o along with the estimate

lullxor < € (luollzzo.z) + IRllLz(omy o) + I fills )- (2:5)

Then, using uxo as source term in the equations of w given by (1.8)2, and combining with (2.5) we get
the required estimate (2.4). O

Similar result holds for the adjoint system (1.9).

Proposition 2.5. Let 1y € L*(0,L) and (g91,92) € S x S be given. Then, the system (1.9) admits a
unique solution (v,v) € [Xor]? and moreover, there exists a constant C' > 0 such that

1@, )i ez < € (Wollz20,0) + an, g2) lsxs )- (2.6)
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2.2. Well-posedness of the nonlinear system. We now prove the well-posedness of our nonlinear
system (1.5), using the result of the corresponding linearized system (1.8) and a suitable fixed point
theorem.

Proposition 2.6. Let T > 0 and L > 0. Then, there exists some positive real number dg such that for
every ug € L*(0,L), h € L*((0,T) x w) and &€ € L*(Q), satisfying

uollz2(0,0) + 1Al 220,17y xw) + 1€l 22(@) < b0, (2.7)
the system (1.5) possesses a unique solution
(u,w) € [X07T]2.
Before going to the proof of above proposition, we prove the following lemma.
Lemma 2.7. The map M : [Xo7]?> — L'(0,T; L?(0, L)) given by
M(y1,y2) = Y] 0uy2 (2.8)
1s well-defined and continuous.

Proof. For (y1,y2) € [Xor]?, we have

T T
= | Itomlizon < [ 1l 00tel 0.

Thanks to the estimate
1/2 1/2
91t ) e 0,2y < € (19106 gao.zy + 9 () 0 19 8 )50, 1))

and the fact that |a + P < C (|a|? + |b|P), from the last inequality, we obtain

T
2 2
Hﬁ&mhmmm@mSC(AHmﬂzmmm@+/~MW”MN%&MWﬂm@m>

Lastly, we use the Holder’s inequality to get

2
||yfawy2||L1(0,T;L2(0.,L)) < C(ﬁ”yl||€'([0,T];L2(0’L))||y2L2(O,T;H1(O,L)) + HQIHZ[Q,T];LZ(O,L))

T p/4 (4—p)/4
4/(4
(Aﬂw%m@> </|mw%ﬂ> )

< O P V), vl x0.m (2.9)

for some constant C' > 0, which proves that the map M is well-defined.

To establish continuity of the map M, let us consider (y1,v2), (41,92) € [Xo,r|>. Then using the
above estimate (2.9) and triangle inequality, we have

[ My, y2) =M (1. 52) HLl(o,T;Lz(o,L))
T
An%@w 70,7l 20,00
/H% (2 = 32) + (4 — )00 | o)

T
SO@ﬂ”W+VﬂMM%Am—%MM+AIM?ﬁm%Mm@m- (2.10)

The second term can be estimated as

T T
L6t =020y < € [ N =) (P + ) 0.7l o

T T
< C/o | (g1 — ﬂl)|y1|p_1axz72HLz + C/o | (1 — ﬂ1)\371|p_1az§2HL2-
(2.11)
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Note that both terms of right hand side can be estimated similarly. More precisely, we have

T T
/o [(v1 — 371)|yl|p713r§2||L2(0,L) = C/O Haﬁ?HLN(O,L)HyTl(yl - gl)HLQ(O,L)

T 1/2 T
~ 112 — ~ 112
<C (/0 ’|y2HH2(07L)> (/0 ||y:i7 1(2/1 - yl)HLz(OL))

1/2
_ (p—1) _
N A T

1/2

~ ~ —1
- ylHC([QT];L?(O,L)) ||y2||L2(O,T;H2(O7L)) Hyﬂ iQ(O,T;Hl(O,L))'

Thus, substituting this estimate in (2.11), we obtain

2— p)

T
/0 @8 =)0z 2o 1y < CT = 1 =, 22l (||y1|_€(0}T + |7 1HX0T> (2.12)

and hence the estimate (2.10) becomes

1M @1.92) = MG s 0701200y < € (T4 VT) 2 = Bell o »

- p) —

o = 5illy,  [72llx, . (ol + 15205 )
< ) (Il + 1521, (ol + 150050 ) 1 nsw2) = G B2) gy e (213)

This establishes the continuity of the map M. O

+CT

Next, we prove the well-posedness of the coupled nonlinear system (1.5).

Proof of Proposition 2.6. Let us define the map
N[ Xor]? = [Xor)?, N@w) = (u,w), (2.14)
where (u,w) is the unique solution to (1.8) with uy € L?(0, L), h € L?((0,T) x w) and
fi=E&+uPdu e L'(0,T; L*(0, L)),
fo = —uPo,w € L*(0,T; L*(0, L)),

Existence of such unique (u,w) is guaranteed by Proposition 2.4. Moreover, using the bound (2.9) in
the continuity estimate (2.4), we get

(s w0 )2 < Co(lluo||L2<o,L> + 1Bl 2oy xw) + 1€l 220y + a1 + IIUle”lelxo,T), (2.15)

for some constant Cy > 0.
Next, for some R > 0, let us consider the ball

B = {(u,w) € [Xox)? : lullxor + lwlx,r < R}. (2.16)
Thanks to the estimate (2.15), for (u,w) € Br, we get
[[(u, w)llx0,712 < CO<||U0||L2(0,L) + 1l 220,17y xw) + 1€l 2 (@) + Rp+1)- (2.17)
Let us choose R in such a way that R < 1/p and so for (ug, h, §) satisfying

R — CyRrPH!
luollz2(0,2) + 1Pl L2((0,1) xw) + [1llL2(@) < 0,

we have N (Bgr) C Bg.
Fix
R — CoRPH!

dp :=
0 o

(2.18)
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Next, assume (ug, h, £) satisfies the condition (2.7) with dg given by (2.18), and let (1, wa), (U2, W) €
Bg. Then (u1,w1) := N(uy,w1), (ug,wz) := N (g, Ws) € Br. Using the linearity of system (1.8) and
the continuity estimate (2.4), we have

N (@i, @) = N iz, @)y 2 < C @0t — W00, ~ o0, T1 + W0l 110,15 0.0
< C (0.1 — W0 1 1) + [W0en — B0, ol 1)) -

Thanks to the continuity estimate (2.13) of the map M established in Lemma 2.7, the above estimate
can be further simplified as

I i, 0) = N ), 30 < OLR (| =, + | i, ) - (%’@Q)H[Xow]"‘)

< Cy R || (i — T, @1 — @) [y, g0

Finally, we choose R > 0 such that R < mln{ 1 #} and thus the map

Cl/P ’ Cll/P
N BR — BR
becomes a contraction, which guarantees the existence of a unique fixed point for the map N. This
completes the proof of Proposition 2.6. O

3. CARLEMAN ESTIMATES

This section is devoted to obtain a suitable Carleman estimate satisfied by the solution of adjoint
system (1.9). To establish this Carleman inequality for the coupled system (1.9), we will use the
Carleman estimate proved in [20] for the linear Kawahara equation.

3.1. Carleman estimate for Kawahara equation. Let us consider the following backward linear
Kawahara equation

Opz+ Oz + 0324+ 022 = g, (t,z) € (0,T) x (0, L),

2(t,0) = 2(t, L) = 0,2(t,0) = 0,2(¢t, L) =0, t€(0,T), (3.1)
922(t, L) = 0, te (0,7), '
2(T,x) = 2p(z), xz € (0,L).

This subsection is dedicated to establish a modified version of the Carleman estimate obtained in the
work [20] for the system (3.1). The proof of this modified Carleman estimate is primarily based on
the original Carleman inequality obtained in [20]. For the modified Carleman estimate, we need the
non-homogeneous term g of (3.1) to be in L?(0,T; H}(0,L)), unlike the one obtained in [20], where
g € L?(0,T; L*(0, L)) is enough.

To start the study of Carleman estimate, let us first mention the relevant weight function as described
n [20]. Recall that O Nw # 0, so let wy be any nonempty open subset of O Nw. Further, consider any
open interval wy; = (a,b) such that w; € wy C ONw with 0 < a < b < L. Let ¢ € C3([0, L]) be a positive
function satisfying

¢'(0) <0,¢'(L) > 0;
|¢'(z)| > 0,¢"(z) <0 for x € [0, L] \ wy;
min 6(z) = 6(¢) < max o(x) = 6(a) = 6(0), for ¢ € w; (32)
10
Jnax ¢(z) = o(L) = 6(0) < 3-9(c).
Next, let us consider a function £(t) given by
1
&) = =1 YVt e (0,T). (3.3)

Finally, we define the weight function ¢ by
o(t,x) = p(x)é(t), V(t,x) e (0,T) %[0, L] (3.4)
We use the symbol ¢(t) and $(t) to denote

¢(t) = r%n]@(t ,x), Vte(0,T),
€

o(t) = m[gx]go(t ,x), Vte(0,T).
zE
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Then, using the above condition on ¢, we have

10¢(t) —9¢(t) > 0. (3.6)

Let us now introduce the shorthand notation Zy.,(2) and Zy, (z) to denote
Liw(2) = // e 2 (s78%2)? + 77| 0, 2|* + $°€7|022| + $3E3 |92 2] + s£10;32)7) (3.7)
Do) = Tanl) 45 [ 667 %elBrncony (33

Proposition 3.1. Assume T' > 0 be given, and let wg C O Nw be any nonempty open subset. Then,
for any zr € L*(0,L), and g € L*(0,T; H}(0, L)), there exists a constants C,so > 0 such that for all
s > sg, the solution of (3.1) satisfies

T T
Ikw<z>§c<s3 //Q €% gl + s / €529 g2 0.1 + ° / £9¢25549) ||z||ia(wo>>- (3.9)

Proof. Let w1 € wp be any nonempty open interval. Then, the solution z of (3.1) satisfies the following
Carleman estimate (see Corollary 3.1, [20]):

T
Thw(2) < c// e=25¢|g|2 +c/ / e~ 25 <39§9|z|2—|—s7§7|8rz\2 + $5€5)922)2 + 533 9322 +sg|a§z|2),
Q 0 w1
(3.10)

for s > sg, for sufficiently large sg and for some C' > 0.
Let ¢ € C2°(wg) be a positive function such that ¢ =1 on wy, and let € > 0 be arbitrary. Then, using
smoothness of (, ¢ and Holder’s inequality, we obtain the following estimate

T T
/ / 6728W57£7|8x2|2S/ 4672S¢57§7‘3x2|2
0 wi 0 wo
T
= —/ / sTETe 29 ((%(BIZ— 288mg0(8mz+C8§z) z
0 wo
T T
SG/ / 87576—2s¢|6wzl2+06/ / 57576_28(’D|Z‘2
0 wo 0 wo
T
—I—C/ / s5E8e725%9(0,2) 2
0 wo

T T
—l—e/ / 35556_2350\33424—05/ / §969e725% 2|2
0 wo 0 wo
T
<eZ(s,2) —l—Ce/ / s96%725¢ |22,
0 wo

where C¢ > 0 is a constant which depends on the choice of €. Similarly, the other terms of (3.10) can
be estimated as

T T
./ / 6—23@5555‘6£Z|2 S / €€—25¢85§5|8§Z|2
0 w1 0 wo

T
= —/ / e 25505 (—250,p ( 022 + 0,( 02z + (022) (042)
0 wo
T
<eZ(s,z)+ C/ / s9¢%25%| 2|2
0 wo

T T
./ / 6_2‘9w53§3‘822|2 S/ / Ce—25¢83€3|622‘2
0 w1 0 wo

T
=— / / e 2P g3e3 (7258,@@ ¢ 322 + 0:C 82,2 + C@iz) (622)

0 wo
T T
geI(s,z)—i—CE/ / 39596_25‘P\z|2+05/ / sEe 25|02 2)2.
0 wo 0 wo
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Substituting these estimates on the right side of (3.10), and absorbing the terms with e with the term
in the left by choosing sufficiently small €, we obtain

T T
Thw(2) < C(// 6725“”|g|2 +/ / 5959672W|z\2 Jr/ / 55625(’0|8§Z|2>, (3.11)
Q 0 wo 0 Jwo

for some constant C' > 0.

To handle the last term of right hand side, we will use the Bootstrap technique as developed in [35]
(see also [12,20]) to introduce a new term on the left side, which will effectively absorb the last term.
For that, let us first define Z(t, ) := p(t)z(t, x) with p(t) = s'/265/2¢75% so that Z satisfies

OZ+0,Z2+022+022=pg+0ipz, in Q,
Z(t,0) = z(t, L) = 0,2(t,0) = 9,Z(¢,0) = 822(¢,0) = 0, fort € (0,T), (3.12)
Z(T,z) =0, for x € (0, L).

Note that |9,p] < Cs%/26%/2¢=°? and so we deduce
159+ 05272y < Cs //Q e~ 25%¢% g2 4 Cs° //Q e 2% 22, (3.13)

and therefore, by virtue of well-posedness result Lemma 2.2, the system (3.12) admits a unique solution
z € C([0,T); H?(0,L)) N L*(0,T; H*(0, L)), satisfying the following continuity estimate

IZ11720.7:m140,y) < C //Q e~25%¢% g|? + Cs° //Q e 258922, (3.14)

Next, we define Z(¢, z) = p(t)z(t,z) with p(t) = s'/2¢1/2¢75?. Then Z satisfies

Oz +0,2+032+022=pg+0pz in @,
Z(t,0) = 2(t, L) = 0,2(¢,0) = 0,2(¢,0) = 922(¢,0) =0 for t € (0,7T), (3.15)
HT) =0, in (0, L).

Note that O,pz = 0,pp %, and }8,555_1‘ < Cs. Then, using the fact that z € L?(0,T; H*(0, L)) and
g € L*(0,T; H*(0, L)), one has

T T
~ ~ 12 _ 9253 2 _
lpg+ 8thHL2(O,T;H1(O,L)) < C<5/0 Le 7 ”g”Hl(O,L) + 32/0 ”Zl%{l(O,L))'

As a consequence, thanks to the Lemma 2.2, we get existence of the unique solution z € X3 =
C([0,T); H3(0, L)) N L2(0,T; H>(0, L)) of (3.15) satisfying the estimate

T T
~12 _9253 2 —
1211 <C(s / &e % lgllz 0.0y +5° /0 ||z||?{1<0,L>)- (3.16)

Let us now use the estimate (3.14) in the last one to get

[ e el <O(s [ 6 ol + [ errelar o [[ )

(3.17)

Upon adding the estimates (3.11) and (3.17), we obtain:

T
Teal2)+s [ € alBinco
0

T T
S C // 8—23@‘9‘2_'_89/ / e—25<p£9|z|2_~_5/ / §6—25<p|8;1z|2
Q 0 wo 0 wo
T ~ ~ ~
b [ e gl +5° [[ e PP s [ e|) (315)
0 Q Q

Note that the last term of right hand side of the above inequality can be dominated by

85// 6728¢£9|Z|2
Q
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as —@ < —p, which can be absorbed by Zj,, in the left hand side of (3.18) by choosing sufficiently large

s. The relation —@ < —¢ can be used for the second last term of the right hand side of (3.18) as well
to combine it with the first term of the right hand side. Thus we finally obtain

T T T
Ikw(Z) +S/ gefzsgpnzuiﬁ(o L) <C 59/ / 672s@£9|z|2 +3/ 6672590‘8;142
0 ’ 0 wo 0 wo

T
P /A ge*2s¢|g|2 +S/O 6254965”9”2]{1(07[/)). (3.19)

Our final aim is to eliminate the local term involving |94 z| from right hand side of the above estimate.
Noting the fact that £ and ¢ do not depend on space variable, and using the Sobolev interpolation
inequality and Young’s inequality, we have

T T
s[ ] et <5 [ e,
0 wo 0
B R : :
<Cs [ [ & el i 10

0 wo
T T
<e /O €72 |1 2(t, ) | Hs () + Ces” /O €TI0 (4, ) Ty - (3-20)

Also, using the fact ¢ — @ < 0, we have
T _ T o o
A I T A EUP A
wo

T
<o [ eI ot ) . (3.21)

Thus substituting the estimates (3.20) and (3.21) in (3.19), and choosing € > 0 sufficiently small, we
finally get the desired estimate (3.9). O

Remark 3.2. One can also consider the boundary conditions:
2(t,0) = 2(t, L) = 2,(t, L) = 0,2(t,0) = 922(t,L) =0 fort € (0,T), (3.22)

as a replacement for the set of boundary conditions in (3.1), and this will not affect the Carleman
estimate (3.9).

3.2. Carleman estimate for the adjoint system. We are now in a position to derive the main
Carleman estimate for the coupled system (1.9), which is crucial to deduce the main null controllability
result for the system (1.5), as stated in Theorem 1.4.

Theorem 3.3 (Main Carleman estimate). Let T > 0 be given and & C O Nw be a nonempty open
subset. Then there exist constants C > 0 and sq > 0, depending on T such that for any given source
terms g1, 92 € L*(0,T; H}(0, L)), and 1o € L?*(0, L), the solution to (1.9) satisfies

T
Ikw(v)+Ikw(¢) §C’<sl7/0 /~€17672S(104p79@)|v|2

w

for all s > so, where Ty (+) has been defined in (3.8).

Proof. Let @ be any nonempty open subset of (0,L) such that © € @ C O Nw. Then we apply
Proposition 3.1, more specifically the estimate (3.9) to the state solution v and 1 of the adjoint system
(1.9) for the local domain wg = @. In what follows, for sufficiently large s the states v and v satisfies
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the following estimate

T
T (0) + T () < c<s / £e (101 13s0,0) + 19030 0.0) + 9200 0.1
T / /Q €72 (|12 + 62 + 92[?)

T
os(53-45 2 2
+39/0 e 2e(02747) (HUHL?(Q) + ||¢||L2(a))>v (3.24)

for any s > sq and for some constant C' > 0.

I. Handling the global terms of rhs. Note that using the fact that ¢ < @ and £(t) > 4/T? for
t € (0,T), we get the following estimate

o/ S /l e e <o | [ ee=awr s [ S elo,uf ).

which can be absorbed in ch for sufficiently large s.

For i € {1,2}, the g; terms can also be clubbed together using same argument to get

T
S/O f56_2sw||9i||%[1(07L)+83//Qf€_2w|gi2 <0(83//62556_2w|gi|2+S//Q§5€_2w8zgi|2>~

Since g; € L*(0,T; H}), so we use the Poincare inequality in the above estimate to deduce

T
S/O 55625“’||g¢||§{1(0,,;)+83//62£e25“’|9¢|2 <CSS//Q§562W|3mg¢2.

Thus, for sufficiently large sq, the estimate (3.24) reduces to
Tow0) + T () § 8 [[ €627 (0n +10,9a) +5° [ 725599 (410, (.29
Q Qo

for all s > sy.

I1. Absorbing the local term of v. In this part, we eliminate the local integral associated to 1. Let
us first consider a function ¢ € C2°(@) such that 0 < ¢ <1in & and ¢ =1 in &. From the differential
equation of v, that is (1.9);, we have

=0 —0pv— 020 — v —g; in (0,T) x O (consequently in (0,T) x @),
which yields

T
89 // 596—25(5¢—44ﬁ)‘w‘2 < 89/ /596—25(&5—4@) Cw (_at,v — 00 — 831) _ 35’0 —91)
Qo 0 Jw

5
= Z Q;.
i—1

We now estimate the terms Q;, for i € {1,2,3,4,5}.
(a) Estimate of Q;. Integrating by parts with respect to time ¢, the term Q; becomes

T T
0, :39/ / o, (596—25(5¢—4¢)) o + 39/ / 596—25(55—4@ Cobv
0 w 0 w
=Q11+ Q12 (3.26)
Thanks to the fact

‘(5967245@74@)%‘ < CseMle 256548 (3.27)

and the Young’s inequality, we first deduce that

T
|Q1,1| < 0810/ /6*28(5@74¢)£11|¢U‘
0 w

T
SESQ// e—2s¢£9|w‘2+06811/ \/62(—108&,0-‘,—95@)513|U|27
Q 0o Jo

for any given € > 0.

(3.28)
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Next, we use the equation (1.9), to see
T ~ ~ ~
Qua=s [ [Ty (<00 - 00— 0,0+ g2)
0 @
4
=2 Qi
i=1
For {Qﬁg}?zg, we use the Young’s ineqaulity to get
T - ) o
*|Qiaf < es/ / ge 2?0y + ces”/ / g1 2e(108792) |2,
0o J& 0o Jo

T
.|Q§,2‘ SESB // 536—28¢|8§¢|2+06815/ / 156—25(104p—9§a)|v|2.
Q 0o Jo

T
.|Q§,2‘ §687// 57672stp|w|2+cesll/ /5116723(10<p7950)|v|2.
Q 0 Jw

T
|Qlsl < //Q (el 07 [ [ €700
w

Combining all the above estimates, we have for any small € > 0,

T
|Q1| Sezkw(qu)‘i’s// 56725@|92|2+Csl7/ /5176723(10¢79¢)|U|2.
Q 0o Jo

T

(b) Estimate of {Qi}‘?ﬁ. Integrating by parts with respect to time z, and then using Young’s
inequality, the terms {Qi}?ZQ can be estimated as

v0y=t [ [ @19 (0,00 4 Cow)

T
SESQ// €—2$¢§9‘w|2+687// e—2$<p£7|6$w|2+0689/ /696—2s(10¢—9¢)|v|2
Q Q 0 J®
T
_’_Cesll/ /5116—25(105—9¢)‘v|2
0 @
T ~ ~
< T () + Custt [ [ gemaemiop
0 w
T
°Q; =5’ / / e 2505949 (aﬁw + 3020, + 30,02 + cagw) v
0 @
T
< T () + Cust® [ [ gitemretmi o
0 w
T
°Qy=s / / e 2(5F4) (agw +50,C 009 +1093C 0
0 w
+ 1002830 + 50,8 + O3 )v

T
Séfkw(lb)-i-cesw/ /5176—25(105—9@‘“2'
0 @

°O; SESQ //Q§96—2s<pw|2+089 /‘/62596—28(105—9@)912.

Thus combining all above estimates, we have

T T
59/ /596—25(5¢—4$)|w|2 < 5€Ikw(w)+0317/ /5176—25(10gp—9$)|v|2
0 o 0 @

+C’s// 56725¢|92|2+039// £96723(10¢79@)|g1|2.
Q Q
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Hence, substituting this estimate in (3.25) for sufficiently small e gives

T
T (0) + T () sc<s" / / €17 250105-98) |2 4 3 / / £5¢=2 (10,912 + 095 2)
0 @ Q

+5° / / sge%(w“@gﬂ), (3.29)
Q
for all s > sg.

To this end, due to the choices of g; € L?(0,T; H}(0, L)) for i € {1,2}, and the definitions of @, 3, we

have
53 // 5567284,0 (|az91|2 + ‘amg2‘2) +4° // 596728(10¢79¢)|g1|2
Q Q
<0s? [[ e (0,0, + 0,02
Q

and hence the estimate (3.29) finally reduces to the desired Carleman estimate (3.23). O

4. THE OBSERVABILITY INEQUALITY

In this section, we derive an observability inequality to the solutions of the adjoint system (1.9) which
essentially helps to establish the null controllability of the linear system (1.8). Let us first define some
modified Carleman weights that do not vanish at ¢ = T. We consider

1
—, 0<t<TY/2,
(T -t
3 =4 Y (4.1)
=t T/2<t<T,
and the weight function
S(t,z) = ¢(x)3(t), V(t,x) e (0,T] % [0,L], (4.2)
where the function ¢ satisfies the properties mentioned in (3.2).
We further define
S(t) =min&(t,x), Vte (0,7),
o (4.3)

S(t) = 1&)13}}(6@,:1@)7 vt e (0,T).

Remark 4.1. Recall the former weight functions &, ¢, and @, @ from (3.3), (3.4) and (3.5). Then, by
construction we observe that
3(t) =£&@), forte(0,T/2], 6(t,x)=p(tz), forte (0,T/2]x]0,L],
and further,
S(t) = @(t), &(t)=3(t), forte (0,7/2].

With all these, we derive the following observability inequality associated to the adjoint system (1.9),
which is crucial for the null controllability of the system (1.8).

Proposition 4.2. Let s be fized in accordance with Theorem 3.3, and let w C O Nw be any nonempty
open subset. Then, there exists some constant C' > 0 that depends on s, T, w and O such that for
any g; € L*(0,T; H}(0,L)) for i = 1,2 and 19 € L*(0, L), the solution to (1.9) satisfies the following
estimate

W) ooz, + oS30, 0)||

—2s6 97 2 2
+//Q 57 (10,02 + 0,02)

T v - . -
SC'/ /3176725(106796)|v|2+0// 396725(106796) (|8mg1|2+\3m92\2).
0 J@ Q

w

(€0, T]:L2(0,L))]?
(4.4)

Proof. We break the proof in two steps, as described below:
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e Step 1. Using the fact that ¢ < @ in the Carleman estimate (3.23) for fixed value of s satisfying
s > sg, we obtain the following estimate

// e—23g2§9 (\U|2+\¢\2)+// e—23<2§7 (|891U‘2+|8mw|2)
Q Q
T
SC/ /§17e_23(10¢_9@|v\2+0// £9e=2108-99) (19,012 + |D,00[?) (4.5)
0o Jo Q

Let us choose a function vy € C1([0,T]) such that
v=0 in [0,T/4], ~=1 in [T/2,T). (4.6)

It is clear that Supp(y) C [T/4,T], and Supp(y’) C [T/4,T/2].
Let (v,4) is the solution of the adjoint equations (1.9). Then the pair (yv,~y1) solves the following
coupled system

=0 (yv) = D (v) = 03 (yv) — B2 (yv) = 791 + x0VY — ', (t,z) € Q,
Fe(y) + 0 (v9) + 63’(W) + () = 792 + 7', (t,x) € Q,
(y0)(t,0) = (y)(t, L) = dx(y0)(t,0) = 8, (y0)(t, L) = &2 (yv)(t, L) =0, t € (0,T), (4.7)
(Y¥)(t,0) = ('yw)(t L) = 0:(v¥)(t,0) = 0:(v)(t, L) = 95 (v¢)(t,0) = 0, t € (0,T),
( )(07 ) ( )(T? ) - 07 in (0’ L)
Applying Proposition 2.5 to (4.7), we get
10 Y 20,013 0,007 + 100 Y0732 0,12
< ¢ (1199 Iz rzzonne + 100D psorasomy) - “8)

Next, we use the properties of v introduced in (4.6), in the above inequality (4.8) to obtain
H (U7 ’L/)) || [LZ(T/Q,T;Hg(O,L))]Q + H’L/)(T) ||L2(O,L) (4 9)
< € (191 92)izacryarzzon + 10Oz r/azaso.oy?) -

Using the fact 3(t) = ﬁ and e=258(3(1)? > C for t € [T/4,T/2] and some C > 0, one can estimate
the last term of right hand sides of (4.9) as

2 <C /e szség 2 2y _ o 2 L*QS@Q 2 2
H(U7’¢))”[L2(T/4T/2LQ(OL))]z o € 3 (|U| Jr|7/’| )* s Jo € 3 (|U| Jr|¢| )

Thanks to the Carleman estimate (4.5) with the fact that 3 = ¢ and S =0¢in [T/4,T/2] (see Re-
mark 4.1), we get

T
10z 0.0y < C /0 [ €17 25(105-95) 2

+ C// 696725(109579@) (|6x91|2 + |a$g2|2) ) (4.10)
Q
Next, note that
£17¢—25(105-98) 3176723(10679@3)’ £9¢—25(105-93) 396725(106796) in [0,7/2],
5176—2.@(105—9@)’ 596—2s(1o¢—9¢) < C and 3176—2(9(10(%—9@7 396—2s(1oé—9é) >C  in [T/2,7).
(4.11)

Utilizing the above observations in (4.10), we deduce

2
1w O iL2(r/a,7/2;02 0,02

T o L (4.12)
< C/ / 6176723(106796)|v|2 + C// 696723(106796) (|azgl‘2 + |amg2|2) )
0 Jo Q
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Substituting this estimate in (4.9), and using the fact e=2583" is hounded above in [T/2,T] for any
n € N in the left hand sides of (4.9), we get

T L . T L N
(D)2 0.z) + /; } / 2839 (of? + [9) + /; i / 2837 (10,0 + |0,9P)

T <~ < o~
< C/ / 6176_25(106_96)"U|2 + C// 696—25(106—96) (‘aa:gl|2 + |8$92|2) ) (413)
0 Jo Q

In the above estimate, we have clubbed the (g1, 92)l;12(7/4,7,12(0,1.))2 terms with the [0,g;| term using
Poincare inequality as g; € L%(0,T; H}(0, L)).

Using the fact that 3 = ¢ and & = $ in (0,7/2] (Remark 4.1), and using the Carleman estimate (4.5),
we have

T/2 L . T/2 L Q
[ [ emss upaory+ [ [T et (00 + 0.0P)
0 0 0 0
T
< C/ /6176_28(10¢_9@)|U‘2+C// 596—23(10¢—9@) (|aa:gl|2+|aw92|2)-
0 Jw Q

Next, we use the observation (4.11) in the last estimate to conclude

/2 L N T/2 4L N
/ / e™93% (|of* + [v/?) +/ / =28 37 (10,0 + |0,9]%)
0 0 0 0
T < o~ ~ ~
< C/ /3176725(106796)“}‘2 + C’// 39¢—25(106-98) (|5xg1|2 " |8192|2)' (4.14)
0o J& 0
As a consequence of (4.13) and (4.14), we have the following estimate

(D)2 0.z) + / /Q 2839 (Jof? + [f2) + / /Q 2837 (10,02 + |2,452)

T o o (4.15)
< C/ / 3176—23(106—96)|U|2 + C// 396—28(106—96) (‘89191'2 + |awg2|2) )
0 Jo Q

e Step 2. Let us define p(t) = ¢=5635/2 g0 that p(0) = 0. Again, by applying Proposition 2.5 to the
equations satisfied by (pv, py), we get

1Bo 76) leqo e zo.cnpe < € (1891 P92 lie o, ranco.nnp + 1P ) lpao.riaonyz ) - (4:16)

Note that |p;| < 0339/26’“% for some constant C' > 0, and therefore
~ ~ 2 — sA
H(ptvapt'l/})H[LQ(O,T;LZ(O,L))]Q = C//Q e o3 (|U|2 + |¢|2) ‘ (4.17)

Using the above estimate in (4.16) along with (4.15), we get the desired observability inequality (4.4).
This completes the proof. O

5. NULL-CONTROLLABILITY FOR THE LINEAR SYSTEM
This section is devoted to prove the null-controllability of the extended linearized system (1.8) with
up = 0, and source terms fi, fo € L*(0,T; L%(0, L)).
Let us denote the following operator:
Lu = Oyu 4 O2u + 02u + Oy,

and its formal adjoint

L*u= —0wu — Iou — O3u — Dyu.
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Denote the Banach space

& = {(w,w,h) | 2005-98)379/2(u ) € [L2(0,T; (0, 1)]?

06— é) 11(u’w) c [XO,T]27 (5.1)
63é3_5/2(£u — hxw), eSé3_5/2(£*w —uxe) € L'(0,T;L?(0, L)),
w(T,") =0 in (o,L)}

s(108
o5(106 ) —17/2p € L2(Q),
es(10

Then we have the following null-controllability result.

Proposition 5.1. Let s be fized parameter according to Theorem 3.3 and f1, fo be the functions satis-
fying

e*$375/2(fy, f2) € [L}(0,T; L%(0, L))]*. (5.2)

Then, there ezist control h € L* (0,T; L*(w)) and the associated solution (u,w) to (1.8) such that the
tuple (u,w, h) € &, in particular, we have w(0,-) =0 in (0,L).

Proof. We consider the space

Qo = {(v, ¥) € [CH@Q)1? ] v(t,0) = v(t, L) = Bzu(t,0) = dyu(t, L) = d3u(t, L) =0,
P(t,0) = (¢, L) = 0x1)(t,0) = Op9p(t, L) = 924(t,0) = 0, (53)
L(¥)(t,0) = L(¥)(t, L) =0,
(£°(v) = ¥x0) (1, 0) = (£*(4) = vxo)(t, L) = 0},
and define the bilinear form
B:Qyx Q — R (5.4)

given by
B ((v1,91), (v2,72))

[l (e son) (eonmrow) + (e0) (o) |

T S
+/ /6—25(106—96)3171]1 V.
0 w

Note that due to the observability inequality (4.4) and the fact that w C w, we have

B (0, 0), (0,9) = [e-*932(0,0)|| , (56)

[c([0,T];L3(0,L))]?

which defines a norm on Qy. We denote the closure of Qp w.r.t. the norm B(-, -)1/2 by Q, which is a
Hilbert space endowed with the inner product (5.5).

Next, for any given (fl, f2) € [L1(07T; L?(0, L))]2 we define the linear map § on Qg as

3(’0,’(&) <f1 >L1 (L2),Lo°(L2)) + <f2 w>L1(L2)’Loo(L2)) : (57)

Observe that due to (5.2) and the observability inequality (4.4), the linear functional § satisfies the
following estimate

8@, <1372 (7 ) o rseooe * 732 (00 gm0z e <o (658)

This shows that the map § is a continuous linear map on Q as Qg is dense in Q.
Therefore, for any given (f1,f2) € [Ll(O,T;LQ(O,L))f7 there exists unique (7,7) € Q x Q by
Lax-Milgram’s theorem which satisfies

B (0,0, (0,1) =F (v,0), V(,v) € Q (5.9)
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Now, we set

U= 396—23(106—9é) (ﬁ*a _ JXO>9M7 (510)

o= 396—23(106—96) (£d), .,

h= 317{25(106*9@) 71

—~

5.11)

—

5.12)

w-e

(a) Let us first show that (ﬂ,@,ﬁ) € [L*(0,T; H‘l(O,L))]2 x L?((0,T) x w) .
e Note that
T

T < A [N
/ 628(106_96)3_9Ha”%*l(O,L) :/ 623(106—9(‘5)3—9 sup |<ﬂ,19>|§{,1’H3
0 0 191453 =1

2

< // 6—25(106—9@3)39 ‘(L*’ﬁ— JXO)QC
Q
< ((@,9), @.9)) < +oo.
e Similarly, one can easily show that w € L?(0,T; H~1(0, L)).

e Straightforward computation gives

T
5(108-98) g —17/27 |2 —25(10&—9& ~
||6 (106 96)3 17/2h||L2((07T)Xw):/0 /e 25(106 96)317|U|2

< ((0,9), (@0.9)) < +o0
Combining the above estimates together, we get:

[es(106-98)3-9/2 (7 55 o+ e COS T3 TR, (o

2
) H[L’-’((O,T);H*l(O,L) ) Xw)

<8 ((5, P, (@, J)) < +oo. (5.13)

(b) Note that this pair (@, w) is the unique solution to the linearized system (1.8) in the sense of
transposition with the control function h due to (5.9).

(¢) Lastly, we show 65(10679@3711(&7 D) € [XO’T]2 . Let us define
(@, @) = e (106-98) 3-117 7). (5.14)
Using the expression of @ from (5.11), we have

W= es(1oé—9é)3—11396—23(106—9@ (&Z)

= e—s(loé—gé)3—2 (&Z)m

Thus, using 10 — 9 > 0 due to the properties of ¢ as mentioned in (3.6), it is clear that
w(0) = 0. Similarly, w(0) = 0. Furthermore, the pair (u,w) satisfies the following system:

Ot + 0,1 + 03U+ 02T = f + xwh + (es(loé’gé)S*“)tﬂ, (t,z) € Q,

—04W — 0, W — O3 — O2W = fo + XOU — (es(loé‘gé)?ﬁ“)tw, (t,r) € Q,

a(t,0) = u(t, L) = d,u(t,0) = 8,u(t, L) = 82a(t,0) = 0, te (0,7), (5.15)
w(t,0) = w(t, L) = 0,w(t,0) = d,w(t,L) = 0?w(t, L) = 0, te(0,7),

u(0,-) = 0,w(T,-) =0, in (0, L),

where T := ¢*(106-98) 3-11% L?((0,T) x w) due to (5.13).
Also, we have

(T, Fo) s= X (0S99 3710(py, ) € [L1(0, T L2(0, L),
since es(wé_gé):’)_” < Ce*$3-5/2, Further, one can compute that
‘(es(loé’gé)S’“)t‘ < Ces(loé—gé)zrg,
and so due to the bound (5.13), we get

(65(106—9é)3711)t (W, @) € [LQ(()’:]’;H*(O,L))]2 .
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Altogether, we have shown that each source term in the set of equations (5.15) belongs to the
space L2(0,T; H=1(0, L)) c L?*(0,T; H=2(0,L)). As a result, by applying Proposition 2.4, we
have

(@) € [C([0,TT]; L*(0, L))}* N [L*(0, T; HE(0, L))],
in other words,
es(méfgé)sq (@, @) € [Xo. T] .
Thus, combining all the three points we conclude that the tuple (@, w, ﬁ) € &€ solves the control system
(1.8), which completes the proof. O

6. LOCAL NULL-CONTROLLABILITY OF THE EXTENDED NONLINEAR SYSTEM

In this last section, we establish the main result of this article concerning the insensitizing property
of the functional J, given by (1.2), as stated in Theorem 1.1. As explained in Section 1, to establish
this result we prove the equivalent local null-controllability result for the extended system (1.5), i.e.,
Theorem 1.4. Thus, in this section we give a proof for the local null controllability result, Theorem 1.4.

Before starting the proof, let us first recall the well-known Inverse Mapping Theorem on which our
proof relies.

Theorem 6.1. Let G, Go be two Banach spaces and A : Gi — Ga be a map satisfying A € C1(G1;Ga).
Assume that by € Gy, A(b1) = by € G2 and A’'(b1) : G1 — G is surjective. Then, there exists 6 > 0 such
that for every b € Gy satisfying ||b — ballg, < 9, there exists a solution of the equation

A(b)=b, beG.

Proof of Theorem 1.4. The proof is just an application of the above theorem as described below.
Setup. Consider the spaces

Gi1=¢&, Ga=FXF,
where £ is defined by (5.1) and
Fi={f1e:93721 € L}0,T; 120, 1) }. (6.1)
Now, define the map A : G; — G5 given by
A (u,w, h)
= (&u + Opu + aiu + 321& 4+ uPOru — xoh, —Oyw — Jpyw — 8;9’10 - aiw —uPO,w — Xou). (6.2)

Continuously differentiability. Let us first check that A € C!(G1;Gz). In this regard, we denote the
space

Y i={y | (108-98)3710y & 120,75 110, 1)) }. (6.3)

Observe that all the terms, except uP d,u and u?d,w in the definition of A are linear. Thus, to prove
A € CY(G1;Ga), it is enough to show that the map

(y,2) €Y x Y= yPdz e F (6.4)

is continuous. .
Recall the construction of weight functions &, & in (4.3). Due to the last property of the function ¢
mentioned in (3.2), we have

(lOsé — 95@) > cos3(t),
for all ¢ € (0,7] and for some ¢y > 0. Consequently,
esé375/2 < 6(1056_95@)3711676053(7&)3117% < Ce(lOsé—Qs@)sfll’ (65)

for some constant C' > 0. Thus, for any two functions y, z € ), we have
T
e A e e PP
< C/ o5 (106-98) 371172y 2 OL)eg(loéfgés)s—ll/z”ZIHLZ(QL)

< O@®P/ V) |lyllllzlly- (6.6)
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Mimicking the arguments of Lemma 2.7, one can deduce the continuity of the map (6.4) using the above
estimate (6.6). This ultimately proves that the map A € C1(Gy;Ga).

Surjectivity. Set by = (0,0,0) € Gy, and by = A’(0,0,0) = (0,0) € G5. Then we aim to prove that the
map A’(0,0,0) is surjective. Note that the map .A’(0,0,0) : G; — G2 is given by
A'(0,0,0)(u,w, h) = (@u + Ot + O3u + 02u — xWoh, —Oiw — Opw — 2w — Ow — x@u),

which is surjective due to the controllability result given by Proposition 5.1.

Conclusion. Let us consider b = (£,0) € Gy, where ¢ is the given external source term in (1.5) or in
(1.1). Then, according to Theorem 6.1, there is a 6 > 0 such that for given £ verifying

”(570)”92 < 63
there exists a solution-control pair ((u,w),h) € G; = £ to the system (1.5). In particular, w(0,-) =0 in
(0, L). This completes the proof of Theorem 1.4, and hence of Theorem 1.1. O
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