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Nonlinear Vibration Energy Harvesters (VEHs) are widely used for scavenging vibrational energy due to their broad-
band behaviors. However, they exhibit multiple orbits of different powers for a given excitation, including low-power
orbits that might limit their performance. To address this issue and enhance nonlinear VEHs performance, various
studies have defined orbit jump strategies to transition from low-power to high-power orbits. Another way to maxi-
mize the power of nonlinear VEHs is to optimize their geometry by finely engineering their Potential Wells (PWs).
In this letter, we propose an orbit jump strategy for bistable VEHs that combines the two latter approaches, i.e., that
simultaneously optimizes their PWs while jumping from low-power to high-power orbits. This orbit jump strategy is
optimized using a numerical criterion that takes into account the robustness of the jumps and the invested energy. The
proposed orbit jump strategy has been experimentally validated for vibration frequencies between 30 and 60 Hz. It is
shown that the proposed approach can increase the power by an average of 121 times over the considered frequency
range. Compared to traditional orbit jump strategies, the proposed approach, which combines orbit jumping and PWs
optimizations, increases by up to 3 times the harvested power.

Harvesting energy from ambient vibrations, a ubiquitous
energy source, is a promising solution for powering wireless
sensors and low-power electronic devices 1. VEHs with non-
linearities2, have gained significant attention due to their abil-
ity to operate over a wider frequency range compared to their
linear counterparts 3,4. In particular, nonlinear vibration en-
ergy harvesting presents two major challenges:

(i) Optimal PWs. The geometry of an energy harvester de-
termines the shape of its PWs, which can result in poor
energy harvesting performance. Indeed, for a given ex-
citation, there is an optimal shape of the PWs that max-
imizes energy harvesting and improves the overall per-
formance of the nonlinear VEH 5.

(ii) High-power orbit operation. The dynamics of nonlin-
ear VEHs can exhibit both low-power and high-power
orbits. Specific excitation conditions may lead to VEHs
operating in low-power orbits, resulting in mediocre en-
ergy harvesting performance.

To address challenge (i), researchers have investigated the op-
timal potential shape of nonlinear VEHs, for a given excita-
tion. This can be done by optimizing the design parameters of
VEHs (e.g., the prototype geometry and materials). As a mat-
ter of example, Chen et al.6 introduced a complex nonlinear
VEH made with a linear and a nonlinear oscillators, coupled
by a linear spring. They finely tuned the spring stiffness to
optimize the PWs, resulting in a 70% increase in the effective
bandwidth frequency compared to a traditional bistable VEH.
Another approach, introduced by Hosseinlo et al.7 consists in
an adaptive bistable potential VEH that lowers its inter-well
potential barrier when the mass is confined to one of the wells.
The numerical results showed that the proposed technique led
to a significant increase in harvested energy compared to a tra-
ditional bistable VEH. However, this active control requires a
certain amount of power, and has yet to be validated experi-
mentally. Liu et al.8 designed a seesaw-inspired bistable VEH

tailored to the real-world vibration conditions of train bogies.
The PWs of the prototype are engineered and optimized by
adjusting the spring lengths and magnet positions. While all
these solutions are interesting to increase the harvested power
of bistable VEHs, optimal PWs do not ensure high-power
orbit operation, which is necessary to fully exploit the per-
formance of nonlinear VEHs, especially under harmonic or
quasi-harmonic excitation.

To address challenge (ii), researchers have explored or-
bit jump strategies that enable VEHs to transition from low-
power to high-power orbits. On the one hand, researchers
have used orbit jump strategies that introduce an external per-
turbation into the system9,10. On the other hand, researchers
have used orbit jump strategies that temporarily modulate the
parameters of the VEHs11,12 (e.g., the buckling level or the
stiffness). Similar to adaptive PWs methods, these orbit jump
strategies require a certain amount of energy cost and time to
achieve a positive energy balance. This has led to the opti-
mization of existing orbit jump strategies to reduce their en-
ergy costs 13. Although traditional orbit jump strategies en-
able high-power orbit operation, they do not optimize the in-
trinsic performance of nonlinear VEHs by finely engineering
their PWs.

In this letter, we propose an approach that addresses the two
challenges (i) and (ii) of nonlinear VEHs by simultaneously
combining orbit jump strategy and PWs optimizations. Orbit
jumps are implemented by tuning the buckling level of the
nonlinear VEH to achieve optimal PWs.

Figure 1 compares the proposed approach with traditional
orbit jump strategies from the literature. Traditional orbit
jump strategies, shown on the left, allow jumping without op-
timizing PWs; however, the orbit jump strategy proposed in
this letter, shown on the right, differs by using PWs optimiza-
tion for the jump. Therefore, the effects of the orbit jump
strategy are twofold: achieving optimal PWs (depicted in red)
and jumping from low-power to high orbits, as shown in Fig.1.

The nonlinear VEH considered in this study, shown in
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Traditional orbit jump strategies
[9, 10, 11, 12]

Proposed orbit jump strategy
with simultaneous PWs optimization

[focus of this letter]

Initial PWs

Optimized PWs

FIG. 1. Comparison of the proposed approach with traditional orbit
jump strategies. The dashed high orbit corresponds to the high or-
bit obtained with a traditional orbit jump strategy, i.e., without PWs
optimization.

Fig.6, was designed by Benhemou et al.14. It consists of
a bistable mechanical oscillator with mass M, composed of
buckled steel beams of length L. The oscillator has two sta-
ble equilibrium positions located at x =±xw. The considered
VEH includes two Amplified Piezoelectric Actuators (APAs).
The smaller APA, called the Energy harvesting APA, is used
to extract energy from the mechanical oscillator. It exhibits
a force factor α and a clamped capacitance Cp. The second
and stiffer APA, called Tuning APA, is used temporarily to
implement the proposed orbit jump strategy by adjusting the
buckling level of the prototype, implying a change in the equi-
librium position xw. The electrodes of the energy harvesting
APA are connected to a resistor denoted by R. In this study,
we assume a harmonic excitation, with a constant accelera-
tion amplitude A and a driving angular frequency ωd . Under
this assumption, the focus is on harmonic and quasi-harmonic
ambient excitations, which can be found in many applications.
This is the case, for example, for industrial machine vibrations
that have a single dominant peak in their vibration spectrum15.

The dynamics of the piezoelectric bistable VEH is de-
scribed by the following system11 of nonlinear Ordinary Dif-
ferential Equations (ODEs):
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The variables x, ẋ and ẍ represent the displacement, veloc-
ity and acceleration of the mass, respectively. The voltage
across the energy harvesting APA is denoted by v. ω0 and
Q represent the natural angular frequency and the mechani-
cal quality factor of the linearized model of the VEH, respec-
tively, as defined by Liu et al.16. Table I provides the pa-
rameter values of the bistable VEH considered in this study,
which have been determined with low acceleration charac-
terizations. Equation (1a) expresses the mechanical dynam-
ics with an electromechanical coupling term

(
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)

that
illustrates the impact of the voltage on the VEH mass dis-
placement. Equation (1b) models the electrical dynamics with

an electromechanical coupling term
(

2α

L
xẋ
)

that represents

the current generated by the piezoelectric effect. It is worth
noting that there is no term associated with the tuning APA

due to its higher stiffness compared to the energy harvesting
APA. Therefore, its influence on VEH dynamics is assumed to
be negligible. The elastic potential energy of the considered
bistable VEH is obtained by integrating the nonlinear elastic
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Mω2

0
2

(
x2

x2
w
−1
)

x in Eq.2.

Parameters Symbols Values Units

Stable equilibrium positions ±xw ±0.62 mm
Proof mass M 6 g
Horizontal distance
from the mass to the frame L 35 mm

Natural angular frequency ω0 295 rad/s
Mechanical quality factor Q 160
Piezoelectric force factor α 0.14 N/V
Piezoelectric clamped capacitance Cp 1 µF

TABLE I. Identified parameter values of the nonlinear VEH proto-
type 14, shown in Fig.6.
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As highlighted in several studies, bistable VEHs exhibit mul-
tiple possible orbits for a given driving frequency 17,18. For
example, at a frequency of 55 Hz, the numerically harvested
power in high orbit is 244 times larger than the power in low
orbit. If the VEH oscillates in low-power orbits, applying an
orbit jump strategy or adjusting the PWs of the VEH can sig-
nificantly improve its performance.
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FIG. 2. Description of the three different steps of the orbit jump
strategy. xinit

w = 0.62 mm represents the initial (suboptimal) value of
the buckling level.

The orbit jump strategy considered in this study is an exten-
sion of the orbit jump strategy developed by Huguet et al.11

and subsequently optimized in 13. The corresponding strat-
egy is based on modifying the buckling level to jump from
low-power to high orbits, as well as optimizing the PWs. The
strategy depends on four parameters: t0, the starting time of
the orbit jump, ∆t, the duration of the jump, xtrans

w , the buck-
ling level during the jump and xopt

w , the final buckling level
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after the jump. The three steps of the orbit jump, as illustrated
in Fig.2, are as follows:

Step 1: Before the orbit jump (before t0), the VEH oscillates in
low-power orbit around xinit

w , which is one of the two
stable positions in the PWs whose shape is fixed by the
oscillator geometry. As seen in the upper left of the
Fig.2, the VEH is stuck in a low orbit.

Step 2: During the orbit jump (between t0 and t0 + ∆t), the
buckling level of the VEH is increased to xtrans

w due to
the change in the voltage of the tuning APA. As a result,
potential energy is transferred to the mass when t = t0
and t = t0 +∆t. As shown in the center left of the Fig.2,
the VEH oscillates temporarily with a deeper PWs.

Step 3: After the orbit jump (from t0 +∆t), the buckling level
of the VEH is held at its final value xopt

w . The final PWs,
in comparison to the initial PWs, result in more power-
ful high orbits, thus enhancing the VEH performances.
As seen in the bottom left of the Fig.2, the final PWs
are deeper than the original ones and require then more
energy to overcome the potential barrier.

As described in Eq.2, the potential barrier increases with the
buckling level of the bistable VEH, as shown in Fig.2 for xw =
xtrans

w . The energy invested during the jump is equal to the
potential energy difference between t0 and t0 +∆t, and can be
computed from (2):

Einv(t0,∆t,xtrans
w ,xopt

w ) = Ep(t+0 )−Ep(t−0 )

+Ep[(t0 +∆t)+]−Ep[(t0 +∆t)−]

= ∆E0 +∆E1 (3)

Where ∆E0 (resp. ∆E1) represents the potential energy dif-
ference at time t0, where t−0 (resp. (t0 +∆t)−) and t+0 (resp.
(t0 +∆t)+) denote the times immediately before and after t0
(resp. t0 +∆t), respectively.

We conducted a numerical investigation to determine the
optimal parameter values (t0,∆t,xtrans

w ,xopt
w ) of the orbit jump

strategy that maximizes both its performance and its robust-
ness for driving frequencies between 30 and 60 Hz. The per-
formance of the orbit jump can be evaluated by calculating the
harvested energy over 100 cycles, from which we subtract the
invested energy (3) as given in Eq.4.

Etot(t0,∆t,xtrans
w ,xopt

w ) =

Harvested energy︷ ︸︸ ︷∫ 100Td

0

v(t)2

R
dt

−Einv(t0,∆t,xtrans
w ,xopt

w )︸ ︷︷ ︸
Invested energy

(4)

On the other hand, it is necessary to determine parameters
that not only maximize Etot, but are also sufficiently robust
to reproduce the orbit jump experimentally, even with exper-
imental uncertainties on the jump parameters. In this work,

this robustness is assessed by averaging the total energy har-
vested, Etot, (4) in a neighborhood of a given combination of
jump parameters (t0,∆t,xtrans

w ,xopt
w ) (with a variation of ±10%

on each parameter), whose expression is given Eq.5.

Etot(t0,∆t,xtrans
w ,xopt

w ) =
N−1

∑
i=0

Etot(t i
0,∆t i,xtrans,i

w ,xopt,i
w )

/
N (5)

Where N > 1, integer, the number of jump parameter com-
binations tested in the neighborhood of a given combination
(t0,∆t,xtrans

w ,xopt
w ). Eq.5 is the objective function to be maxi-

mized in order to ensure performant and robust jumps. The
optimization method consists in simulating a large number
of jump parameter combinations for driving frequencies be-
tween 30 and 60 Hz. An example of such a neighborhood
uniformly distributed around a given parameter combination
(represented by a red point) is shown in green in Fig.3.
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FIG. 3. Vizualization of a neighborhood (green points) around a
given parameter combination (red point) among a set of jump pa-
rameter combinations (blue points) in the 3D plane (t0,∆t,xtrans

w ).

We developed a dedicated Python CUDA code that takes
advantage of parallel computing on GPUs for optimizing
Etot. Using the Dormand-Prince method 19, we solved the
nonlinear ODEs Eq.1 starting from the low-power orbit, for
a large number of jump parameter combinations (4 million
per frequency). We then selected the best combination of
jump parameter for all driving frequencies. Figure 4 shows
the evolution of the optimal jump parameter combinations
(t0/Td ,∆t/Td ,xtrans

w ,xopt
w ) as a function of the driving fre-

quency. It is worth mentioning that the staircase shape of the
optimal curves in Fig.4 stems from an exhaustive optimization
analysis within a 4 million point grid, with each step indicat-
ing a shift to a new optimal value in this grid. The sudden
change in the starting time evolution at 35 Hz (Fig.4(a)) can be
attributed to the softening nonlinearity of the low-power intra-
well orbits13. In Fig.4(d), the optimal final buckling level de-
creases from 39 Hz, corresponding to a lower optimal poten-
tial barrier that ensures the transition to the final high-power
orbit. As a result, we select the final orbit with the highest
amplitude and the least sensitivity to parameter variations and
external disturbances for each driving frequency. Note that
the duration and the buckling level of the transient motion in-
crease with the driving frequency (Fig.4(b,c)). This can be
justified by the fact that the gap between low and high orbits
increases with the driving frequency.

https://developer.nvidia.com/cuda-python#:~:text=CUDA%20Python%20provides%20uniform%20APIs,GPU%2Daccelerated%20computing%20with%20Python.
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w as a function of

the driving frequency.

Figure 5 compares the final orbits at 30 Hz for two orbit
jump strategies: one strategy implements the optimization of
the final PWs (shown in green), while the other maintains the
final buckling level to be identical to the initial one (shown
in magenta). As seen in Fig.5, the displacement amplitude
x with the optimized final orbit is greater than the amplitude
without optimization, resulting in a power output of 0.36 mW
as opposed to a lower 0.13 mW without optimization. Indeed,
since the power is directly proportional to the square of the
displacement amplitude 20, optimizing the PWs at this fre-
quency can notably enhance energy harvesting performance.
Note that without any orbit jump, the power would be much
lower, around 4 µW, which corresponds to the power of the
initial low orbit.
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FIG. 5. Comparison of the final orbits with (in green) and without
(in magenta) optimization of the final buckling level for fd = 30 Hz
and A = 3 m/s2. Note that xw notation on the axes corresponds to the
initial buckling level of the bistable VEH, xinit

w .

Figure 6 shows the bistable prototype mounted on the elec-
tromagnetic shaker and the global experimental setup. The ex-
perimental setup consists of an accelerometer measuring the
acceleration amplitude of the shaker, a laser differential vi-
brometer measuring both the displacement x and velocity ẋ

Buckled beam

Tuning APA

MassEnergy
harvesting

APA

Electromagnetic
shaker

Voltage follower

Accelerometer
Differential
vibrometer

Oscilloscope Laptop

High speed
bipolar amplifier

Resistive
decade box

Control board
(dSpace)

FIG. 6. Experimental setup and experimental bistable VEH proto-
type 14.

of the mass, a control board (dSpace) for real-time control of
several variables (e.g., the acceleration amplitude of the sinu-
soidal excitation A or the voltage across the tuning APA vw), a
resistive decade box to adjust the load resistance value. Note
that prior to any experimental testing, we identified the VEH
prototype parameter values (Table I) in low-power orbit us-
ing weak sinusoidal oscillations and based our optimization
on these identified VEH parameter values. The quality factor
value was obtained in a frequency sweep to adjust its value
in high orbits, which is lower than in low orbits. We launch
several experimental tests of jump parameter combinations in
the frequency range [30 Hz, 60 Hz] in order to validate both
the efficiency and the robustness of the approach.

FIG. 7. Comparison between numerical (a,c) and experimental
(b,d) trajectories for in the phase plane (x, ẋ/xw ω0) for 50 Hz be-
fore (in blue), during (in orange) and after (in green). Blue points
correspond to the beginning of the orbit jump process (the corre-
sponding time is denoted by tref), triangle up (resp. down) mark-
ers refer to the moment when the buckling level is increased in
step 2 (resp. reaches its final value in step 3). The final orbits
are drawn in magenta. Note that xw means xinit

w . Numerical jump
parameter values (t0/Td ,∆t/Td ,xtrans

w ,xopt
w )= (0.31,0.31,1.34,0.96).

Experimental jump parameter values (t0/Td ,∆t/Td ,xtrans
w ,xopt

w ) =
(0.31,0.33,1.34,0.96).

Figure 7 compares experimental and numerical trajectories
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in both time and phase planes at 50 Hz while implementing
the orbit jump with optimization of the final PWs. As seen in
Fig.7, the results are fairly close, although the experimental
trajectory shows slight asymmetries. These may be due to the
assembly and mechanical irregularities in the manufacturing
process of the experimental VEH prototype. The perturba-
tions in the experimental transient trajectory may be due to
the rapid variation of the buckling level, leading to the excita-
tion of higher modes of the bistable VEH, which are not taken
into account in the model.
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1FIG. 8. Evolution of the mean harvested power as a function of the
driving frequency for numerical (indicated by dots) and experimental
(indicated by stars) data, respectively.

Figure 8 shows the mean harvested power for both exper-
imental (indicated by stars) and numerical (indicated by dots
or diamonds) results. The experimental powers were obtained
from the orbit jump experiments. The numerical powers in-
dicated by diamonds correspond to orbit jumps without PWs
optimization. As seen in Fig.8, for frequencies equal to or
greater than 55 Hz, there is a difference in the experimental
power of the low-power orbit that could be due to a slight
uncontrolled initial buckling variation of the VEH prototype
during experimental testing.

Figure 8 shows the significant benefits of the orbit jump
strategy, which increases the harvested power by up to 720
times between the low-power and high-power orbits at 60 Hz.
Compared to traditional orbit jump strategies (dark blue di-
amonds), optimizing the PWs (dark blue stars and dots) re-
sults in, at most, a 3-fold increase in the numerical power
of high-power orbits in the frequency range 30 Hz – 45 Hz.
For example, at 40 Hz, the power of the high-power orbit is
0.64 mW with PWs optimization, compared to 0.24 mW with-
out optimization. Note that without any orbit jump, the output
power remains much lower, around 31 µW. The optimization
of PWs beyond 45 Hz becomes less beneficial. This is due to
the decrease in the value of the optimal buckling level with
frequency (see Fig.4(d)), which gets closer to the initial buck-
ling level. Differences between numerical and experimental
results may be attributed to inaccuracies in the parameter iden-
tification or in the modeling of the orbit jump, which involves

numerous parameters. Indeed, the orbit jump requires the ad-
justment of four jump parameters, resulting in a chain of un-
certainties due to experimental parameter control. The power
differences observed in the low-power orbit in 34 Hz – 36 Hz
could result from discrepancies between the numerical and ex-
perimental models of the VEH prototype (e.g., asymmetries
and/or inaccuracies in identified parameter values).

References Excitation Energy
cost

Recovery
time

Power
increase

Simultaneous
PWs optimization

Yan21 et al.
(2019)

Multiple freq.
48.6 – 49.5 Hz
3.82 m/s2

1.43 mJ 23 s ×25 7

Ushiki22 et al.
(2019)

Single freq.
70 Hz
1.962 m/s2

35 mJ∗ 20 s ×30∗ 7

Huang23 et al.
(2022)

Multiple freq.
35 – 40 Hz
5 m/s2

4.67 mJ 120 s ×208 7

Zhao24 et al.
(2023)

Multiple freq.
6.7 – 7.8 Hz
1 m/s2

11.2 mJ 120 s ×9.1 7

This letter
(2023)

Multiple freq.
30 – 60 Hz
3 m/s2

0.5 mJ♦ 1 s♦ ×121♦ 3

TABLE II. Comparison between the optimized orbit jump strategy
developed in this letter and other traditional orbit jump strategies
in the literature. * indicates that the values have been estimated
based on the given papers. The values corresponding to this letter are
marked with ♦ to indicate that they are averaged over the frequency
range [30 Hz, 60 Hz].

Table II compares the proposed orbit jump strategy with
other orbit jump strategies from the literature according to
the excitation configuration, the invested energy, the time re-
quired to recover the energy cost, the increase in power, and
whether they optimized the PWs. The respective approaches
of Yan21 and Ushiki22 achieved maximum enhancements af-
ter the jump, by factors of 25 and 30, respectively. Huang23

proposed to combine two orbit jump strategies, which resulted
in a significant recovery time, but increased the power by 208
times. Zhao24 investigated a solution for simultaneous orbit
jumping and energy extraction, which required a long time
to recover the energy invested, while increasing the harvested
power after the jump by a factor of 9.1. Importantly, only
the orbit jump strategy in this letter changes the shape of the
PWs at the end of the jump. This optimization improves the
power of the high orbits and decreases the recovery time. For
values corresponding to this letter, averages of the invested
energy, recovery time, and power increase have been calcu-
lated to allow comparison with other orbit jump strategies in
the literature. Notably, the proposed orbit jump strategy re-
sults in a short average recovery time of only 1 s and a mean
power increase of 121 times over the 30 – 60 Hz frequency
range. These results are enabled by the unique combination
of a numerically optimized orbit jump and simultaneous PWs
optimization, which further enhances the performance of non-
linear VEHs.

It is worth mentioning the practical challenges may arise
while implementing the proposed orbit jump strategy. Indeed,
implementing such orbit jump strategy in a self-powered
manner will require designing a system for detecting the
initial orbit of the system, sensing the driving frequency, and
precisely timing the instants of jump. To detect the VEH
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orbit, an electronic system measuring the voltage amplitude
across the piezoelectric materials could be used. Indeed,
from this information, it is possible to know whether the
system is in high-power orbit (with large voltage amplitude),
or low-power orbit (with low voltage amplitude). In order to
properly implement the orbit jump, with optimal parameters,
the results of a numerical optimization (such as the one
performed in this letter) should be stored in an on-chip mem-
ory in order to provide the system with the optimal values
of (t0,∆t,xtrans

w ,xopt
w ). Such practical implementation could

be facilitated by ultra-low power sensing and self-powered
power management integrated circuits25–27 that consume less
than 10 µW, a negligible consumption compared to the power
generated in the high orbit (414 µW at 40 Hz).

In conclusion, this work has proposed an orbit jump strat-
egy that allows not only to change the orbit, but also to shape
the PWs at the end of the jump, which further enhances the
harvested power. The PWs adaptation has proven particularly
effective at low frequencies, between 30 and 45 Hz. The op-
timized orbit jump strategy was experimentally validated be-
tween 30 and 60 Hz, demonstrating its robustness. By opti-
mizing the shape of the PWs, the harvested power has been
increased up to three times compared to traditional orbit jump
strategies. This work paves the way toward self-adaptive non-
linear VEHs which could optimize their PWs depending on
the ambient vibration characteristics, while continuously op-
erating in high-power orbits.
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