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Abstract
Inspired by a Budyko-Seller model, we consider non-autonomous degenerate parabolic equa-
tions. As a first step, using Kato’s Theorem we prove the well-posedness of such problems. Then,
obtaining new Carleman estimates for the non-homogeneous non-autonomous adjoint problems,
we deduce null-controllability for the original ones. Some linear and semilinear extensions are
also considered. We conclude the paper applying the obtained controllability result to the
Budyko-Seller model given in the introduction.

Keywords: Null-controllability, degenerate equations, non-autonomous equations, Carleman esti-
mates, operators in divergence and non-divergence form.
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1 Introduction

1.1 Climatological Parabolic Problem

Global warming - the gradual heating of Earth’s surface, oceans and atmosphere - is one of the most
concerning problems facing all living beings. Warmer temperatures mainly affect Earth’s polar
regions and mountain glaciers. Since 1979, the Arctic has warmed nearly four times faster than the
rest of the planet [44]. This warming reduces critical ice habitat and disrupts the flow of the jet
stream, creating more unpredictable weather patterns around the globe.

The balance between the amount of solar radiation reflected and absorbed by Earth’s surface
plays an important role in regulating global temperature. To simulate the behavior and interaction
of basic climate system parameters on Earth, in 1969 Budyko and Seller in [7] and [47] introduce in-
dependently a classical energy balance model that can be rewritten as the following one-dimensional
nonlinear degenerate parabolic equation

ur(t,x) — po (a(x)ug)r = Ro(t, x,u) — Re(t, z,u). (1.1)

Here u(t, ) is the surface temperature averaged over longitute, a(z) = 1 — 22 (z = sin¢ € [-1,1],
with ¢ being the latitude) and pg is a positive parameter. The definitions of the other functions
with their interpretations in climatology are summarized in the next table:
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Function | Definition and Description
R, The energy emitted by the Earth.

e In the classical Budyko model, R.(t, z,u) := a+bu, where a and b are constants
(see [11]).

e In the Seller model, R, follows a Stefan-Boltzmann type law, i.e. Rq(t,z,u) :=
e(u)|uPu, where € represents the emissivity and it is assumed to be a regular,
positive and bounded function (see [10], [11] and [49] for other details).

B The fraction of the solar energy absorbed by the Earth, R,(¢,x,u) := Q(¢, z)5(u).
The incoming solar radiation flux. @ € C'(R4x[—1,1]) and the assumption Q(t, z) >
0 allows to consider the polar night phenomena.

Q| =

e When the time scale is long enough (as for instance in annual models) one
may assume that the insolation function @ = Q(z) is a non-negative function
that does not depend on time t.

e When the time scale is smaller (as in seasonal models) one uses a more realistic
description according to which @ = Q(¢, x) is a time-periodic function (see [3]
or [35]).

B The planetary coalbedo given by S(u) := 1 — a(u).

e In the model of Budyko, 3 is a discontinuous function taking the value (; for
u < ug and the value B¢ for u > us. Here 0 < 8; < B¢ and us = —10° is the
critical value for which ice becomes white (the snow-line).

e In the model of Sellers, S is a more regular function of u, which is at least
Lipschitz continuous (see [11]).

«a The albedo, which is the fraction of light reflected by a surface. It is usually taken
such that a(u) € (0,1).

Table 1: Description of functions used in the climatological model.

Due to its importance, the Budyko-Seller model (1.1) is studied from different points of view. For
example, in [3], the author studies the existence of periodic solutions for a modified version of (1.1),
using the method of subsolutions and supersolutions. In [35], the authors consider the Budyko-Seller
model with mushy region, proving the existence and uniqueness of the initial value problem. The
periodic problem is also considered studying the attractivity of periodic solutions; the asymptotic
behavior of the model as the width of mushy region tends to zero is also studied. We underline that
in [35], po is not a parameter but a function that depends on z. In [49], J . Tort and J. Vancostenoble
study some inverse problem issue that consists in recovering the so-called insolation function; they
solve the uniqueness question, providing some strong stability results. In [11], the authors consider
equation (1.1) with a memory term. In particular, they provide existence and regularity results,
and obtain uniqueness and stability estimates that are useful for the determination of the insolation
function in (1.1) with memory. Very recently, in [10], the authors consider a two-layer energy
balance model that permits vertical exchanges between a surface layer and the atmosphere. The
evolution equations of the surface temperature and the atmospheric temperature are coupled by
the emission of infrared radiation by one level (that emission being partly captured by the other
layer) and the effect of all non-radiative vertical exchanges of energy. They study the dependence
of the equilibrium points with respect to the involved parameters, and they prove, in particular,
that the surface temperature increases monotonically with respect to a parameter that denotes the
absorptivity of the atmosphere. Other questions, such as well-posedness, uniqueness, asymptotic
behavior, bifurcation, free boundary, numerical approximation are studied, for example, in [4], [19],



[20], [21], [22], [23], [27], (28], [29], [36], [38], [39], [40] (see also the references therein).

1.2 Novelty and Main Results

Starting from (1.1) up to other applications such as the Prandtl equations (see [43]), the Feller semi-
groups (see [24], [25]) and the Wright-Fischer model (see [5], [30], [31], [34], [46]), null-controllability
for parabolic degenerate problems is getting more intriguing. For our model of interest (1.1), null-
controllability means to drive the system to a desired equilibium climate state in finite time. The
pioneering papers in degenerate problems are [1], where the authors consider a general function a(z),
x € [0,1], such that a(0) = 0 and a(z) > 0 for all z € (0, 1], and [12] where a(z) = 2, o € (0,2) and
x € [0,1]. In both papers, the authors consider an operator in divergence form; we recall also [13],
[14], [15], [17], [48], [50], [51], where other arguments are considered. For degenerate equations in
non-divergence form we refer to [8] or to [9]; for interior degeneracy let’s recall [6], [16], [32] or [33].
In all the previous papers, the equation is autonomous, i.e. the diffusion operator does not depend
on the time. Actually, in [40] a very particular case of a non-autonomous climatological model is
considered and, via a fixed point method, the author proves the existence of a periodic solution.
However, the equation studied in [40] is non-degenerate. Thus, in this paper, we will consider for
the first time a non-autonomous degenerate parabolic equation in divergence or in non-divergence
form. Taking into account [1] and [8], we will study null-controllability for the problem under con-
sideration via new Carleman estimates for the associated non-autonomous adjoint system. To this
aim, we give the following definition for a general function g : [A, B] — R, (assuming A < B) that
degenerates at a boundary point.

Definition 1.1. Assume A < B. We say that a function g : [A, B] — R4 s
o weakly degenerate at xg € {A, B}, (WD) at xq, for shortness, if

(i) g€ C(A,B)NCH([A B\ {zo}), g > 0 in [A, B]\ {zo}, g(w0) =0,

(ii) I Ky, €[0,1) such that (x — z0)g'(z) < Kzog(z), Va € [A, B] (WD)
(for example g(x) = 2, with [A, B] = [0,1], o = 0 and K, € (0,1));
o strongly degenerate at xg € {A, B}, (SD) at xy, for shortness, if
(i) g€ CHAB)), g>0in[A,B]\ {zo}, glxo) =0, D)

(ii) IK,, € [1,2) such that (x — x0)g'(z) < Ky 9(x), Va € [A, B]
(for example g(x) = x, with [A, B] = [0,1], o = 0 and K, € [1,2)).

In the following, just for simplicity, we assume [A, B] = [0,1]. We will study the controllability
for the following non-autonomous degenerate problems

Ut — Al(t)u = f(t’x)xw(x)7 (t7x) € Qr,

2(t7y0) = 0_’ te (O’T)’ (Pz)
iu(tvl'O) =0, te (OvT),
u(0,x) = ug(x), z € (0,1),

i=1,2, where Qr := (0,T) x (0,1), w CC (0,1), yo € {0,1} \ {x0} and B;u(t, z¢) = 0 are suitable
boundary conditions related to the operators A;, i = 1,2. In particular

b(t)a(x) g, =1,
b(t)(a(x)ug)z, =2,

where b € W1°°(0,T) is a strictly positive function, a is (WD) or (SD) at zo € {0,1} and

Al(t)u = {

u(t,il,'o) = 07 1= ]_7
Biu(t, z) = u(t, o) = 0, if a is (WD) at 29 € {0,1}, .,
li)m (aug)(t,x0) =0, ifais (SD)atxe e {0,1}, '~ =

T—To



Using new Carleman estimates for the non-homogeneous adjoint problem associated to (P;), our
aim is to

e find a function f € L2(0,T; H) such that
w(T,z) =0, Yzel0,]1]
e find a constant C' > 0 such that

| fllz2 0,71y < Clluol|a-
Here, H is a suitable Hilbert space that depends on the operator A;.

We underline that, while in [1] only the case a(0) = 0 is considered, in this paper a degenerates
at 0 or at 1 or a degenerates at the same time at 0 and at 1, as in [8] or [9]. On the other hand,
here we prove Carleman estimates and, hence, null-controllability under weaker assumptions on the
function a with respect to the ones in [8]. Hence, the results proved in this paper improve the ones
in [1] or in [8]. Moreover, as observed in [8], we cannot deduce null-controllability for the problem
in non-divergence form from the one in the divergence form without adding additional assumptions
on the function a. For this reason, it is important to prove new Carleman estimates for the problem
in non-divergence form independently of the ones in divergence form. We also underline that, as for
the problem in the autonomous case, the requirement K, < 2 of Definition 1.1 is essential. Indeed,
as proved in [1] or [8] or [33], if K, > 2, the problem is not null-controllable.

The paper is organized as follows: in Section 2, we introduce the Hilbert spaces needed to treat
the problems and we prove some Hardy-Poincar inequalities that are important in the divergence
case when a is (SD) at 1. In Section 3, we study the well-posedness of (P;) via the Kato Theo-
rem. In Section 4, we consider the non-homogeneous adjoint problems associated to (P;) proving
new Carleman estimates; thanks to them we obtain the observability inequalities and, hence, null-
controllability for (P;) in a standard way. In Section 5, we use the results proved in the previous
section to obtain null-controllability when a degenerates at the same time at 0 and at 1, or if we
consider a linear or a semilinear extension. In Section 6, we apply the obtained null-controllability
result to (1.1) in a particular case. The last section is the Appendix where some proofs are given.

Throughout this paper, () denotes the derivative of a function depending only on the real space
variable x; (') denotes the derivative of a function depending only on the real time variable t; 2 or
Y2, means (y;)? or (Yqq)?, respectively. Moreover, we will denote by || - [Joo,1 := || - || (0,1) and by
I Nl := 1+ Lo 0,1)-

2 Preliminaries

In this section, we present the Hilbert spaces needed to treat (P;), i = 1,2. As a first step, we recall
the next results relevant to the subsequent analysis: if a is (WD) or (SD) at x¢ € {0, 1}, then

e if g = 0, the function

I’Y
- — 2.1
r 2 (21)
is non-decreasing for all v > K and
~
lim 2 =0, (2:2)
x—0
for all v > Kj;
e if xy = 1, the function
1—2)
M Gt (2.3)
a
is non-increasing for all v > K; and
1—2)
i L2207 g, (2.4)
r—1 a

for all v > K;.

Here Ky and K are the constants appearing in Definition 1.1.



2.1 Hilbert spaces in the non-divergence case

One of the main differences between the systems (P;) with ¢ = 1 (in non-divergence form) and (P;)
with ¢ = 2 (in divergence form) is that the natural space to study the first problem is not L2(0,1),
as for the second one, but the weighted space

L3 (0,1) := {u € L*(0,1) | ||u||2LQl o1 < oo},
where

a

1,2 L
Hu||2Lz1 0.1) ::/ ;dac and  (u,v)1 ::/ Fdx, Yu,v € LQé (0,1). (2.5)
a 0 0
As in [8] or [9], we also consider the following Hilbert spaces
Hé (0,1) := Lé (0,1) N H(0,1), (u, U>1,% = (u,v>% + (W', 0") 20,1 (2.6)

for all Vu,v € H%(0,1), and

H

=N

0.1) = {u€ H0.1) [’ € L3O |, (uvhy i= )y + (V' V@ e,
2.7)

for all u,v € H%(0,1). Clearly, the previous inner products induce the following norms
1 1

2 2 2

||u||§% = Hu||%2l(071)+/0 (u')*dz  and ||UH2% = ||u||1% +/O a(u")dz,

respectively. Observe that in [8, Corollary 2.7] and in [8, Lemma 2.1] it is proved that the spaces
H1(0,1) and H}(0,1) coincide and the following Gauss-Green formula holds

1 1
/ u'vdr = —/ u'v'de, Y (u,v) € H3(0,1) x Hi(0,1). (2.8)
O 0 a a

Moreover, the operator (A1, D(A;)), where Aju := au” with
D(Al) = Hi(ovl)a (ND)

is m-dissipative and self-adjoint in L2 (0,1) (see [8, Theorem 2.3]). Thus, by [18, Corollary 3.20],
the operator (A;, D(A;)) is densely defined and generates a contraction semigroup.

2.2 Hilbert spaces in the divergence case

Following [1], for the system in divergence form, we take the following weighted Hilbert spaces. In
the weakly degenerate case, we consider

H!(0,1) := {u € L*(0,1) | u absolutely continuous in [0, 1], vau' € L?(0,1) and u(1) = u(0) = 0}
and
H2(0,1) :={u € HL0,1) | e’ € H*(0,1)}.

On the other hand, in the strongly degenerate case, we consider

H,(0,1) := {u € L*(0,1) | ulocally absolutely continuous in [0, 1] \ {zo}, vVau' € L*(0,1)

and u(yo) = 0, where yo € {0,1}\ {zo}}

and

H2(0,1) := {u € HX0,1) | av’ € H*(0,1)}

= {u € L?(0,1) | u locally absolutely continuous in [0, 1] \ {zo},au € H}(0,1),
au’ € H'(0,1),u(yo) = 0, where yo € {0,1}\ {xo},and (au’)(z¢) = 0}.



In both cases, we consider inner products and norms given by

(U, V) 1,0 = (U, V) L2(0,1) + (Vau/, \/5U/>L2(0,1)a ?a = HU||2L2(0,1) + H\/ZLU/H%Q(O,I)’
for all u,v € H}(0,1), and
(4,0)2,0 = (u,0)1,0 + (@), (@V)) 12 g 1ys ull3a = lull} o + [1(a') 1220 1),

for all u,v € H2(0,1). Also, in this case, the operator (Aa, D(As3)), where Asu := (au’)’ with
D(Az) = H(0,1), (D)

is m-dissipative and self-adjoint in L?(0,1) (see [1, Proposition 2.5]); thus, (As, D(A)) is densely
defined and generates a contraction semigroup.

Moreover, in the divergence case, the following Hardy-Poincar inequalities will play a crucial role
if a degenerates at 1.

Proposition 2.1. (see [1, Proposition 2.1] for the case a(0) = 0) Take a function a : [0,1] — R
so that a € C([0,1]), a(1) =0 and a > 0 on [0,1).
Case 1: If a is such that there exists v € (0,1) such that the function

a(z)

x — ———— is non-decreasing in [0,1),

(1—=z)7
then, for any function w, locally absolutely continuous on [0,1), continuous at 1 and satisfying

1
w(l) =0, and / a(z)|w' (2))? de < +oo,
0

the following inequality holds

' a(z) 2 4 /1
w(x) dr < a(z)|w' (z)]? d. 2.9
| i@ s < o= [ a@iu/(@) (29)
Case 2: If a is such that there exists v € (1,2) such that the function

N _a(@) is non-increasing in [0, 1),
(1—a)

then, for any function w, locally absolutely continuous on [0,1) satisfying

)=0, and/ da:<—|—oo

the inequality (2.9) holds.

Proof. The computations are similar to the ones in [1], so we sketch them. As a first step, consider
the first case and fix 8 € (v,1), arbitrarily for the moment. Since w(1) = 0, we have w(z) =

= [ @)= )2y, s

[ @< [ G ([ a-wwwra [a-v~a)
/o1 (la(:c:z):)2 f@)de < 1—[3/ 1733 1+ﬁ (/ (1) () dy) da

<5 [a-wwor ([t ) a

Hence,




Now, by assumption, the function

Tz — ﬂ is non-decreasing in [0, 1),

(1—=)7
thus ) (@) - , )
alx " aly — y—B—1 - a . _ﬁ.
/0 A—z)8 ¢ S(l_y)w/o(l ) dv < z—a(y)(1-y)
Hence,

T A=8)B=)

1 alz 1
/ <1f ;)2w2<w>dw<1 | 1wFatmay,
v+

We then remark that this last estimate is optimal for g = , which gives the desired result.

We now counsider the second case. Fix € (1,7), arbitrarily for the moment. Again, we have

/01 (1a_($a):)2w2(m) de = /01 (1(1_(52)2 (/Or ((1 B y)g/gw,(y)) (1= y)B2 dy>2 "
= /01 ( @(xi)Q (/Oz(l — )P’ (y)|* dy /01(1 —y)77 dy) dx
a(z

B (1- z))1+ﬁ (/:(1 =) ' (y)? dy) dx
1 [ a-wtwr / 1 O

1_
1/1
<
<51
_1/1
-5

Thanks to our hypothesis,
& — ——— <= Is non-increasing in [0,1),
x

then

/ 1 f(xx))lw dz = (1a_<y;)w / (1—2) " tde < 5 i Few) - )~

Hence,

@) _ laxw’an:
/0 (1*33)210 (x)d;vg(ﬂil)w7ﬂ)/o (@)|w'(2)|" d

and we obtain the thesis. O

Observe that in [1], the previous inequalities are proved only in the case a(0) = 0, thus these
inequalities are new.

3 Well-posedness for the non-autonomous Cauchy problem
In order to study the well-posedness of (P;), we define the operator
Ai(t) = b(D) Aju, Yu € D(A(1)), (3.1)

i = 1,2, so that we can rewrite (P;) as a non-autonomous Cauchy problem
(1) = A;(t)u(t t)xw, t€(0,7),
{u( ) = Ai(t)u(t) + J ()X, t € (0.T) (ahCP)

i =1,2, where



Clearly, thanks to the assumptions on b,
D(A;(t)) = D(4;), Vte|o,T]. (3.2)
In the following, we will consider separately the homogeneous case (f = 0) and the non-homogeneous

one (f #0).

3.1 The homogeneous non-autonomous Cauchy problem
As a first step, we consider the case f =0, i.e.

u(t) = A;(t)u(t), t € (0,T),

u(0) =ug € H,
1 =1,2. The following theorem holds.

Theorem 3.1. Assume a (WD) or (SD) at zg € {0,1} and b € W'>°(0,T) a strictly positive
function. Then, (CP;) has a unique solution u € C([0,T]; H), Yug € H. Moreover, if ug € D(A;),
then uw € C([0,T]; D(4;)) N C*([0,T); H) C L*(0,T; D(A;)) N C([0,T); K;) N H(0,T; H), i = 1,2.
Here,

The proof of the previous Theorem is based on the next Kato’s Theorem (see [41, Theorem 3.1],
[42, Theorem 1.9] or [45, Theorem 2.1]).

Theorem 3.2. Let T > 0 be fized, H a Hilbert space and A(t) : D(A(t)) C H — H a linear operator
satisfying the following hypotheses:

(H1) D(A(t)) = D(A(0)), Vit € [0,T};
(H2) D(A(0)) is a dense subset of H;

(Hs) ¥Vt € [0,T], A(t) generates a strongly continuous semigroup on H, and the family o =
{A(t) }repo, is stable with stability constants C' and p (< 0) independent of t

k
115 (s)u
H

Jj=1

(i.e. the semigroup (S¢(s))s>0 generated by A(t) satisfies < CeP?||ully, for

allueM, s;>0,0<t; <. t, <T, keN);

0
&A € L (0,T; B(D(A(0)),H)) which is the space of equivalent classes of essentially bounded,

strongly mesurable functions from [0,T)] into the set of bounded operators B(D(A(0)),H).

(Ha)

Then
u(t) = Alt)u(t), t € (0,T),
(0) =1ug € Ha

u

has a unique solution v € C([0,T],H) for all ug € H. Moreover, if ug € D(A(0)), then u €
C([0,7]; D(A(0))) N C* ([0, T]; H).

In order to prove Theorem 3.1, we need to introduce another inner product in H that takes into
account the term b(¢t). Thus, for all ¢ > 0, we consider

(u, vy := b(t){u,v) g, Yu,v € H,

inducing the norm
lullf = b(®)|ull?, Yue H.



Observe that the norms || - ||; and || - || are equivalent in H since

mllullfy < [lullf < Mlul, (3-3)
for all uw € H, being
m:= min b(t) and M := max b(t) (3.4)
te[0,T] t€[0,T]

(recall that b € W°°(0,T), hence b € C[0,T]). Using the new norm || - ||;, we consider

i {nm% el e HY(O.1), s
’ [ull? + IVau 72,0, if u € Hy (0,1).
which is equivalent to || - [|; 1 or to || - [[1,a by (3.4). Thanks to the norms |- ||; and || - [|1,¢, we can
prove Theorem 3.1.
3.1.1 Proof of Theorem 3.1
In order to prove the well-posedness of (CP;), ¢ = 1,2, we need to verify that the conditions

(Hy1) — (Hy) of Theorem 3.2 hold.

The condition (Hp) follows by (3.2). Moreover, as written before, D(4;), ¢ = 1,2, is dense in H;
thus, (Hs) clearly holds in both cases since D(A;(0)) = D(A;), i = 1,2. The first part of (Hs)
follows by the next proposition.

Proposition 3.3. Assume a (WD) or (SD) at zo € {0,1} and b € WH>(0,T) a strictly positive
function. For all fixed t > 0, the operator (A;(t), D(A;(t))), i = 1,2, is m-dissipative and generates
a strongly continuous semigroup.

Proof. Just to fix the idea, consider A; (t) = b(t)auy,, the computations being similar if we consider

Az (t)u = b(t)(aug)e-
o Ay (t) is dissipative in L2 (0,1) for all ¢ € [0, 7] with respect to (-, -);. Indeed, by (2.8) we have

1 1 1
i = [ o0 o < 120) [ unude = —20) [ s <o,
0 0 0
for all u € D(A1(t)).
o Ay (t) is symmetric in L2 (0,1) for all fixed ¢ € [0, T] with respect to (-, )¢

(A (B, v)y = b2(t) /O Upgvdz = —b2(t) /O ugvgdz = b2 (1) /0 W22 g0 = (u, Ay (£)0)e,

a
for all u,v € D(A1(t)).
o I — A (t) is surjective with respect to (-,-);: take f € L2 (0,1) and define
't 1
Fv) = — dz, for allv e H:(0,1).
0 ab a
F' is linear and continuous, indeed

1 1
Fo e < L /o]
o ab m Jo vava

Hence, F € (H1(0,1))". Now, define

1
dx < EHfHL"’l onllvllzz 1), Yo e Hé (0,1).

L:HI(0,1) x H1(0,1) — R

1 1
(u,2) r—>/ %da:—i—/ w2 dw.
o ab 0



‘We have

IR ! 1
L(u,u) /—dstr/ U/)QdIZM/O adm+/0(u/)2dx2min{M }u||11,

for all u € H:(0,1). Then, L is coercive. Moreover, we have
1 ! |UZ‘ ! ! 1 / /
1L, 2)| < — | —=dz+ | |u'2|dr < —ullzs ©n)lvlles 00 + [@llz20n[v]l20,0)
0 0 a a

1
< maX{—71}||U||1 izll1, Yu,z € Hi(0,1).
m a a a

Hence, L is continuous and by the Lax-Milgram Theorem, we conclude that 3'u € H1 (0, 1)

such that
L(u,z) =F(2), Vz € H% (0,1),
1, 1
@/ —dac—i—/ u’z’dw—/ —d:c VzeHl(O 1),
/ (f — ) 1
& uzda:— 71) dx, Vze€ Hi(0,1).
a a
. - N . -
In particular, this equality holds for all z € C2°(0, 1), hence v’ = 5 a.e in [0,1] and
a

Ai(t)u = bau" = f —u € L3 (0,1). Thus, u € D(A;(t)) = H3(0,1).
As a consequence (A;(t), D(A;(t))) generates a strongly continuous semigroup on L3 (0,1).
Analogously for (Az(t), D(Ax(t))).

O

Thus, the first part of (Hs) follows by Proposition 3.3. For the second part of (Hs), it remains
to prove that, for any ¢ > 0, o = {A;(t)}+cjo,7] is a stable family of Co-semigroup generators with
stability constants C' and p. Indeed, by [18, Corollary 3.20], A;(¢) is the infinitesimal generator
of a contraction semigroup on H with respect to || - ||;, which means that ||e34®u|, < |jull;,i =
1,2, Vu € H and for all s > 0. Now, we have that

d d ~ 16)| o,

Dz = %(b(t)llulliz> = by < =T gz e n
By the Gronwall inequality, one has

[ul|? < fJuf2els @4 = ||u|2e®=*)% Vi>5>0 and Vue H,

161/ 00,7

where C = . Then, we get |lull; < |Juls e%(t_s), Vt>s>0andVue H. Thanks to [42,
Proposition 1. 1] we obtain the desired result.
: . . . 0A;(t)
Now, it remains to prove (Hy). Since A;(t)u = b(t)A;u,i = 1,2, we have that T
b(t)Aju, Yu € D(A;(t)), i = 1,2. Hence,
oA | , .
1250 4| = i) als < I rl Al i1,
H
aA OA(t
H 0] oo 7| Ai|| 1z, for all uw € D(A;(t)), i = 1,2. This shows that (975 )u €

L (0 T; B(D(A(O)) L% (0,1))).
Hence, by Kato’s Theorem, we conclude that Yug € H, the problem (CP;), i = 1,2, has a

unique solution u € C([0,T]; H). Moreover, if ug € D(A;(t)) = D(4;), then u € C([0,T]; D(4;)) N
CY([0,T;;H), i=1,2.
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3.2 The non-homogeneous non-autonomous Cauchy problem

Now, we consider the non-homogeneous case, which means f # 0.

Theorem 3.4. Assume a (WD) or (SD) at zo € {0,1} and b € W1>(0,T) a strictly positive
function. If f € L*(0,T; H) and ug € H, then there exists a unique solution u € C([0,T); H) of
(nhCP;), and the following inequality holds

sup [u(®)l < Cr (ol + 1£132 020 ) (3.6)
t€[0,7]

for a positive constant Cp. In addition, if f € WHY(0,T; H) N L?(0,T; D(A;)) and ug € D(A;),
then u € C([0,T]; D(A;)) N C*([0,T); H) € L*(0,T; D(A ))OC([O T); K;) NHY(0,T; H), i = 1,2,
and we have

T
sup (1Ol o)) + [ (1l )+ loac®)ls o))

t€[0,T]

< (w0l 0.1 + 11320225 0.1y )» 8= 1,

or (3.7)
T

sup (u(®lg0) + [ (el + Iaw)a(®lE o )t

te[0,T] 0

< C(luolys0,) + 171320, riz20y) ) =2

We postpone the proof to the Appendix. Clearly, the previous theorem and Theorem 3.1 hold
also if we consider a general interval [4, B], A < B and a(A4) =0 or a(B) = 0.

4 Carleman estimates, observability inequalities and null-
controllability

It is known that null-controllability for a linear parabolic system is equivalent to the observability
for the associated homogeneous adjoint problem (see, for example, [26] or [33]). This equivalence
holds also for the considered non-autonomous problems if (3.7) holds (one can proceed as in [33,
Theorem 1.3]). Thus, the idea is to prove that the homogeneous adjoint problems of (P;), i = 1,2,
are observable via Carleman estimates. To this aim, we need to introduce the following weight

function .

o(t) = ———. 4.1
0= (4.1)

Clearly 6(t) — 0 when t — 0" or ¢t — T~. Moreover, there exists a constant p > 0 such that
6%0| < pQ%, 100] < pB°, 6" < pf” (for 0 < p<v) and || < pd*/% < p?6°. (4.2)

Remark 4.1. It would be interesting to point out that a weight function may be used in calculus
or engineering applications [37] including: weighting for accuracy (by giving greater weight to more
accurate measurements), compensating for bias (by giving greater weight to measurements known
to be less biased), and accounting for significance (in engineering applications, a weighting function
may simply reflect the relative influence of various applied forces).

As in [1], we also define the function

o(t,x) == 0(t)i(x), (4.3)

(@) =Gy ( [y 02), (4.4

xo € {0,1} is the degeneracy point, C; and Cy are positive constants such that Cy > m, if

where

xo =0, and Cy > m, if xp = 1; the constant C; will be chosen later.

11



4.1 The non-homogeneous problem in non-divergence form: the case
a(0) = 0.

In this subsection, we will prove a Carleman estimate for the non-homogeneous adjoint problem
associated to (Pp), i.e.

{’Ut + b(t)a(x)vxz = h, (t,%’) € Qr, (45)

v(t,1) =v(t,0)=0, te(0,T).

As a consequence, we obtain an observability inequality for (4.5) when h = 0 and, hence, null-
controllability for (P;). For the following, we need an additional assumption on the function a. In
particular, we require the next hypothesis.

Hypothesis 4.2. Assume a (WD) or (SD) at 0 and such that

(%‘lly € L>(0,1). (4.6)

Observe that (4.6) is clearly satisfied by the prototype function a(x) = 2, even if K € (0,1).

Theorem 4.3. Assume Hypothesis /.2, b € W1>°(0,T) a strictly positive function and h € L2 (Qr).
Then, there exist two positive constants C' and so such that every solution v of (4.5) in

U= L*0,T; H3(0,1)) N H'(0,T; H1(0,1))

satisfies

2s5¢p

/Q ) (sav§b2 n 5363<§)2v2b2>625(’”dwdt <c B2¢

for all s > so. Here L% (Qr) := L?(0,T; L% (0,1)).

T
dzdt + sC / [%iembﬂ(t,ndt, (4.7)
0

Observe that if b(t) = 1, we obtain exactly the same Carleman estimate given in [8, Theorem
3.3], but here we improve the result since the assumptions on a are more general. For this reason,
we rewrite the proof, even if the computations are similar to the ones of [8]. Moreover we underline
that the presence of the term b(t) leads to new terms that we have to estimate.

To prove Theorem 4.3, we introduce the function
w(t,z) = ey (t, z), (4.8)

with C; = 1 (C} is the constant that appears in (4.4)); then, using the fact that ¢ < 0, (4.5) can
be rewritten as
(e‘s‘/’w)t +b(t)a(z)(e W) = h, (t,z) € Qr,

w(t, 1) =w(t,0) =0, te(0,7), (4.9)
w(T,xz) = w(0,z) =0, x € (0,1).
Now, defining
Lw :=w; + b(t)a(x)wze and Lew:=e*¥L(e”*?w), (4.10)

the equation in (4.9) becomes
Lsw = e*?h.

The next results are crucial to prove Theorem 4.3.

Proposition 4.4. Assume the Hypotheses of Theorem 4.3. Then, the operator Lsw can be written
as
Lsw = Lfw+ L w,

where LY and Ly denote the (formal) self-adjoint and skew-adjoint parts of Ls. In our case, we
have

(4.11)

LIw = baw,, — spw + s>p2baw,
Low = wy — 25pbaw, — sbapz,w.

12



Proof. Computing L(e™*?w) one has

L(e™*%w) = (e7*Pw); + ba(e™*Pw) 4y

= —spie” w4 e *Pwy + ba[—spre " Pw + e *Pwy,

4.12
= —spie” w4+ e Pwy + ba[—spure” Pw + (—spg)2e TP w — 2506w, 4 e P W,y ( )
= e 5P[—sppw 4+ Wy — baspeaw + ba(—5p, ) 2w — ba2sp,w, + bawy,).

Thus,
Lsw = —spw + wy — S@gbaw + s%pibaw — 25@baw, + bawg,. (4.13)

Now, integrating by parts over Qr, using the boundary conditions and thanks to (2.5) and (2.8),
we can compute the adjoint operator L as follows

(Ls(w),v)23 (@r) :/Q LS(;U)U

T

:—s/ ﬂdexdt—{—/ %dwdt—s/ by vw dxdt
Qr @ Qr @ Qr

+ 52 bcpivw dxdt — 2s b vw, dedt + bvw,, dxdt
Qr Qr Qr (4.14)

dxdt

=— / ﬂd:cdt + (w, —spv — S Lbav + 8230xbav>L21 Q)
r @ a

+ 23/ b(gozv)x w dxdt + bwvg dxdt
Qr Qr

=(w, Lv) 12 (Qr):

where Liv := —5010 — vy — 8@gzbav + szgombav + 25b(,0)za + bugga. Thus, we can find

L, L*
Liw= y = baw,, — spyw + s2p2baw, (4.15)
and I e
Lyw= w = wy — 28¢zbaw, — sbap . w. (4.16)
O

Proposition 4.5. Assume the Hypotheses of Theorem 4.3. Then, the following identity holds

(ij,L;wﬁi Qr) = (D.T.)+ (B.T.) (4.17)
where
1 )
(D.T.) = —/ bwid:rdt + s/ b2(a<pm)xw3dmdt + s/ b2(acpm)xwwxdmdt
2 QT T T
2 2 s w? 5° i 2. 2
+ s/ b apgewydrdt + —/ o —drdt — — bprw*dxdt (4.18)
T 2 T a 2 QT
— 252 / b prpwidrdt + s / b? (a’cpi + 2agoi<pm)w2da:dt
Qr Qr
and

(BT.) = —s /0 C (0 by 1, 1. (4.19)

Proof. Clearly,
(Lw, L;w)Li(QT) = (bawg, — sprw + s%piabw,LS_w>Lzl Q1)

B B (4.20)
= (bawgy, L] w>Lz>l @) T+ (—spyw + 32¢iabw,Ls w>L2l(QT)'
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As in [8], integrating by parts, and using the boundary conditions given in (4.9), one has

(bawgy, Ly w) 2 (9p) = — / b(wy)idxdt — s
a Qr

+s/ b2 (apraW)pwydadt

T

1 [ T

5/ bwidxdtfs/o b2 ap,w? / b (apy ) w?dadt
T T

+s/ bQ(acpm)mwwxdxdt—&—s/ bapwidrdt.

Qr Qr

= s/ b?
0

1
(—sprw + s*p2abw, Liw)rz () = / (—spsw + s%p2abw) —(wy — 2sbap,wy, — sbapyw)drdt
@ Qr a
1

T 1
bap, (w?) dzdt — 5/ brapgww,| dt
0 0

Clearly, one has that s / bap,w?
0

T
—s/ b2 ()0 (t)w?(t,1)dt.
0

Moreover,

1
=3 / ffcpt(wz)t dxdt + 5/ bs? o2 (w?), dxdt — s/ b(w?) o (—spips + 523 ab)dzdt
T a T T
- 5/ braw?(—sp; + s2p2ab)ddt
Qr

1 Sy w? 52 T 1
= / (— See 3 <pz )w ‘ dr + = / Py —dxdt — — (©2b)w?dadt +/ bs?pppw?| dt
0 2 a 2 2 Qr a 2 Qr 0 0

T 1
— 33/ b(piabu)?‘ dt — 82/ bw? (i oy ) pdadt + 33/
0 0 T

— 53 V2 rnp2aw? drdt
Qr

2
_3 / e it — 5 [ bRwtdadt — 257
2Jor a 2 Jo, Qr

bz(agoi)mwzdxdt + 82/ b g prwdrdt
Qr

T

by pipwdrdt + 53 b*(a’
QT

O
Proposition 4.6. Assume the Hypotheses of Theorem 4.3. Then, there exists so > 0 large enough
and ¢ > 0 such that the distributed terms in (4.22) can be estimated in the following way

2
(D.T) > ¢ / <sab2w§, + 539%2(5) w2> dudt, (4.21)
Qr a
for all s > sg.
Proof. Using the definition of ¢ and ), the distributed terms become

i) 1
(D.T.) = / w? (2 + sb%0 + sb20 (1 - m)) dwdt + 5/ b20(ar”) ww,dzdt
T a T

. 2 . 2
36— S [ 62T wRdudt — 252
2 Qr @ Qr

3 2 /
+ 83/ b? (a’93m—3 + 2933:—2 (1 — ﬂ)) w?dxdt.
- a a a

Using the fact that za’ < Kya for all x € [0,1] (recall that Kj is the constant that appears in

. $2
boo wdzdt (4.22)
Qr

14
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Definition 1.1 associated to the function a with o = 0), we obtain

(D.T) > / w? (g +s(2— Ko)b26> dxdt + s/

z\2 [ b . T\ 2
—52/ w? (5) (502+2b09> dxdt+s3(2—K0)/ b20° (E) w2dzdt.

T T

wwyb?6 (ay”) dadt + % / 0 %dexdt
a
T

(4.23)
[a (E)/H < Cs:= H(m/yH , as in [32] and using (4.2), the Young and the

Since, | (a")' | =

a a

00,1
Hardy inequalities, one has

s / bzwwze(aw”)/d:ﬂdt‘ < % b20| (a)")' Pw?dadt + 28_5 / b20w? drdt
T Qr T

IA

0 2
sAe / b2 2 dwdt + — b2 0w? dadt
T a 2e Qr

1 1
0 2 2 2\ 2
= SAE/ (b2 (f) w2) <b20’yw2> dxdt + i/ bQGwid:cdt
- v \a T 2e

T

93 2 2
< sA.p / [ (5) wdzdt + sAy / VO dedt + — [ b0wdedt
T 7 oNa T x €Jor
A 2
< 2P / b26° (f) wdzdt + [43A€7+ i} / b20w?dudt,
v Jar a 2e1 Jor
(4.24)

with A. = %Cg m[%}i] a, for € > 0 and v > 0. Hence, by (4.2)
xe|0,

(D.T) > / w? <g +s(2— K0)529> dxdt — %p/ Gg%uﬂda:dt
2 (| . 2
- 32/ w? (f) (gGQ +2b99> dzdt + s°(2 —KO)/ b20° (%) widzdt  (4.25)

a T

A, 2
82P / b293(5> wdedt — [48A€7+ i] / b20w? dadt.
ol Qr a 2e Qr

Now, for ¢ > 0, using the Young and the Hardy inequalities, we have

2
fp/ ngdexdt‘ < ngO/ 02 dwdt
T T

2 a a

s 1 o,/x\2 4 0 2%
—§pBo/QT (;9 (5) w) (Uﬁw dxdt

B 2
< 5P O/ 92(5) wzdmdt+§pBoo/ iw%lncdt

Nl=

20 Jor a Qr T2
1 2 2B, (!
< fBop2 / b293(§) demdt—i—spa—O/ b2 0w dxdt.
2 om? Jo, a m? Jo
with By = m + Cs. Moreover, by (3.4) and (4.2), one has
. bl oo
ey < et 2y i e o7y, (4.26)
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thus,

2 () .
52/ w? (f) (92 +2b06’> dadt
Qr a 2

213 2 2 2
<8 ”b”pr/ 06 (%) wzdxdt+2s—p/ 06" (%) widadt.
m Qr a m “

T

Hence, by (4.23) and the previous estimates, one has

1 QBQO' )

(D.T) > / w? (g +s(2— Ko)b29> dxdt — s (4A57 +—+ 2P / b2 0w dxdt
Qr

T

/Q b293(§)2w2dxdt

T

2e

(4.27)

2By 8 |[b]loc 2 A,
st k) — 2280 8 Illeer _QS_p_SV )

2 om? 2  m2 m

for €,7,0 > 0. Now, consider the first integral into the previous inequality, it results

/T w? g dzdt

Thus, for the distributed terms we obtain the following inequality

. T 8
< Jblloer (_> V20wl dud.
2m 2 QT

(D.T.) > | 5(2 - Ko) — [blloe.r (T i S 4sAy— SzBOUp b owidzdt + D,  (4.28)
- 2m?2 2 2e c m2 Or x ’

for all €,7v,0 > 0, where

2 2|7 2
D= <s3(2 k) 2P°B0 8 [lloc +4m sA€p> / v20° () widedt.
7" ) Jar

2 om? 2 m2

a
Choosing, f lo,c— > _ QoK) e B KM s (4.21) for all
oosing, for example, ¢ = 27K0’7_ 3202 max —and 0 = 3By one has (4.21) for a
z€0,1]
_KO

s > sg, with sg large enough and ¢ = . For example, as sg one can take

Ibllo,r (T\® 16 2p (
= : — ; 4 );
%0 max{ om? \2) 2Ry @=Kgymz IPllecir +4m

1
< pBQ + A8> 2m2 :
20m* v ) ||bllco.r + 4m '

Thanks to the previous Proposition and to (4.19), one can prove the Carleman estimate given
in Theorem 4.3.

O

Proof of Theorem 4.3. Thanks to (4.17), one has

1 2s¢p
(D.T) + (B.T) = (Liw, Lyw) 1z on) < 5 / ©  h¥dzdt.
a Qr @

Hence, by Proposition 4.6 and (4.19), one has that for all s > sg

C

2,2 3p312( T 2 9 1 e*? 5 s g 2 2
s0b wy + s°0°b 2w dxdt < - h*dxdt + . O(t)b"(t)wz(t, 1)dt
T T 0
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for a positive constant ¢. Thus, recalling the definition of w = e*fv, we have v = we™*? and
vy = (wy — sp,w)e %%, Using the previous inequality, one has that there exists a positive constant
C such that

2
/ sb20vge2wd$dt+/ 53b293(£> v2e*Pdrdt
Qr Qr a

12250 T (4.29)
< C’</ " dxdt + s/ [b20e?*¢0?](t, 1)dt) .
T 0

Observe that if we substitute the interval [0, 1] with a general interval [A4, B], with a(4) = 0,
then (4.7) becomes

/0 ' /A ’ (sb%i + s3b293<¥)2v2b2)62wdmdt

T rB e2s¢ T (430)
<C / / W2 dudt + sC / [zﬁe(x—A)vge?w] (t, B)dt,
0 JA a 0
for all s > so. In this case, the function ¢ is defined as in (4.3), but
Ty—A . (B — A)fa
= dy — th C; =1 and —_ . 4.31
vl [ - o) vin o —tmacrs SRt s

Now, thanks to the Carleman estimate given in Theorem 4.3, we can obtain the observability
inequality for the homogeneous adjoint problem associated to (P), i.e.

v+ b(t)a(x)ve =0, (t,2) € Qr,
v(t,1) =v(t,0) =0, te(0,7T), (4.32)
(T, x) = vr(zx) € L%(0,1).

In particular, we can prove the following observability inequality.

Proposition 4.7. Assume Hypothesis 4.2 and let b € W1>°(0,T) a strictly positive function. Then,
3 Cr > 0 such that every solution v € C([0,T); L3 (0,1)) of (4.32) satisfies

1 T
/0 v%(0, 2) 1;2((;))) dz < C’T/O /wUQ(t,x) % dxdt. (4.33)

The proof of the previous result is similar to the one given in [8], so we postpone it to the
Appendix. Clearly, by (3.5) and (4.33), we can obtain the classical observability inequality

2 1 x ! v (t, x 1 x
/0 v (O,x)a(x)d SCT/O /w (¢, )a(x)d dt, (4.34)

for a positive constant Cp. Thanks to the equivalence between the observability inequality (4.34)
and the null-controllability for (P;), one can prove the following theorem.

Theorem 4.8. Assume Hypothesis 4.2 and let b € W1°°(0,T) a strictly positive function. Then,
given T >0 and ug € L% (0,1), there exists f € L% (Qr) such that the solution u of (Py) satisfies

w(T,z) =0, Vzxel01].

Moreover, there exists a positive constant C' such that

T 2 1,2
/ /f—dxdtgc/ % .
0 Jw @ 0o @
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4.2 The non-homogeneous problem in non-divergence form: the case
a(l) = 0.

In this subsection we will consider (4.5) where a degenerates only at 1. Proceeding as for Theorem
4.3 one can prove the next Carleman and observability inequalities.

Hypothesis 4.9. Assume a (WD) or (SD) at I such that

(M) e L®(0,1). (4.35)

a

Theorem 4.10. Assume Hypothesis 4.9, b € W1°(0,T) a strictly positive function and h €
L2 (Qr). Then, there exist two positive constants C and sy such that every solution v of (4.5) in

U = L2(0,T: H3 (0,1)) N H'(0, T; HA (0, 1))

satisfies

/ (s60207 +s393(””7_1)2v2b2)e25%dt <C / h2¢

T T

2s¢p

/T [01}?6625%2} (t,0)dt,
0

(4.36)
for all s > sq.

Observe that, if b(t) = 1, we obtain exactly the same Carleman estimate given in [8, Theorem
3.4], but as before, here we improve the result since the assumptions on a are more general. Since
the proof is similar to the one of Theorem 4.3, we omit it. Also in this case, if we substitute the
interval [0, 1] with a general interval [A, B], with a(B) = 0, then (4.36) becomes

/ / 59v2b2 + 8303< ) v2b2>623“"dmdt

v (4.37)
<C / / h2< )vgezwzﬁ] (t, A)dt
0o Ja
for all s > sg. In this case the function ¢ is defined as in (4.3), but
“y—B ) (B — A)Ks
= - h =1 _ 4.
Y(x) C’l(/A o) dy Cg), with Cy and Coy > a(A)2 - Kp) (4.38)

Thanks to (4.36), one can prove that Propostion 4.7 and Theorem 4.8 still hold when a degenerates
only at 1.

4.3 The non-homogeneous problem in divergence form: the case a(0) = 0.

In this subsection, we will consider the divergence case. Since some computations are similar to
the previous ones, we sketch them. As a first step, we will prove Carleman estimate for the non-
homogeneous adjoint problem associated to (P2), i.e

v + b(t)<a<x)vw)z = h» (t,l‘) € QTv

U(t’ 1) =0, te (OaT)v
v(t,0) = 0, if a (WD) at 0, Le (0.7) (4.39)
(av;)(t,0) =0, if a (SD) at 0, e

For the following, we need an additional assumption on the function a. In particular, we require
the next hypothesis, which is the same as in [1].

Hypothesis 4.11. Assume a (WD) or (SD) at 0, and if Ko > 1, we require the following condition

{EIV € (1, Ko| such that x — % is non-decreasing near 0, if Ko > 1, (4.40)

Jv € (0,1) such that x — % is non-decreasing near 0, if Ko =1.
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For (4.39), the next Carleman estimate holds.

Theorem 4.12. Assume Hypothesis 4.11, b € Wh>(0,T) a strictly positive function and h €
L?(Q7). Then, there exist two positive constants C' and so such that every solution v of (4.39) in

V= L*(0,T; H;(0,1)) N H'(0,T; Hy (0, 1))

satisfies
$2 T
/ (s@vgbza—l-8303;v2b2)625“’dwdt <C / h2e2°dzdt + sC / (02e2e2al (¢, 1)dt, (4.41)
T T 0

forall s > so. Here, 6 and ¢ are as in (4.1) and (4.3), respectively, and L*(Qr) := L?(0,7T; L?(0,1)).

Also in this case, if b(t) = 1, we obtain exactly the same Carleman estimate given in [1, Theorem
3.1]. Moreover, we underline that the additional assumption on a in the strongly degenerate case
is necessary to apply the Hardy-Poincar inequality proved in [1, Proposition 2.1]. Even if the
computations are similar to the ones in [1], we repeat here the proof since the presence of the term
b(t) leads to new terms that we have to estimate.

In order to prove Theorem 4.12, as for the non-divergence case, we define w as in (4.8). Hence,

w satisfies
(e=%w), + b(t) (a(x)(e="*w),), = h, (t.2) € Qr,

w(t,1) =0, te(0,7T),

w(t,0) =0, if a is (WD) at 0, (4.42)
{(awx)(O) =0, ifais(SD)at 0,
w(T,z) = w(0,z) =0, z € (0,1).

Moreover, setting
Lw :=w; + b(t)(a(x)wy), and Lgw:=e*¥L(e”*%w),
one can rewrite the equation in (4.42) as
Lsw = he®?.

In this case s o
Liw= w = b(aw,), — spsw + s2abpZw (4.43)
and I I
sw— Liw
Liw=———"2—
S w 2
and the following result holds.

= wy — 28bap,w, — sb (apy )W (4.44)

Proposition 4.13. Assume the Hypotheses of Theorem 4.12. Then, the following identity holds

<ij,L;w)L2(QT) =(D.T.)+ (B.T.), (4.45)
where
s 2 1 ) 5 P22
(D.T.) == opwdrdt + - abwidzdt — — abprwdxdt
2 T 2 T 2 T
+ 5/ ab*(apy) peww drdt + 5/ (20040 + ' 0, )ab’w? dzdt (4.46)
T T
— 242 / abpgppwdrdt + s3 / (2azq + a’<p$)ab2gpiw2dmdt
Qr Qr
and

T
(B.T.) :fsC’la(l)/O (b?0w?)(t,1)dt. (4.47)
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In particular, there exists so > 0 large enough and ¢ > 0 such that the distributed terms in (4.46)
can be estimated in the following way

2
(DT)>c (/ 33b293%w2dxdt +/ sb%awidmdt) ) (4.48)

T

for all s > sq.

Proof. As written before, some computations are similar to the ones in [1], but we repeat here for
the reader’s convenience since the presence of the function b leads to additional terms. It results

/ LTwwdzdt = / (b(awy )z — spiw + s*abp2w)w; drdt

T T

r 1
:/ [abw,wy ) *=hdt — 5/ ab(w?); dedt — g/ o1 (w?); dedt + % bap?(w?); dedt  (4.49)
0 T T

1 . 2 .
=— / abwidwdt + s / opw?dzdt — s / abgoindxdt — 32/ abpg g dedt.
2 T 2 T 2 T T

In addition, we have

/ LTw(—2sabp,w,)drdt = / (b(awy )z — spiw + s2abp?w)(—2sabpyw, )drdt

T T

= 73/ bzgoac [(awﬁ)z]wdxdtJrsQ/
T Q

T T
= —s/ (b2, (aw,)?](t, 1)dt — / (—sb?pq (awy)? + s*abpyp,w® — s*a®b*3w?) (t,0)dt  (4.50)
0 0

abpip, (w2)x dxdt — 53/ a*b? 3 (w?) pdadt

T T

+ s/ bzapm(awm)ZdIdt + 53/ ab’ o, ((a(pi)x + @m(awx)x) w?dzdt

T

—32/ b(apyp,)w?dzdt,
Qr

since w(t, 1) = 0. Analogously,

/ LTw(—sb(ap,),w)dvdt = / (b(awy )z — spiw + s2abp?w)(—sb(ap, ) pw)drdt

T T

T
= —/ (—sab2w$w(a<p$)m)(t70)dt + s/ abng((aapx)mw + (apg )z wy )dxdt (4.51)
0 QT

+ 52/ b(apy )z piw? dedt — 53/ ab®@? (ap,) pw?dxdt.
T T
Now, if a is (WD) at 0, then aw, € H'(0,1), w(t,0) = 0, and, using the definition of ¢, (2.2) and
the equality a’w2¢, = Cra*0w, <, one has that the boundary terms in (4.49)-(4.51) reduce to

T
(B.T.) :—sCla(l)/O (b?0w?)(t,1)dt. (4.52)

Now, assume that a is (SD) at 0. Using the fact that (aw,)(t,0) = 0, the equality ap, = fay)’ = C10x

and [1, Proposition 2.4], one has that the boundary terms in (4.49)-(4.51) give again (4.52).
Adding (4.49)-(4.51) and taking into account (4.52), (4.45) follows immediately. Now, it remains

to prove (4.48). To this aim, observe that, thanks to the choice of ¢ (z), one has 2ay)” (z)+a'¢'(z) =

Cl%_Tm/ and (a(x)y’'(z))” = 0; hence, using the definition of ¢, we rewrite the distributed term
given in (4.46) as

(D.T.) = % Oypw?dxdt + 5 / abw?dzdt + sC4 b%0(2a — xa )widrdt

Q Q
’ ’ ’ (4.53)

T

2 . be 2
+ 5303 / b26%(2a — wa') S w?dadt — s2CF / (260 + 2) 0 w2dwdt.
a T a
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By assumption and (4.2), one can estimate the previous terms in the following way

. 1 .
(DT >—2p [ 0% gwdedt + - / abw?dzdt + sCy (2 — Ko) / b?Gaw? dadt
2 Qr 2 Qr Qr

+ 83Cf(2 - K())/

z? x?
b2 —w?dxdt — 82012p/ 200° —w?dxdt
Qr a Qr a

—32012p/ Ma w2dzdt.
QT 2 a

Observe that

m2

1 7\*
‘/ abwzdaﬁdt’ §”bH T (5) / abOw?2dzdt. (4.54)

On the other hand, we have

i

S S
2’9" K,

7p/ 03¢w2dmt’ <
T

2

3.T2 S 3
/ 0§—w2d:17dt+§p0102/ 02 wdxdt
a
T

T

s o 7\° x? s 3
<p—— = b203 —w3dzxdt 4+ = pC1C 02 w3dxdt,
2p(2—K0)m2<2> /T a 212
(4.55)
where m is as in (3.4). Moreover, as in [1, Lemma 2.3], one has
. 5 S 2
S000y [ 0% wdudt] < 7C° / b20aw? Cs / b20° L w2dwdt, (4.56)
2 Or 2m? Jo, 20m? Jg., a
for positive constants o and C. Hence, by (4.26),
(D.T) > [ $3C3(2 - Ko) — = L T\ Cs / b203x—2w2d:vdt
U= ! 0 p(2—K0) 2 20m? | Jo, a
bl oo 2 2
( czp) JL T sQCfpm> / b203%w2dzdt (4.57)
T
o€  bllsr (T 22
2 Ko)— 2 S .
s (C’l( 0) 2 am? \ 3 o b“aw; dxdt

. 8 . 8
. L ”bHoo,T T 1 L Hb”oo,T T . . L
Choosing C; := 2 5 — , and o = = — | , we obtain (4.48) with ¢ :=

m 2] 2-K, c 2
9 _
Omax{Cl,Cf’} for all s > s¢ and for a sufficiently large sg. As an example of sg, let sy =
i 3
P [bllocr 4 _ m? pC1 T c
2 + — and So = - 5| 5 + 5 ,
2-Ky)Ci\ m m C2p (anooj 4 4m) (2—Ko)m? \ 2 om

then define sg := max{sp, $o}-
O

Using the previous Proposition, one can prove Theorem 4.12. Indeed, as for the non-divergence
case, one has that for all s > sg

1
(D.T.) + (B.T.) = (L{w, Lyw) 12(gq) < 5/ e**?h?dxdt,
Qr
i.e.

2 1 T
/ <sb29aw§+s3b293%w2>dmdtg - / eQthd:cdt—i—Za(l) / (10 (H)w?(t, 1)dt
T T 0
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for a positive constant c¢. Thus, recalling the definition of w = e*?v and the previous inequality, one
has that there exists a positive constant C' such that

2
/ sb29v§a62”dxdt+/ s3b203%v2625"9d1‘dt SC’/ h2e25¢ dadt
T T T - (4.58)
+5C’a(1)/ [b?0e**P0?](t,1)dt.
0

As for the non-divergence case, if we substitute [0, 1] with a general interval [A, B], with a(A) =0,
then (4.41) becomes

T rB (1‘ _ A)2 T rB
/ / (sb20vga + s3b2937v2)e2wd:€dt SC/ / h?e**?dxdt

T
+ SC/ [b2¢9(x - A)vie%”a} (t, B)dt,
0

for all s > so. In this case, ¢ is as in (4.3) with ¢ defined in (4.31).
Thanks to the Carleman estimate given in Theorem 4.12, we can obtain an observability in-
equality for the homogeneous adjoint problem associated to (Pz), i.e.

v + b(t)(a(x)vg), = 0, (t,z) € Qr,

(t, 1) =0, te (0,7),
v(t,0) =0, if a (WD) at 0, (4.60)
(avs)(t,0) =0, ifa(SD)at0, ' OT)

(T, z) = vp(x) € L%(0,1).

In particular, we can prove the following observability inequality.

Proposition 4.14. Assume Hypothesis 4.11 and let b € WH(0,T) a strictly positive function.
Then, 3 Cr > 0 such that every solution v € C([0,T); L*(0,1)) of (4.60) satisfies

1 T
/ v (0, 2)b%(0)dx < CT/ /b2112dxdt. (4.61)
0 0 w

Also in this case, thanks to (3.5), we have

1 T
/ v? (0, 2)dx < CT/ /U2dazdt, (4.62)
0 0 w

for a positive constant Cr. In order to prove the previous result, we use a technique different from
the one in [1, Proposition 4.1], anyway we postpone it to Section 7 since it is similar to the proof in
the non-divergence case.

Thanks to the equivalence between the observability inequality (4.62) and the null-controllability
for (P,), one can prove the following theorem.

Theorem 4.15. Assume Hypothesis 4.11 and let b € W1>°(0,T) a strictly positive function. Then,
given T >0 and ug € L*(0,1), there exists f € L*>(Qr) such that the solution u of (Py) satisfies

uw(T,z) =0, Vael01l].

Moreover, there exists a positive constant C' such that

T 1
/ / fzdxdt < C’/ ugdx.
0 w 0
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4.4 The non-homogeneous problem in divergence form: the case a(1) = 0.

In this subsection we will consider the divergence case when a(l) = 0. Since the computations
are similar to the case a(0) = 0, we omit them and we give only the Carleman estimate. For the
null-controllability and the observability inequality we refer to the previous subsection. Consider
the non-homogeneous adjoint problem associated to (FPs), i.e.

v + b(t)(a(x)vg)e = h, (t,z) € Qr,

w(t,0) = 0, te(0,T),
WD =0 e (WD)l oo (4.63)
(avy)(t,1) =0, ifa (SD) at 1, T

The Hypothesis 4.11 becomes the following.
Hypothesis 4.16. Assume a (WD) or (SD) at 1, and if K1 > 1, we require the following condition

{37 € (1, K1] such that x — % is non-increasing near 1, if K3 > 1, (4.64)

3~ € (0,1) such that x — (la_(—?)v is mon-increasing near 1, if Ky =1.
For (4.63), the next Carleman estimate holds.

Theorem 4.17. Assume Hypothesis 4.16, b € Wh°(0,T) a strictly positive function and h €
L?(Qr). Then, there exist two positive constants C' and sq such that every solution v of (4.63) in

V= L*(0,T; HZ(0,1)) N H'(0,T; Hy(0,1))

satisfies

—1)2 T
/ (sb%via + 33b293(le)v2)6255"dxdt <C h2e**? dxdt + sC'/ [b290§62wa] (t,0)dt,
Qr 0

(4.65)

Qr

for all s > sg. Here 0 and ¢ are as in (4.1) and (4.3), respectively.

We underline again that the previous Carleman estimate is not proved in [1], where only the
case a(0) = 0 is considered; thus, this result is new. Moreover, we also remark that to prove (4.65)
we need the Hardy-Poincar inequalities given in Proposition 2.1.

As before, if we substitute [0,1] with a general interval [A, B], with a(B) = 0, then (4.65)
becomes

T B _ B)2 T /B
/ / (stOUia + s3b203uv2>62wdxdt < C’/ / h2e25? dadt
0o JA a 0o JA

A (4.66)
+ SC’/ [b29(B - az)vfce%‘”a] (t, A)dt,
0

for all s > so. In this case, ¢ is as in (4.3) with ¢ defined in (4.31).

5 Some extensions
In this section, we will give some interesting extensions of the previous problem.

5.1 The case a(0) =0 =a(l).

In this subsection, we will prove null-controllability for the following system

Ut — Ai(t)u = f(t,x)xw(x)v (t,l’) € Qr,
Biu(t, xo) =0, te (O,T),.TO S {0, 1}, (Pinew)
u(0,x) = ugp(x), x € (0,1),
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i = 1,2, where Qr, b and A;, i = 1,2, are defined as before, and a degenerates at both boundary
points (as prototype, we can consider, for example, a(x) = 2¥(1 — x)", 2 € [0,1] and k, h € (0,2)).
Moreover,

U(t,$0) = 07 1= ]-,
Biu(t, zo) = u(t,xg) =0, if a is (WD) at o, B
lim (au,)(t,x0) =0, if ais (SD) at xg, P=4
r—T0o

where zo € {0,1}. Clearly, we have four possibilities; thus, we give the following definition.
Definition 5.1. The function a : [0,1] — R is

o (WWD) if a is (WD) at 0 and at 1;

e (SSD)if a is (SD) at 0 and at 1;

e (WSD) if a is (WD) at 0 and (SD) at 1;

e (SWD) if a is (SD) at 0 and (WD) at 1.

In this case, we have to define new Hilbert spaces but only for the divergence case and if a is
(SSD), (WSD) or (SWD). In the non-divergence case or in the divergence case when a is (WWD),
we will consider the spaces introduced in Subsection 2.1 or in Subsection 2.2, respectively.

Thus, if a is (SSD) the space H!(0,1) becomes

H}(0,1) := {u € L*(0,1) | u locally absolutely continuous in (0,1) and v/au’' € L*(0,1)};
if a is (SWD) we have
H(0,1) := {u € L?(0,1) | u locally absolutely continuous in (0, 1], v/au' € L*(0,1) and u(1) = 0};
and if a is (WSD) then
H0,1) := {u € L*(0,1) | u locally absolutely continuous in [0, 1), au' € L*(0,1) and u(0) = 0}.

In every case,
H2(0,1) :={u € HL(0,1) | e’ € H*(0,1)}

and the norms are the same as before. If a is (WWD), (SSD), (WSD) or (SWD) and b € W1>°(0,T)
is a strictly positive function, then Theorem 3.4 still holds for (P;new). Also in this case, to prove
the null-controllability for (P;new), we will prove the observability inequality for the associated
homogeneous adjoint problem that holds under the following assumptions.

Hypothesis 5.2. Assume that a is (WWD), (SSD), (WSD) or (SWD). Moreover, if i = 1 we
assume that (4.6) and (4.35) hold. Ifi =2 and a is (SD) at 0 then (4.11) holds; if a is (SD) at 1
then we require (4.64).

Proposition 5.3. Assume Hypothesis 5.2 and let b € W1>°(0,T) a strictly positive function. Then,
3 Cr > 0 such that every solution v € C([0,T); H) of (4.32) satisfies

L 0200.0 0 PN 0
/0 v2(0, z) a(2) de < CT/O /wv (t,x) (o) dxdt, (5.1)
ifi=1; and ) .
/0 v*(0,2)b*(0)dx < Cr /0 /w v (t, x)b? (t)dzxdt, (5.2)
ifi=2.
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Proof. As a first step, assume v € W, where

W= {v solution of the homogeneous adjoint problem associated to (P;new) such that
vr € D(A}(t)) = D(AF(0)) = D(A7)},

i =1,2 (see (7.13) or (7.24) for the definition of D(A?(t)).
Justtoﬁxtheldea set w := (a,f), let @, 3 € R be such that 0 < « < @ < f < § < 1 and
consider the cut-off function ¢ : [0,1] — R defined by

Set p :=&v and ¢ := (1 — §)v. Clearly, p and ¢ satisfy
p"’-Ai(t)p = hi(t7x)ﬂ (t,:l?) € (O7T) X (Oaﬂ)a
p(t, B) =0, te(0,7), (5.3)
sz(t70> = 07 te <O7T)7
and
C]+ Ai(t)q = gi(t,x)v (tvx) € (OvT) X (aa 1),

q(t,a) =0, te (0,7), (5.4)
Biq(t,1) = 0, te (0,7)

where g;(t,z) := —h;(t,x), i = 1,2, and

. P ab(gmv + 2€1U1)7 'L = 1,
hult )= {b((asx)xv +26,av,), i=2.

Clearly, one can prove that Theorem 3.4 still holds in [0, 5] or [a, 1] for the original problem
associated to (5.3) or to (5.4); in this case H is substituted by

0o L3(0,B), i=1,
2T L20,8), i=2,

or
L3 (a,1), i=1,

H, =
Lz(oz 1), i=2,

for (5.3) or (5.4), respectively. Now, we will distinguish between the case i = 1 and i = 2. Assume,
for the moment, i = 1. Set Q1 := (0,T) x (0,8), ' := (&, B) and ;1 := 011, where 11 is defined as
n (4.31), with € [0, 8]. Then, by Caccioppoli’s inequality (see Proposition 7.1),

h2 T T 1)2
/ 22 dadt < C’/ / b2 (UZ + U§€2S¢1)d$dt < C/ / b2 —dxdt,
Qr @ 0 Juw! 0 Jo @

for a positive constant C. Moreover, for all s > s¢ and for Ty < Ty € [0,T], by Theorem 4.3 and
the Hardy-Poincar inequality (see [8, Proposition 2.6]), we have

T B
/ /bz—dxdt / /b2p dxdt<C/ /b2 dxdtgc/ / 500b*p2 e dxdt
To To 0 0

h

<C | —e*¥dadt < c/ /b2—d:cdt
Qr @

for a positive constant C. Using Theorem 4.10 in [a, 1], with ¢g := 01)s, 15 defined as in (4.38) and

x € [a, 1], one has

T U2 T1 1 U2
/ / b2 —dzdt > C / bg—dwdt / b? —dzdt
0 w a T, JB a
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for a positive constant C'. Hence,

T U2 T ’U2 T U2
/ /bQ—da:dt >C / b2 —dzdt > C / b2 —dxdt,
0 Ju @ T, J(0,a)u31 a Ty Jwe @

where w® := (0,1) \w = (0,a] U [8,1) and C is a positive constant. Thus,

T ,U2 T ,02 T ,02
2/ /b2—dazdt2/ /bedde/ /bz—d:cdt
0 w a a
2
2/ /bg—dde—/ /bQU—dxdtzinf{l,C} /bQ—dxdt
we w a

Multiplying the equation of (4.32) by E, integrating over (0, 1) and using the Gauss-Green formula,
a

(5.5)

we have .
d

1 1
= 2 “dr =2 2dz > > 0.
p v (t,x)adx b/o vyder >0, Yt>0

1
1
Hence the function t — / —v%(t,z)dx is non-decreasing in [0, T and
a
! 2 1 2 1 9
/ UQ(OJ)LCZ%S]VP/ v*(0, ) ——dx < —2/ v (t, x) <)d;v
0 a(x) 0 a(x) m? J, a(z)

Integrating over (Tp,T1), by (5.5), we obtain

/01v2(0,x) b2((0>)d T1 i) / / d dt < C’/ /w ~dadt,

and (5.1) holds. Now, we will prove (5.2). By Caccioppoli’s inequality (see Proposition 7.1), which
also holds in the divergence case, one has

T T
/ h2e?$°1 dgdt < C / / V2 (v? 4 v2e?¥° ) dxdt < C / / b2 dxdt,
Qr 0 Juw! 0 Jw

for a positive constant C'; here QT7 w’ and ¢, are as before. Now, assume a (WD) at 0. Then,
by the Hardy-Poincar inequality given in [1, Proposition 2.1] and by Theorem 4.12, there exists a
positive constant C' such that

T B
/ / botdedt < —— / / b2 a2p2dacdt<C / b2ap? dudt
To 0

T
h2e**¢1dxdt < C / / b v?dudt,

< C/ / b2sobap?e**o dxdt < C )
Qr

for all s > so and for Ty < Ty € [0,T). If a is (SD) at 0, take g(x) := (az?)3; clearly g(z) <
1

a(1)3

. . g . .
a(x). Moreover, using the assumption on a, one can prove that is non-decreasing near

446
0 for g = —5 Thus, we can apply [1, Proposition 2.1] in [0, 8] obtaining

a 1 1 o pa
/ /b2 2dwdt<< )/ /52(%) p%zxdt:<_) / /bQ%demdt
0 Ty Jo
/bzg(x)pidmdtSC /bzap2dxdt

T
< C/ / 809Gb2 2e250P1 drdt < C i h2e?%1 drdt < C/ /b2U2d$dt.
Qr 0 w
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In every case, we have that there exists a constant C' > 0, such that

Ty @ T
/ / b2v2dxdt < C / / b2v2dxdt.
To 0 0 w

Using Proposition 2.1 and Theorem 4.17 in [a, 1], with o := 601, 1)y defined as in (4.38) and

x € [a, 1], one has
T T 1 Tn p1
/ / v v?dxdt > C / b ?dxdt = C / b2 vidadt
0 w To J3 T JB

for a positive constant C. Hence, as before
T T
/ /bQ’UQd.’L‘dt > / b2v2dxdt,
0 w To we

T 1 T 1
/ /bZUle‘dt > —inf{1,C} / b v?ddt,
0 w 2 To 0

for a positive constant C. Multiplying the equation of (4.60) by v, integrating over (0, 1) and using
the Gauss-Green formula, we have

and

1

1
— | 3(t,x)dx = b/ avidr >0, Vit>0.

1
Hence the function ¢ — / v%(t, z)dx is non-decreasing in [0, 7] and
0

2 1

1 1
/ v?(0,2)b*(0)dz < MQ/ v?(0,x)dz < %2 v (t, 2)b? (t)d.
0 0 m= Jo

Integrating over (Tp,71), we obtain

1 , , V2 T 1 , , T -
v°(0,x)b degi/ /v t,x)b tdxdtSC/ /bvdazdt,
/0 (0.2)%(0) m?(Ty — To) Jr, Jo (5, 2)0°(2) 0 Ju

and (5.2) holds. For the rest of the proof we can proceed as in [8]. O

Also in this case, by (3.5), (5.1) and (5.2) one has that (4.34) and (4.62) still hold if a(0) =
a(1) = 0. Recall that in [1], the null-controllability is proved assuming that a degenerates only at 0;
on the other hand in [8] the result is proved when a(0) = a(1) = 0 but under stronger assumptions
on the function a. Thus, the previous result generalizes the one in [1] or in [8], respectively.

5.2 A linear extension

Now, we will consider the linear problem

ug — A (H)u+ c(t, z)u = f(t,2)xw(x), (t )€ Qr,

U(t,yo) = Oa te (OvT),yO € {Oa 1} \ {$O}a
Bu(t,z) =0, te (0,7),z9 € {0,1},
u(0,x) = ug(x), x € (0,1),

(Pic)

i =1,2, where Qr, b, B;, A;, i = 1,2, are as before, and a degenerates at 0 or at 1. Assuming that
¢ € L*(Qr), the operator C(t) defined as
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can be seen as a bounded perturbation of 4;. Thus, working in the spaces considered above, one
can prove that Theorem 3.4 still holds for (P;c). Now, consider to adjoint problem associated to
(Pic)

v + Ai(t)v — e(t,x)v=h, (t,x)€ Qr,

U(tvyO) :07 le (OvT)vyO € {071}\{370}7 (Plc)

Biv(t, zo) =0, te (0,T),z0 € {0,1}.

Rewriting the equation of (P;c) as v; + A;(t)v = h, where h := h + cv, one can apply the previous
Carleman estimates obtaining the following results.

Theorem 5.4. Assume Hypothesis 4.2 or 4.9, b € WL°(0,T) a strictly positive function and
c € L>®(Qr). Then, there exist two positive constants C' and so such that every solution v of (P;c)
in U satisfies (4.7), if a(0) =0 or (4.36), if a(1) =0, for all s > sp.

Theorem 5.5. Let b € W1>°(0,T) a strictly positive function and ¢ € L>°(Qr).

If Hypothesis 4.11, then there exist two positive constants C' and sg such that every solution v
of (Pic) inV satisfies (4.41), for all s > sg.

If Hypothesis 4.16, then there exist two positive constants C' and sqg such that every solution v
of (P;c) in V satisfies (4.65), for all s > sq.

The proofs of Theorems 5.4 and 5.5 are the same as in [8] for the non-divergence case, or in [1]
for the divergence case, so we omit it (we recall that the case a(1) = 0 in the divergence form is not
considered in [1], but the proof is similar).

Proceeding as in the previous section one can prove that the solution of (P;c) is null-controllable,
even if a degenerates at both points (for this case we can proceed as in Subsection 5.1).

5.3 A semilinear extension.

In this section, we will study the null-controllability for the semilinear degenerate problem

i — A;(O)u+ h(t,z,u) = f(t, 2)xo(x), (¢ 2x)€ Qr,

u(t,yo) =0, te€(0,7),y0 € {0,1} \ {zo}, ‘
Biu(t,zo) =0, te (0,T),z9 € {0,1}, (PSL)
U(O,.’E) = Uo(l'), YIS <07 1)7

i =1,2, where Qr, b, B; A;, i = 1,2, are as before and a degenerates at 0 or at 1. On the function
h we impose the coming assumptions.

Hypothesis 5.6. Ifi=1, let h:[0,T] x [0,1] x R = R be such that
VAeR, (t,x)— h(t,x,\) is measurable, (5.6)
Y (t,z) € (0,T) x (0,1), h(t,z,0) =0. (5.7)
Moreover, assume that there exists ¢ and C' such that
[t 2, X) = lt, 2, 1)] < (1 + A+ |ul)|]A - gl

and
Y, peR, (h(t,x, At ) — h(t,:c,,u)))\ > O\ (5.8)

Hypothesis 5.7. Ifi =2, let h: [0,T] x [0,1] x R — R be such that (5.6), (5.7) and (5.8) hold.
Moreover, suppose that there exist a non-decreasing function ¢ : Ry — Ry and positive constants
¢, M and p with

p>0 K, =1,
{p>max{ﬁ, L1-D} Ku > 1, (5.9)
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such that

p A A — K, >1
it ) B, 2,0 < {w(a (@)X + D)) A = pl, Ko > (5.10)
L+ N+ DA —pl, Ky <1
and
VseRy, o(s) < M(A+|s]). (5.11)

Thanks to the assumptions on h, one can prove that Theorem 3.4 still holds for (P;SL). Moreover,
using the compactness results of the space introduced before, the Aubin Theorem (see [2, Chapter
5]) and a fixed point method, we can obtain the analogous results of Theorem 4.8 or of Theorem
4.15 (see [1] or [8]). Thanks to Subsection 5.1, one can also obtain null-controllability for (P;SL)
when a(0) = a(1) = 0.

Clearly, these results still hold if we substitute the interval [0, 1] with a general interval [A, B],
with A < B.

6 Application to the Budyko-Seller Model

The previous null-controllability result can be applied to (1.1) as soon as h(t,z,u) := Re(t, z,u) —
R, (t, z,u) satisfies Hypothesis 5.7.

Assume that R, (t,xz,u) = Q(t,x)5(u), where Q(t,x) € C(R4 x [-1,1]), Q(t,z) > 0 and  is
a non-negative and Lipschitz continuous function, as in [3]. Moreover, we assume R, € C(R; X
[-1,1] X R), Re(t,z,u) = bu, with b € R (i.e. the classical Budyko assumption R.(¢,z,u) = a + bu
with a = 0 [11]).

Clearly, (5.6) is satisfied and, requiring 8(0) = 0, we also have that (5.7) holds. Moreover, since
by assumption Q(t,z) € C(Ry x [—1,1]) and we are interested in the case ¢ € [0,T], clearly there
exists M > 0 such that 0 < Q(t,z) < M for all t € [0,7T] and for all z € [—1,1]. Finally, since 3 is a
Lipschitz continuous function, (5.10) follows immediately. Hence, the null-controllability holds for

ut(t7x) - po(t)((l - xz)uac)m - (Rll(t7x7u) - Re(t,x,u)) = f(t"r)xuh (t,l‘) € (OvT) X (_1’ 1)7
Bou(t, £1) = 0, te(0,7),
u(0,z) = ug(z) € L?(0,1), r € (—1,1),

under the previous assumptions. The cases (0) # 0 and a # 0 or R.(t,z,u) = €(u)|u|?u (where
€(-) is as in Table 1) are open problems. Actually, we think that the null-controllability for (P;SL)
holds under weaker assumptions on the function h. This will be the subject of a forthcoming paper.

7 Appendix
7.1 Proof of Theorem 3.4

We consider the non-homogeneous Cauchy problem (F;), ¢ = 1,2. Clearly, u can be written as
u = v + 2z, where v and z solve the two problems

o(t) = Ai(t)v(t),
{U(O) =ug € H, (nCPo)
i=1,2, and
2(t) = f(E)Xw,
{z(()) _ 07 (nCPf)

respectively. By Theorem 3.1, we know that
e Vuge H, 3lveC([0,T]; H) solution of (nCPy).
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o Vug € D(A;), v e C([0,T); D(A;)) N CL([0,T]; H) solution of (nCPy), i = 1,2.
Now, we consider (nCPy). Then,
/ F(T)xwdr. (7.1)

If f e L*0,T;H), then z € H'(0,T; H) C C([0,T); H). Hence, if f € L?(0,T; H) and ug € H, we
have that v =v + 2z € C([0,T]; H).

Moreover, if f € L?(0,T; D(A;))NW1(0,T; H), then we obtain z € C([0,7]; D(4;))NC([0,T); H),
i =1,2. Indeed, if f € WL1(0,T; H), then z € W*(0,T; H) C C*([0,T); H).
Hence, if f € L*(0,T; D(A;)) N WH(0,T; H) and ug € D(A;), then u = v + 2z € C([0,T]; D(A;)) N
CY[0,T); H), i=1,2.

Now, we will prove the estimates given in Theorem 3.4. To fix the idea, we take i = 1, i.e. we
consider the operator in non-divergence form A; () = b(t)auy,. Take ug € D(A;); as a first step we

will prove (3.6). Multiplying (P;) by g, integrating over (0,1) and using the Gauss-Green formula,
we get

1d 1 1
5%”“(@”%& (0,1) T b(t) [ (D) F2(0,1) = /w o dr < 5”“(75)”%1 ©01) T §||f(75)||2L2l o1 (7:2)
Then, we obtain

d
E )25 0 < IO 01) + 17Oz (0 (7.3)

a

Now, integrating the above inequality over (0,t), ¢t € [0,T], we have

t
s, 0y < [ 1), .y + 1715, o) + IO o (7.4

By the Gronwall lemma, we have

(Ol o) < (Nl o) + 1713 o) )7 VEST. (7.5)
Hence, we get
3w 0l 0 < Cr (ol 0+ 171 @) (7.6)

Using the density of D(A;) in L3 (0,1), we obtain (3.6) when ug € L2 (0,1). Now, we will prove

(3.7) when ¢ = 1. Again consider gy € D(A;). Multiplying (P;) by ~Uga, integrating over (0, 1),
and using the boundary conditions, we have

Ld 1( )2d +/1b(t) 2.d /f Vad
- — Ugy ) AT AU, AT = — —Ugy X.
2dt Jo 0 Va

Hence, using the Cauchy-Schwarz inequality, we obtain

d 1 o
E”ux(t)H%?(og) +2mllauze ()73 0.1y < %Hf(t)HQL’i 1) T 5||aum(t)||2Lri (0.1)

Vo > 0, where m is as in (3.4). Thus, we obtain

d dm —o 1
E”“m@)“%?(o,n + Tllaum(t)\lii o1 = %Hf(t)”ii 0,1)" (7.7)

Choosing o € (0,4m) and integrating the above inequality over (0,t), ¢ < T, one has

2
4m —

t
2 1
s (llfa1) + / latiea (7)22 (0.d7 < 7 (Ita O 201y + 5 1F13 (0 )-
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Thus,
1
@) 0 < ma {1, e 4 (ol o + 1125 o) (7.5

for all t € (0,T), and

T
2 1
2 2 2
/O ||aumz(t)||L2‘% (o,l)dt < m—o max {17 %} (”“0”}1%(0,1) + ”fHL?%(QT))' (7.9)

Clearly, (7.8) implies that

1
2 2 2
S )y < mix {15 (1ol 00 + 17135 o) (7.10)

Finally, squaring (P;) and integrating over Qr, one has

2
/ u? dadt = / (batize + fxw)? dedt < 2/ ba*u? drdt + 2/ a f—dxdt
Qr Qr Qr Qr @
2
<2M? max a(x)/ au? drdt + 2 max a(z) f—dxdt (7.11)
z€[0,1] Qr z€0,1] Qr @

=2 mas a(e) M + 1) (laueelF3 o) + 115 @n)-

By (7.9) and (7.11), we obtain the coming inequality

T
| @00y < 2 max o)1+ 20 (Josels o, + 1115 )

2 1
2 2 2 2
< 2mré1[%§]a(x)(1 + M )[4 max{l, B } (Hu0HH% 0,1) -+l f”[%(QT)) + f||[2}1(QT)] (7.12)

< C(HUOH%’E(OJ) + ”fH%i(QT))’ for a positive constant C.

Finally, by (7.6), (7.10), (7.9), and (7.12), we obtain (3.7). With similar computations one can
obtain the previous estimates also in the divergence case.

7.2 Proof of Proposition 4.7

Since the proof of Proposition 4.7 is similar to the one given in [8], we sketch it. As a first step, we
consider the class of functions

Wi = {v solution of (4.32) | vy € D(A}(t)) = D(A3(0)) = D(A})},

where
D(AL(t) ={ue H{ 0,1) : Aju € H% (0,1)}. (7.13)

Then, we have
Wy c ([0, T]; H3(0,1)) € L*(0,T; H3(0,1)) N H'(0,T; H (0,1)) C C([0,T7; L3 (0, 1)).
Proposition 7.1. (Caccioppoli’s inequality) Let w' and w be open subintervals of (0,1) such that

W' CCwccC (0,1). Let s >0 and ¥(t,z) = 0(t)y(z), where 0 is defined as before, and v € C*(0,1)
is a strictly negative function. Then, there exists a positive constant C' such that every solution v of

(4.32) satisfies
T T
/ / e*V2b(t)dxdt < C / / v?b(t)dxdt. (7.14)
0 w’ 0 w
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Proof. Let us consider a smooth function & : [0,1] — R such that

0<&(x) <1, forallzel0,1],
&(x) =1, Vrew, (7.15)
&(z) =0, Vze (0,1) \w

Then, integrating by parts over Q7, we have

T 1 T 1
0:/ i(/ (fesw)2v2dx)dt:2s/ U, ({esq')Qdexdt—Q/ (€e*V)2avu,b| dt
0 dt 0 T 0 0
(7.16)
+2/ {(fes\l’)Qa} bvvmd:cdt—i—?/ (€e*Y)2av2bdxdt.
Qr v Qr
Thus, proceeding as in [8]
2/ b&2e 2Sq’mﬂd:vdt 28/ U, (& S\I’ 202dxdt — / [52623\1’(1],3 bvvgdadt
Qr Qr QT
2
<25 / U, (€e*Y) 20 dadt + 4 / (geS‘P\/a) bodadt (7.17)
Qr T z
+ €2e*Y abvidxdt
Qr
and, in particular,
2
/ be2e? Y qv?dadt < —23/ \I/t(ées\p)2v2dmdt—|—4/ (ge”\/a) bv*dadt. (7.18)
T T T ®

Also, we have

T T
inf{a}/ / be2swvidxdt§/ / b&2e Y qvidadt
w’ 0 Juw’ 0 Juw

2 250 2 . . . .
< / b&“e”*Yavidxdt, and using the previous inequality, we get
T

2 T
< 4/ b[(fes‘y\/a)m} v2dxdt—25/ /\I/t£2628q’v2dxdt.
T 0 w

(7.19)

Hence,

T T
inf{a} / / be2 Vo2 dudt < / / 4b[(£es‘1’\/a)} dedt—— / bW, (€Y ) 202 drdt

0 w’ 0 w , ) w (720)

< sup ’4((565‘1’\/5)36) _qu,tfzezs\p / / bv?dzxdt
(0, T)xw w

and the Caccioppoli’s inequality (7.14) holds. O

Proceeding as in the proof of Theorem 5.3, one can prove the following result in [0, 1].

Lemma 7.2. Assume the same conditions of Proposition 4.7. Let Ty, T1 be such that 0 < Ty <
Ty < T. Then, there exists a positive constant C = Cr, 1, such that every solution v € Wy of (4.32)

satisfies
Ty 1 b2 T b2
/ /zﬂ—dmdtgc/ / 2 dadt, (7.21)
To 40 a 0 Ju @

/01 vQ(O,m)b2((O))d Tl To) / / (t,x)
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where M and m are as in (3.4). In particular,

' b*(0) M*C S PN SO
/0 v2(0, ) () dr < m2 (T, = To) /0 /wv (t,x) a() dzxdt. (7.23)

For the rest of the proof of Proposition 4.7, we can proceed as in [§].

7.3 Proof of Proposition 4.14
As before, consider the space
W, = {v solution of (4.60) | vy € D(A3(t)) = D(A3(0)) = D(A43)},

where

D(A3(t)) = {u e Hy(0,1) : Ayue HZ(0,1)}. (7.24)
Then, we have
W, c C'([0,T]; HZ(0,1)) c L*(0,T; H2(0,1)) N H'(0,T; H,(0,1))  C([0,T]; L*(0,1)).

Proceeding as in Proposition 7.1, one can prove that (7.14) holds also in the divergence case.
Moreover, the analogous of Lemma 7.2 holds.

Lemma 7.3. Assume the same conditions of Proposition 4.14. Then, there exists a positive constant
C = Cr, 1, such that every solution v € Wy of (4.32) satisfies

T 1 T
/ / v dadt < C / / v2bidadt, (7.25)
To 0 0 w

and
L 2 M? nort 2
v7(0,2)b degi/ /v t,x)b"(t)dxdt, 7.26
| oo < s [ [ (7.26)
where M and m are as in (3.4). In particular,
1 2 T
M=C
v%(0, 2)b? Odw<4/ /v2 t, 2)b? (t)dxdt. 7.27
| o < s [ [ e (7.27)

As for the non-divergence case, we can obtain Proposition 4.14.
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