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DEGREE OF TRUTH : MATCHING STATEMENT AGAINST REALITY

Henri Prade

Laboratoire Langages & Syst®mes Informatiques
Université Paul Sabatier
118 route de Narbonne - 3102 Toulouse Cedex

0, This short note offers some remarks which are extensions of the contents
of papers[4]and [5] .

1,In[4], the truth of a proposition is viewed as the conformity of what is stated
with what is known about reality or what reality is supposed to be ., Thus , the
degree of truth of a proposition is obtained as the result of a comparison proce_
dure which matches a representation of the contents of the proposition against a
representation of the reality , In such an approach -- which sensibly deparis from
recently expressed points of view [6]) and which is more in the spirit of [1] ~~ the
degree of truth may depend on the representation and on the comparison procedure
which are used , Moreover , if our perception of the reality or our belief of what
reality is changes , the degree of truth of a given statement might be modified .
Here , a PRUF-like representation [10] is supposed to be used . Therefore the
comparison procedure has to deal with possibility distributions [9] (or if we pre_

fer with fuzzy sets) ,

2.In0%], two independent scalar comparison indices are considered in order to
estimate the agreement of a possibility X p with respect to another one X g 5 these
two possibility distributions are supposed to respectively represent the contents
of a proposition P and our perception of the corresponding reality R modeled on
the universe of discourse U attached to'P , Namely

Pos(P|R) ::528 min(7¢ p(u) ,WR(u) ) (1)
Nes(P|R) = inf max( p(u) , 1 - %y (u) ) (2)

Note that Nes(P|R) = 1 - Pos(+P|R) where 1P denotes the negation of P with

X,p =1 -%p ., (1)is a degree of overlapping of X, and %R » Pand R playing
symmetrical roles ; (2) is a degree of containment of X in ®y, (to what extent
does R entail P ?), Pos(P|R) is an estimate of the possibility {91 that the
reality is in agreement with the contents of the proposition P taking into account
the uncertainty on R, Nes(P|R) is the necessity (certainty)measure of the same
event ; note that we are not estimating the coincidence of P and R -~ the compa_
rison procedure does not deal with P and R in a symmetrical manner -- but just
the covering of R by P ; indeed P does not need to be as much precise as R to be
true ., If we accept some approximation in the covering of R by P, we can intro_
duce a tolerance relation M1 (modeling an approximate equality) in order to en_
large O'dp into ')fpoT(u) :\ng mm(’?t‘P(u) » #1{u,v) ) in formulae (1) and (2), The
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reader is referred tof4] for a presentation of the properties of the two scalar
comparison indices Pos(P[R) and Nes(P|R) and for a discuasion of their possible
aggregation in order to yield a degree of truth , These two comparison indices can
also be used in a slightly different purpose when we want to retrieve the data which
correspond to a given requirement in a data base jithen the requi_rement and each
datum play the role of the proposition P and of a = fragment of the reality R respec__

tively ; see [2], [3].

3. 1. Note that if P entails Q , i.e. X p X, » we have Pos(P{R){ Pos(Q[R)
and Nes(P|R){Nes(QIR), which is in agreement with the fact that the truth of
Q must not be more uncertain than the truth of P ; roughly speaking , Q must be

at least as true ag P ,
2, When U is a Cartesian product , for instance U = le U2 , if %P or x’R

are interactive fuzzy sets (see [8] ), i.e. if they are strictly included in (rather
than equal to)  the Cartesian product of their projectionsMp) ,7%1 and X, Vg,

on U, and U, respectively , Pos(P[R) (resp, Nes(PIR) ) cannot he expréssed

only in terms of Pos(PllRl) and Pos(P,|R,) { resp. Nes(PllRl) and Nes(PyR3) ) .
When the fuzzy sets are non-interactive (ife. Jt =?E'P1x Xy %R =N ¥Rg,
where X is defined by means of 'min’ operation ), we have

Pos(P|R) = min(Pos(P1) R]), Pos(sz RZ; ) (3)

Nes(PIR) = min(Nes(P | R, ), Nes(P3[R) ). (4)
These formulae correspond to the conjunction case where P = PlAPZ and R =
RlAR » Pyand P2, R; and R being independent ; the dual formulae

corresponding to disjunction are :

Pos(P1yv P, | RjaAR,) = max(Pos(P1JR;) , Pos{P,|R,) ; (5;

Nes(PivPZ 'er\Rz) = max(Nes(PllRl) ) Nes(PZ[RZ) (6

4.4As suggested in[4], a more sophisticated comparison index , whose value is
a fuzzy set of [0, I1 and which may be used in our setting as a fuzzy degree of truth ,
is the compatibility (see [11). The compatibility of Xp with respect to MR is defi

ned by its membership function : -

"'Cp(PlR)(V) = sup( )R’R(u)
v=N(u {

| = 0 J.l:f, XP'I(V) =0 i
The fuzzy set Cp(PIR) is nothing but the fuzzy set of the possible values of the
degree of membership toXp of an element whose apriori possible values are res
tricted byx,. Cp(P|R) may be viewed as Mp(R), the fuzzy degree of members}:ip
inﬂ.‘P of elements more or less belonging to JtR.

As pointed out in [5], Cp(P|R) encompasses the informations Pos(P|R) and

Nes(P|R) ; see figure 1, '
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2.As pointed out in [5] R Cp(Pl"!R) ( where ﬁ:-,R =1 - %R )} is an information which
cannot be deduced from Cp(P|R} only , while Cp(APIR) = 1 e Cp(P|R) where e denotes
the extended subtraction { see [11] ) . The following table where P and R are suppo_
sed to be non-fuzzy and X to he non-empty ( then the possible values of Cp(PIR) arethe
crisp subsets of [0, 1] , 313 s 30, 13 and 50) which can be logically interpreted as 'true'
(T), 'indeterminate' (I) and false' (F) respectively ) suggests in what way Cp(P|4R)
precises the inforimation carried by Cp(P|R):

Cp(P|R) Cp(PhR) _
T f’rp =
T %R &% L g EXp
F Xp ::‘5‘CP
Apga¥p? ¢ T A E N
I and I i #—g;P& N #¢
n RN NP
‘h'R n’j‘(jp?é ¢ ¥ ’x‘lR T(ggxp ?g’l 1
T X
R
F ., &% I 7{1 c
R = P F » i*zwg

denotes the strict inclusion . U is supposed to have at least 3 elements ,

0

3, Generalizing {(3) and (4), (5) and (6), we have (see[5]):

Cp(P{ Po|R{sR,) = r’ﬁiJn(cp(P IR;) ,Cp(P |R2)) (8)
_Cp(Pi:Pg]R}:Rg) = n’;'éx(cp(Pllle]) , C‘p(IgleZ) ) (9)

~ -~/ . .
where min and max denote the extended min and max operations (see [i1] )

4, Note that Cp(*|R), which is a mapping from the set of fuzzy sets of U to the
set of fuzzy sets of {0,1 ,%_ being a normalized possibility distribution ,can be

considered as a 'fuzzy-valueg fuzzy measure' at least ina weak sense , since we
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have the boundary conditions :
i) Cp(@IR) =@ ; Cp(UIR) =1 " "
and Cp(-] R) is non-decreasing in the sense of max and rain ( see [1}for the defini

tions and properties of these operations ) :
ii) if TKPQ%Q (ie. Vu, %plu) £ ’WQ(u) ),then

max(Cp(PIR) , Cp(QIR) ) 2 Cp(QIR) (10)
(as well as AiTn(Cp(PIR), Cp(QIR) )= Cp(PIR) )

since it is clear that

sup min Xr(v)) > sup f)“c.’R(u)

( sup 2(5(u), sup >
§00y) maxx )= fuxPo(uR  fey(eR 7 eyl
However , (10) is not an equality in general . |

2. Partial truth:

In face of a proposition which contains highlevel or composite predicates(i.e,
predicates whose definition involves several more elementary predicates) it is
customary to say that such a proposition is'partially true as soon as some of the
elementary predicates are satisfied (i.e. some of the restrictions of the proposi_
tion to these elementary predicates are true or at least almost true), Then the
global degree of truth of the proposition may be modeled by the set of the partial
degrees of truth corresponding to the elementary predicates rather than by a logi_
cal aggregation of these partial degrees by means of formulae such as (3)-(6) or
(8) and (9), If we use compatibility measures to model the partial degrees of truth ,
the global degree of truth will then be represented by a set of fuzzy truth-values or
more generally )"’,}rf‘é.—z‘"’;& set of fuzzy truth-values in order to take into account that
each elementaryhas not the same importance in the definition of the composite
predicate . Thus , we get a level 2 fuzzy set (see [71)

°<i CP(Pi‘Ri) (11)
which may be reduced to an ordinary fuzzy set of the interval [0, I}

Li) A+ Cp(P;[R;) (12)

( rather than, for instance , mf}.-;li CP(Pi’Ri) or m’ELJ::::.l Cp(P,IR.) ).

What we get is a possibility distribution of the degree of truth of the proposition ,
the value of this degree depending on the elementary predicate we consider and
taking int? account their relative importance o { + The gituation is quite similar
to the multi-criteria evaluation of an item : either we aggregate the elementary
evaluations or we keep the set of all elementary evaluations , The larger (in the
sense of the usual fuzzy set inclusion ) the fuzzy truth-value given by (12) is , the
more conflicting the partial degrees of truth are and the more ambiguews the pro_

position is from a truth point of view .
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