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EVENTUAL IDEAL PROPERTIES OF THE
RIEMANN-LIOUVILLE ANALYTIC SEMIGROUP

S. GORILIHA*

ABSTRACT. In this paper, we revisit the Riemann—Liouville an-
alytic semigroup. In particular, we completely characterize the
membership to the Schatten class . on L?(0,1), as well as the
membership to the class of nuclear operators on LP(0,1), where
1 < p < oo, and the membership to the ideal of absolutely -
summing operators for any r > 1.

1. INTRODUCTION

Let X be a Banach space and 7" € #(X), which means that the
map 7' : X — X is linear and continuous. Then T can always be
embedded in the discrete semigroup of operators (1T"),>0. When T is
a composition operator on some classical Banach spaces X of holomor-
phic functions on the open unit disc D, the asymptotic behaviour of
T" as n — o0, for the various possible topologies offered by #(X), is
useful for describing all the composition operators which are isometric
or similar to isometries, see [3, 4].

The problem of the embeddability of ' € Z(X) in a strongly contin-
uous semigroup is a natural question and a difficult problem in general.
Recall that we say that T € Z(X) is embeddable in a strongly continu-
ous semigroup (in short a Cy-semigroup) if there exists (7;);=0 C B(X)
such that Ty = Id, Th =T, T, =T, T, for all s,t > 0 and

limTiz = z for all x € X.
t—0

A sufficient spectral condition which guarantees the embeddability
of T is the following: o(T') C €2, where €2 is a simply connected open
set which does not contain 0, so that it is possible to define an analytic
logarithm of 7" using the Dunford-Riesz functional calculus, and then
T, =T" t > 0 defines a Cy-semigroup.
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2 S. GORILIHA*

A necessary condition for the embeddability is related to the kernel
and the codimension of the closure of the range of T' [9], namely

dim ker(T) € {0, 00} and codim(TX) € {0, cc}.

From this, one can deduce that when X is a Hilbert space and T is
normal, a necessary and sufficient condition for the embeddability is
that dimker(7") € {0,000} (see [9, Chapter 5]). Moreover, when X is a
Hilbert space and T is isometric, a necessary and sufficient condition
is that 7" is unitary or codim(7'X) = co.

We focus on the study of the well-known Volterra operator V' on
spaces X of functions over (0,1). More specifically, we shall work on
X =17(0,1), 1 <p<oo,and X = Cy([0,1]) = {f € C([0,1]) | f(0) =
0}, rather than on the space of continuous functions C([0, 1]): indeed
we could work on this latter space with the Volterra operator and
the associated semigroup (see below). Nevertheless since their range
is included in Cy([0,1]), it makes more sense to work on Cy([0,1]).
Actually, we would loose the strong continuity of the semigroup in
which V' can be embedded if we considered C([0, 1]).

Recall that the Volterra operator V' is defined, for every f € X and
every = € [0, 1], by

V(f)(z) = / " f(u) du.

Since the spectrum of V' is {0}, the embeddability of V' is not clear
in view of the sufficient condition for embeddability. Fortunately the
necessary conditions are satisfied and indeed the computation of the
powers of V' quickly suggests that it embeds into the following semi-

group:
(L1) Vi(f)() = ﬁ / " f ) — u) d,

where ¢t > 0, = € [0,1] and I" stands for the classical Euler function.

The semigroup (V;)iso is called the Riemann-Liouville semigroup.
For a € R, let C, be the right half plane {z € C| Re(z) > a}. In fact,
(1.1) makes sense if we replace t by £ € Cy, that is:

(RL1) Velf)(z) = %5) / " f ) — u)t du.
It can also be expressed as:

Z'E 1
(RL2) Vi) = g / F(a0)(1— 0)" do.

The history of this integral (and semigroup) is very rich and goes
back to the beginning of the nineteenth century [21, 26]. It is linked
to the theory of fractional calculus and ordinary differential equations.
Since its introduction, it has been generalized in many ways. See for
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instance [7] and the reference therein. The aim of this paper is to re-
visit this semigroup and exhibit several new properties in connection
with classical ideals of operators. In particular, we will see that the
membership of V¢ to most of the natural ideals (nuclear operators on
L?(0,1), Schatten class " on L?*(0,1) or absolutely r-summing oper-
ators on LP(0,1)) will depend on Re(§). More precisely, we will show
that for each of these ideals I, the semigroup (Vg)eec, on LP(0, 1) even-
tually belongs to I, meaning that there is a 79 > 0 (depending on the
ideal I and p) such that V¢ belongs to [ if and only if Re(&) > 7.

The paper is organized as follows. In Section 2, we introduce and
recall some useful properties of some ideals of operators we are in-
terested in. We also revisit a three lines theorem in the context of
Schatten classes. In Section 3, we collect some classical properties of
the Riemann-Liouville semigroups concerning boundedness and prove
again that (Vg)eec, is an analytic strongly continuous semigroup. In
Section 4, we analyze the property of unicellularity of V¢, for £ € C,. In
the last section, which contains the main results, we completely char-
acterize the membership to the class of nuclear operators on LP(0,1),
p > 1 as well as the membership to the Schatten class . on L?(0,1).
Moreover, we characterize those V¢ which are absolutely r-summing on
LP(0,1) for every r,p > 1. Finally, we characterize those V¢ which are
nuclear, r-integral and absolutely r-summing on C([0, 1]).

Note that Sections 3 and 4 present more or less known results, but
in a slightly more general context, and are more a survey with self-
contained proofs (which are sometimes maybe a bit different than the
classical ones). However Section 5 contains completely new results.

2. PRELIMINARIES

In the following, X, Y are Banach spaces, (X, Y’) denotes the space
of linear and continuous operators from X to Y, and £ (X,Y") denotes
the ideal of compact operators from X to Y. For a Banach space X, we
denote by X' its dual (equipped with its usual norm), and we denote
by Bx the closed unit ball of X. Finally, for 1 < p < oo, p’ denotes its
conjugate exponent, that is % + I% =1

We recall some definitions and basic facts about well-studied ideals
of operators related to compact operators. We refer to the textbooks
6, 8, 12, 25] for further details and references.

2.1. Ideals of linear operators: definitions and main proper-
ties.

2.1.1. Nuclear operator. Let 1 < p < oo, and let T' € Z(X,Y). The
operator 1" is called p-nuclear, and we write T' € A,(X,Y'), if there are
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sequences (A,), € P(N), (p,)n in the unit ball of X" and (y,), in the
unit ball of Efl:eak(Y) such that

(2.1) T = Z AnPn @ Yn,

n=1
where ¢, ® y,, is the rank-one operator in Z(X,Y) defined, for x € X,
by (n © yn)(x) = @n()yn, and

éﬁeak(y) = {(yn)n S YN : V@Z) S Y/a (77Z)(yn))n € EPI(N)}’
equipped with the norm

e (L 2

When T is p-nuclear, we write v,(T") = inf ||(A,)n|le» Where the in-
fimum is taken over all factorizations (2.1), and this defines its p-
nuclear. Endowed with this norm, the space (A,(X,Y),1,(-)) is a
Banach space. It is also an ideal, in the sense that if T' € A4,(X,Y),
U e #B(X:,X) and V € A(Y.Y1), then VIU € A,(X;,Y1) and
vp,(VTU) < ||[V||vp(T)||U]||. Finally, for 1 < p < ¢ < oo, we have
Np(X,Y) C AM(X,Y) C HZ(X,Y) and for every T € A,(X,Y),
v (T) < 1v,(T) (see [6, page 113]). The particular class of 1-nuclear
operators is simply called the class of nuclear operators. Note that if
p =1, then p’ = 0o and

[@n)nllgr 3y = sup sup[t(yn)| —Sup||ynlly

$EBys n>1

Therefore an operator T' € Z(X,Y) is nuclear if and only if there exist
(én)n € X’ and (y,)n C Y such that

T = Z@n @ Yn,
n=1

and

o0
S lenllxllyally < oo
n=1

2.1.2. Absolutely p-summing operators. Let 1 < p < oo and let T €
A(X,Y). The operator T is called absolutely p-summing, and we write
T e II,(X,Y), if there exists p > 0 such that for every n € N and every
xr1, - ,x, € X we have

n 1/p 1/p
(22) <ZHT%H§’/> < p sup (Z!so zi) ) -

PEBx \ =1
For T' € I1,,(X,Y) we define its absolutely p-summing norm ,(7") by
mp(T) = inf{p > 0 : (2.2) holds}
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The space (II,(X,Y),m,(-)) is a Banach space. It is also an ideal, in
the sense that if T € II,(X,Y), U € B(X1,X) and V € B(Y, Y1),
then VT'U € I1,(X1,Y1) and m,(VI'U) < ||V ||m,(T)||U]]. In addition,

we have
(2.3) I1<p<g<oo = I(X,Y)CI(X,Y),
and for every T' € IL,(X,Y), m (T) < mp(T).

The most simple example of a p-absolutely summing operator is given
as follows. Let u be a probability Borel measure on a compact space
K and let 1 < p < oco. Then the formal identity

(2.4) ip : C(K) — LP(u) is absolutely p-summing,

and 7,(i,) = 1. See [29, page 201] or [6, page 40]. It is also known
that every absolutely p-summing operator, 1 < p < oo, is weakly
compact and completely continuous. Moreover, if 7" € I1,(X,Y) and
S eIl (Y, Z), then ST is compact [6, Page 50].

A famous result of Pietsch states that the previous example of abso-
lutely p-summing operators is in some sense canonical. We recall here
the following version which we shall use when studying the membership
to the absolutely p-summing operators on C([0,1]). See [6, Theorem
2.12 and Corollary 2.15].

Theorem 2.1 (Pietsch). Let K be a compact space andT : C(K) =Y
be a bounded operator. Then T is absolutely p-summing if and only if

there exists a reqular Borel probability measure v on K and a constant
C > 0 such that, for every f € C(K), we have

25 sl < ¢ ( [ 1 o)
K
Moreover, in this case, the infimum of C' satisfying (2.5) is m,(T').

Finally, let us mention the following well-known result of Grothendieck
[6, Theorem 3.4].

Theorem 2.2 (Grothendieck). Let p and v be any measures and let
T : LYp) — L*(u) be any bounded operator. Then T is absolutely
1-summing and

m(T) < KT,

where Kq is a universal constant called the Grothendieck constant.

It is well known that if (€2, 3, 41) is any measure space and 1 < p < oo,
then LP(u) has cotype max(p,2) (see [6, 29] for more details on the
cotype). Moreover, every Hilbert space have cotype 2. See [6, Corollary
11.7 and Corollary 11.8]. We shall need the following links with the
ideal of absolutely summing operators. If Y has cotype 2, then for any
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Banach space X and all 2 < r < oo, we have II(X,Y) = II1(X,Y).
Furthermore, if X and Y both have cotype 2, then

(2.6) IL(X,Y)=1IL(X,Y) foralll<r < oco.

See [6, Theorem 11.13 and Corollary 11.16]. In particular, if H and K
are Hilbert spaces, then

(2.7) II,(H,K) =11, (H,K) foralll<r<oc.

2.1.3. p-integral operators. Let 1 < p < oo and let T € B(X,Y). The
operator 1" is called a p-integral operator, and we write T € Z,(X,Y),
if there exist a probability measure p and two bounded linear operators
U:LP(u) > Y"and V : X — L*®(pu) (Y is the bidual space of Y)
giving rise to the commutative diagram

T ky

X Y Y
L () . LP(p)

tu
where 4, is the formal identity and £y is the canonical isometric em-
bedding. With each T' € .Z,(X,Y") we associate its p-integral norm

w(T) = Wt [[U|[[V]

where the infimum is taken over all measures p and U,V as above. It
is known that (Z,(X,Y),,(-)) is a Banach space. It is also an ideal,
in the sense that if T € Z,(X,Y), U € #(X;,X) and V € B(Y, Y1),
then VIU € Z,(X1,Y1) and ¢,(VTU) < |[V|e,(T)||U]|. Finally, if
1 < p < q < oo, then we have .Z,(X,Y) C Z,(X,Y), and for every
T e Z,(X,Y), 1,(T) < ,(T).

The formal identity

(2.8) i, : C(K) — LP(p) is absolutely p-integral,

where 4 is a finite Borel measure on a compact space K and 1 < p < oo.
2.1.4. Schatten classes. If H, K are Hilbert spaces and T' € ¥ (H, K),
we denote by (s,(T")), the decreasing sequence of the singular values
of T (i.e. the eigenvalues of vT*T where T* is the adjoint operator

of T). For 1 < p < oo, we say that T' belongs to the Schatten class
operator P(H, K) if (s,(T)),, € ?(N). Moreover, if we set

IT[|.70 = [I(80(T))nler,

then (?(H,K),| - ||#») is a Banach space and it is an ideal, in the
sense that if T' € ?(H,K), U € #(H,H), V € B(K,K,), then
VTU € #?(Hy, K7), and we have

(2.9) IVTUz0 < VT [[U]]-
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Note that /*(H,K) = # (H,K) and, for T € .*(H, K), we have
|T||.#ec = ||T||. Moreover, .#? is called the Hilbert-Schmidt class oper-
ator, whereas .#’! is called the trace class operator. For 1 < p < g < o0,
we have the following inclusions

SYH,K)C ?(H,K) C %(H,K)C #(H,K),

and for every T € P(H,K), we have ||T|#¢ < ||T|l#». Finally,
we recall that if T € #(H,K) and 1 < p < oo, then T belongs to
SP(H, K) if and only if for every orthonormal sequences (h”)n>1 of H

and (k”)n>1 of K, we have
(2.10) > [T (hn), k)" < 0.
n>1
Moreover
1
(2.11) |T]].» = sup (Z \(T(hn),kn>‘p)p
n=>1

where the supremum runs over all the orthonormal sequences (hn)

in H and (kn)

n=1
sy A See [6, Theorem 4.6.b, p. 81] and its proof.

We shall need a general result making use of the analycity in our
framework.

Theorem 2.3. Let 1 < p; < pg < 00, ap < «y, and consider the
open set Q@ = {z € C: ap < Re(z) < a1}. Let (T.),.q be a family in
HB(H, K) such that for every (z,y) € H x K, the map z — (T,(z),y)
is bounded and continuous on , and holomorphic on ). Assume that

(i) T, € /" (H,K) for Re(z) = oy with sup HTZHym < 005

Re(z)=a1
(i) T, € P (H, K) for Re(z) = ap with sup HTZHWO < 0.
Re(z)=ap ’
Then T, € SP(H, K) when Re(z) = a € (ap, 1) with « = oy + (1 —
1 6 1-4
0)ag and p € (p1,po) defined by — = — +
p N Do

After this work was completed, we discovered that this result is not
new and actually known for a long time: see [14, Th.13.1, p.137]. Nev-
ertheless our presentation here is slightly different, even though it also
relies on the three lines theorem.

This theorem is particularly interesting when T, = (z)S, where
(S:):ec, is an analytic semigroup of operators and ¢ is some (non van-
ishing) holomorphic function on the right half plane. We shall exploit
it in this context.

Proof. We give the proof for a finite py, but it is easy to adapt the
proof when py = co. Fix N € N, @ = (ay)ney in the unit ball of ¢#
and two arbitrary orthonormal sequences (hy,)neny of H and (ky)nen of
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K. Write a,, = uy|a,| with |u,| = 1, and, for j € {0;1}, denote by
Sj = SUDPRe(z)=a, HT } Let us now introduce the function

z||mi-
N
z € Q_0 — (I)(Z) = Z Un‘an‘p,p(z)+i’8<Tza1+(le)ao(hn)’ kn>
n=0

where Qp = {2z € C:0 < Re(z) < 1}, f € R and

R

b1 Po Py 20
Note that for z € Qg, zaq + (1 — 2)ag € Q and if z € Iy, then za; +
(1 — 2)ap € 0. The function ® is holomorphic on 2y and moreover
it is also clearly bounded on Qy (with a bound maybe depending on
N). Actually, on the boundary of €, we have some estimates not
depending on N. Indeed, from Holder’s inequality and the fact that
llal|,»» <1, we have, for j € {0;1} and every o € R,

n=0
N 1
S ( Z |<ij (hn)7 kn> |pj) "
n=0
< Ty [|.orws

where w; = joy + (1 — j)ag + io(a1 — ). Since Re(w;) = o, we get

sup |0(:)] < 8 .
Re(2)=j
From the three lines theorem (see [15] for instance), we get

Vo € [0,1],Vo € R, D0 +io)| < Sy0sY .

1 1

For any o € R, we choose in the sequel § = p’a(— — —) so that we
P11 Po

check that p'p(6 +io) + i =1 and for z =0 +io, za; + (1 — 2)ag =

a+io(ag — ap). Thus, for every o € R, we get
N
Qp <To¢+ia(o¢1—ao)(hn)7 kn)

n=0

< SyPsy.

Taking the supremum over a in the unit ball of # and then on N € N,
we get

+o0 1
<Z |<Ta+ia(a1—a0)(hn), kn>|p> "< Sé_GSf .
n=0

Finally, taking the supremum over all the orthonormal sequences (recall
(2.11)), we have

1-6 Qb
7P < SO Sl

| | Ta+ia(a1 —ap)
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and, since o is arbitrary, we conclude that
(2.12) sup HTZHyp < S370sY .
Re(z)=«a
O

We conclude this subsection on Schatten class operators by a nice
factorization result. Let 1 < p,q,r < oo such that }D%—é = % An
operator T' € AB(H,, Hy) belongs to " (Hy, Hs) if and only if there
exist a Hilbert space H and two bounded operators V € ?(H, H,)
and W € . H,, H) such that T'= VW. In such a case, we have

(2.13) [T ]| = mf [[V]]oo W] 54,

where the infimum is taken over all such factorizations. Note that the
infimum is actually a minimum. See [6, Theorem 6.3].

2.1.5. Order bounded operator. Let (2, %, ) be any measure space and
let 1 < p < co. A non-empty subset M of LP(u) is said to be order
bounded if there exists a non-negative function h € LP(u) such that

|f| <h p-almost everywhere,

for each f € M. A Banach space operator T': X — LP(u) is called
order bounded if T'(Bx) is an order bounded subset of LP(u). Recall
that Bx denotes the closed unit ball of X.

2.1.6. Links between all these classes. Let X,Y be Banach spaces and
let 1 < p < oo. We have
(2.14) H(XY) € F(X,Y) € T(X,Y),

and both inclusions are contractive [6, pages 97 and 113]. Moreover, we
have £ (X,Y) = IIo(X,Y) with equality of norms and furthermore, if
Y is a subspace of an LP-space, 1 < p < 2, then for every Banach space
X and for every 2 < ¢ < oo, we have

I,(X,Y) = Z,(X,Y) = A(X,Y).
See [6, Page 99]. When H and K are Hilbert spaces, we can say more
about the relations between all these ideals. If 1 < p < oo, then
(2.15) S,(H,K) = A,(H,K) =1,(H,K) = Iy(H,K) = *(H, K)
isomorphically, and even isometrically if p = 2. Moreover,

S (H,K) = M(H,K) = & (H,K)
isometrically. See [6, Corollary 3.16, Theorem 4.10 and Theorem 5.30].

Regarding the property of order boundedness, we shall need the fol-
lowing known facts that we gather in a theorem. In particular, we see
that order boundedness yields an important characterization of Banach
space operators whose duals are absolutely p-summing.
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Theorem 2.4. Let 1 < p < 0.

(i) Let p be any measure. Then an order bounded operator T : X —
LP(p) is p-integral.

(ii) A Banach space operator T : X — Y has an adjoint which is
absolutely p-summing if and only if, however we choose a measure
w and a (bounded) operator U :'Y — LP(u), the composition
UT : X — LP(u) is order bounded.

(111) Let p be any measure. If the operator T : X — LP(u) has
an adjoint which is absolutely p-summing, then T must be order
bounded.

Proof. The assertion (7) is proved in [6, Proposition 5.18]. The asser-
tion (4i) is proved in [6, Theorem 5.20]. The assertion (iii) follows
immediately from (i7). O

We shall also need the following facts on composition between these
different ideals, that we also gather in the following result.

Theorem 2.5. Let X,Y,Z be Banach spaces, let U € B(Y,Z) and
VeRBX,Y)and let 1 < p,q,r < 0o satisfy % = 1-1) + %,

(1) If U is compact and V' is a p-integral operator, or if U is a p-
integral operator and V' is compact, then the product UV is a
p-nuclear operator.

(i1) If U is an absolutely p-summing operator and V is a q-nuclear
operator, or if U is a p-nuclear operator and V' is an absolutely
q-summing operator, then UV s a r-nuclear operator.

(15i) If U and V' are absolutely 2-summing operators, then UV is a
nuclear operator.

Proof. The assertion (i) is proved in [6, Theorems 5.27 and 5.28]. The
assertion (77) follows from [6, Theorem 5.29]. The assertion (i) is
contained in [6, Theorem 5.31]. O

2.2. Convolution on LP(0,1). In this subsection, we briefly recall
some standard facts on the convolution on LP(0,1). Let 1 < p < oo
and p/ its conjugate exponent. For every f € LP(0,1) and g € L*'(0,1),
we define, for every x € [0, 1],

/ ft)g(x—t)d

It is well known that f g € Cy(]0,1]). Moreover, thanks to Holder’s
inequality, we have ||f * ¢|lc < ||f || llgll,;- More generally, recall the
Young’s convolution inequality. Let 1 < p, ¢, r < oo satisfying % + % =
2 +1andlet f € LP(0,1), g € L9(0,1). Then the convolution (f*g)(z)
is defined (as above) for almost all x € [0,1] and f g € L"(0,1), with

1+ gl < [ fllpllglly
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When studying the nuclearity of V¢ on C(]0, 1]), we shall need the
following result of factorization.

Theorem 2.6 (Salem). Let f € C([0,1]) with f(0) = f(1) and let
d > 0. Then there exists g € C([0,1]) wzth g(0) = g(1) and h € L*(0,1)
such that

f=gxh and ||g— flloo <9 and ||h|; = 1.

Proof. See [17, Theorem 32.31] or [19, Exercice 3.1, page 70]. Note
that the result in [17] is stated and proved in the general context of a
compact group. Using the usual identification of functions continuous
on the unit circle T with the functions f € C([0,1]) satisfying f(0) =
f(1), we obtain this version. O

In Section 3, we revisit the unicellularity of the Riemann-Liouville
semigroup and the method is based on the following classical result of
Titchmarsh that we recall now. See [28], or [24] for a simpler proof.

Theorem 2.7 (Titchmarsh). Let F' and G be two functions in L'(0,1).
If F G =0 almost everywhere on (0,1), then there exists a number o
(0 < a < 1) such that F and G are equal to zero almost everywhere on
the intervals [0, ] and [0,1 — a] respectively.

More precisely, we shall need the following consequence that we prove
now.

Corollary 2.8. Let £ € Cy, let f € LP(0,1) and let g € L”(0,1) where
1 < p < oo andyp its conjugate exponent. Assume that for everyn > 1,

we have
/ (/f "flds> dr = 0.

Then there exists o € [0, 1] such that f(s) =0 for almost all s € [0, o]
and g(s) =0 for almost all s € |a, 1].

Proof. Using the change of variable u = x — s in the inner integral, the
hypothesis can be rewritten as

/ </f ”fldu)dxzo, n>1.

We apply now the Fubini theorem to get

(2.16) /Olu"f—l (/ulg(x)f(x — u) dx) du = 0, n>1.

Denote by h the function defined by h(u f g(x)f(x —u)de, u €
[0,1]. It is standard that this defines a Contlnuous function on [0, 1]
and in particular h belongs to L*(0,1).
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Consider an integer ng such that ng > (2Re(£))™. If A, :=n& — 1,
we have for every n > ng, A, € C_;/, and since

%—l—Re(/\n) N Re(§)
o+ 2P 41 nlglT

as n — 0o,

it follows that )
=+ Re(\,
s o2t Re)
1

n=ng |)‘" + 5’ +1
Hence, by the Miintz theorem, the system {u :n = ng} is complete
in L?(0,1) (see for instance [11]). Thus, we get from (2.16) that, for
every u € [0,1], h(u) = 0. In particular, for every u € [0, 1], we have

0:h(1—u):/1 g(:v)f(m—1+u)dm:/0ug(1—v)f(u—v)dv.

—Uu

né—1

By the Titchmarsh theorem, there exists o € [0, 1] such that f(v) =0
for almost all v € [0,a] and g(1 — v) = 0 for almost all v € [0,1 — «],
which gives the conclusion. U

3. THE RIEMANN-LIOUVILLE SEMIGROUP

We now present and prove the main properties of the Riemann-
Liouville semigroup. Some of them are well-known but some short
proofs are provided for self-completeness. First of all, we confirm that
the definition given in the introduction makes sense. Indeed, for £ € C,),
let us introduce the function ¢, defined by

(3.1) pe(u) = ——u*"", u € (0,1).

Clearly ¢¢ € L'(0,1) with norm - Therefore the operator

1
Re(&)[T(E)]
Ve is actually defined as Ve f = f x ¢¢ for any f € L'(0,1) so that the
formulas (RL1) and (RL2) given in the introduction make sense for
almost every x € (0,1) for any f € LP(0,1) C L*(0,1). We can now
present some results on the boundedness of V¢ : LP(0,1) — L9(0,1).

Proposition 3.1. Let 1 < p < q < 0.
(i) If § € Ci_1, then Vg : LP(0,1) — L9(0,1) is bounded and we have

1,1 e

1 vt a o

3.2 Vellair.Lay < - . ’
( ) || &HJ(L ,L9) |F(§)|<Re(§)—%+l>

q
(i1) In particular, for every p > 1, and for every £ € Cy, the operator
Ve is bounded from LP(0, 1) to itself and we have
1

(3.3) Vel ey < Re(@)[T(E)]
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(111)) When 1 < p < ¢ < oo and Re(§) = %— %, then Ve is bounded
from LP(0,1) to L(0,1) and
IC(Re(¢))]
3.4 Vi pray < Kpg——ra
( ) H 5”33(11 ,La) D,q |F(f)|

where K, , depends on p and q only.
() If p > 1 and § € C%, then Ve = LP(0,1) — Co([0,1]) is bounded
and we have

1 1
(3.5) IVellswr.cn < Fgyi TRee =y 2 77

(v) If Re(§) > 1, then Ve : L'(0,1) — Cy([0,1]) is bounded and we
have

1
IVellzr,co) < 57
SR S 1 ()]

(vi) Let & € Cy. Then Ve : L=(0,1) — Cy([0,1]) is bounded and we

have
1

Re(€)|T(6)]

1
As usual, in the formulas with (conjugate) exponents, — means 0.
00

Vel z(re,co) <

Proof. Denote by 7 = Re(§). First we observe that, for 1 < r < oo,
¢e € L"(0,1) if and only if € € (C;, and, in this case,

1 1 e
3.6 Gellr = T T’
B0 OG0 el )
(7) Let f € LP(0,1) and r = (%4—3)_1. We have 3 —%—i-%—l,

and in particular » > 1 since q > p.
Moreover, since { € C1, ¢¢ € L"(0,1) and according to the Young

inequalities, we know that Vef € L9(0,1) with

WVefllg < el llfllp-
We get (3.2).
(1) is now obvious by definition of conjugate exponents.
(74i) Hardy and Littlewood proved in [16, Theorem 4] that if 7 =
1_ %, with 1 < p < ¢ < oo, then, for every function f in L*(0, 1), we
have

(3.7) (/ Vil f |de) M<K(/1|f<as>|pdas>l/p,

where K' = K(p,q) depends only on p and ¢q. Observe now that, for
Re(§)=71= 1—1) - é we have

bS]

Ve()(@)] < V-(LFD ),
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which gives that
0(7)]

VPl < 1y

Thus (3.7) implies that

V=Dl

C(7)]
IVe(Hllq < K@) £ 1lp:

which shows that V; is bounded from L?(0,1) to L?(0,1) and we have

Vellauson < Ko
(iv) Since € € (C%, then ¢ € LP (0,1). Thus Vi(f) = fx¢e € Co([0,1])
with
Ve fllso < NS llpll el

Now, using (3.6), we get (3.5).
1
(v) Observe that ¢ € Cy([0,1]) for Re(§) > 1 with ||¢¢|lco = =7 -

N3]
Then, argue as in (iv) with p =1 and p’ = 0.
(vi) Use here p = 0o and p’ = 1, and argue as in (iv). O

Remark 1. Let X = Cy([0,1]) or X = LP([0,1]) for 1 < p < co. As
we have just seen, the operator V; is bounded from X into itself and

1
|Vellax) < Re(&)|T(@)]

Note that the estimate (3.8) for the case X = Cy([0,1]) follows imme-
diately from Proposition 3.1 and the fact that Cy([0,1]) is contained
in L>°(0,1). Observe also that for X = LP(0,1), the estimate (3.8)
can also be obtained easily by interpolation, or using the Minkowski
inequality. Finally, it turns out that when X = L*(0,1) and & is real,
then (3.8) becomes an equality.

Note that in [1], J. Adell and E. Gallardo-Gutiérrez got some lower
and upper bounds for the norm of the Riemann-Liouville operator V;
on LP(0,1) when ¢ > 0. These estimates enable them to get some
asymptotic estimates of the norm. More precisely, they proved that,
for every 1 < p < o0,

(3.8)

T D+ 1) |Villaze) = cp

where

S pPgTte if 1 <p< oo
b 1 ifp=1orp=occ.

However, it should be noted that the exact computation of ||Ve||z(L)
is not known.
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We now recall the notion of analytic strongly continuous semigroup.
For 6 € (0,7/2], let ¥y = {z € C\ {0} : |arg(z)| < 0}. If X is a Ba-
nach space, the family (7},).ex, is called an analytic strongly continuous
semigroup on X if it satisfies the following properties:

(i) T, € B(X);
(ii) for all z,w € 3y, we have T, T, = T,y y;
(iii) For every 6" € (0,6), we have

liné IT.f — fllx =0, forall fe X;
zZ—r

2629/

(iv) the map z € ¥y —— T, € A(X) is holomorphic.
Note that Cy = X /5.

Proposition 3.2. Let € € Cy, let X be Cy([0,1]) or LP(0,1) forp > 1,
and let

Ve(f)(z) = %/Orf(U)(x—u)g_l du, where f€ X andz € [0,1].

Then (Ve)eec, is an analytic strongly continuous semigroup on X . More-
over we have V =V].

Proof. First, let us point out that, according to Proposition 3.1, V¢ €
PB(X) for every ¢ € Cy.

Now, we justify the algebraic properties of the semigroup. For £,£' €
Co, f € X and z € (0, 1], we have factVC

W6 = e L a0 ([ ren- 9 tas) do
= @ J, 1O ([ e w )

using the Fubini theorem.
But, with the change of variable u = (1 — \)s + Az

x 1
/ (= 8)¢ " — w) du =(z — )6+€1 / L1 — A d)
s 0

=(z — )" IB(, €,

where B is the Beta function linked with the Gamma function by the

formulae B(¢,¢') = FF((%FFS;), for £,& € Cy. We conclude that

1

Vel ) = g [, (0= 997 ds = Vesed @)

and (RL) has the semigroup property.
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Let us now justify that for every 6’ € (0,7/2) and every f € X, we
have

3.9) tim IVef — fllx =0,
6629/
Thanks to (3.8), we have
1 €] 1
Vel o) < = =

Re(§)[T(§)]  Re(§)T(E+1)[  cos(arg(£))T(E + 1)
But for any £ € Y4, we have cos(arg(§)) > cos(6’) > 0, which proves
that

sup  [[Vellmx) < oo,
£€%,/ND(0,1/2)

where D(0,1/2) = {{ € C: [¢| < 1/2}. Denote by f.(t) =t", n > 1,
t € [0,1] and observe that the family {f, : n > 1} spans a dense
subspace of X. Therefore, it suffices to prove (3.9) for every f = f,,
n > 1, to obtain that (3.9) holds for every f € X. According to (RL2),
for every n > 1, we have

(3.10) Velf) @) = =T = tmr17 9

Now write

Wt = nls = g )
(n+1)

L ™€)l + [l = 2"

‘F(n+1+£)

Observe that [|2"¢||x < ||2""¢]|o < 1 and by continuity of the Gamma
function, we have

I'(n+1)
im | ———~— — 1| [|z"™||x = 0.
=0 | T'(n+1+¢) | Ix
Hence it remains to justify that for every n > 1, we have
lim ||z — 2| x = 0.
£—0

For X = LP(0,1), this follows easily from Lebesgue’s dominated con-
vergence theorem, but can also be deduced from the following case. For
X = Cy([0,1]), observe that for every complex numbers a, b, Re(a) #
Re(b), we have

ja — bl
| Re(a) — Re(b)]

Indeed it is sufficient to write that

1
e — eb _ / eb+t(a—b) (CL _ b) dt,
0

(3.11) le* —e’| < Re(®)|,

’ e — €
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which gives that
1
‘ea _ eb‘ < ’& . b’/ eRe(b)th(Re(a)fRe(b)) dt
0

and we now obtain easily (3.11). Now the inequality (3.11) implies

Rd@
Denote by 7 = Re(§). We easily check that the function 2 — a™—z"*"
reached its maximum on (0, 1) at point z,, := (#)1/7. Hence we get
that

Hﬂ%—ﬂmggm_ﬁﬁJﬂO_ n): d

T n+rt n+r1’

’ n+é B zn+Re(€)).

which obviously implies that limg_,q ||2"" —2"||, = 0. That concludes
the fact that Vg satisfies (3.9).

It remains to prove the analyticity of £ € Cy — Ve € B(X). Let
us first start with X = LP(0,1), 1 < p < oo. It is sufficient (see [20,
Theorem 3.12]) to show that for any f € L?(0,1) and any g € L¥ (0, 1),

the map
6%// Yz —w) 7 f(u) dude

is analytic on Cy. But & — g(z)(z — u)*"1f(u) is analytic on Cq
for almost all (x,u) € (0,1) x (0,1). Moreover, for every £ such that
Re(§) > 6 > 0, we have

Ig(fv)(x—U)g_lf(U)l <lg@)l(z—w)f(w)l, 0<2<L0<u<y

//ﬁg — ) () dude = T6) [ @V (o) do < o

since g € L¥'(0,1) and V;(|f]) € L?(0,1) according to Proposition 3.1.
It follows from the Lebesgue’s dominated convergence theorem that the
map & — fol Jy 9(@) (@ —u)*~! f(u) dudz is analytic on Cy. A similar
argument works also for X = Cy([0, 1]) but we have to replace g(z)dz,
g € L¥(0,1), by an arbitrary Borel measure z on (0, 1). O

Remark 2. Writing £ = 7+ it (7, ¢ real with 7 > 0), we may consider
the behavior of V¢ as 7 = Re(§) — 07. For 1 < p < o0, it was proved
by Kalisch [18] and Fisher [10] that, for each fixed f € LP(0,1), the
limit

Vief = lim Vo f
T—0t+

exists in the LP(0,1) norm. Furthermore, the family of operators
(Vit)ter so defined forms a strongly continuous group of bounded op-
erators on LP(0,1). We also have that V¢V, = V;; Ve = Veyyy for every
£eCyandteR.
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Remark 3. Let 1 < p < oco. It is not difficult to check that for every
¢ € Cy, the adjoint of Vg LP(0,1) — L*(0,1) is the operator given by

(3.12)  VE(f) /f ) du,  feL”(0,1).

Actually, we work here Wlth a kernel operator, that is why the sym-
metric kernel naturally appears.

The spectrum and point spectrum are well-known and easy to iden-
tify. We also give a proof for self-completeness.

Proposition 3.3. Let £ € Cy, and let X be Cy([0,1]) or LP(0,1) for
p>=1. Then o(Vg) = {0} and Ve has no eigenvalue.

Proof. We first show that the spectral radius of V; is equal to 0. Indeed
for every integer n > 1, V" = Vi¢ so, thanks to (3.8), we have

Vel < Re(QITMmE) ™ = O(n &) — 0, asn — o,

thanks to the Stirling Formula. Therefore we get (V) = {0}.
particular, the point spectrum of V¢ is included in {0}.

Now we show that V is one-to-one. Indeed assume that f € L'(0,1)
satisfies Ve¢(f) = 0. It means that for every = € [0, 1], we have

/Ox fu)(z —u)* ' du=0.

Observe that the function g defined by g(u) = u~!, v € (0,1), does
not vanish on (0,1). Then it follows from the Titchmarsh theorem
(Theorem 2.7) that f(u) = 0 for almost all v € (0,1). We finally
conclude that V has no eigenvalue. O

4. UNICELLULARITY

It is a well-known fact [13, p. 397] that for each ¢ > 0, the lattice of
invariant subspaces and even hyperinvariant subspaces of V; acting on
L*(0,1) is totally ordered (i.e. V; is unicellular) and described by

{Eu2:=1,1)L%(0,1),0 < a < 1}.

We recall that a closed subspace E of X is hyperinvariant for an opera-
tor T' € A(X) if F is invariant with respect to any operator commuting
with 7. Let us also recall that a vector z € X is said to be cyclic for
T if span(T™z : n > 0) is dense in X. The description of the invari-
ant subspaces of V; immediately yields the following description of the
cyclic functions of V;, namely,

f is cyclic for V; € B(L*(0,1)) <= Ve > O,/ |f(z)]2dz > 0.
0

In this section, we will revisit these results for V; extending both to the
LP(0,1) case, 1 < p < 00, and also to the complex case £ € Cy.
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We first characterize the cyclic vectors for Ve on LP(0, 1), when € € C,
and 1 < p < oo. In order to state the result, we introduce a convenient

notation. We associate with every function f € LP(0,1) a number
(¢ € [0, 1] defined by

Ef:sup{fe[0,1]:/0€]f(u)]pdu:0}.

Equivalently,

Kf—I—a
f=0 ae on(0,{;) and Ve>0, / |f(uw)|P du > 0.
£y

Theorem 4.1. Let 1 < p < o0, £ € Cy and let f € LP(0,1). Then f
is a cyclic vector for Ve if and only if £ = 0, that is, for every e > 0,

/Oelf(u)|pdu>0.

Proof. Assume first that ¢; > 0. Then, f = 0 a.e. on [0,{s], which
immediately implies that V" f = V¢ f = 0 on [0, £;]. In particular, we
have that span(V{"f : n > 0) C Ty, 1)LP(0,1), and f is not a cyclic
vector for V.

Conversely, assume that ¢; = 0. We shall show that any ¢ €<
(LP(0,1))* which satisfies ¢(Vf) = 0, n > 0, is equal to zero. By
the Riesz representation theorem, there exists g € L (0, 1) such that

o(h) = /0 h(z)g(zx) dz, h € LP(0,1).

Hence, since V¢" = V¢, for every n > 1, we have

/01 g(x) (/0"” Flu)(z —u)™ ! du) s — 0.

Now, Corollary 2.8 implies that there exists a € [0, 1] such that f(u) =
0 for almost all v € [0,a] and g(u) = 0 for almost all u € [a,1].
But, since ¢y = 0, necessarily a = 0 and g(u) = 0 for almost all
u € [0,1]. Hence ¢ = 0. By the Hahn—-Banach theorem, the subspace
span(Vf : n > 0) is dense in LP(0, 1), which implies that f is cyclic
for Ve in LP(0,1). O

We will deduce from Theorem 4.1 the description of the invariant
subspaces of V.

Theorem 4.2. Let E;j, = T4 LP(0,1), for 0 < <1, 1 <p < oo and
let f € Co.
(i) The closed invariant subspaces of Ve on LP(0,1) are exactly the

subspaces Eyp,, 0 < € < 1. In particular, the operator Ve is uni-
cellular.
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(it) The closed hyperinvariant subspaces of Ve on LP(0,1) are ezactly
the subspaces E;,, 0 < £ < 1.

Proof. (i) We follow the ideas contained in the proof of Theorem 4.6
in [27].

First, it is easily seen that each of the subspaces E;,, 0 < ¢ < 1,
is closed and invariant with respect to Ve on LP(0,1). Conversely,
let E be a proper closed invariant subspace of Vi on LP(0,1). Let
a=inf{l; : f € E}. Since E # {0}, we have 0 < a < 1, and clearly
E C E,,. Let us prove that we have indeed equality.

For every a € (a, 1], there exists f € E such that a < {; < o < 1.
Denote by A = ¢;. Then f € E),. We introduce the following C*-

diffeomorphism
e: [0,1] — [A\1]
t — (1=tHA+t=(1—=Nt+ A\,
and the space
E= {gop:ge€e ENE,,}.
Observe that for every g € E) ,, we have

1 ! 1 ! 1
lgowpllh = m/A 9(0)[" db = m/o l9(0)1"do = T—llgl5-

In particular, we deduce that E is a closed subspace of LP(0,1). We
also denote by ' = foy. Since f € EN E,,, we get that ' € E.

Moreover, Vg(E) C E. Indeed, let g € EN E),. Then, for z € [0, 1],
we have

Velg o 0) () =ﬁ / (90 @) () — u)t du

1 [fe@ -\ 1
o) w0 1mn)

_ ¢ e
AT (g) |7 a@eta) o,

where we make the change of variable § = ¢(u). Since g € E, ,, we
have g = 0 a.e. on (0, \), whence

_\\—¢ el
Velgow)(x) = % / 9(0) () —0)" dB = (1-\)(Velg)) ().

In other words, V(g o ) = (1 — A)75(Ve(g)) o . Taking account of
the fact that /' N E) , is invariant with respect to V¢, we deduce that

Ve(g)op € E, and thus Vg(E) cE.
Observe now that ¢z = 0. Indeed, for every ¢ € (0, 1), we have

w(a
/lF |pdu—/ f(p |pdu——/ 0)|7 db.
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and ¢(e) = (1 — N)e+ A > XA = {;. Thus, by definition of ¢, we get
/ |F(u)|Pdu >0  for every € € (0,1),
0

which gives ¢ = 0. Therefore, according to Theorem 4.1, F'is cyclic
for Vg, meamng that span(VgnF n > 0) is dense in L?(0, 1) But, since
F € E and F is invariant with respect to Vg, observe that we have
span(V{"F :n > 0) C E. Thus we deduce that E is dense in L?(0,1).

But we have already observed that E is also closed, and finally we can
conclude that £ = L?(0,1).

Take now h € E,,. Then hoy € LP(0,1) = E, and there exists
g € ENE,, such that ho ¢ = go . Since h and g vanish a.e. on
(0,A), we deduce that h = g € EN E),. Hence E), N E = E,,, that
is, B p C E\p C E. Thus

) Eap CECE.,

a€(a,l]

Since Uae(a 1) Eop is dense in F,,, we get that £/ = E, , as required.

(1) The only thing to prove is that Ey,, 0 < ¢ < 1, is a hyperinvariant
subspace for V. Let A € Z(L*(0,1)) such that AV, = V:A. We
shall prove that A(E,,) C E;,. Let A € C such that |\ > |4
Observe that (A — A)(Ey,) is an invariant subspace for V¢ and it is
also closed because AI — A is invertible. Hence by unicellularity of VZ,
we have either (A — A)(Ey,) C Ep, or Ey,, C (M — A)(E;,). In the
first case, we immediately get that A(Ey,) C Ey,, and we are done.
So we may assume that for every A € C with |A\| > ||A|, we have
E,, € (M — A)(E,,). Hence (M — A)"'(Ey,) C Eyp. Fix f € Eyy,.
For every A € C with |\ > [|A]|, define fy = (M — A)~'f. Then
fr € Eyp, and we can rewrite the last relation as

AU NTZAS i ATTIANE =

Multiplying by A\? gives
Af+Af =N f==) aHary.
n=2

Hence

JAF +Af = A Al < DI AN f 1L

AP

fllp-
T g
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In particular, when || — oo, we get that —Af+\2fy — Afin L?(0,1).
Since —Af 4+ A?fy belongs to Ey, and E, is closed, we deduce that
Af € E;,. Hence A(E,,) C E,, which concludes the proof. O

5. MEMBERSHIP TO IDEALS OF OPERATORS

We introduce the following notation for the duality LP — L?" when
1 <p<oo. For fe LP(0,1) and g € L¥(0,1),

<f7g>LP7LP/ :/0 f(x)rl')dﬂf

For n € Z, we also denote by e, (z) = e*™* x € (0,1). Note also that,
as usual, we identify L'(0,1) and L'(T), and for f € L'(0,1), we have

-~

1 .
f(n) = {f.en) 1,000 = /0 f(:L“)e_Qmm dzx, n € 7.

The following technical lemma will be the key point to study the mem-
bership of the Riemann-Liouville semigroup to various classes of ideals
of operators.

Lemma 5.1. Let 1 < p < o0, and let & such that 0 < Re(§) < 1. Then

1
(5.1) (Veen, en) o 1w ~ W, as n — 0.

Proof. Using the change of variable s =  — 6 in the inner integral and
the Fubini theorem, we have

1 T
1"(5)0/6(6”)’ en)Lp7Lp’ _ /; e—2i71'nx (/0 e2i7rn9(x o 9)5—1 de) dx

1
= / (1-— s)e’%’is&1 ds

0
(5.2) = the-1(n) — ve(n),
where 1,(s) = s*, s € (0,1), with Re(a) € (—1,1]. Observe that, for
every n > 1, we have,
(5.3) n®t o (n) :/ u®e” ™ du.

0
We apply now the Cauchy Formula to the function
z > 2% exp(—2inz) = exp(alog(z) — 2irz),

where log is associated to an argument taking values in (—m, ), over
the boundary of the sector-shaped region in the complex plane formed
by [0, —in] along the negative imaginary axis, a circular arc of radius n
centered at the origin, and [n, 0] along the positive real axis. Actually
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we should be careful with the origin but with an obvious limit argument
in 0, we get

n n
(5.4) / u®e I du = —ie " / u®e™ ™ du + I,,
0 0
where
0 0 .
[n _ / naeiate 2imnett Znelt dt = a+1/ eiat72i7me“+it dt.
—7/2 —7/2

Let us show that

(5.5) I, ~ % as n — 00.
7T

By the change of variable x = —nt, we have
"y
[n = in® e—zaﬁe—Qzﬂncos( ) —2mnsin( i dZIZ'
0

Using that €™ = 1, we can write that e 2imcos(y) — edimnsin®(5)
which implies that

with f,(z) = e 64””‘5‘“ (2n _2“”51“( Je~in nLonz)(x), z > 0. Observe
that for every x > 0, we have

fulx) — e 2™ as n — 00.

Moreover, we have

’fn(x)’ :e—27rnsm( ) m(a) & ][(On )( )
But for z € (0,n%), we have

eIm(a)% < maX(l, eIm(a)%)’

and since sin(£) > 22 we deduce that

[ful@)] < f(2) == max(1,e™V3)e ",

and f belongs to L'((0,00)). Therefore, we can apply the dominated
Lebesgue convergence theorem, and we get that
1 o 1
—1I, — ey = —, as n — 0o,
me 0 2m
which finally gives (5.5).
According to (5.3), (5.4) and (5.5), we can write

ntyo(n) = —ie ' / u“e™ ™ du + o(1) + 221 + o(n®)
0 7r
M(a+ 1) in®
- 1)+ — o
(2im)at! o(l) + 5 - +on?),
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which implies that

According to (5.2) and taking into account that o(1/n) = o(1/n%) (since
0 < Re(¢) < 1), we thus have

D()(V(en), en) o 17 = ()) (1>+*+ (i)

2mn

(2
(E+1) | i 1
( 2z7m &1 (n5+1> "o O (n))
1
(2z7m) o (n5> ’

which concludes the proof. O

Remark 4. Note that in the case when £ = 1, it is easy to check that
(5.1) is indeed an equality. Moreover, in the case when 0 < Re(§) < 1,
we can also obtain (5.1) more quickly. Indeed, simple estimates (using
the concavity of the sinus on (0,7/2)) show that I, = O (nR(®)). This
gives

_jma

- _ _~e 2 " a, —2mu l X
(5.7) Vo(n) = —i e /0 ue du + O<n>
Using that Re(£) < 1, we thus obtain that
L) (Velen), en) o prr = Ye-1(n) — ve(n)

;€

= /Ou e du+ O - +0 §+1
—iZE 2mn
e 2 1
(sz/o ut e dutof

)
I'(¢)
(2imn)é
5.1. Around compactness.

@

~Y

Proposition 5.2. Let 1 < p < oo and let € € (C1 Then the operator
Ve is absolutely p-summing on L*(0,1).
Proof. According to Proposition 3.1, for { € Cu, the operator V; fac-

torizes through the formal identity 4, from C’(TO, 1]) to L?(0,1) with
the following commutative diagram
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According to (2.4), we know that 4, is absolutely p-summing, whence
we get, by ideal property, that V; is also absolutely p-summing on
LP(0,1). O

Remark 5. We deduce from Proposition 5.2 that for £ € C1, the oper-

ator Vg is weakly compact and completely continuous on LP(0, 1) (every
absolutely p-summing operator is weakly compact and completely con-
tinuous). Now since LP(0, 1) is reflexive for 1 < p < oo, we obtain that
Ve is compact on LP(0,1), 1 < p < oo and £ € Ci. Nevertheless, this

p
latter property occurs more often as showed in the following result.

Note that the following result is certainly known to experts. How-
ever, we provide here a very short proof.

Proposition 5.3. For every £ € Cy, Vg is compact from LP(0,1) into
itself. It is also compact from C(]0,1]) to Cy([0,1]).

Proof. Since ¢¢ € L*(0,1) (recall (3.1)), the convolution operator by
¢¢, hence V¢, is compact.

Let us provide a quick selfcontained detailed argument in the case
X = L?(0,1). Let ¢ : [-1,1] — C the function equal to ¢¢ on (0,1)
and 0 on [—1,0]. There exists a sequence of polynomials (Q,),>1 on
[—1,1] converging to ¢ in the space L'(—1,1).

For every z,u € [0,1], we can write Q,(x — u) = Z;.lio 29 P (u)
where d,, > 1 and P;,, are polynomials (knowing only that they are i
functions would be sufficient).

1
Let K,(f) = ZXj/ (u)Pjn(u) du. It clearly defines a finite
§=0 0
rank operator on LP(0, 1).
On the other hand, for every f € L?(0, 1), we have, for a.e. x € (0, 1),

@Hﬂ—JQUD@%=£(¢—QM@—uHWNw
[ - ds

1
~ [ 0= QI rfa) a9 ds
where F' = f on (0,1) and 0 on [—1,0]. We get

IVe(f) = Kn(Dllp < 19 = Qull i Fllp-

Thus ||Ve — Knllz@ry < W0 — Qnllri-1,1), and Ve is the limit of a
sequence of finite rank operators on LP(0,1). Thus Vg is compact on
LP(0,1).
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On C([0,1]) we could use Ascoli’s theorem, but we prefer here a
direct argument based on the first preceding integral expression above.
Indeed, we have [[Ve(f) — Ko(f)loe < 16~ Qullos1)f e for every
f € C([0,1]). We already know that V¢(f)(0) = 0. The sequence of
finite rank operators defined by K,(f) = K,(f) — K.(f)(0) takes its
values in Cp([0,1]). Moreover, we have ||V — K,|| < 2||v — Qnllz1(-1.1)
so V¢ is compact from C([0, 1]) to Cp([0, 1]). O

Point out that we can also prove immediatly the second part of
Proposition 5.3 just using Proposition 3.1. Indeed choose p large
enough so that Re(¢/2) > 1/p. Then Ve viewed from LP(0,1) to

2

Co([0,1]) is bounded, a fortiori Ve viewed from C([0,1]) to Cy([0,1])
2
is p-summing since it factorizes through the identity from C([0, 1]) to
LP(0,1). Therefore Ve is both weakly compact and Dunford-Pettis
2

hence V¢ = V2 is compact.
2

In the same spirit, we can now improve Proposition 3.1.

Corollary 5.4. Let 1 < p < oo and let & € C1. Then the operator
Ve : LP(0,1) — Co([0, 1]) is compact.

Proof. Let ¢ > 0 such that Re(¢) > % + e and let a := £ — . Then

a € C:1 and we have the following commutative diagram
P

12(0,1) —2= Gy ([0,1]) .

o| A

1#(0,1)

According to Proposition 5.3, V. : LP(0,1) — LP(0,1) is compact and
according to Proposition 3.1, V, : LP(0,1) — Cy([0,1]) is bounded.
Thus the operator V¢ : LP(0,1) — Co([0, 1]) is compact, by the ideal
property of compact operators. O

Remark 6. Note that if Re(§) = 1, according to Proposition 3.1, the
operator Vg : L'(0,1) — Cy([0,1]) is bounded. However, it cannot be
compact, not even weakly compact. Indeed, consider g, (t) = (n+1)t",
n>1,t€(0,1). Then g, is in the unit ball of L'(0,1) and according
to (3.10), we have

L(n+2) ..

Ve(gn)(z) = miﬁ

Now a standard argument shows that the sequence (Ve(g,))n>1 cannot
have a weakly convergent subsequence in Cy([0, 1]), which shows that V
is not weakly compact, and thus not compact from L'(0,1) to Cy([0, 1]).

Nevertheless, it is proved in [22] that V] is finitely strictly singular
from L'(0,1) to Co([0,1]).

, x € (0,1),n> 1.
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5.2. Schatten classes. In Hilbert spaces, an (often) easier way to
check compactness of an operator is to prove its membership to the
Hilbert—Schmidt class.

Proposition 5.5. The operator V¢ is Hilbert-Schmidt on L*(0,1) if
and only if £ € C%. Moreover, in this case we have

1
ID(&)[v/2Re(€)(2Re(€) — 1)
Proof. Observe that V¢ is a kernel operator with kernel equals to
1
L)

Then, it is well known that V¢ is Hilbert-Schmidt on L?(0,1) if and
only if K¢ € L*((0,1)?) and in this case ||[Ve| sz = || Ke||12((0,1)2)- Note
that

[Vellre =

Ke(z,u) = T, (u)(z — u)*, (z,u) € (0,1)% € € Cy.

1 1
1
K¢||? = ——— T —w) 2 dud
| £HL2((0,1)2) /0/0 I0(6)2 (0, )(U)WC u)> " |Fdudx

1 1 x
= wp ), ) e

where 7 = Re(§). We see that the last quantity is finite if and only
if 2r —1 > 0, that is 7 > 1/2. Therefore, V; is Hilbert-Schmidt on
L*(0,1) if and only if £ € Cy /5 and in this case, we have

) 1 1 :L,QTfl 1
Ve || 2 = / dr = s
Vel TP Jo 27 -1 2r(2r — DL
which gives the result. U
Remark 7. We can also recover a part of Proposition 5.5 as a conse-

quence of Proposition 5.2. Indeed, when H and K are Hilbert spaces,
according to (2.15), we have II,(H, K) = *(H, K).

We are going to extend Proposition 5.5 and characterize the member-
ship of Schatten classes for the Riemann-Liouville analytic semigroup.

Theorem 5.6. Let £ € Cy and r > 1. The following are equivalent:
(i) The operator Vg : L*(0,1) — L*(0,1) belongs to the Schatten class
B
(ii) £ € Cu.
Proof. (i) = (ii): we use reductio ad absurdum and assume that

Ve € &7 and Re(§) < 2. From (2.10), we must have, for every or-
thonormal sequences (hy,) _ of L*(0,1),

(5.8) D (Velhn) )" < o0 .

n>1
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Here (-,-)9 stands for the scalar product on L?*(0,1) (which concides
with the duality bracket (-, )72 12). We are going to test this condition
on the family (e")nez with e,(f) = e*™°. Since 0 < Re(§) < 1 <1, it
follows from Lemma 5.1 that

1

(27n)Re(©)

[(Veen, €n) o1 | ~ as n — 00.

Thus (5.8) would imply that

1
Zm<0®,

n=>1
giving a contradiction with 7 Re(¢) < 1. Thus, we conclude that for
r>1,if Ve € " then Re(§) > -
(1)) = (i): Let r > 1. We want to prove that the condition
Re(§) > % implies that Ve € .77,
1
We fix £ € C1, we can choose € > 0 such that 7 = Re(§) = — + ¢
v r

and we shall use Theorem 2.3 with ag = ¢, a3 = 14+ ¢, pgp = oo and
p1 =1 and

T.=T(2)(T(2/2))*V,, 2z€Q,
where Q@ = {2z € C: ¢ < Re(z) < 1+ ¢}. First note that, accord-
ing to Proposition 3.2, the map z — T, is holomorphic from €2 into
AB(L*(0,1)). Moreover, using (3.8), for every £ € Cy, we have

_ 0/2)7

Tellpipny < L2

1 Tellz2) .

so that ||T¢||sz2) is bounded for ¢ € Q. Observe now that when
Re(z) = e, T, is compact (according to Proposition 5.3), whence

T. € #>(L?*(0,1)), and
(T(e/2)?

Tl = 1 T: N2y < —

On the other hand, for ¢ € Cq, % € C% and Proposition 5.5 implies
that Ve € S2(L*(0,1)) and
1
ID(5)]v/Re(§)(Re() — 1)
Then according to (2.13), Ve = VZ € #*(L*(0,1)) and
2 1
T(5)2 Re(€)(Re(€) — 1)

2
Hence, for any 2z € Cy, T, € #'(L*(0,1)) and for Re(z) = 1 + ¢, we
have

[Vell= <

[Vellon < 1Vil%2 <

IT(2)|IT(3) oL +e)
IT(5)]? Re(2)(Re(z) — 1) S oe(l+e)

T2 <
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From Theorem 2.3 (with § = %), we get that, Ty € #7(L*(0,1)),
whence V; € 7(L*(0,1)). O

5.3. Characterization of nuclear and absolutely p-summing op-
erators on LP(0,1). We can first recover both the absolutely p-summing
property and the Hilbert-Schmidt property (when p = 2) as a conse-
quence of the following result.

Proposition 5.7. Let £ € Cy and 1 < p,q < o0.
(i) The operator Ve : LP(0,1) — L%(0,1) is order bounded if and only
if £ € Ca.
(ii) The ope;ator Vet LP(0,1) — L9(0,1) is order bounded if and only
if € € (C%, where V¢ is given by (3.12).

Proof. Denote by 7 = Re(§).
(¢) Denote by K¢(z,u) = Loz (w)(z — uw)*~t, (z,u) € (0,1)%. We
have

sup = [[Ke(@, )l

x B {—1d
Ifllp<1 /0 fule =) !

where p’ is the conjugate exponent of p. Observe that the function
Ke¢(z,-) belongs to LP(0,1) if and only (7 — 1)p’ + 1 > 0, which is
equivalent to 7 > 110. Moreover, in this case, we have

1

zT7P
1Ke (@, )l = § (1)

T—1

", ifp=1.

, ifl<p<oo

™

It remains to observe that in both cases, the latter function lies in
L9(0,1) (actually even in C([0, 1])).

(4¢) The proof is similar and left to the reader, replacing the kernel
K¢ of V¢ by the kernel K¢ (z,u) = X1y (u)(z —u)*", (z,u) € (0,1)%
of V¢". OJ

Corollary 5.8. Let 1 < p,q < oo and § € C1. Then both operators Ve

an(d Vg) are q-integral and hence absolutely q—psummmg from LP(0,1) to
L%(0,1).

Proof. Tt follows from Theorem 2.4 (i) that any order bounded op-
erator u : X — L9(u) is g-integral and according to (2.14), we have
F,(X,Y) C II,(X,Y). Theresult follows now immediately from Propo-
sition 5.7.

Alternatively, we can factorize V as
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which shows that V is g-integral by definition. U

For the membership to the class of nuclear operators, we need to
recall some known facts on Fourier multipliers on the Hardy space
H? ={g € LP(0,1): g(n) =0,n <0}, p>1.

Lemma 5.9. Let p > 1. For every y € R, we consider the Fourier
multiplier M, defined on the analytic polynomials p by

(5.9) My (p)(0) =Y _np(n)e*™, 6 (0,1).

Then M, is well-defined and bounded on HP.

Proof. The case p > 1 follows from a result of Marcinkiewicz [23, The-
orem 1]. Indeed if (\,),>1 is the sequence defined by A, = n"%, n > 1,
it is sufficient to check that (A,)n>1 is bounded and satisfies

2n+1

(5.10) sup Z | Akt1 — x| < o0.

n>0 h—on

The boundedness of (A,),>1 is clear and for the second condition, note

that
2n+1 2n+1 1
In(1+ +
Z A1 — M| = Z sin (wﬂ
k=2n k=2n
2n+1
Yl 1
< 4 il
) Z k
k=2n
<yl

which proves (5.10). Thus M, is bounded on H? when p > 1.
The case p = 1 follows from a result of Daly-Fridli [5, Theorem 2.1].
Indeed, we need to check that for » > 1, we have

. 1/r
"= e — Ml
j k+1 — Ak
(5.11) up 2 Z T < 0.
= k=27
Note that
. 1/r . 1/r
27+l 27+l
j | Aps1 — Ael” vl 1
27 _ < == —
Z, 2] - 2 2] Z kr
k=27 k=27
1/r
< L1y /
- 2 27 247
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which proves (5.11). Thus M, is bounded on H'. In fact, formally, the
result of Daly-Fridli tells us that M, is a multiplier for the real Hardy
space Hyry = {g: T — R:g e LY(T) and g € L'(T)}, where g is the
harmonic conjugate of g. However, it is not difficult to see that if M,
is a multiplier for Hs,, it is a multiplier for H!. O

We will now characterize the membership to the class of nuclear
operators.

Theorem 5.10. Let £ € Cy and p > 1. The following assertions are
equivalent:

(i) The operator Vg : LP(0,1) — LP(0,1) is nuclear.

(ii) £ € Cy.
In particular, if £ € Cy, we recover that the operator V¢ belongs to the
Schatten class " on L*(0,1).

Proof. (it) = (i): Let £ € C;. We decompose the proof into two
cases, depending whether 1 < p <2 or p > 2.

Let us first start with 1 < p < 2. We will show that the operator
Ve © LP(0,1) — LP(0,1) can be factorized as the composition of two
absolutely 2-summing operators. Indeed, observe that we have the
following commutative diagram:

Ve

»(0,1) LP(0,1)

| e

L1(0,1) <= L*(0,1) 7 €((0,1]

where ¢ and ¢, are the natural inclusions. Since % € (C%, Proposi-
tion 3.1 implies that Ve is bounded from L!(0, 1) to L*(0, 1) and Propo-
sition 3.1 implies that Ve is bounded from L?(0,1) to C([0,1]). Now
the Grothendieck theorem (Theorem 2.2) implies that Ve is absolutely
l-summing from L'(0,1) to L?(0,1), and then )

Veoi: LP(0,1) — L*(0,1) is absolutely 2-summing,
by ideal property and (2.3). On the other hand, by (2.4), the canonical
inclusion i, : C'([0, 1]) — L?(0,1) is absolutely p-summing. Thus

ipo Ve : L*(0,1) — LP(0,1) is absolutely p-summing,
hence absolutely 2-summing since p < 2. But, according to Theo-

rem 2.5 (iii), the composition of two absolutely 2-summing operators
is nuclear. It follows that Vi = (j o Vi) o (Ve 04) is nuclear on L?(0, 1).
2 2

Assume now that p > 2. We can write { = a+ b+ ¢, where a € Ci,
p
b€ Cyandce€ Cu,andp is the conjugate exponent of p (indeed, since
p
Re(§) > 1, we can choose £ > 0 such that Re(§) > 1 + ¢, and then set
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a= %—i—%, c:l%—i-% and b =& — a — ¢). Then we can factorize V as
the composition of three operators

Ve=V.o V0V,
where each of them acts from LP(0, 1) into itself. Since a € C1, the op-

erator V, is p-integral on LP(0,1) by Corollary 5.8 and Proposition 5.3
implies that Vj, is compact. Since the product of a compact operator
with a p-integral operator is p-nuclear (see Theorem 2.5 (7)), the oper-
ator V, oV, is p-nuclear on L”(0,1). According to Theorem 2.5 (i7), it
remains to check that V. is absolutely p/-summing to conclude that V
is nuclear. For that purpose, we will decompose V., writing ¢ = ¢; 4 ¢o,
where ¢; € Cl and ¢y € (C1 L Now, since ¢; € (C1 the operator

Ve, is bounded from L? (0,1) to C ([0,1]) by Proposmon 3.1. Moreover,
since p > 2, then p’ < 2 < p and it follows from Proposition 3.1 that
Ve, 18 bounded from L¥(0,1) to L?(0,1). Thus we have the following
commutative diagram

L7(0,1) —=~ L?(0,1)

.

c((0.1)) —~ L¥ ([0, 1))
where 4,/ is the canonical injection. But, as already observed the map
iy : C([0,1]) = LP(0,1) is a p’-summing operator, whence V, is also p'-
summing on LP(0, 1) by the ideal property. Hence V is nuclear, which
concludes the proof of the first implication.

(1) = (i1): According to the semigroup property and the ideal
property of the class of nuclear operators, it is sufficient to check that
for £ = 141y, y € R, V¢ is not nuclear on LP(0,1). we use reductio
ad absurdum: we assume that there exist two sequences (hg)r>o in
LP'(0,1) and (g )0 in LP(0, 1) such that

Z f> hk gka f € Lp<07 1)7
k=0
and

(5.12) > lawlly llgelly < oo
k=0

For simplicity, for f € L?(0,1) and g € L¥(0,1), {f,g) stands for
(f:9) s L

For every integer n > 1, we then have
+oo

(Velea),en) = D (en, ) (g €n)-

k=0
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where e, () = e*™?. Hence, for any integer N > 1, we get

Zniyﬂ/g(en),en) = ZZ €ns D)™ (g, en)

k=0 n=1
[o.¢]

= > (M, (S%(gr), ),

k=0

where S¥g corresponds to the (positive) partial sum of the Fourier
series defined by

N
Sx9="3 (g.e)en, g€ L(0,1),

n=1

and M, is the Fourier multiplier defined in (5.9). According to Lemma 5.1,
we know that

niy<‘/:§(en>v en) ~

Therefore we have

(22'77)55’ as n — oo.

WE

log(N) S niy<V£(€n)7 €n)

3
Il
—_

WE

(M, (S5 (gk)), P,

8?
g

< DMy (SEglp el
k=0

According to Lemma 5.9, we know that M, is bounded on H? forp > 1,
whence we get

(5.13) log(N) < D S5 gellpl il
k=0

Thanks to the classical Riesz theorem, if p > 1, then S} defines a
bounded operator on LP with bound independent from N. Hence
15X gklly S Nlgkllp, and we get

log(N Z gkl [Pk
k=

which contradicts (5.17), when p > 1.

For p = 1, we will also get a contradiction using (5.13). Indeed, we
know that h € L'(0,1) — S¥(h) € L'(0,1) defines a bounded operator
on L'(0,1) with bound O(log(N)). Moreover, for every h € L*(0,1),
we claim that

(5.14) 1S5 (R)|lL = o(log(N)).
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Indeed, given £ > 0, there exists a trigonometric polynomial @) satisfy-
ing ||h — @Q||; < e. This polynomial () can be written as

d
Q = Z Cn€n,

k=—d

where d € N and each Fourier coefficient satisfies |c,| < ||@Q]]1, so that,
when N > d, we have ||SH(Q)|l; <d||Q]1 -
Therefore, for some numerical constant C' > 0, we have

ISl 155k = Q)llx , dlIQlL

log(N) = log(N) log(N)
dHQHl
< Ce+e,

as soon as N is large enough, and (5.14) is proved.
Using (5.13), we obtain that

But the right hand side tends to zero when N goes to oo (use (5.14)
and (5.17) and apply the Lebesgue domination theorem). This contra-
diction gives our conclusion. U

We can now complete Corollary 5.8 and give a complete characteriza-
tion of absolutely r-summing operators on L?(0, 1). In the next result,
we denote by II,.(X) = IL.(X, X), the ideal of absolutely r-summing
operators from X to itself.

Theorem 5.11. Let 1 < p,r < oo and £ € C,.
(i) If 2 > p > 1, then we have

Ve € IL.(LP(0,1)) <= ¢ € Ci-
(i) If p>2 and 1 < r < p', then we have

Ve € IL.(LP(0,1)) <= € € Cﬁ'
(111) If p> 2 and p' < r < p, then we have

Ve € IL.(LP(0,1)) <= ¢ € Ci-
(i) If p > 2 and p < r, then we have

Ve € IL(LP(0,1)) <= € € C;-

Proof. (i) Let 1 < p < 2andr > 1. Assume first that £ € C1 and let us

show that V¢ € I1,.(L?(0,1)). Since 1 < p < 2, the canonical injections
i: LP(0,1) — L*(0,1) and j : L*(0, 1) — LP(O,l) are both bounded.
On the other hand, since & € (C%, according to Proposition 3.1, the
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operator V¢ : L'(0,1) — L?(0,1) is bounded. In particular, we have
the following commutative diagram

Ve
LP(0,1) —= L(0,1)

e
LY0,1) — L?(0,1)
Ve
Now, using the Grothendieck theorem (Theorem 2.2), the operator
Ve 0 LY(0,1) — L?(0,1) is absolutely 1-summing, which implies by the
ideal property that Ve € II;(LP(0,1)), a fortiori Ve € I1,.(L*(0,1)).

Conversely, assume that Ve € II,.(LP(0,1)) for some = > 1. Then,
since 1 < p < 2 and LP(0, 1) has cotype 2, V¢ € II5(LP(0,1)). Since the
composition of two 2-summing operators is nuclear (see Theorem 2.5
(73)), we get that Vae = Vg o Ve is nuclear on LP(0,1). According to
Theorem 5.10, it follows that 2£ € C;, which means that & € (C%. That
concludes the proof of (7).

(17) Let p > 2 and 1 < r < p/. Assume first that £ € C. and
let us show that Vi € II,(LP(0,1)). We can write £ = a + ﬁi with
a € (C% and € C%ﬁ. Now according to Proposition 3.1, the operator
Vs + L?(0,1) — LP(0,1) is bounded, and since p > 2, the injection
i: LP(0,1) — L*(0,1) is also bounded. Hence, we have the following
commutative diagram

Ve
LP(0,1) —= L(0,1)

T

L2<O, 1) T) LQ(O, 1)

Since o € Cy, it follows from Proposition 5.5 that V, € .#*(L*(0,1)).

But since L?(0,1) is a Hilbert space, then we know from (2.7) and
(2.15) that #2(L?*(0,1)) = TIy(L*(0,1)) = I1,(L?*(0,1)). Thus V, €
IT;(LP(0,1)) and by the ideal property, we obtain that the operator
Ve belongs to II;(LP(0,1)). But since » > 1, we have the inclusion
I1,(LP(0,1)) C I1,(LP(0,1)), and we conclude that V; € II,.(L*(0,1)).

Conversely, assume that Ve € II,(LP(0,1)). Then since r < p/, we
also have V¢ € IL,(LP(0,1)). The operator V7 : L¥(0,1) — L*(0,1)
has thus an adjoint which is absolutely p’-summing. It thus follows
from Theorem 2.4 (i) that V" is order bounded on LP(0,1). Then,
according to Proposition 5.7, we deduce that § € C .

(iii) Let p > 2 and p’ < r < p. Assume first “that ¢ € Ci and

let us show that Ve € II.(L?(0,1)). We can write £ = a + B, with
a € Ci and g € C According to Proposition 3.1, the operator

1_1.
rop
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Vg : L7(0,1) — LP(0,1) is bounded and Proposition 3.1 implies that
the operator V,, : LP(0,1) — C([0,1]) is bounded. If 4, is the canonical
injection from C([0,1]) to L"(0, 1), we have the following commutative
diagram

(5.15) £2(0,1) — 17(0,1)
Vaj O TVB
0([0,1]) —= L(0, 1)

Now, as already observed, the map i, is an absolutely r-summing oper-
ator, and then by the ideal property of r-summing operators, we deduce
that Ve € I1,(LP(0,1)).

Conversely, assume that Ve € II,(LP(0,1)) and let us show that
Re(¢) > L. Observe that ' < p and let us take s = & — % = 1% -1
According to Proposition 3.1, the operator V; : L™ (0,1) — LP(0,1) is
bounded. Then we have the following commutative diagram

/ V§*+s

L7(0,1) —% 17(0, 1)

Since V" : L”(0,1) — L”(0,1) has an adjoint which is absolutely 7-
summing, then, according to Theorem 2.4 (i7), the operator V'V must
be order bounded. Hence V¢, : LP(0,1) — L7(0,1) is order bounded.
It now follows from Proposition 5.7 that Re(&) + s > z%’ equivalently
Re(¢) > 1

(iv) Let p > 2 and p < r. Assume first that £ € C:1 and let us
show that V¢ € II,(L?(0,1)). According to (¢ii) with r :pp, we know
that Ve € II,(LP(0,1)). But since p < r, it follows from (2.3) that
II,(LP(0,1)) < IL.(L*(0,1)), and we immediately get that V¢ is an
absolutely r-summing operator on L?(0, 1).

Conversely, assume that Ve € II.(L*(0,1)) and let us show that
Re(§) > %. We define s = % — ]13 and, since p > 2, we know from
Proposition 3.1 that the operator V; : L?(0,1) — LP(0,1) is bounded.
Moreover the canonical injection ¢ : LP(0,1) — L?(0, 1) is also bounded.
Let us consider the following commutative diagram

Vets

L2(0,1) L2(0,1)

g . I

LP(O, 1) T> LP(O, 1)
3
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By the ideal property, we deduce that V¢ s € II.(L?*(0,1)). But since
L?(0,1) is an Hilbert space, according to (2.7) and (2.15), we have
IT,(L2(0, 1)) = .#2(L*(0,1)). Thus Vi, is Hilbert-Schmidt on L2(0, 1)
and Proposition 5.5 implies that £+s € C 1 equivalently Re(§) > %- O

Remark 8. If p > 2, p/ < r < p and £ € Cu, then it follows from
the proof of Theorem 5.11 that the operator VgT: LP(0,1) — L*(0,1) is
not only absolutely r-summing but indeed r-integral. Indeed, this part
of the proof of Theorem 5.11 works also for » = p’ and the conclusion
follows from (5.15) and the definition of r-integral operators.

5.4. Characterization of nuclear, p-integral and absolutely p-
summing operators on C(0,1). We first show that Theorem 5.10
can be extended to the case when X = C([0,1]).

Theorem 5.12. Let £ € Cy. The following assertions are equivalent:
(i) The operator Ve : C([0,1]) — Cy(]0, 1]) is nuclear.
(i1) € € Cy.

Proof. (1) = (i): Let £ € C;. Then Re(£/2) > 1 and the operator
Vg2 factorizes through the formal identity i from C([0,1]) to L*(0,1)
with the following commutative diagram

C([0,1]) —2 Co([0, 1))

izl /
Vese

L2(0,1)

According to Proposition 3.1 (iv), Ve/e : L?(0,1) — Cy([0, 1]) is bounded.
On the other hand, by (2.4), the operator iy : C([0,1]) — L*(0,1) is
absolutely 2-summing. Thus

Ve = Vi oy 2 C([0,1])  Co([0,1])

is absolutely 2-summing. But, according to Theorem 2.5 (i7i), the com-
position of two absolutely 2-summing operators is nuclear. Therefore,
denoting by j : Cp([0,1]) — C([0, 1]) the canonical inclusion, it follows
that Ve = Vg3 0 j 0 Vgjo is nuclear from C([0,1]) into Cy([0, 1]).

(i) = (i1): According to the semigroup property and the ideal
property of the class of nuclear operators, it is sufficient to check that
for £ = 1+ 1y, y € R, the operator V¢ : C([0,1]) — Co([0,1]) is not
nuclear. We use reductio ad absurdum: we assume that there exist
two sequences (pi)k=0 in C'([0, 1]) = #([0,1]) and (gx)k=0 in Co([0, 1])
such that

k=0
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and

(5.17) D il lgslloo < oo

Here .# ([0, 1]) denotes the space of regular complex Borel measures
n [0, 1] which identifies with the dual of C([0,1]) with the following
duality bracket

1
(. ) = / @) di(@), e c(o,1)).
0
For n,m € N*, define

fam(u) = {él —u) V(1 = u™)en(u) i Z i [1()7 1)

and

o s

Then f,, € C([0,1]) with || fomlleoc < 1, and for every u € [0, 1] we
have f,, m(u) = fn(u) as m — oo.

Using the dominated Lebesgue convergence theorem, we have, for
every k > 0, imy,—oo(fr.m, k) = (fn, fx). Moreover, since for every
x € [0, 1], we have

| P 1) gk ()| <N o oo [l Ml grell oo <111 oo

it follows from (5.17) and the dominated Lebesgue convergence theorem
that

(5.18)  lim_ > oo i) ge(x) = (far i) gn(x),  x€10,1].

On the other hand, using one more time the dominated Lebesgue con-
vergence theorem, we also have

(5.19) T Ve(frm)(2) = V(fa) (@)

Therefore using (5.16), (5.18) and (5.19), we have, for every x € [0, 1],

(5.20) Z Foos 1) g1 (0

and the convergence is in Cy([0, 1]) because of (5.17). In particular, we
have

(5'21) <‘/€(fn>>en> = <fn7,uk><gkaen>‘

NE

£
I
o
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Now observe that

rWien) = [ ([T - e da) o

Making the change of variable s = x — u and use the Fubini theorem
to get

PO ) = [ " i (/ s i) s

1 L : ,
— : / Szye—Qwrns(l _ Sl—zy) ds
1 =1y J,

1 — —
= m (%y(”) - ¢1(n)> )
where, as in the proof of Lemma 5.1, 1,(s) = s*, s € (0,1), with
Re(a) € (—1,1]. Using (5.6), we then obtain

DOVl en) = 1 (( o+ n+(l>)

1 —dy \(2imn)* ~ 27n 27 n
1 r
Oy
1 — iy (2imn)1+w n

1 1
1 — iy (2imn)t+w’

Therefore

(5.22) (Ve(fn), €n)

as n — .

The idea now to get a contradiction is to follow the proof of The-
orem 5.10 (in the case p = 1) but the problem is to replace in (5.21)
the measures y;, by functions in L'(0,1). For this purpose, define now
gx(x) = gr(x) — x2gr(1), x € [0,1]. We easily see that g € C(|0,1]),
gk(0) = g(0) = 0 since gr € Co([0,1]), and gi(1) = g(1) — gu(1) = 0.
Then, it follows from Theorem 2.6 that there are F,, € L'(0,1) and
Gy € C([0,1]) such that

with
(5.24) [Grlloo < 2[|gklloc < 4|gklloc, and [[Fl[r = 1.

Moreover, note that, for n > 1, we have

Velf) (1) = / (1= u)(1 — w)~9e2mm gy = 0,

and it follows from (5.20) that

o

Z<fn,uk>9k(1) = 0.

k=0
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Therefore, for every z € [0, 1], we have

k=0
and since || gk |loo < 2|9k |00, it follows from (5.17) that the convergence
is in C'([0,1]). In particular, we can write

(Ve(fa)sen) = D (s 1) (Ghs €n)-

k=0
Denote by dix(u) = (1 — u)¥xp. (u)djse(1s). Then (fo ) = (en, TE),
and by (5.23), we have

~

<fnaﬂk><g7€aen> = <envm>€k\(n)/\

= {en, i) F1.(n)Gi(n).

Observe now that

(ens ARV () =

1

1
62i7rnu dﬁg(U)/ Fk(v)e—Qiﬂnv dU
0

Fy

o >—

1 ( /01 (v)e2imn(u=v) dv) dpix(u)
([ At sy as) i

enaHk

—~
~—

’

where
H(s) = / Fr(u — s) dpg(u).

It is easy to check that Hy, € L'(0,1) with | Hy |1 < ||Exllillpx]l = || pwll-
Therefore, we have

e}

(5.25) <V§<fn)aen> = Z<en7Hk><Gk7€">’

k=0
and, according to (5.24) and (5.17), we have

(5.26) D IH G <4 lilllgello < oo
k=0 k=0

Using (5.22), (5.25) and (5.26), we obtain now a contradiction using
the same argument as in the proof of Theorem 5.10 (in the case p = 1).
O

As far as concerns the membership to the ideal of absolutely r-
summing operators, the situation of r = 1 brings to light a new phe-
nomenon.

Theorem 5.13. Letr > 1 and let & € Cy.



EVENTUAL IDEAL PROPERTIES OF SEMIGROUPS OF OPERATORS 41

(a) If r > 1, then the following are equivalent:
(i) The operator Ve : C([0,1]) = Co([0, 1]) is r-integral.
(it) The operator Ve : C([0,1]) = Co([0, 1]) is absolutely r-summing.
(iii) € € C:
(b) If r = 1, then the following are equivalent:
(i) The operator Ve : C([0,1]) — Co([0,1]) is 1-integral.
(11) The operator Ve : C([0,1]) — Cy([0, 1]) is absolutely 1-summing.
(iii) &€ € C.

Proof. (a) Let r > 1.

(i19) = (7): Assume that £ € C1. Thanks to Proposition 3.1 (iv),
the operator V¢ : L"(0,1) — Cg([O,Tl]) is bounded. In particular, we
have the following commutative diagram

C([0,1]) —= Co([0,1])

L7(0,1)

Since, by (2.8), the operator i, : C([0,1]) — L"(0,1) is absolutely r-
integral, we deduce that the operator V¢ : C([0,1]) — Cy([0, 1]) is also
r-integral.

(i) = (di): Apply (2.14).

(i1) = (dit): According to the semigroup property and the ideal
property of the class of absolutely r-summing operators, it is sufficient
to check that for £ = % + iy, y € R, the operator V¢ : C([0,1]) —
Co([0, 1]) is not nuclear. We use reductio ad absurdum and we assume
that this operator is nuclear. According to Pietsch’s theorem (see The-
orem 2.1), there exists a regular Borel probability measure v on [0, 1]
such that, for every f € C([0,1]), we have

1 1/r
G2 Vel < m(V2) ( / |f(U)!’“dV(u)) |

Fix 0 <e < 1and z € (0,1). Consider also 0 < a < d’ < ay < x and
define the function f = f, . on (0,1) by

(x —u) "+t if u € (0,a)
) = { (¢ — wy(aut B) it ue (a,a)
0 if u e (d,1),
where
1 1
a= (x—a)""™ and f=—ad.
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It is casy to see that f is continuous on (0,1) and |f(u)| < |z —u| 7.
According to (5.27), we have

/

a 1/r
Ve(f)(@)] < m(Ve) (/ |f(U)ITdV(U)> |

Observe that

’

V@) =g [ @ 9P s

1/r
[f (w)]" dV(U))

< ( /0 “(@ = w) du(u)) "

Since
lim (o) (5)(@ = )77 f(5) = X0 () (@ = 5)7,
a S a

and

1 y— —
X (8)(@ = 8)7 V()] < Xo,a0) (8)]x — 877,
we can apply the dominated Lebesgue convergence theorem to obtain

rolr-af o (/0(93 ) du(u))w.

€
We now let a goes to = to get

xTE

< / (z — )" du(u).
e’ 0

Since this inequality is satisfied for any x € (0, 1), we integrate it and
use the Fubini—Tonelli theorem for the second integral. Thus we have

m < /01 </ul(x—u)1+rsdx) dv(u)

1 1

— _ 1_ T€d
= RO
1

S )
re

where the last inequality follows from the fact that (1 —u)™ < 1 and v
is a probability measure. Since r > 1, we get the desired contradiction
letting € goes to 0.

(b) Let r = 1.

(i1) = (i4i): Assume that V¢ : C([0,1]) = Cy([0,1]) is absolutely
l-summing. According to (2.3), for every r > 1, the operator V :
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C([0,1]) — Co([0, 1]) is absolutely r-summing. If follows from (a) that
Re(§) > +. Letting now r — 1 implies that Re(§) > 1.

(i) — (ii): Apply (2.14). -

(1i1) = (i): Assume that £ € C;. According to Proposition 3.1
(v), the operator V¢ : L'(0,1) — Cy([0,1]) is bounded. In particular,
we have the following commutative diagram

~3|>—A

C([0,1]) —= ([0, 1])

| A

LY(0,1)

Since, by (2.8), the operator 4; : C'([0,1]) — L'(0,1) is 1-integral, we
deduce that the operator V¢ : C([0,1]) — Cy([0, 1]) is 1-integral.
U
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