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Jérôme Martin1 (a), Christophe Ringeval2,1 (b) and Vincent Vennin3,1 (c)

1 Institut d’Astrophysique de Paris, 98bis boulevard Arago, 75014 Paris, France
2 Cosmology, Universe and Relativity at Louvain (CURL), Institute of Mathematics and Physics, University of Lou-
vain, 2 Chemin du Cyclotron, 1348 Louvain-la-Neuve, Belgium
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Abstract – We show that the simplest, and currently favoured, theoretical realizations of cosmic
inflation yield a sharp prediction for the running of the spectral index αS. Using latest cosmological
data, we compute its marginalized posterior probability distribution over the space of nearly 300
models of single-field slow-roll inflation. The most probable value is αS = −6.3 × 10−4, lying
within the 98% credible interval −1.8×10−3 < αS < −9.1×10−5 . Within the landscape of all the
proposed slow-roll inflationary models, positive values for the running are therefore disfavoured
at more than three-sigma.

Introduction. – Cosmic inflation is an epoch of ac-
celerated expansion that took place in the very early Uni-
verse, prior to the eras described by the hot Big-Bang
model. The main motivation for introducing this new
phase of evolution is that the resulting framework becomes
free of the various puzzles that plague the standard cos-
mological model [1–4]. Inflation comes in different incar-
nations but, at least for the moment, the simplest realiza-
tion, where inflation is driven by a single scalar field with
a minimal kinetic term (the so-called inflaton field φ), is
sufficient to explain the cosmological data. The mere ex-
istence of inflation addresses the smallness of the spatial
curvature today, the Gaussian statistics of the Cosmic Mi-
crowave Background (CMB) anisotropies, the adiabaticity
of the initial conditions, and the presence of a nearly scale-
invariant primordial power spectrum Pζ for curvature per-
turbations. This last property has a special status as it
was a prediction of inflation (in contrast to a postdiction),
which was recently verified at a significant statistical level.
Deviations from scale-invariance are encoded in the value
of the so-called spectral index, nS, evaluated at a pivot
wavenumber k∗

nS − 1 ≡
d ln [Pζ(k)]

d ln k

∣

∣

∣

∣

k=k∗

. (1)
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Fig. 1: Evolution of two cosmological perturbations, of wave-
lengths λ1 and λ2, during cosmic inflation. Their amplitude
is proportional to H/

√
ǫ1, evaluated at Hubble crossing, i.e.,

when the wavelength equals the distance to the event horizon.
In such a simple scenario, one has nS . 1 together with αS . 0.

The latest cosmological data give, at k∗ = 0.05Mpc−1,
nS = 0.9649± 0.004 at 68% confidence limit [5]. Because
nS < 1, the primordial power spectrum Pζ(k) is slightly
red, i.e., there is slightly more power at low wavenumbers
k than at high wavenumbers.
There are different ways of understanding why the sim-
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plest single-field slow-roll scenarios mentioned above are
associated with nS . 1. Indeed, typically for this class
of models, the potential V (φ) of the inflaton field is
monotonous and, as inflation proceeds, it becomes increas-
ingly steep. As a consequence, the inflaton accelerates and
the kinetic energy grows compared to the total energy so
that, after a sufficient number of e-folds, denotedN = ln a,
inflation comes to an end. This means that the Hubble-
flow functions, defined by [6, 7]

ǫi+1(N) ≡
d ln |ǫi|

dN
, ǫ0(N) =

M
P

H
, (2)

are typically increasing functions of time as inflation pro-
ceeds. For instance, the physical process described above
implies that

ǫ1 =
1

2M2
P

(

dφ

dN

)2

, (3)

grows, which means that ǫ2 > 0 thanks to Eq. (2). At lead-
ing order in the Hubble-flow functions, one can show [8–13]
that the tensor-to-scalar ratio r is given by r = 16ǫ1 and
nS − 1 ≃ −r/8 − ǫ2. Given that primordial gravitational
waves have not been detected, current cosmological data
only set the upper bound log(ǫ1) < −2.6 (95%) [14], which
immediately implies that nS−1 ≃ −ǫ2, that is to say a red
spectrum. From the value of nS ≃ 0.9649 reported earlier,
one has ǫ2 ≃ 0.035.
Another way to describe the same mechanism in simple

terms is to remark that the amplitude of the power spec-
trum is given by Pζ(k) ∝ H2/(M2

P
ǫ1), evaluated when the

mode k crosses out the Hubble radius. When inflation
proceeds, H slightly decreases (since H2 ∝ ρ can only
decrease in an expanding universe) while ǫ1 increases (if
inflation, corresponding to ǫ1 < 1, ends by slow-roll viola-
tion when ǫ1 reaches unity). As a result, at late times, the
amplitude of the mode λ2 < λ1 is slightly lower than the
one of λ1, see Fig. 1. This implies that Pζ(k2) < Pζ(k1)
with k2 > k1: this is a red tilt.
A red tilt is thus typically expected if inflation is de-

scribed by vanilla models. In fact, the previous reasoning
can be pushed one step further. Indeed, in the same con-
text, the running of the spectral index is given by

αS ≡
d2 ln [Pζ(k)]

d(ln k)2

∣

∣

∣

∣

k=k∗

≃ −ǫ2 (2ǫ1 + ǫ3) , (4)

and, therefore, a positive third Hubble-flow function ǫ3 >
0 implies a negative running. As such, one should expect
the simplest single-field scenarios to exhibit both nS . 1
and αS . 0. It is important to notice that inflationary
models having αS > 0 do exist, in the same manner as
there are models with nS ≥ 1. The main point here is
that, within the aforementioned simplest picture, there
must be a strong correlation between the value of nS and
αS. Because the current data strongly constrain nS < 1,
one should be able to have a definite prediction for αS < 0,
if the simplest scenarios were correct.

In the following, we quantitatively implement this idea
and derive the posterior probability distribution for αS

given all the explicit theoretical realizations of slow-
roll single-field inflation and using current cosmological
data from both CMB and Baryonic Acoustic Oscillations
(BAO).

Method. – We consider the space Imod of the single-
field slow-roll inflationary models studied in Ref. [15],
which amounts to 286 different scenarios. Each scenario,
say Mi, comes with some primordial model parameters
θp and their associated prior πi(θp) = P (θp|Mi). The
set {θp} is made of the parameters entering the shape of
the potential V (φ), the parameters describing the reheat-
ing era after inflation, and any other parameters specific
to the scenario Mi under scrutiny. A detailed descrip-
tion of each of these models, parameters, and priors, can
be found in Refs. [14–16]. Moreover, we assume that, af-
ter the reheating, the universe evolves according to the
ΛCDM model, which is described by the standard cosmo-
logical parameters, say θs. Given some cosmological data
sets D, and a likelihood functional L(D|θp, θs,Mi), one
can determine the posterior probability distribution of all
parameters

P (θp, θs|D,Mi) =
L(D|θp, θs,Mi)πi(θp)π(θs)

E(D|Mi)
, (5)

where the normalization constant is the Bayesian evidence

E(D|Mi) =

∫

L(D|θp, θs,Mi)πi(θp)π(θs) dθp dθs .

(6)
The probability of model Mi to explain the data is then
given by

P (Mi|D, Imod) =
E(D|Mi)π(Mi)

P (D)
, (7)

where P (D) is a model-independent normalization fac-
tor and π(Mi) = P (Mi|Imod) is the prior probability of
model Mi within the space Imod. In the following, we
consider non-committal priors, i.e., π(Mi) = 1/286 for all
models.
For all Mi, the Hubble-flow functions ǫi(θp) are known,

and, from Eq. (4), one can derive the running of the spec-
tral index αS(θp)

1. All the posteriors P (θp|D,Mi) can
be obtained by performing separated data analysis of D
given Mi, and, from these, it is straightforward to derive
the posteriors of αS given Mi,

P (αS|D,Mi) =

∫

P (θp|D,Mi) δ [αS − αS(θp)] dθp .

(8)
We can then marginalize over all models Mi filling the
space Imod to obtain

P (αS|D, Imod) =
∑

i

P (αS|D,Mi)P (Mi|D) , (9)

1In practice, we have used the public library ASPIC to compute
the Hubble-flow functions and the running [17].
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Fig. 2: Posterior probability distribution for the running of the
spectral index αS marginalized over 286 slow-roll inflationary
models. Shaded regions show various annotated credible inter-
vals comprising the mode and the mean value. Positive values
of the running are disfavoured at more than three-sigma.

where P (Mi|D) is given by Eq. (7). Let us notice that
each posterior appears weighted by the probability of the
associated model, ensuring that the most disfavoured sce-
narios have almost no effect on the final result. The poste-
rior probability distribution P (αS|D, Imod) is the quantity
of interest: it is quantifying how probable a given value of
the running is given both the data sets D and the space
of all models Imod.

Results. – The data sets D used are the 2020 post-
legacy release of the Planck satellite CMB data [18–
22], complemented with the BICEP/Keck array 2021
data [23], the South Pole Telescope third generation mea-
surements [24] and a compilation of BAO data from
the Sloan Digital Sky Survey IV [25, 26]. Data analysis
has been done using modified versions of the CAMB and
COSMOMC codes [27,28] to machine-learn an effective likeli-
hood [29] which is fed to the PolyChord code [30,31]. The
latter code is used to perform fast nested sampling and ev-
idence computation for the 286 models. The details of this
analysis can be found in Ref. [14].

Our main result is P (αS|D, Imod), which is represented
in Fig. 2. The maximum and the mean value of the run-
ning, a posteriori, are given by

αS|max = −6.3× 10−4, 〈αS〉 = −7.3× 10−4, (10)

respectively. They are both located within the following
credible intervals

−8.8× 10−4 < αS < −4.7× 10−4 (68%),

−1.4× 10−3 < αS < −2.4× 10−4 (95%),

−1.8× 10−3 < αS < −9.1× 10−5 (98%),

(11)

which are represented as shaded regions in Fig. 2. The
posterior P (αS|D, Imod) is almost vanishing in the pos-
itive domain αS > 0 and this implies that, indeed, all
single-field slow-roll models fitting well the current cos-
mological data are associated with negative running.

Let us insist that Eq. (10) and Eqs. (11) can be in-
terpreted as predictions for αS within the space Imod, i.e.,
the space filled with all the simplest theoretical implemen-
tations of single-field slow-roll inflation. If Imod is truly
representative of the actual way inflation occurred, future
data are going to match the figures quoted in Eq. (10)
and Eqs. (11). On the contrary, measuring positive val-
ues of the running would imply that the simplest picture
sketched in Fig. 1 is incorrect and the evolution of the
Hubble radius has to be more complex than the one fea-
tured by vanilla models.

The data analysis we have presented is fully Bayesian,
and, in order to emphasize the importance of Fig. 2, one
also needs to discuss its dependence with respect to the
priors.

Discussion. – The prior probability distribution of
the running is πmod(αS) = P (αS|Imod). From the previous
discussion, it is given by the weighted sum of all prior
distributions associated with the primordial parameters
θp of each models Mi. One has

πmod(αS) =
∑

i

∫

δ [αS − αS(θp)]πi(θp) dθp π(Mi) .

(12)
This distribution has been plotted in Fig. 3 as a red solid
curve. It is not symmetric and negative values are clearly
preferred. Again, this is because the single-field slow-roll
models within Imod are mostly associated with smooth
potentials and behave as sketched in Fig. 1. However, we
should notice that there is a tail in the positive region, sig-
nalling that some models predict a positive running, and a
sharp peak at vanishing αS. This peak comes from a sub-
class of inflationary models having, for instance, a hilltop,
or an inflection point, or very flat regions in which the field
gets trapped and inflation may end by another mechanism
than slow-roll violation. In this situation, inflation is very
close to pure de Sitter, the Hubble radius is very close
to constant and all Hubble-flow functions are very small.
As a consequence, these models are making definite pre-
dictions: nS ≃ 1 and αS ≃ 0, hence the peak. However,
these de-Sitter like scenarios have been disfavoured since
the first measurements of a red-tilted spectral index [32],
and, as evident from Fig. 2, only a small peak at αS = 0
remains in the posterior P (αS|D, Imod). Comparing the
width of the prior in Fig. 3 to the posterior in Fig. 2, as
well as the confidence intervals quoted in Eq. (11), it is
clear that our constraints, within Imod, are significantly
driven by the data and are non-trivial.

It is also informative to compare our results, applica-
ble to Imod, to the ones that could be obtained starting
from a much wider space in the realm of slow-roll infla-
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Fig. 3: Prior probability distributions for the running of the
spectral index αS. The solid red curve is within Imod, marginal-
ized over 286 slow-roll inflationary models Mi and assuming
non-committal priors π(Mi) = 1/286. The blue dashed curve
is the prior distribution assuming only slow-roll power spectra
and standard priors on the Hubble-flow functions (see text).

tion. Let us define Isr, the space of “just slow-roll” in
which no explicit field theoretical realization is assumed.
The hypothesis space Isr only assumes a slow-roll shape
for the primordial power spectra, where Pζ(k) [and Ph(k)
for tensors] are known functionals of the Hubble-flow func-
tions ǫi (see, for instance, Refs. [33–35] for their explicit
expression and derivation). From the motivated priors2

log(ǫ1) ∈ [−5,−0.7], ǫ2 ∈ [−0.2, 0.2] and ǫ3 ∈ [−0.2, 0.2],
Eq. (4) allows us to compute πsr(αS) ≡ P (αS|Isr), which
is plotted as a blue dashed curve in Fig. 3. It is a nor-
malizable distribution sharply peaked at αS = 0, having
very long tails. It is symmetric and does not favour pos-
itive or negative values of αS. Using the data sets D de-
scribed earlier, we have derived the posterior distribution
P (αS|D, Isr). It is represented in Fig. 4 as a blue dashed
curve. For convenience, we have also reported the pos-
terior P (αS|D, Imod) as a solid red curve (same curve as
in Fig. 2). This figure confirms that narrowing down the
hypothesis space to Imod, i.e., performing data analysis
within explicit theoretical realizations of single-field slow-
roll inflation, significantly boosts the predictive power of
the cosmological data.

What would it take to change our conclusion? First,
inflation could have been realised by a vanilla model not
pertaining to Imod. If a large number of new models hav-
ing totally different runnings, fitting well the data3, were
to be discovered, then our posterior distribution on the
scalar running would be substantially revised. Although

2The first Hubble-flow function ǫ1 is of unknown order of magni-
tude whereas all |ǫi| should be smaller than unity.

3Otherwise their contribution to the running posterior will be
suppressed by their Bayesian evidence.
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Fig. 4: Comparison between the posteriors P (αS|D, Imod) (red
solid line) and P (αS|D, Isr) (blue dashed line). The former is
associated with the space Imod of explicit theoretical realiza-
tion of single-field slow-roll inflation whereas the latter, Isr,
assumes only a Hubble-flow functional shape for the primor-
dial power spectra. Explicit models, given the current data,
are much more predictive.

this seems unlikely, let us contemplate this possibility. The
analysis of Ref. [14] reveals that many of the single-field
models proposed after the release of the Planck 2013 data
turn out to be disfavoured (between 2013 and today, the
fraction of rejected models increased from 29 % to 41 %,
although 112 additional models were included in the re-
cent analysis). This goes against the common lore that
theorists only propose models that are compatible with
the data available to them, and that the predictions of
these models reflect changes in the data rather than phe-
nomenological typicality of a class of theories. Instead, we
argue that the models that have already been proposed are
representative of single-field constructions in general, and
that negative running does constitute a typical prediction
of vanilla inflation.

Second, one may want to work with model priors dif-
fering from the non-committal ones but, without a well-
justified physical reason, this would certainly be viewed
as an awkward approach. In fact, if one were to give
more prior weight to models grounded in deeper theo-
retical motivations than to potential functions proceeding
from more phenomenological parametrisations, one would
exclude positive running with even higher statistical con-
fidence.

Third, inflation could have occurred in a non-vanilla
model. This would come with additional signatures (en-
tropic perturbations, non-Gaussianities, . . . ) that would
significantly modify Bayesian model comparison. At this
stage however, these signatures are constrained to be small
by the data, hence the most conservative and minimal as-
sumption is that single-field slow-roll inflation took place
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in the early universe. And this predicts negative running.
We conclude that it would be worth targeting future ob-
servations [36, 37] to reach the figures quoted in Eq. (10)
and Eqs. (11) to either confirm it, or ruling it out.

∗ ∗ ∗
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