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We investigate the spectral phase characteristics
of dual-pumped Kerr frequency combs generated
in a bichromatic Brillouin fiber laser architecture
with normal dispersion, producing square-like pulse
profiles. Using a pulse shaper, we measured the
relative phase between the pump Stokes and ad-
jacent lines, revealing a symmetric phase relation-
ship. Our results highlight the absence of the
abrupt phase difference typically observed with
single continuous-wave pumping. By manipulating
spectral amplitudes and phases, we demonstrate
the transformation into various optical waveforms.
The stability of our low-noise frequency comb en-
sures reliable performance in practical settings.

Optical frequency combs, characterized by their equally
spaced and coherent spectral lines, have revolutionized various
fields of optics and photonics, offering unprecedented precision
in frequency metrology, spectroscopy [1]. Kerr frequency combs,
generated through Kerr non-linearity in optical resonators [2],
stand out for their potential in producing low-noise and highly
stable frequency combs with high repetition rates, offering
prospects in optical telecommunications. This paper explores
the intricate dynamics of Kerr frequency combs, specifically
focusing on the distinctive spectral phase features arising from
dual pumping in a Brillouin laser configuration.

Advances in microresonator-based frequency comb genera-
tion have revealed a diverse array of comb patterns, ranging
from dissipative solitons [3] to Turing rolls [4] and dark pulses
[5]. Despite these developments, comprehensive understand-
ing, characterizing, and manipulating [6, 7] the spectral and
temporal features of these waveforms poses a significant chal-
lenge. Various experimental methods have been devised to
characterize the spectral phase of the comb teeth. A common
strategy involves equalizing the phase of the microcomb with a
pulse shaper until a transform-limited pulse is inferred from an
intensity autocorrelation measurement [8]. Other techniques
leverage dual-comb interferometry [9-11] or cross-correlation
[12] with a reference pulse . Additionally, for QCL-based combs,
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the shifted wave interference Fourier transform spectroscopy
(SWIFT) method [13] employs beatnote demodulation mea-
sured through an interferometer to retrieve the phase difference
between adjacent lines. A similar approach, adapted to hetero-
dyne measurements and known as stepped heterodyne [14, 15],
has been used for differential phase measurements.

This work presents a detailed investigation into the gener-
ation and control of Kerr frequency combs in a dual-pumped
Brillouin laser setup [16, 17]. Our cavity relies on a highly
nonlinear fiber (HNLF) with normal dispersion to trigger the
formation of dark pulses, also known as switching waves [18].
Unlike the single continuous-wave (CW) pump scenario, where
the phase of the pump line exhibits a discrete jump [5, 19], our
dual-pumping configuration results in a smooth relative phase
accumulation from line to line. This difference is a key aspect
of our approach, and our study focuses on assessing the phase
of the few center comb lines. To validate the robustness of our
approach, we compare the experimental results with numerical
simulations. The stability of the pulse trains and phase shaping
is rigorously confirmed, setting the stage for the exploration of
various arbitrary waveform generation.

Our comb generation method is adapted from [16]. The
setup, shown in fig. 1, employs a Brillouin laser configuration
with a fiber cavity closed by an optical circulator, eliminating
clockwise resonance conditions. The cavity is mainly composed
of a 10m segment of HNLF, to enhance Brillouin and Kerr
nonlinearities, and chosen to maintain normal net group velocity
dispersion (GVD). Bichromatic pumping is achieved by using
an electro-optic Mach-Zehnder modulator, creating tunable-
spaced pumps (~40 GHz) and a programmable filter to select
the sidebands. Counterclockwise Brillouin Stokes gains, down-
shifted from the pumps by the phonon frequency, lead to dual
Brillouin lasing and subsequent Kerr comb generation through
cascaded four-wave mixing. To mitigate thermal drift, a phase
lock loop stabilizes the frequency offset between one pump and
its Stokes laser [20]. The bandwidth and symmetry of the comb
are finely controlled by adjusting the offset frequency and the
frequency spacing between the pumps [21]. This meticulous
setup ensures stable and controlled comb generation, forming
the basis for subsequent spectral shaping and phase retrieval
investigations. The comb exiting the cavity is amplified before
filtering and phase shaping in a programmable pulse-shaper
(WaveShaper 4000S by Coherent/Finisar) [22, 23]. The shaped
temporal waveforms are characterized on an optical sampling
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oscilloscope (OSO) with sub-picosecond resolution and their
optical spectrum on a high-resolution optical spectrum analyzer

(OSA).

Pulse-shaper
OSA)J

EDFA

Fig. 1. Schematic of the experimental setup, involving a
continuous-wave (CW) laser, erbium-doped fiber amplifiers
(EDFA), a highly nonlinear fiber (HNLF'), an optical phase-lock
loop, an optical spectrum analyzer (OSA), and an optical sam-
pling oscilloscope (OSO).

Figure 2a shows the measured optical spectrum at the cavity
output (without filtering applied), which serves as a reference
for our investigation. To provide a comprehensive understand-
ing of the observed dynamics, we have developed a numerical
simulation model based on coupled equations derived from the
Ikeda map, combining the Brillouin coupled mode equations
and the nonlinear Schrédinger equation (NLSE), as outlined
in [16]. The iterative calculation of the nonlinear dynamics
in the cavity involves two steps. First, the steady-state Bril-
louin intensity distribution is computed. Then, the modified
NLSE, which includes the distributed Brillouin gain, is solved
for each round trip using the split-step method. Remarkably,
our simulation precisely reproduces the experimental spectrum
(see fig. 2a), showcasing its robust capability to capture the
intricate details of Kerr frequency comb generation within the
bichromatic Brillouin laser setup. The slight asymmetry of the
comb arises from an estimated ~1.6 MHz mismatch between
the frequency spacing of the injected pumps (39.9835 GHz) and
an exact multiple of the 18.4 MHz cavity free spectral range
(FSR) [21].

The numerical simulation allows us to further investigate
the dynamics of the cavity, providing a detailed characteri-
zation of the spectral phase, that is, the relative dephasing
between the comb lines and the pumps, as shown in fig. 2b.
The simulated spectral phase reveals a distinctive behavior in
which the comb lines do not exhibit the in-phase characteristics
of a transform-limited pulse. Instead, the phase accumulates
linearly and symmetrically from the pumps, similar to observa-
tions in microresonators under normal dispersion conditions [5].
In particular, in contrast to the continuous-wave (CW) driving
case studied in previous work, our dual-pumping configuration
displays a smooth phase accumulation of —0.96 radian per
comb line, as illustrated in the inset of fig. 2b. Interestingly,
the slight asymmetry in the comb lines’ power also reflects in
their phase, as we observe a minute imbalance of 0.15 rad be-
tween the lines adjacent to the Stokes lines. The non-parabolic
phase profile suggests a nonuniform chirping of the pulse, a
characteristic corroborated by the temporal intensity profile
and the instantaneous phase, as shown in fig. 2c. The waveform
adheres to the periodicity determined by the frequency spacing
of the two Stokes waves, displaying a square-like pulse pattern
characteristic of switching waves [18]. It has a full width at

half-maximum (FWHM) duration of 10 ps, corresponding to a
duty cycle of 0.4. The temporal profile reveals a pronounced
chirp at the pulse edges, consistent with findings in ref. [5],
and exhibits a phase jump at the intensity zero crossing.
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Fig. 2. Simulation results. (a) Measured comb out of cavity
and simulated comb overlaid. The Stokes lines are marked
in green. The total pump power is 280mW. (b) Simulated
spectral phases of the comb teeth shown in (a). (c¢) Simulated
corresponding intracavity waveform with instantaneous phase.

Accurate spectral phase measurements in Kerr combs are
challenging because of their complex waveforms, low pulse
energy, and high repetition rates. In this study, we employed a
common method involving a pulse-shaper to compensate the
microcomb’s spectral phase and retrieve a transform-limited
pulse for analysis. Although previous investigations explored
the phase profile of dark pulses under continuous-wave (CW)
driving in a microresonator, confirming the profile depicted in
fig. 2b [5], our approach involves a dual pump configuration.
Our focus here lies on measuring the relative phase between
the pump Stokes and the adjacent lines, aiming to validate the
absence of abrupt phase differences.

To highlight this characteristic, we chose to retrieve the
phase by analyzing temporal intensity profiles, deviating from
the conventional autocorrelation approach. The spectrum is
deliberately limited to four lines for simplicity, and we assume
a symmetric spectrum in both amplitude and phase. These
assumptions allow us to derive an analytical expression for the
intensity, following the guidelines outlined in [24]. Taking into
account the phase difference ¢ and the ratio between spectral
amplitudes A of the Stokes and the adjacent lines, the profile
is defined by

I(t) = 2(1 + A% + cos (wt) [1 4 24 cos ¢]

(1)
+ 24 cos ¢ cos (2wt) + A% cos (3wt)).

Hence, by imprinting an arbitrary phase value on the sidebands
and then comparing the experimental temporal intensity profiles
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to the analytical ones, we can deduce the relative phase.
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Fig. 3. Experimental measurements. (a) Spectral intensity
of four central lines used in phase shaping and the imprinted
phase profile. (b) Experimental temporal intensity profiles after
the phase shaping, and the corresponding analytical profiles
computed using eq. (1) (panels 1 and 2, respectively). Red
line indicates the maximally compressed waveform at 1 rad.
(¢) Initial temporal intensity profile resulting from the full
spectrum is compared to the phase-shaped profile where the
phase of the higher-order harmonics is compensated by a flat
offset of 1 rad (panels 1 and 2, respectively). Raw experimental
data are plotted in gray, while black lines depict data filtered
with a moving average. False-color plots display measurements
in the persistent mode of the OSO. Dashed lines indicate the
noise-floor level.

To experimentally implement this principle, we first apply
a band-pass filter on the pulse-shaper. This filter selectively
preserves the spectral lines within the frequency range —80 to
80 GHz while applying a 40dB attenuation to the rest of the
lines. The measured filtered spectrum is depicted in fig. 3a,
from which we determine the ratio between the spectral am-
plitudes as Ag = 0.40. We then imprint a piecewise-constant
symmetrical phase mask, as depicted by the red line in fig. 3a.
The size of the intervals is 80 GHz, and the profile is centered
on the Stokes lines to exclude the effects of phase-intensity
coupling [25]. By gradually varying the imprinted phase on the
comb teeth adjacent to the two Stokes lines, and performing
repeated measurements of the temporal intensity profile with
the OSO, we observe the impact of the phase on the waveforms
(fig. 3b). The correspondence between the measurements and
the computed analytical waveforms (panel 2 of fig. 3b) using
equation eq. (1) with Ap and the corresponding phase offsets is
remarkable. This agreement provides strong validation that the
spectral phase is symmetric. When the value of the imprinted

phase compensates for the initial phase difference between the
Stokes and the adjacent lines, we observe a maximum pulse com-
pression, i.e. maximum peak intensity and shortest duration.
This point is highlighted in red in the figure and corresponds to
an imprinted phase of 1 rad. This implies that the initial phase
difference is ¢g = —1 rad, which is in very good agreement
with the numerical simulation (fig. 2b).

To further investigate the phase features, we measure the
intensity profile of the unshaped signal, where no phase com-
pensation is imprinted and all spectral lines are preserved. This
gives us the waveform depicted in panel 1 of fig. 3c, which is
qualitatively in good agreement with the numerical simulations
and has well-pronounced pulses with a duty cycle of 0.42. The
differences between the numerical simulations and the experi-
mental measurements can be attributed to the propagation of
the pulse train in a few meters of a single-mode fiber in the
experimental setup. The generated pulse train is stable and has
minimal timing jitter, which is visible in the persistent mode
of the measurements depicted in the upper panels of fig. 3c.

We show that with our configuration, which implies stable
laser locking, low-noise comb and a relatively simple spectral
phase profile, a pulse compression can be achieved with the
simplest phase compensation. To do that, we imprint the phase
mask, similar to the one depicted in fig. 3a, but now extended
to all residual spectral lines, which are no longer attenuated.
Although the phase profile is not perfectly compensated for,
shaping of the four strongest spectral lines helps significantly
enhance the pulse contrast. This allows us to compress the
pulses up to a duty cycle of 0.33 and achieve a strong flattening
of the pulse floor near zero (panel 2 in fig. 3c). Remarkably,
these well-separated pulses exhibit a temporal profile very close
to an inverted compact parabola, offering potential advantages
in achieving ideal conditions for temporal lenses [26].
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Fig. 4. Experimental results of spectral shaping: (a) dark
parabolic, (b) flat top, (c) parabolic and (d) triangular wave-
forms. The dashed red line corresponds to the analytical shape.
False color plots display measurements in persistent mode.

Having confirmed the stability of the pulse train and the
phase-shaping process, we can now showcase the generation of
various other optical waveforms suitable for a variety of applica-
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tions [27]. To achieve different intensity profiles, we manipulate
the spectral amplitudes and phases of four lines based on the
optimal parameters (A, ¢) described in [24]. Specifically, we
target dark parabolic (0.23,0.7), flat-top (0.23,2.24), parabolic
(0.24,1.95), and triangular (0.30,1.55) waveforms [28]. To
shape the experimental spectrum, we first cut out all residual
lines, as in the first configuration, and then attenuate the two
Stokes lines to achieve the required spectral amplitude ratio A.
To achieve correct shaping, the initial phase offset ¢g = —1rad
is systematically subtracted from the parameter ¢.

The results of the experimental shaping are shown in fig. 4.
We observe excellent agreement between the experimental mea-
surements (black lines) and the analytical waveforms (red
dashed lines), which are obtained by substituting the given
parameters into eq. (1). To estimate a degree of mismatch be-
tween the experimentally-measured temporal intensity profile
Iexp(t) and the theory I(t), we use a misfit factor defined as:

[ [Texp(t) — I(t)]*at
[ Texp(t)2dt '

The obtained values of M for the cases presented in fig. 3 are
0.029,0.062,0.049, 0.025, respectively, which indicates a good
quantitative agreement. The measurements were performed
in the persistent mode of the OSO, and reveal the excellent
stability of our source, with an excellent timing jitter and a low
level of intensity noise.

In summary, we used a pulse-shaping method to measure
the relative phase between dual-pumped Kerr combs. Our
experimental results confirm the symmetric phase relationship
between the pump Stokes and adjacent lines, in agreement with
numerical simulations. Although our study does not introduce
a novel approach, it provides insight into the dual-pumped
Kerr comb dynamics and showcases the generation of diverse
waveforms. The stability of our low-noise frequency comb
underscores its reliability for practical applications.

Our findings suggest potential advantages in dual-pumped
Kerr comb applications, emphasizing the absence of abrupt
phase differences observed in single continuous-wave pump-
ing. Since compensating the phase shift of all spectral lines is
essential to obtain a maximally compressed pulse train, this
smoother phase profile can facilitate phase compensation during
a compression stage outside the cavity. Research into advanced
phase control techniques, such as an iterative optimization loop
[8], would complement our setup. This would allow for a com-
prehensive evaluation of the phase characteristics over a wider
spectral range. Future research could explore more complex
cavity configurations, media variations, and the influence of
environmental factors on waveform stability.
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