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Exterior stability of Minkowski spacetime with borderline decay

Dawei Shen*

May 1, 2024

Abstract

In 1993, the global stability of Minkowski spacetime has been proven in the celebrated
work of Christodoulou and Klainerman [5]. In 2003, Klainerman and Nicolo [13] revisited
Minkowski stability in the exterior of an outgoing null cone. In [22], the author extended
the results of [5] to minimal decay assumptions. In this paper, we prove that the exterior
stability of Minkowski holds with decay which is borderline compared to the minimal decay
considered in [22].
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1 Introduction

1.1 Einstein vacuum equations and the Cauchy problem

A Lorentzian 4-manifold (M, g) is called a vacuum spacetime if it solves the Einstein vacuum

equations:
Ric(g) =0 in M, (1.1)

where Ric denotes the Ricci tensor of the Lorentzian metric g. The Einstein vacuum equa-
tions are invariant under diffeomorphisms, and therefore one considers equivalence classes of
solutions. Expressed in general coordinates, (1.1) is a non-linear geometric coupled system of
partial differential equations of order 2 for g. In suitable coordinates, for example so-called
wave coordinates, it can be shown that (1.1) is hyperbolic and hence admits an initial value
formulation.

The corresponding initial data for the Einstein vacuum equations is given by specifying a triplet
(3,9, k) where (¥, ¢) is a Riemannian 3-manifold and £ is the traceless symmetric 2-tensor on
Y satisfying the constraint equations:

R= |k — (trk)2,

. (1.2)
DJ kij = Di (tl" k‘),

where R denotes the scalar curvature of g, D denotes the Levi-Civita connection of g and

k% = g kv kea, trk = gijkij.
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In the future development (M, g) of such initial data (X, g, k), ¥ C M is a spacelike hypersur-
face with induced metric g and second fundamental form k.

The seminal well-posedness results for the Cauchy problem obtained in [3,4] ensure that for any
smooth Cauchy data, there exists a unique smooth maximal globally hyperbolic development
(M, g) solution of Einstein equations (1.1) such that ¥ C M and g, k are respectively the first
and second fundamental forms of ¥ in M.

The prime example of a vacuum spacetime is Minkowski spacetime:
M =R4, g = —dt* + (dz")? + (do*)* + (da®)?,
for which Cauchy data are given by
¥ = R3, g = (dz")? + (dz?)? + (dz®)?, k=0.

In the present work, we consider the problem of the stability of Minkowski spacetime and start
with reviewing the literature on this problem.

1.2 Previous works of the stability of Minkowski spacetime

In 1993, Christodoulou and Klainerman [5] proved the global stability of Minkowski for the
Finstein-vacuum equations, a milestone in the domain of mathematical general relativity. In
2003, Klainerman and Nicolo [13] proved the Minkowski stability in the exterior of an outgoing
cone using the double null foliation. Moreover, Klainerman and Nicolo [14] showed that under
stronger asymptotic decay and regularity properties than those used in [5, 13], asymptotically
flat initial data sets lead to solutions of the Einstein vacuum equations which have strong peel-
ing properties. Given that the goal of this paper is to extend the result of [13], we will state
the results of [5,13] in Section 1.3.

We now mention other proofs of Minkowski stability. In 2007, Bieri [2] gave a new proof of
global stability of Minkowski requiring one less derivative and less vectorfields compared to [5].
Lindblad and Rodnianski [18,19] gave a new proof of the stability of the Minkowski space-
time using wave-coordinates and showing that the Einstein equations verify the so called weak
null structure in that gauge. Huneau [11] proved the nonlinear stability of Minkowski spacetime
with a translation Killing field using generalised wave-coordinates. Using the framework of Mel-
rose’s b-analysis, Hintz and Vasy [9] reproved the stability of Minkowski space. Graf [7] proved
the global nonlinear stability of Minkowski space in the context of the spacelike-characteristic
Cauchy problem for Einstein vacuum equations, which together with [13] allows to reobtain [5].
Under the framework of [13] and using rP—weighted estimates of Dafermos and Rodnianski [6],
the author [21] reproved the Minkowski stability in exterior regions. More recently, Hintz [8]
reproved the Minkowski stability in exterior regions by using the framework of [9]. Using rP—
weighted estimates, the author [22] extends the results of [2] to minimal decay assumption.

There are also stability results concerning Einstein’s equations coupled with non trivial matter
fields, see for example the introduction of [21,22].

1.3 Minkowski Stability in [5,13]

We recall in this section the results in [5,13]. First, we recall the definition of a mazimal
hypersurface, which plays an important role in the statements of the main theorems in [5,13].



Definition 1.1. An initial data (3, g, k) is posed on a maximal hypersurface if it satisfies
trk = 0. (1.3)

In this case, we say that (X, g,k) is a mazimal initial data set, and the constraint equations
(1.2) reduce to
R = |k|?, divk =0, trk = 0. (1.4)

We introduce the notion of s—asymptotically flat initial data.

Definition 1.2. Given s > 1 and ¢ > 0, we say that a data set (X, g, k) is (s, q)—asymptotically
flat if there exists a coordinate system (x', 22 23) defined outside a sufficiently large compact

set such that:

e In the case of s > 3!

2M -1 2 2 _s—=1 _s+1
gij=(1- — dr® 4+ r°dogz + 0g11(r~ 2 ), kij = oq(r— 2 ). (1.5)
e In the case of 1 < s <3
_s—1 _ 541
9ij = 0ij + 0q11(r™ 2 ), kij=o4(r” 7). (1.6)

We also introduce the following functional:

3 1
Jo(S0, 9.k) 1= sup (& + 1P| Ric?) + [ S (a3 + ) DRE + [ S (@3 + 1D B
Zo X0 1—g 20 1—0

where dy is the geodesic distance from a fixed point O € 3, and B;; := (curl IQ)U is the Bach
tensor, R is the traceless part of Ric. Now, we can state the main theorems of [5] and [13].

Theorem 1.3 (Global stability of Minkowski space [5]). There exists aneo > 0 sufficiently small
such that if Jo(Xo, g, k) < €3, then the initial data set (3o, g,k), (4,3)-asymptotically flat (in
the sense of Definition 1.2) and mazimal, has a unique, globally hyperbolic, smooth, geodesically
complete solution. This development is globally asymptotically flat, i.e. the Riemann curvature
tensor tends to zero along any causal or spacelike geodesic. Moreover, there exists a global

mazimal time function t and a optical function u> defined everywhere in an external region.

Theorem 1.4 (Exterior stability of Minkowski [13]). Consider an initial data set (3o,9,k),
(4,3)-asymptotically flat and maximal, and assume Jo(X¢,9,k) is bounded. Then, given a
sufficiently large compact set K C Yo such that o \ K is diffeomorphic to R\ By, and under
additional smallness assumptions, there exists a unique future development (M,g) of Xo \ K
with the following properties:

s (M,g) can be foliated by a double null foliation {Cy} and {C,} whose outgoing leaves C,
are complete.

o We have detailed control of all the quantities associated with the double null foliations of
the spacetime, see Theorem 3.7.1 in [13].

!The notation f = o;(r~™) means 8 f = o(r~™ 7121, |a| < L.
2 An optical function u is a scalar function satisfying g’ 0, udsu = 0.



Remark 1.5. Various choices of the parameter s in Definition 1.2 have been made in the
literature. In particular:

s =4 is used for example in [5,7,13].

s =3+ 0% is used for example in [8,9,19].

s =3 — 0 is used in [12] for the Einstein-Klein-Gordon system.
s € (2,3] is used in [17] for the Finstein-Klein-Gordon system.
s =2 is used in [2].

s € (1,2] is used in [22].

The goal of this paper is to extend the results of [13,21] to s = 1 which is borderline
compared to the range considered in [22]. More precisely, we prove the exterior stability of
Minkowski spacetime for (1, 3)—asymptotically flat initial data.

1.4

Rough version of the main theorem

In this section, we state a simple version of our main theorem. For the explicit statement,
see Theorem 3.3.

Theorem 1.6 (Main Theorem (first version)). Let an initial data set (X9, g, k) which is (1,3)-
asymptotically flat in the sense of Definition 1.2. Let a sufficiently large compact set K C ¥
such that Xo \ K is diffeomorphic to R3 \ By. Assume that we have a smallness condition
on 3o \ K. Then, there exists a unique future development (M,g) in its future domain of
dependence with the following properties:

1.5

(M, g) can be foliated by a double null foliation (C.,,C,,) whose outgoing leaves C., are
complete for all u < ug.

We have detailed control of all the quantities associated with the double null foliations of
the spacetime, see Theorem 3.3.
Structure of the paper

In Section 2, we recall the fundamental notions and the basic equations.

In Section 3, we present the main theorem. We then state intermediate results, and prove
the main theorem. The rest of the paper focuses on the proof of these intermediary results.

In Section 4, we make bootstrap assumptions and prove first consequences. These conse-
quences will be used frequently in the rest of the paper.

In Section 5, we apply rP—weighted estimates to Bianchi equations to control the flux of
curvature.

In Section 6, we estimate the LP(S)—norms of curvature components and Ricci coefficients
using the null structure equations and Bianchi equations.

3This list focuses on low values of s. For large values of s, note for example [14] valid for s > 7 and [21] valid
for s > 3.
“Here and in the line below, § denotes a constant satisfying 0 < § < 1.
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2 Preliminaries

2.1 Geometry set-up

Let ¥ be a spacelike hypersurface. Let K C ¥y be a compact subset such that X \ K is
diffeomorphic to R? \E where Bj is the unit closed ball in R?. We fix a radial foliation on the
initial hypersurface 3¢ \ K by the level sets of a scalar function w. The leaves are denoted by

Sioy(w1) = {p € Xo/ w(p) = w1}, (2.1)
where w; € R. We assume that
OK = {p € ¥p/ w(p) = wp}, K ={pe >/ wlp) <wy}, (2.2)

where wy is the area radius of 9K defined by

_|0K]|
We now construct a double null foliation in the future of 3¢ \ K. For this, we denote T the
normal vectorfield of ¥y oriented towards the future and N the unit vectorfield tangent to g,
oriented towards infinity and orthogonal to the leaves Sp(w). We define two null vectors on
Yo \ K by
L:=N(w)(T+ N), L:= N(w)(T — N). (2.4)

We extend the definition of L and L to the future of ¥ \ K by the geodesic equations:
DL =0, D,L =0. (2.5)

We define a positive function by the formula

1

g(L7L) = _ﬁ7

(2.6)

where (Q is called the null lapse function. We then define two optical functions v and u in the
future of ¥y \ K by the Eikonal equations

L = —gradu, L = —gradu,

and the initial conditions

—w, w.

“\zo\K = H}ZO\K =

We then define the normalized null pair (es, eq) by
e3 = 2L, eq = 20°L. (2.7)

The spacetime in the future of ¥y \ K is then foliated by the level sets of u and u respectively.
We use Cy to denote the outgoing null hypersurfaces which are the level sets of u and use C,
to denote the incoming null hypersurfaces which are the level sets of u. We also denote

S(u,u) :=CyNC,,



which are spacelike 2-spheres. On a given two sphere S(u,u), we choose a local frame (e, e2),
we call (e1, eg, €3,€4) a null frame. As a convention, throughout the paper, we use capital Latin
letters A, B, C, ... to denote an index from 1 to 2 and Greek letters «, 3,7, ... to denote an index
from 1 to 4, e.g. e4 denotes either ey or es.

For any sphere S(u,u) of the double null foliation (u,u), we denote its causal past by
V(u,u) :==J (S(u,u)) N DT (S \ K).
Denoting ug = —wg and taking u, > wg, we define the bootstrap region by:
K =V (ug,u).

By local existence theorem, the spacetime K exists if w, is sufficiently close to wg. We now
introduce a local coordinate system (u, u, ) in K with e4(¢*) = 0. In this coordinates system,
the spacetime metric g takes the following form:

g = —20%(du ® du + du ® du) + yap(de? — b du) @ (do® — bPdu), (2.8)
where v denotes the induced metric on S(u,u) and b := QA8¢A denotes the null shift. Note that
9263 =0, +0, €4 = 82.

We recall the null decomposition of the Ricci coefficients and curvature components of the null
frame (e1, e2, e3,€4) as follows:

X, = 8(Daes, ep), xaB = g(Daey, ep),
§4= %g(DaesﬂeA), fa= %g(D4e4,eA),
w= ig(Dges, eq), W= ig(D4€47 €3), (2.9)
Ny = %g(D4€37€A)7 na = %g(D3€47€A),
Ca= %g(DeA€47€3),
and
asp = R(ea,eq,ep,e4), asp = Rlea,es, ep,es),
fa = %R(6A764,€3764)7 B,= %R(6A7637637€4)7 (2.10)
p= iR(eg, ey, e3,€4), o= %*R(eg, €4, €3,€4),

where *R. denotes the Hodge dual of R. The null second fundamental forms x, x are further
decomposed in their traces tr x and tr x, and traceless parts X and X:

=N 1
try = 6ABXAB, XAB ‘= XAB — §5AB trx,
. 1
trx:zéABXAB, Xap ::XAB_?;ABUX'

We define the horizontal covariant operator V as follows:

1 1
VxY =DxY — §K(X,Y)e4 — §X(X, Y)es.
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We also define V4 X and V3X to be the horizontal projections:

1 1

VX :=DyX — §g(X, Dyes)eq — §g(X’ Dyey)es,
1 1

VgX = D3X — §g(X, D3€3)63 — 5g<X7 D364)64.

A tensor field ¥ defined on M is called tangent to S if it is a priori defined on the spacetime
M and all the possible contractions of 1) with either e3 or e4 are zero. We use V3i and V¢
to denote the projection to S(u,u) of usual derivatives D3y and Dy1). As a direct consequence
of (2.9), we have the following Ricci formulae:

Dyes = x ,geB + Caes, D ses = xaBeB — Caeas,
Dgea = Vsea + naes + & ,eu, Dyea = Viea + 1 64+ {aey,
Dj3es = —2wes + 2§B€B, Dsey = 2wey + 2npep, (2.11)
Dyes = —2wey + 2€pep, Dyes = 2wes + QQBGB,
1 1
Djegp = Vaep + §XAB€3 + §XABe4‘

The following identities hold for the null frame (2.7):

1
Vk%9=§w+ﬂ% w=—V4(logQ), w=

0
(2.12)
n= ¢+ VlogQ, n=—C+ VlogQ, §=§=0,

see for example (6) in [16].

2.2 Integral formulae

Definition 2.1. Given a scalar function f on S := S(u,u), we denote its average and its
average free part by

_ 1 - _
f-=|S|/Sfd% F=f-TF

Lemma 2.2. For any scalar function f, the following identities hold:

e[ » sin) = [ PRCEG R
9263 (/S(u,u) fd7> - /S(u,u) (9263(f) o trzf) o

Taking f =1, we obtain
try Q2try
= —Z=r 3(r) = —==

64(T) 20)2

T,

where r is the area radius defined by

S(u,w)]

r(u,u) == pp

Proof. See Lemma 2.26 in [15] or Lemma 3.1.3 in [13]. O



2.3 Hodge systems

Definition 2.3. For tensor fields defined on a 2—sphere S, we denote by so := $0(S) the set of
pairs of scalar functions, 1 := $1(S) the set of 1-forms and s9 := s9(S) the set of symmetric
traceless 2—tensors.

Definition 2.4. Given & € 51 and U € so, we define their Hodge dual
*¢ 4 i=€ap 5, *Uap :==€ac U.
Definition 2.5. Given &,n € s1 and U,V € so, we denote
¢-n = "P¢ums, Enn =P Eang,
(€-U)a = 65“pUac, (UAV)ap =B UscVes,
(@n)ap = €anp + Epna — daBE 1.
Definition 2.6. For a given £ € s1, we define the following differential operators:

dive == 645V 45,
curl ¢ =e4B V 4€B,
(V&E)ap := Valp + Viéa — dap(dive).

Definition 2.7. We define the following Hodge type operators, as introduced in section 2.2
o di takes s1 into sy and is given by:
di§ := (div§, curl €),
e do takes so into 51 and is given by:
(d2U) 4 = VFUap,
o dj takes sg into s1 and is given by:

dT(fv f*)A = _vAf + GABva*a

o d5 takes s1 into s2 and is given by:
. 1_~
d5€ = —§V®§.

We have the following identities:
did; = —A1 + K, did] = — Ao,

. 1 X 1 (2.13)
dydy = —502 + K, dods = —i(Al + K).

where K denotes the Gauss curvature on S. See for example (2.2.2) in [5] for a proof of (2.13).

Definition 2.8. Let f € 59, £ € 51 and U € sq, we define the weighted angular derivatives P:

WU =rdoU,  fgi=rdie,  Bfi=rdif.
We also denote for any tensor h € s, k=0,1,2,

WD = (h, Bh,..., §h), q=0,1,2,3.

8



Definition 2.9. For a tensor field f on a 2—-sphere S, we denote its LP —norm:

s = ([ 15707)

We also introduce the following scale invariant LP—norm:

_2
[ Fllp,s = 1r v f

pS-
2.4 Null structure equations
Definition 2.10. We define the following renormalized quantity:
5 1= di(—w,w') - B, (2.14)
where w! is defined by the solution of

ngT = 0, 0.

W' |20\K =

We also define the following renormalized curvature components:

_ 1. _ 1. .
Pr=p=5X X U:ZU_§XAX' (2.15)
The mass aspect functions are defined as follows:
= —divn —p, pi=—divy —p. (2.16)
We also define the following modified mass aspect functions:
1 1
(1] ::,u—{—ztrx‘ch7 (1] ::H—|—4trxtrx (2.17)
Proposition 2.11. We have the following null structure equations:
Van = —x-(n—n) -8,
Van=—x-(n—n)+5,
Vax +trxx = —a,
1 —~
Vytrx + 5(’“)()2 = —|xXI* = 2wtrx,
Vix +trxx = —a,
1 ~
Vstry + 5(trX)2 = —|x%,
(2.18)

V4X+%trxgzv@g— %tr&f{%—g@ﬂ,
ng{—k%trX}?:V@n— %trxgw@n,

Vatrx + %trxtrxz 72ﬁ+2|ﬂ|2,

Vistrx + %tr&trx = 24+ 2|n)%,

3 1 1
Viw=p+ §|77—Q’2+5(77_ﬂ)'(77+ﬂ)_1|77+ﬂ‘2‘



the Codazzi equations:

1 1
divX:§Vtrx—*trXQ—r3+ﬂ'Xa

2
o~ 1 1 —~
divy = §Vtrx+ §trxg+§fﬁ'x,
the torsion equation:
curln = —curly = o,

and the Gauss equation:
1 ~
K+ ztrx trxy = —p.

Proof. See (3.1)—(3.5) in [16].

2.5 Bianchi equations
Proposition 2.12. We have the following Bianchi equations:
1 —~ ~ o~ =
Vsa+ Strxa = VoL —3(kp+"Xo) + (¢ +4n)®p,
Vi +2trxyf=diva —2wB+7n-«,

V4ﬁ+gtrxﬁ:divﬁ+(c+2ﬂ)'ﬁ—%5(\‘( Aﬂ+ﬂ n) + - trx|X]%,
V48+gtrx8:—div*ﬁ—(C+2Q)AB—%A/\(VAQ+QAQ)7
Vgﬁ—i—gtrxﬁ:—div@—i—(Q—Qn)@—%X-(V@ﬁJrn@??)‘i‘*trX@Q,
Vg&—i-gtrxﬁ:—div*é—i—((—277)/\§+%X/\(V@7]+77@77),

~

~ | xva =~ * 1 xS =
Vyp+trxf=—-Vp+*Vo+2wB+2x -5 —3(np — Q0)+§d1(X‘X’X/\X)7

P X
V3B+2trxB=—diva+n-q,

Via+ —trya = —V@g + dwa — 3(xp — *Xo) + (¢ — 477)@5.

Proof. See (2.7) and (2.8) in [1].

3 Main theorem

In the sequel of this paper, we always denote

Vi=V(u,u), CX =C,NV, QZ =C, NV, S = S(u,u).

3.1 Fundamental norms

(2.19)

(2.20)

(2.21)

(3.1)

We proceed to define our main norms on a given bootstrap spacetime K = V' (ug, wu,,).

10



3.1.1 Schematic notation I'y, I', and I',

Definition 3.1. We divide the Ricci coefficients into three parts:

1 4 _ _
Ly := {trx— XX W, n}, Ty o= {n, ¢, r"'log(2Q)}, Ly = {X}.

We then denote

Fgl) = (rV)Sng u{rB, rp, ro, rp, ra},
TV = (rV)SIT, U {rp}, Y .= (rv)<'T, U {rs},
and for q = 2,3

P .= (v)sire= 10— vy 1 = (rv)SinieD,

g w w

Remark 3.2. The justification of Definition 3.1 has to do with the expected decay properties of
the Ricci coefficients and curvature components, see Section 3.1.3 and Lemma /4.2 below.

3.1.2 R norms (flux of curvature)

In the remainder of this paper, we always denote dy and ¢ two fixed constants satisfying
0< <okl

For a tensor field h defined on CY or Q‘y/ , we denote its L>-flux by

Wy = [ 0= [ [ hPdyad,
2o Jey ul J8 )

2 - 2 ._ “ 217,12 /
Il ey = /CZ |h|* = /_u/sw,u)ﬂ |h[*dydu'.

We define the norms of flux of curvature components in the bootstrap region . We denote

(3.2)

2
R = Z (Rq[a757ﬁ78] +RQ[Q] +Eq[ﬁaﬁaa7é] +Rq[Q])
q=0

where for ¢ = 0,1, 2

Rylw] == Sl]ép Rqw](u, w), R, [w] := sup R, [w](u, ).

It remains to define for ¢ = 0,1,2

p
1 _
= a2 |r 2 (V) Bl

1125),.—26
= Ju|>"#r (rV)ialls ov-

11



3.1.3 O norms (L”(S)—norms of geometric quantities)

We first define the L*(S)-norms of I'y, I', and I, in the bootstrap region K. We define

2
Opy = 3~ sup (Og(Ty) + Og(Tv) + Og(Tw)),
q=0
with
Oo(Ly) := [|rTgll4,s, O1(Ty) = 7TV, Oa(Tg) = [ TP 14,5,
Op(Ty) = |[r =% |u|®Ty[las,  O1(T) := |!7“1_36°\U|35°F1()1)H4,Sa Oy(Iy) == !\7"1_6_260\“|5+25°Fz(;2)H47S»
Op(Tw) := 2 u® Ty las, O1(Tw) i= [Ir Pl TV s, Oa(Ty) i= [z =0 %2002, o

We then define the H2(S)-norms for the renormalized quantities introduced in Definition 2.10:
O3 1= O3(Vtrx) + O3(Virx) + O3(52) + O3(1) + O3 (),
with
O%(T') := sup Hr2*5\u|‘5(rV)2FH , VI € {Vitrx,Virx, s, pu},
K 2,8 - —
O3(p) 1= sup |20 =30+ (r7)2y|
K 2,8
We also introduce the following auxiliary norm:
O, :=sup Hr3_5_60|u|6+50V6H + sup Hr2_50|u|1+60VgH .
K —12,8 K 2,8

Moreover, we define

Finally, we denote
0 .= 0[2] + 034+ 0, + 07.
3.1.4 ZI) norm (Initial data)

We introduce the following norm on initial hypersurface 3:

3 2
U — U
Loy == sup ¢ >[0Ty, T, T)ll2,500)(w) + D 72107, @)l2,50) ) + ‘1 -
To\K q=0 q=0

2

where

0€{rVs,rV4,rV}

12



3.2 Statement of the main theorem

The goal of this paper is to prove the following theorem.

Theorem 3.3 (Main Theorem). Consider an initial data set (X, g, k) which is (1, 3)—asymptotically
flat in the sense of Definition 1.2. Assume that we have on ¥g \ K :

Ty < €o, (3.3)

where €9 > 0 is a constant small enough. Then, X9\ K has a unique development (M,g) in its
future domain of dependence with the following properties:

1. (M, g) can be foliated by a double null foliation (u,u). Moreover, the outgoing cones C,,
are complete for all u < ug.

2. The norms O and R defined in Section 3.1 satisfy

0 S €0, R S £0- (3.4)

The proof of Theorem 3.3 is given in Section 3.4. It hinges on two basic theorems stated in
Section 3.3, concerning estimates for O and R norms.

We choose ¢y and € small enough such that

e KIK, g :=¢g8.

Swlivo

Here, A < B means that CA < B where C is the largest universal constant among all the
constants involved in the proof via <.

3.3 Main intermediate results
Theorem 3.4. Assume that
I(O) S €0, O S g, R S E. (3.5)

Then, we have
R < eo. (3.6)

Theorem 3.4 is proved in Section 5. The proof is based on the rP—weighted method intro-
duced by Dafermos and Rodnianski in [6].

Theorem 3.5. Assume that
Zo) < €0, 0O <e, R < ep. (3.7)

Then, we have

@) g £0- (3.8)

Theorem 3.5 is proved in Section 6. The proof is done by integrating the transport equations
along the outgoing and incoming null cones and applying elliptic estimate on 2—spheres of the
double null foliation of the spacetime .

13



3.4 Proof of the main theorem

We now use Theorems 3.4 and 3.5 to prove Theorem 3.3.

Definition 3.6. Let X(u,) the set of spacetimes K = V(ug,u,) associated with a double null
foliation (u,w) in which we have the following bounds:

O <e, R <e. (3.9)
Definition 3.7. We denote U the set of values u, such that X(u,) # (.

The assumption Z) < go and the local existence theorem imply that (3.9) holds if u, is
sufficiently close to |ug|. So, we have U # .

Define u, to be the supremum of the set 4. We want to prove u, = +o00. We assume by
contradiction that wu, is finite. In particular we may assume u, € . We consider the region
K =V (ug,u,). Recall that we have

Ty < €o,

according to the assumption of Theorem 3.3. Applying Theorem 3.4, we obtain
R 5 €0-
Then, we apply Theorem 3.5 to obtain
O ,S Q-
Applying local existence results,” we can extend K to K= V(ug,u, + v) for a v sufficiently
small. We denote O and R the norms in the extended region K. We have

O < e, R < <o,

as a consequence of continuity. We deduce that V(ug,u, + v) satisfies all the properties in
Definition 3.6, and so V(u, + v) # (), which is a contradiction. Thus, we have u, = 400, which
implies property 1 of Theorem 3.3. Moreover, we have

O < e, R < <o,

~

in the whole exterior region, which implies property 2 of Theorem 3.3. This concludes the proof
of Theorem 3.3.

Remark 3.8. We have from (3.4)

1
try — —

r S ) VS c V(“Oa +OO>7

00,5 r

which implies for €9 small enough that try > 0. Hence, we deduce that there is no trapped
surface in the exterior region DT (3o \ K) = V (ug, +00).
4 Bootstrap assumptions and first consequences

In the rest of the paper, we always make the following bootstrap assumptions:

O <e, R <e. (4.1)
®See Theorem 10.2.1 in [5] and Theorem 1 in [20].
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4.1 First consequences of bootstrap assumptions

In this section, we derive first consequences of (4.1) in the region K = V(ug,u,). In the
sequel, the results of this section will be used frequently without explicitly mentioning them.

Remark 4.1. According to O., < e, we have in the bootstrap region K

P —— < ew. (4.2)
Combining with |u| < u and u < 0, this yields
lu| <u~r in K. (4.3)

Lemma 4.2. Under the assumption (4.1), we have the following bounds:

ITyllas S = ITM s =, I Nas S s
Tolas S e I 0as S cmmpamn W0 s S ssemmpapron
Pallas $ g 10 s S 1T lys < r;_é_éo“; T
lallas S 000 S o el S s
Proof. Tt follows directly from Definition 3.1 and (4.1). O]
Lemma 4.3. For two quantities X (1) and X (), we denote
Xy = Xy
if X((f)) decays better than X((g)) for q =0,1,2,3. Then, the following hold:
1. We have
B=(po) 2 p=2a, D e R
2. We also have
T, Ty<r Ty, T, Ty=r'T,, T,=TM 100 <00,
Proof. Tt follows directly from Definition 3.1, (4.1) and Lemma 4.2. O

Remark 4.4. In the sequel, we choose the following conventions:

o Letq € {0,1,2,3}, for a quantity h satisfying the same or even better decay and regularity
as Fl(-q , fori=g,b,w , we write

hEFEq), i=g,b,w.
e For a sum of schematic notations, we write
Xy + X =X,

if X1y =2 X(g). For example, we write
P, +Ty =Ty v ' T-TW 4Ty a=Ty-a, T,-T,=T, T,

15



4.2 Commutation identities

Proposition 4.5. For any scalar function f, we have:

V4, rV]f =T, -rVf,
[Q%*V3,7V]f = QT - rVf.

Proof. See Proposition 4.8.1 in [13] and Corollary 2.22 in [21]. O
Proposition 4.6. We have the following schematic commutator identities

V4, 7rV] =Ty -rV + I‘gl),
[Q%V3,7V] = QT - rV 4+ Q2.

Proof. See Lemma 7.3.3 in [5] and Proposition 2.24 in [21]. O

4.3 Main equations in schematic form

Proposition 4.7. We have the following schematic null structure equations:

1
Vytryx + §(trx)2 =-2r w4+ T, Ty,
1
Vatrx + i(trx)Q =Ty Ty,
1
Vatrx + §trxtrxz —2u+Ty - Ty,

1
Vistry + itrxtr)(: —2u+ Ty - Ty,

~ 1 1 _

divXZ§Vtrx—§r lﬂ—ﬁ—FFg‘Fg, (44)
~ 1 1 _

divX:§Vtrx—§r IQ—FQ—I—FQ-FW,

din = (—p—p,0),

din = (—p—p,—0),

d}k(—w,wJr =%+ 0,
ng:ﬁJer-FbJng-Fw.

We also have the following transport equations for the quantities defined in Definition 2.10:

1
V3 + 5 tryse=—r"'8+r1(T- )M,

Valu] + try ] = r 260 + 15+ eIy - Ty (T - Ty, (4.5)

Valu] +trx [p] = T_Qt\r/z — r_lf)—l— r_l(Fw . I‘w)(l).

Proof. Notice that (4.4) follows directly from Proposition 2.11 and Definition 3.1. See (6.19)
in [16] and Lemma 4.3.2 in [13] for explicit formulae of (4.5). O
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Proposition 4.8. We have the following schematic Bianchi equations:

1
Vsa + 3 trya=—2d38+r (T )M,

ViB +2trx B =doa+ 7 1T, - Ty)V 4T, - a,
VaB+trxB=—di(p,—0) +r " (I r,)W,
-~ o~ 3 - A _
Vi(p, —5) + 5u«x(p, ) =dif+r N, - Ty,
58+ S trv(58 -1 (1)
v3(p’0) + 5 tI‘X(p,O’) = —dlﬁ‘f‘ r (Fb : Fw) ’

Vi +trx B = di(p,5) + 1 1Ty - To) D,
V3 +2trx B = —doa + 1% - q,

1
Via+ 5 trxa =245 +Tg o+ Ty o).
Proof. 1t follows directly from Proposition 2.12, Definition 3.1 and Remark 4.4.

4.4 Sobolev inequalities and LP—estimates

Proposition 4.9. Let F be a tensor field on S. Then, we have’

3 3
[r2 Flla,s SN2 Fllaseu T 1 Flle,cy + 1PV Elocv + [rVaF o cv,
1 3 _ _
[7[ul2 Fllas S (172 Flla,s(-uu) + 12 1F||2,QZ + (12 1TVF”2,QX + ‘U|HQV3F”2,QX-

Proof. See Corollary 3.2.1.1 in [5] and Corollary 4.1.1 in [13].
Proposition 4.10. Let F' be a tensor field on S. Then, we have
1 1
[Flloc,s S IEFNZslITVENL g+ [1F]4,s-
Proof. See Lemma 4.1.3 in [13].

Proposition 4.11. The following hold for all p € (1,400):

1. Let ¢ € s be a solution of Ap = f. Then we have
||v2¢Hp7S + TﬁleﬁﬁHp,S + 7'72H¢Hp75 S fllp.s-

2. Let € € 51 be a solution of di§ = (f, f«). Then we have

”Vprﬁ + 7;1”5”1?75 S Hf”pﬁ + | f« ‘pﬁ'

3. Let U € 59 be a solution of dsU = f. Then we have

IVUlp,s + 7 Ullps < 1fllp.s-

Proof. See Corollary 2.3.1.1 in [5].
SRecall that the L?>~flux on CY and QZ has been defined in (3.2).
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5 Hyperbolic estimates (proof of Theorem 3.4)

In this section, we prove Theorem 3.4 by the rP—weighted estimate method introduced in [6]
and applied to Bianchi equations in [10,21, 22].

5.1 Schematic notation E,, I, and Oy

We introduce the following schematic notations as in [22].

Definition 5.1. For a quantity X, we denote
X e K,

if X satisfies the following estimates:

q € <
I X@yoy < —=,  1XDas < 5
u| 2 Tz ful 2

Similarly, we denote
X el

if X satisfies the following estimates:
€ €

T i1q> ||QX(1)||4,S S =g

Ir2X@ |, ov <
T |l r5 |u 2

Moreover, we denote
X € Oy,

if X satisfies the following estimate:

€
48 < T ir
rT’u‘T

HX(2)

For X € {E,F, 0}, we also denote X € Xgi), fori=0,1,2, if X satisfies the same or even better

decay and regularity properties as X,(;).

Lemma 5.2. Under the assumption (4.1), the following hold:

1. We have
B, p, 0 € E1_ss, B € Fi_ss,
Iy € 02, 'y € O1-26-45, Iy € O_g5-25, N @51_)25- &1)
2. We have’
acEY,;,  o@eE?,, aeFl) a®eF?, (5.2)
3. We have
rIT0 € By gsogy,  rTY) €Bigsrsy, T €E_45NFiis  (5.3)

"We have neither o € Ey_g5 nor o € F_y5 since (4.1) does not control their W**(S) norms.
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Proof. Note that (5.1) follows from R < ¢ and Oy < e. (5.2) follows directly from R < e and
O, < e. Finally, (5.3) follows from R < e and O3 < e. O

The following theorem provides a unified treatment of all the nonlinear error terms in cur-
vature estimates.

Theorem 5.3. Let p1,p2, ¢ <1, p <1 and q € N. We define
N [y T -] = /V ol - (0 ve) @) (5.4)

Then, we have the following properties:

1. In the case 2p < p1 +p2 + £+ 1, we have

1 oW g
N} [ED, 0 ED] < W . (5.5)
2. In the case 2p < p1 +p2 +{ — 1, we have
3
1) o @) €
N} [FD, ofV FD] < =2 (5.6)
Proof. See Theorem 5.8 and Lemma A.1 in [22].% O

5.2 [Estimates for general Bianchi pairs
The following lemma provides the general structure of Bianchi pairs.

Lemma 5.4. Let k = 1,2 and a(y), a(g) real numbers. Then, we have the following properties.
L If ¥y, hay € sk and P(g), hoy € sg—1 salisfying

Va(¥)) +aq) trx Yoy = —kd (V) + by,

(5.7)
Va(P2y) + ae@) tr x Yo = di(¥a)) + he)-
Then, the pair (1(1),Y(2)) satisfies for any real number p
Div (1|1 *e3) + kDiv (1P|t 9| es)
+ (2@(1) —1- g) rP tr X|¢ 1) |2 + k (2@(2) —1- g) rP tr X|¢(2)‘2 (5.8)
=2kr? div(Y (1) - ¥2) + 2rPU ) - hay + 2krPde) - by + T P 4+ Pl gy,
2. If ¥y, b1y € k-1 and Y(9), ho) € sk satisfying
V3(¥a)) +aq) trx ¥y = di(e) + hay, (5.9)

Va(2)) + ag) tr x ¥y = —kdi(Y)) + ha)-
Then, the pair (1(1),(2)) satisfies for any real number p
kDiv(rP |y Pes) + Div(rP i g)|es)
+k (2@ —-1- E) P tr x|y |* + (2a o —1— 2) P tr x|ty |2 (5.10)
1) 9 XI¥(1) ) 9 2)

=21 div((1) - P2)) + 2krPy - hiy + 2rPP ) - hiay + rPTy by |* 4+ rPT g 1o .
8Remark that for X € {E,F, 0}, Xfll) has exactly the same decay and regularity properties as X4 in [22].
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Figure 1: Domain of integration V (u, u)

Proof. See Lemma 4.2 in [21]. O

Remark 5.5. Note that the Bianchi equations can be written as systems of equations of the
type (5.7) and (5.9). In particular

e the Bianchi pair (o, B) satisfies (5.7) with k =2, a1y = 3, az) = 2,

e the Bianchi pair (B, (p, —0)) satisfies (5.7) with k =1, ag;y =1, ag) = 3,
e the Bianchi pair ((p,c),3) satisfies (5.9) with k =1, a(;) = %, ap) =1,

o the Bianchi pair (B, a) satisfies (5.9) with k =2, agy =2, a@) = 3

The following lemma allows us to obtain |u|-decay of curvature flux along ¥o NV (u,u).

Lemma 5.6. For any R € {«,3,p,0, 3, a}, we have the following estimate for p < 1:
2
/ P|RA2 < 5D
oNV (u,u) ~ ‘ |1 P’
Proof. We have from Zg) < €9

IR®|y g < €o
El Y 7,,

Hence, we obtain for p < 1

/ | R?)2 < /
TNV (w,u) |ul

This concludes the proof of Lemma 5.6. O

[ 2 2
9 9
sdr < O _dgr < 0

Proposition 5.7. Let p < 1 and let (1), (2)) be a general Bianchi pair satisfying (5.7) or
(5.9) and Yy € Eg). Then, we have the following properties:
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o In the case 2+ p —4a() > 0 and 4daip) —2 —p > 0, we have

P 2 D 2 p—1 2 p—1 2
/VT |y +/CXT’ V2] +/VT’ [Dyl” + P )]

2 (5.11)
0 0 0
Stan=r TN P b + N5 [V, e
o In the case 2+ p —4a() <0 and daigy —2 —p > 0, we have
/VTPW(l)!QﬂL/VrpWJ(z)\QJr/ P2
“ (5.12)

+ [ P+ N [, o) + A ey b

NI |1 P
Proof. We have from Stokes’ theorem
/VDiV (Tp’¢(1)|263 +T’p‘w(2)’264) = /l ‘prj ‘2 (637_64 du +/ TPW ’ g<€47_Q 63)d
[l Peles T) + Pl Pe(en, T)
YoNV
= 2/ TPW(1)!2+2/ r?|1ha) | —/ P ([l + v ) -
cy QZ TonV
Thus, integrating (5.8) or (5.10) in V' = V' (u,u), we obtain
2 2 p -1 2 p -1 2
/XTPW(l)\ +/CV e (20(1) —1- 5) /VT’p lvayl® + (2a(2) —1- 5) /VTP V2]
N/ P ([ + [ ?) + N [y hay + To -y ] + Ny [y hiz) + g - o] -
Applying Lemma 5.6, we deduce

2

£

Tp 2+ 0
/W (Wl + el S 1o

Recalling from Lemma 5.2 that I'y, € O1_25_4s,, we obtain from (5.5) in Theorem 5.3

3

g
Ny, To - )] = NUER, 01515, - EP] S N2[Ep, O1_5-150 - Ep] < T

Recalling from Lemma 4.2 that r|I'y| < e, we deduce
NIy, Ty - o)) S 5/‘/Tp_1|1/)(2)|2-

Combining the above estimates, we infer

p - p _
/V Pl + / v rPo)|? — (2a(1) -1- 5) /V""p Hopyl® + (2(1(2) —1- 5) /Vrp "epol?

u

~H1p+NﬂWm’ ] + Ny [ Iy ]+€/ P o).

Recalling that 2a(2) — 1 —§ > 0, we deduce that, for £ small enough, (5.11) and (5.12) hold in
correspond cases. This concludes the proof of Proposition 5.7. ]
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5.3 Estimates for the Bianchi pair (o, )

Proposition 5.8. We have the following estimate:

/Cv P28 (2))2 +/CV T1_25‘ﬁ(2)|2+/‘,T_26 (|a(2)|2+ |ﬁ(2)!2) < el (5.13)

Proof. We recall from Proposition 4.8 that

1
Via+ = trya = =2d58 +r~ 1T, - Tp) D,
T X 20 (s To) (5.14)
Vaif 4+ 2trx8 = docx + r_lfg . I‘gl) +Iy-a.

Differentiating (5. 14) by #? for ¢ = 0,1, 2 and applying Proposition 4.6, we deduce’
V(@) + tl‘ x@#a) = =By @) +r 1B 4 (T, - Ty)®) 4 (T - ),
V4(¢qﬂ) + QtTX@iqB) = ?‘(ﬁqa) + T_I(Fg ’ Fg)(g) + (Iy - a)(2)a
where if(kq) is defined by
if(ko) 1= 2d3, ?‘?1) = dj, ?‘(0) = dy.
Note that we have from Lemma 5.2
[p- )@ =1TW.0)D 4T, o = (@(71%57250 -E?)%)(”,
(Ty-a)® = (1) - ) + Ty - a® = (0,5 - ELp5),
Ty Tp)®) = (01295 - Eq_a5-75)?,
_I(F Tg)® = (0105 - E1_25-5,)@.
Hence, we obtain by 1gnor1ng the terms which decay better
Vs(a) + 5 trx(#0) = iy 38) + 50 + (0% s, - EP) Y,
1
Va(@5) + mqu B) = (#"a) + (0125 - B o5 _5,) M.
Applying (5.11) with ¢y = #%a, ) = 88, aq) = 3, a(2) = 2, p=1— 26 and noticing that
2+p—daqy=1-20>0, da) —2—-p="5+26 >0, (5.15)
we obtain from Lemma 5.2
/C AP+ [ TIOR3l + P
N (5.16)

| ‘25 +/ —26|¢qﬁ’|¢q 1B|+-N‘1 26[ 1)257@(1%5 260 Egl,)%} .

The linear term on the R.H.S of (5.16) can be easily absorbed by Cauchy-Schwarz and induction.
Moreover, applying Theorem 5.3 in the case p = 1—24§, p;1 = 1—26, ps = 1—20 and £ = —26—2Jg,
and noticing that

pr+p2+l=2—-60—25>1—-46 =2p—1,

we obtain from (5.5)

3
1 1) 1 (1) €
/V’1726 [E17257®7257250 ‘E1725} S |u|25'
Injecting it into (5.16), we obtain (5.13). This concludes the proof of Proposition 5.8. O
9The linear term r~'3~Y comes from the fact that —2dods = —didi + 2K, see (2.13). We also use the

convention SV = 0.
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5.4 Estimates for the Bianchi pair (3, (p, —0))

Proposition 5.9. We have the following estimate:

e2
1-26|5(2))2 el -2
Ly e [ eGP s [ Mea 0P S s e
Proof. We recall from Proposition 4.8

V3B +trxB = —di(p,—5) +r Ty - To)W,

- o~ 3 - - _
V4(P,_U)+§trX(Pv —0)=d1f+r 1(F9‘Fg)(1)‘

Differentiating it by ¢2 and applying Proposition 4.6, we deduce

Vs(#8) + trx(#8) = ~di (#° (5. —7)) + 1 (Tp - Tw)®

VA (7.-9) + 5 X (5, ~5)) = i (@5) + 17T, Ty) .

Applying Lemma 5.2, we obtain
Vs(#°8) + tr x(#8) = ~di (#(7, —0)) + (O1-25-45, - E-15)?,

Vi3, -8)) + 5 x5, ~9) = di(5) + (0125 B2,

Applying (5.12) with 1) = 7’8, o) = ?‘2(@ —0), aqy = 1, apy) = 3 2 and p = 1 — 24, and
noticing that

2+p—dagy=-1-20<0, dag —2-p=3+25>0, (5.18)

we infer from Lemma 5.2

/CV P2 BI2+/ CER G+ | G )P
~|u‘25 +/ r P82 + N2 g5 [E1-25, Q125455 - E—a5) -

Applying (5.5) in Theorem 5.3, we easily deduce
2 £’
Nios [E1-26,01-25-45, - E—45] S T
Combining with (5.13), we obtain

2
1-26|42 312 128152~ _ ~|2 20|42~ _~\ 2 < _©0
Ly wer s Lo a8+ [ e 0P S

u

The estimates for §='3 and ifsl(ﬁ, —0) can be deduced similarly. This concludes the proof of
Proposition 5.9. ]
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5.5 Estimates for the Bianchi pair ((p,7), )
Proposition 5.10. We have the following estimate:

2
1-28 1~ ~\(2) 2 1-26| 2(2) |2 -255(2)12 < _£0_ 1
I o L R I R R (5.19)

Proof. We recall from Proposition 4.8
53 4 Sty (5.8) = — -1 M
V(3.3) + 5 trx(3,5) = ~dnf + 7 Ty D),
Vup +trxpB =di(p,o) + r Ty - L)W,

Differentiating it by 252 and applying Proposition 4.6, we deduce

Va(#(7.9)) + 5 rx((5.5)) = ~di(F8) + 77 (T T,
Va@B) + trx(#8) = di(#(5,5)) + 7 (Ty - Tw)®).
Noticing that we have from Lemma 5.2 and (2.19)
Iy Tw)® =Ty @ 4+ 70 . 1y + 71T 7O 4 10D 12
=Ty %+ E§2—)25—750 -0, + Egl—)w—m 05 + 0, - Egg—)%—mo
=T, 8% + (@5925 'Eglf)zéfmo)(l)-

Thus, we have

Vs(#(5,3)) + > e x(5(5,8)) =~ (F°5) + (O-25-250 - E1_2575,)%,

2
Va#8) + rx(#8) = di(#(5.3)) + Ty - 82 + (012 - B, ).
Applying (5.12) with 9 =¥ (p,0), ¥ = ¢ B, a 1, ap) = 3 and p =1 — 26, we obtain
/ SRR [ m? / r—%w?m?
cy -
< u |25 / 25!?‘ 3+t 2r, |18 )+N12725 [E1—25, O_25-25, - E1-25-75,)

1
+ M, [ 457@5 )25 Eg )25 750}
2
S 7‘ 2 +5/V7"_26\¢2ﬁ\2 + NP o5 [B126, 00525, - B1-as-75) + N _os [E(_liaa@gl_)za : Egl—)%—mo} ;

where we used (5.17), the fact that r|I'y| < e and Proposition 4.11 in the last step. Thus, we
deduce for € small enough

_ 2/~ ~ — 2 — 2
/ ?”1 26’25 (p7 O’)‘Q +/ ’I”l 26’25 é|2 _|_/ r 26’¢ é’Q
cy QL/ Vv

u

50

1 1 1
,§| 2 + NP o5 [B1-26, 02525y - E1_25-76,] + Nios [E(_ié,@i )25 Eg )25 750]-

Applying (5.5) in Theorem 5.3, we easily deduce
3

1 1 1 £
N5 [E1-25, 02520 - Ba-as7,] + M_ps [ED5, 0,5 B 73] S a2

Combining the above estimates, this concludes the proof of Proposition 5.10. O
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5.6 Estimates for the Bianchi pair (5, q)
Proposition 5.11. We have the following estimate:

/ r‘45\5(2)\2+/ r‘4‘5]g(2)]2+/ P11 @)12 < 22 (5.20)
cv = feit v

Proof. We have from Proposition 4.8
V3f +2trx B = —doa + 1% - a,
1
Vaia + 3 trxya=2d58+Ty-a+ r NIy - Fw)(l)-

Differentiating it by 252 and applying Proposition 4.6, we infer
Va(#8) +2tr x(#8) = —di(F ) + (T Tu)® + (T - )®),
1
Va@a) + 5 trx(@Fa)) = dif + Y + (Ty - ) 7Dy 1)),
Note that we have from Lemma 5.2
Ty -a)® = Fl()2) a+t Fz()l) oM 4T, a® = @@25 . Fgéo + @51226 'F(EA)@
Ly a)? =T@ . a+TM oM +1, -0 =02, - F); + 0, - FC), +1, a®.
We also have from Lemma 5.2
Dy - T)® = (0_26-25, - F1-25)?, r Ty - T)® = (012575, - F1-25)?.
Hence, we deduce
Va(#°8) + 260 x(35) = ~di(Fa) + (01, - FU)),
1 _
Va(#a) + 5 trx(@a) = @) + 7180 4Ty 4+ (0125 FL; )P,

Applying (5.12) with ¢y = ¢2g, V) = #a, ay =2, ag) = % and p = —44, we obtain
/V 190|322 +/V |20 +/ 1020

— — 1)
5|MM+/ R+ [ R B0 + N B 000y B

+ Ny [ 457@31)25 F(—zao] +AN2 45[ 2Ty al? )]

e 1 1 (1) 1 1
~ |u ’1(-)+45 +N146 []Fg )257@5—)25 'F—45} +NE4<S [F(—iaa(@g—)% ’ F( } +N046 [ * Ty 0‘(2)}

where we used (5.19) at the last step. Applying (5.6) in Theorem 5.3, we easily deduce

3

1 9
Nl [ 1— 26’@§ )26 F } +N1 [ —46’@§ )26 F(—%éo} S ’u|1+45

Moreover, we have from r|I'y| < € and Proposition 4.11

N5 [0y -a®] = [ r9r,la @ g e [ i al
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Combining the above estimates, we obtain for € small enough

2
— — _ 9
Jop BB+ [ e [P S s

Combining with Proposition 4.11, this concludes the proof of Proposition 5.11. ]

Finally, we deduce from Propositions 5.8-5.11 that
R S o,

this concludes the proof of Theorem 3.4.

6 Transport and 2D—elliptic estimates (proof of Theorem 3.5)

The goal of this section is to prove Theorem 3.5. Throughout this section, we use the
following shorthand notations:

U u u U

h(u,u) == | h(u,u)du, h(u,u) = h(u', w)du'.

|ul [ul —u —u

6.1 Preliminaries

We recall the evolution lemma, which will be used repeatedly throughout this section.
Lemma 6.1. Under the assumption O < e, the following holds:

1. Let U, F be k—covariant S—tangent tensor fields satisfying the outgoing evolution equation
A
VU + iter =F.
We have for p € [1,400]

IPUllps < 17U

u
T A
pstuta + [ 1P Flps.
Jul
2. Let V, F be k—covariant S—tangent tensor fields satisfying the incoming evolution equation
2 A 2
Q V3V+§Q trxV =F.
We have for p € [1,400]

[V llp.s < lIr

u
(—u,u) + ”TAEHILS'
—u

Proof. See Lemma 4.1.5 in [13] or Lemma 7 in [2]. O

The following lemma will be useful to estimate the L?(S)-norms.
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Lemma 6.2. We have for 2\ > q+1

u £ 22—1—¢q
/ PMEP flas S — =7 2

ul lu| =

and for 2A < q+1
U
/| PIED s S el
u

We also have for 2\ > —1

u
| IR o § —Sr®F
—u lu| 2

Proof. We have for 2\ > g+ 1

1
u u 5\ 2 A 2 I 2A—1—gq
[P IR s 5 ([Srr2) ([FrEPhs) " s — ™5,
Ju fu [ Ju| 2

and for 2A < ¢+1

1—gq

u 5 2A—1—¢g _
LB o § =l 3 S el
] ul 2

We also have for 2\ > —1

1 1
u ) u 2 u 2 £ 22A—1—gq
[l ioE@s <5 ([0 ) ([0 ror@ps) s S
—u ~u ~u |u| =

This concludes the proof of Lemma 6.2.

6.2 Estimates for curvature

Proposition 6.3. We have the following estimates:

€0

~~ €0
1(8,7,5) P |las < EETNCR 128W 45 <

P50 lul 146
Proof. 1t follows directly from Theorem 3.4 and Proposition 4.9.

Proposition 6.4. We have the following estimates:
PO €0 €0
(e .p0Mas S 550 Bllas S o5
Proof. We have from Proposition 4.8
V(e 8,0,0) = r M, 8,7,, )V + 11Ty - ).

Applying Lemma 6.1 and Proposition 6.3, we obtain

)

I, 8,7.9as S M@ 8,73 lasam + [ 0 (18D s + 1T T)V

< o + v % €0 4 g2
~ p2 u |u]50 r%*5|u|5+5 r3*5*250|u\5+250

€0

< .
r2
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Next, we have from Proposition 4.8
VaB+trxf=r"" ()" +r 71Ty -Tu)W.
Applying Lemma 6.1 and Proposition 6.3, we infer

W%mﬂsnﬂmuwmm+/ﬂvwﬁ%Wus+wwyrmmmﬂ

2

L €0 €
Seo+ +
~ =0 o 710l T 10wl
€0 §
S —=r.
~ ful
This concludes the proof of Proposition 6.4. O

Proposition 6.5. We have the following estimates:

€0

1) < ( y
Hﬁ HQ,S 5 r2_5_50|u|5+507 HQ

0y
los = Sy, e

Proof. We have from Proposition 4.8
Vi +trxf=r"1(p,) +r 71Ty - Tu)W.
Differentiating it by rV and applying Proposition 4.6, we obtain
Vi(rVB) + trx(rVp) = r1(5,5)® +r (T, - T,)@.

Note that we have from Proposition 5.10

~ A €0

(p,O') S ;El_g(g. (6.1)
Applying Proposition 4.11 and Lemmas 6.1 and 6.2, we infer

62

U
1728V 12,5 S 1P2BM lasqupuy + | I7(28) P2, + =080 [0

Jul

€0 [* 2
Seot w0+ 2 ) Bl
u

|u|6+60

< B0 6§46
N]u\5+5or :

Next, we have from Proposition 4.8
Via + %trxg = rilﬁ(l) + ril(Fb . Fw)(l).
Differentiating it by rV and applying Proposition 4.6, we deduce
Va(rVa) + %tr x(rVa) = r_lﬁm + (I )M 47Ty Ty @),
Note that we have from Proposition 5.11

€0
é € ;E_45.
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Applying Lemmas 6.1 and 6.2, we infer

u 2 2
1) < 1) ) < <
”TQ ”275 ~ ||TQ ) (uz‘u‘) +/ Hé ) + r1—60|u‘1+(50 + r%—d—ﬁo‘u|%+6+6o

2
€0 & 5

< 2 0 _
] T ! \ + Jul IE

)

<
> Jul ¥

This concludes the proof of Proposition 6.5. O

6.3 Estimates for s, w and log(212)

Proposition 6.6. We have the following estimates:

(1) o 2) €0
Ilas S % 1 ls S (62)
Proof. We have from Proposition 4.7
1
Vi3 + 5trz%: —r T B 4TIy - Ty, (6.3)

Differentiating (6.3) by @ and applying Proposition 4.6, we obtain

Vs(#x) + 5 tl" x(@) ='W 47Ty - Ty) . (6.4)

Applying Lemma 6.1, we deduce

@) lla,s < lr@s)llas(-wa) + [ 1928DNlas + 197 Ty L) P las

2

€0 u €0 €
§7+/ 2300|0130 3520|1012
r —uT Ofulo+%0 3 =0=200 4|3 +0+200

<%

~ .
r

Next, differentiating (6.4) by # and applying Proposition 4.6, we infer

Va(d%) + 5 x5 = 6 47Dy 7).
Note that we have from Proposition 5.8 and Lemma 5.2
@) € 28y, DY) e FR (6.5)
Applying Lemmas 6.1 and 6.2, we have
[r5elais S Il + [ 192(28)P s + 93Ty - T) Vs

€0 | €0 5o [ =60 m(2 Sofe (U o4d (9
D 2t [l E s e [l E
—u

—u

AN

€0 €0 62

7 r1*5|u]5 r1*5\u|5
_ %
741—5‘7”5‘

N

N

This concludes the proof of Proposition 6.6. O
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Proposition 6.7. We have the following estimates:

€0 €0
loPllas < = lw®las S TS (6.6)
Proof. We have from Proposition 4.7
Vaw=p+Ty Ty +T4-Ty. (6.7)

Applying Lemma 6.1, we obtain

U
lwllas S lwllasuw + [ 196l + [9°Te - Tollas + 12°Ty - Do las
—u
€ U e g2 g2
§£+ % 13001130 T 2=o1, 1
r T r 0lul3% © 270y
< fo
~or

Applying Propositions 4.7, 4.11 and 6.6, we deduce

£ €0
lHelles SIrGellas S 20 Iellus S IrGe B Pllus £ g
This concludes the proof of Proposition 6.7. O
Proposition 6.8. We have the following estimates:
3r 790
[[10g(2€2)|o0,s < €0log ) [ log(2)[la,s < e
6.8
9 - 70 3 - y0+do ( )
17" 1log(20) [l4,s < EOW’ 177 10g(29) 12,5 < 50W~
Proof. We recall from (2.12) that
V4(log(29)) = —w. (6.9)
Applying Lemma 6.1 and Propositions 6.7 and 4.10, we infer
u < L eg < 3r
108(20) 5 1108V o0y + [ Iellosis S 0+ [ T 5 colog (7).
u u
Next, differentiating (6.9) by # and applying Proposition 4.5, we obtain
Vi(#log(2Q)) = w + 7T, - Ty,
Applying Lemma 6.1 and Proposition 6.7, we deduce
LN g2 rdo
log (292 < — < .
1#10g(2)|l4,s < €0 + | 7 Lm0y ~50|u,50
Then, differentiating (6.9) by 252 and applying Proposition 4.6, we have
Vi@ log(2Q)) = w® + r(T, - Ty) V. 6.10
g
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Applying Lemma 6.1 and Proposition 6.7, we obtain

L g g2 o

< ep—-=.
g 710 T P~ O

13 10g(20) 14,5 < €0 +

Finally, differentiating (6.10) by # and applying Propositions 4.5 and 4.7, we have
Va(# 10g(29)) = w® + 7Ty - Tp)? = (55, 8)@ + #(Ty - Ty)?.
Notice that we have from Proposition 5.9
€
B e 2Ei_gs.
€
Applying Lemma 6.1 and Proposition 6.6, we deduce

(Fg ) Fb) ?

18 108(29) 2.5 < <0 + /| “lr (o2, 8)

82

£0
< E! /
Seot— 7“” 2 sll2.s + o 5‘u|5 e

2
g0 € 9 €0 9 € 5+6

< 80 6460
~ ul+ " '

This concludes the proof of Proposition 6.8.

6.4 Estimates for t\rjg and tr\/x
Proposition 6.9. We have the following estimates:

— (1) €0 —~—(2) €0 —(3) €0
ltrx “[las S - ltrx a5 < e [trx " l2,s < eI

Proof. We recall the following equation from Proposition 4.7:

1 _
i(trx)2 =r~ 10 4 ry-Iy.

Va(trx) +
Differentiating (6.12) by @ and applying Proposition 4.5, we obtain
Vi@ trx) +trx@try) =rtw® + T, - Fgl).

Applying Lemma 6.1 and Proposition 6.6, we obtain

U
728 tr xlla,s S 7B tr xlla s fu)) + u lrw®lg,s + 77Ty - T 45
u

u
< eolul —i—/ g0 + &2
|ul
S, eor.

Next, differentiating (6.13) by # and applying Proposition 4.6, we infer

V4(¢2 try) + tr X(¢2 try) = rlw® 4 (Ty - I‘g)@).
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Applying Lemma 6.1 and Proposition 6.6, we easily obtain

+/ +727,5 < £0 14,
wle) ™y Tulp” ~ Jul?

[

Finally, differentiating (6.14) and applying Proposition 4.5 and Proposition 4.11, we deduce
Va(@ trx) + trx(@ trx) = (52,8)® + (Tg - Ty) .

Notice that we have from Proposition 5.9
€ _ €
5 e DB, T B +G, [Glls S T

Applying Lemmas 6.1 and 6.2, we infer

€0
1728 tr X128 < 178 0 XS ) + 2||ﬁ 2,5 + er[T]|o,5 + WTé

€ €

< eolul + —05r1+5 —l— 0 QHE
|ul Jul

€0 146
< ’u‘dr .
This concludes the proof of Proposition 6.9. O

Proposition 6.10. We have the following estimates:

—(2) €0 —(3) €0
[trx " lla,s S P [trx " ll2,s S eI (6.15)
Proof. We have from Proposition 4.7:
1
Vitrx + 5(m«X)Z =Ty Ty. (6.16)

Differentiating (6.16) by 252 and applying Proposition 4.6, we obtain
Vs (# trx) + tr X(?F try) =1 (Viog Q)W + (T, - Tyy)@. (6.17)
Applying Lemmas 6.1 and Proposition 6.8, we infer

1728 tr s S 1729 ol s + /_ [F02(V 108 0) Dl + [203(T - T) s

U g 62
< 200
NEOT+/_U R T 260y 5-+26+200

ra
< eor
Next, differentiating (6.17) by # and applying Proposition 4.5, we deduce
Vs (2‘3 trx) + trx(if3 try) =7 *(Vlog Q)@ ([, - T)®.
Applying Lemmas 6.1 and 6.2, (6.5) and Proposition 6.8, we deduce
1728 tr xlo.s < |29 tr X|2,5(—uu) + /1; 1702(V1og Q)|la,5 + |12 (T - Tw) P25

5+§0 2,2

co” er 34260 [ 1—26 (2)
< 0 0
=or +/ T 3 —20-200 31204200 tr /ﬂ |ul = QF g l2,5
IU\‘S
This concludes the proof of Proposition 6.10. O
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6.5 Estimates for y and p

Proposition 6.11. We have the following estimates:

___ ‘0 (1) o ) €0
HMH47S S r27350’u|350’ ||lu’ H47S S T2,5,250|u‘5+2507 ”:U’ ||2,S S 7”2’5*350|u|5+350 .
Proof. We recall from Proposition 4.7
— - —(0 B
Valp] + tryx [u] = r~%tr X( ) + 77150 4Ty, Ty + (T, - Ty, (6.18)

Applying Lemma 6.1 and Propositions 6.4, 6.9 and 4.10, we infer

~ ~ E —~— P
1 Tlllas S W2l lastupuy + | 160X 7P)llas + 7Ty - Tollas + I (Cg - To) D lla,s

|ul

< IS5 + HE—O < ° + 82
~ <0 |u‘ r 7.1—50’”‘50 Tl_@‘ulw r1—350’u‘350
T‘360

Next, differentiating (6.18) by @ and applying Proposition 4.5, we deduce

~ ~

—(1 _ —
Va@l]) + tex @) = r 2 4+ 50 41T, T (T - Ty @) (6.19)

Applying Lemma 6.1 and Propositions 6.4 and 6.9, we obtain

172 B[ullla,s S 1Bl lla, ) +

N rD) Plas + (T - To) Vs + 11Ty - To)@ s

|ul

< u 50 80 82 82

S ot | PRI + 11=5%0 |, 5% t 1 1=0=280 |3;[3+200
€0 5+2

~ Jul+2%0

Finally, differentiating (6.19) by # and applying Proposition 4.6, we obtain

VA [) + tex (B[] = r 2y

Applying Lemmas 6.1 and 6.2, (6.1) and Propositions 5.10 and 6.9, we obtain

+ 775 4 (T - T)® 7 (T - Ty) @),

1728 [lll2,s S 1728 [l 2, s fup) + /| *‘ 1t 75) Plla,s + [[7(Ts - To) P lo,s + 7| (Tg - )P la.s

< u €0 g2 S ’{Q)H || T F(S)H
>t |ul rl—é\uyﬁ+7«1—5_350,u‘5+350 + |u\er 2.5 +[[rLs - Ty |l2,s
2

€0 6+38 4 0 € ¢ 3 54260
~ |u|5+350r * € ]u|6T + |u|8+2%

€0 5435
~ Ju[o+350 " 0

Recalling from (2.16) that

— 1 — - 1l— 11—
[l =p—F+ trxtrx=p+p+ o trx— o trx+Tg- Ty,

we easily deduce from Propositions 6.9 and 6.10 that

€0 €0 2 €0
1ella,s < W: ”?‘MH&S S r2_5—250]u]5+250’ ”?‘ tll2s S r2—5—350]u\5+350'
This concludes the proof of Proposition 6.11. O
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Proposition 6.12. We have the following estimates:
1 €0 €0
16Vl < 3, 1Pl S s
Proof. We recall from Proposition 4.7
~ ~— — (0
Valp] +trx [p] = T_2tI“X( ) + r_lﬁm) + 4D, - Fw)(l).
Differentiating (6.20) by @ and applying Proposition 4.5, we deduce
~ (1) ~ (1) o —(1 _ _
Vel +ux () =2y 5 4 (T, T @),

Applying Lemma 6.1 and Propositions 6.3 and 6.10, we infer

) u T~ P
7212 ] las < 12 1 sl +/_ 2 (1167, 72) Vla,s + (T - T) @l s)

< u €0 €0 62
~ €0 + —u 7‘1*60|u|50 + r1*5*50’u|5+50 + T%*57250|u’%+5+2§0

S Q-
Next, differentiating (6.21) by # and applying Proposition 4.6, we have

~— ~— _ —— 2 _ _
V3(¢2[H]> +trx(¢2[ﬁ]) =r 2trX( ) +r 1ﬁ2) 4+ 1Dy, - Fw)(3).

Applying Lemmas 6.1 and 6.2 and Propositions 5.9 and 6.10, we obtain'’

128 2. S 17282 |2, s ul) + / O ([1(tr2, 79) @ 2.5 + |7 (T - Twr)®

<g0+/ g+ LI s + 2Ty TP s

— 2
Seot (Zre) it [ 2 0B s
—u

£0 8
> Tup”

Recalling that

] *+1t\'f/ —i—;—l—lt\/ 1t\/+F r
=pu— —trytry = —try — —tr :
p—Et Xt =p+p+ ooty — ootrx + g Ty,

we have from Propositions 6.9 and 6.10 that

60 €0
4,8 72 ||¢ /'L”QSN 2 5| |5

)

This concludes the proof of Proposition 6.12.

10Recall that we have p € S01F; 95 and 1"71117(3) S F@%
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6.6 Estimates for 1, n, ¥ and X

Proposition 6.13. We have the following estimates:
Ol < —0 Dy o< 0 @, o< 0
Hn H4,S ~ T1_350‘u|3507 Hn H475 ~ 7,1_5_250‘U|2507 ”ﬂ H475 N~ (6.22)

We also have
€0

L (6.23)

nllas <
Proof. We recall from Proposition 4.7
din= (—p—p,0), din= (—p—p,0).
Applying Propositions 4.11, we obtain for ¢ = 1,2

(¢—1)

4,5, 1nNas < rll(p, 5, 3) @Y

17V la,s S 7ll (1. 7,) 4,8

Combining with Propositions 6.3, 6.4, 6.11 and 6.12, we obtain (6.22) as stated.
Next, we have from Proposition 2.11

Van + étrxn = r_lg —B+Tg-T. (6.24)
Applying Lemma 6.1, (6.22) and Proposition 6.4, we obtain

u
Irnlla,s S lrnllasc,fu) +/|||77||4,s +7l|Bllas +7[Tg - Tollas
u

U eg g2

Seo+ | —+ ——=
~Y 0

| 7 ri700]ul%
r%

< en—m
~ €0 \u]‘so ;
which implies (6.23). This concludes the proof of Proposition 6.13. ]

Proposition 6.14. We have the following estimates:

. €0 > 0
1% s < -7, IR0 S s
M, e < 50 X |as < -0

Proof. We recall the following Codazzi equations from Proposition 4.7
divy = %Vtrx — 7y —B+Ty- Ty,
div) = %Vtrz— rilﬂ—ké—i-f‘g ‘T

Applying Propositions 4.11, 6.4, 6.9, 6.10 and 6.22, we obtain

~ _ €0
IRV ls SrI(Vtrx,r ™0, B)llas + 17Ty - Tyllas < g

~ _ €0
IXVllas S It B)llass + 17Ty Dullass S Sy
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We also have from Propositions 4.11, 6.3, 6.9, 6.10 and 6.22

A - 6
IR les S 71V trx 7™, 8) D llas + 7Ty - Tg)Vllas S ﬁ
€0

I8 llas 7 57080Vl + 7T PVl S it s
ul?2

T
r2
This concludes the proof of Proposition 6.14. ]

6.7 End of the proof of Theorem 3.5

Proposition 6.15. We have the following estimates:

4‘
trxy + —
r

1
supr [try — ‘ < eo, supr < &o. (6.25)
K r K

Proof. Applying Lemma 2.2, we obtain

1 1 O try Smr/x
s\ r es(r) oSVt X o + o (6.26)
We recall from Proposition 2.11
1
O?Vstry + 592 trxtry = —20% 1 + 2|2
Hence, we deduce
1 1 1 —
RV (trX - ) + 5(22 tr x (trx - ) = Q% (pu,r M )@ + QT - Ty, (6.27)
r = r =
Applying Lemma 6.1, we have from Propositions 6.7 and 6.9
1 1 w €
T(HX—)’ s r<trx_>H +/ s+ [P, Tl
r 00,5 r 00,S(—u,u) —u T 0 |’LL‘ 0
u €0 g2
<
S ot fuf 7100 ]2 + 126430 25450
5 £€0-
Similarly, we have from Proposition 2.11 and (6.26)
4 1 4 —
V3 <trx+ *) + itrx <trx + 7> = r_ltrx(o) 4+ T - Ty
XTo X\MXT X
Applying Lemma 6.1, we infer
4 4 u —
rltrx + - Srtrx + - —I—/ 02 (HtI‘X”OO,S+HTFw'PwHoo,S)
T lloo,S T lloo,S (—u,u) —u
u €0 52
<
S gt /_u 7180 | - P 1=25=80 [, 25+60
S £0-
This concludes the proof of Proposition 6.15. O
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Proposition 6.16. We have the following estimate:

U—u
2r

1—

< £0-

~

sup
K

Proof. We have from Lemma 2.2 and Proposition 6.15

U—u r— 1 r 1
i (r=25%) = 55 = (= 7) = Ot

Applying Lemma 6.1, we obtain

u
+ eodu < gqr.
00,5 (u,|ul) Ju

u—u

2

N

r —

00,5
This concludes the proof of Proposition 6.16. O

Proposition 6.17. We have the following estimates:
1
<

r

< o

<0 < __ %o
SN /)"27

[rVK]la,s < RIS

Remark 6.18. Proposition 6.17 implies that the spheres S = S(u,u) are only almost round at
future null infinity I .

Proof. We have from (2.21) and Propositions 6.3 and 6.15

1 1 1 1
K- —| =|K+=tryt —<ft t —)
- > L s G (G 15
~ 1 1 _1 4
Shollas+r jltrx ——|| 4 |ltrx + -
Tll4,8 — Tligs
< €0
~ r2
Similarly, we have
~ €0
[rVKl|l4,s S I7Vpllas + [V trxllas + [V trx[las S R TCh
This concludes the proof of Proposition 6.17. O

Combining Propositions 6.3—6.17, this concludes the proof of Theorem 3.5.
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