
HAL Id: hal-04562371
https://hal.science/hal-04562371v2

Preprint submitted on 12 May 2025 (v2), last revised 12 Mar 2026 (v3)

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Inexact subgradient methods for semialgebraic functions
Jérôme Bolte, Tam Le, Éric Moulines, Edouard Pauwels

To cite this version:
Jérôme Bolte, Tam Le, Éric Moulines, Edouard Pauwels. Inexact subgradient methods for semialgebraic func-
tions. 2025. ⟨hal-04562371v2⟩

https://hal.science/hal-04562371v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Inexact subgradient methods for semialgebraic

functions

Jérôme Bolte∗ Tam Le † Eric Moulines ‡ Edouard Pauwels§

May 12, 2025

Abstract

Motivated by the extensive application of approximate gradients in machine

learning and optimization, we investigate inexact subgradient methods subject to

persistent additive errors. Within a nonconvex semialgebraic framework, assuming

boundedness or coercivity, we establish that the method yields iterates that eventu-

ally fluctuate near the critical set at a proximity characterized by an O(ǫρ) distance,

where ǫ denotes the magnitude of subgradient evaluation errors, and ρ encapsulates

geometric characteristics of the underlying problem. Our analysis comprehensively

addresses both vanishing and constant step-size regimes. Notably, the latter regime

inherently enlarges the fluctuation region, yet this enlargement remains on the order

of ǫρ. In the convex scenario, employing a universal error bound applicable to coer-

cive semialgebraic functions, we derive novel complexity results concerning averaged

iterates. Additionally, our study produces auxiliary results of independent interest,

including descent-type lemmas for nonsmooth nonconvex functions and an invariance

principle governing the behavior of algorithmic sequences under small-step limits.

Keywords. Inexact subgradient, Clarke subdifferential, Nonsmooth nonconvex opti-
mization, Path differentiable functions, First-order methods, Semialgebraic functions

AMS subject classifications: 68Q25, 49J52, 49J53, 90C70

1 Introduction

Let f : Rp → R be locally Lipschitz and consider the unconstrained global minimization
problem

min
x∈Rp

f(x).
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An important tool for addressing such problems in high-dimensional nonsmooth settings,
are subgradient algorithms, see e.g.[63, 64, 27, 57]. We focus here on the inexact or biased
subgradient method, see [64]:

xk+1 ∈ xk − αk

[

∂cf(xk) + B̄(0, ǫ)
]

, x0 ∈ R
n ,

where for all k ∈ N, αk > 0 is a sequence of positive step sizes, ǫ > 0 is an error or a bias
level and ∂c denotes the Clarke subdifferential [23].

First, let us provide some motivations and insights into this method, particularly on its
most distinctive features: inexact oracle evaluation and nonsmoothness.

There are many sources of error in the evaluation of subgradients. They stem from
numerical errors or gradient approximation techniques, such as complex derivation oracles
[39, 52, 14, 21] or low-accuracy calculations often used in neural network training [28].
The recent decade has seen a rapid proliferation of approximation methods, driven by
the escalating dimensionality and structural complexity of optimization problems, such as
large sums, composite functions, intrinsically complex neural network layers, differentiable
programming, and federated learning frameworks. These developments have led to what
can be broadly described as sketchy calculations. Our approach leverages sketch calculus
methods to achieve computational efficiency, reduce memory requirements, and effectively
manage heterogeneous data. Examples of sketching techniques include mini-batching [46],
sparsification [68], sophisticated compression methods [53], and incremental computation
strategies [64, 54]. Federated and distributed learning frameworks, discussed in [53],
further exemplify scenarios involving inherently inexact subgradient computations. While
stochastic optimization also extensively utilizes noisy gradient approximations due to
random subsampling or Monte Carlo techniques [34, 55, 65, 37, 38, 45], we explicitly note
that stochastic approximation techniques fall beyond the scope of this paper and warrant
dedicated investigation.

Nonsmooth (and inexact) subgradient methods have deep roots in optimization with the
many works of Shor [63], Ermoliev [34], Norkin [58], Nemirovskii [56] and also the pio-
neering work of Solodov-Zavriev [64]. Nonsmoothness is indeed prevalent for both convex
and nonconvex problems. In the convex world, robustness questions naturally provide
nonsmooth max problems [7], regularization techniques resort to nonsmooth regularizers
[30, 67, 25, 6], while bundle methods rely on complex polyhedral oracles, see e.g. [52].
Modern machine learning provides a wealth of applications involving nonsmoothness.
While this aspect has always been witnessed in deep learning through standard building
blocks such as ReLU activations and MaxPooling, it appears in more recent contexts.
For instance, sorting procedures may be used to promote sparsity [35], while optimization
layers [2] may be used to refine learning abilities.

These modern situations make the analysis of gradient methods more difficult. In addi-
tion to approximation errors and nonsmoothness, let us mention the use non-vanishing
stepsizes schedules as for instance in machine learning contexts [59, 49, 24]. Studying
non-vanishing steps is more challenging since they no longer mitigate oscillations and
errors induced by nonsmoothness.

The main contributions of this article, emphasizing the most novel aspects, can be sum-
marized as follows:
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— We develop an analytical framework to explicitly handle error terms, overcoming
limitations of classical Lyapunov-based arguments typically used for subgradient
analysis.

— We rigorously demonstrate that all iterates eventually fluctuate around the critical
set, with fluctuations confined within an O(ǫρ) bound, directly related to the local
geometric structure of the optimization landscape.

— We introduce several intermediate results that provide valuable insights for vanishing
and constant step-size regimes. In particular, Lemma 4.5 constitutes a general,
independently significant result applicable to the ODE method, characterizing the
limit points of sequences generated by small constant step-size recursions.

— Our analysis relies on weak and easily verifiable regularity assumptions on the cost
function f . Specifically, our results hold broadly for local Lipschitz semialgebraic
functions (or more generally, functions definable in an o-minimal structure), as
detailed in Remark 2.2 and Proposition 3.1.

— In the convex setting, we avoid restrictive assumptions such as compactness or strong
error bounds. Instead, we simply require convexity, coercivity, and semialgebraicity.

Our work follows a substantial body of research dedicated to nonsmooth and inexact
(sub)gradient methods. We provide below a concise, though not exhaustive, overview of
this literature.

In the convex setting, there has been extensive research dating back to early studies within
the Russian-Soviet school, see e.g., [54, 41] and references therein. The inexact subgra-
dient algorithm for Clarke regular nonconvex objective functions was first studied in the
pioneering work of [64]. More recently, the analysis of stochastic gradient methods with
biased errors has known several advances [66, 31, 60, 57]. These studies either focus on
smooth objectives or rely on strong assumptions such as sharpness or metric regularity.
[31] provides results qualitatively similar to ours, but exclusively for continuously differen-
tiable targets; see also the recent review [29] for a broader perspective. For deterministic
set-valued recursions, the seminal work [10] provides fundamental qualitative insights.

Our convergence analysis is based on the comparison of discrete-time sequences with the
trajectories of continuous-time dynamical systems. This is a classical framework initiated
by [48] and studied by [11, 44, 8], among others. This approach is particularly flexible,
allowing to analyze stochastic approximation algorithms with constant or decreasing step
sizes. Notable studies in the smooth case are [8, 36], [44, Chapter 8] and [22]. This
framework was extended to situations where continuous-time dynamics are not determined
by an ordinary differential equation but by upper semicontinuous differential inclusions,
hence capturing nonsmooth algorithms. General results were first established in [9]; see
also [10] for constant steps. The convergence of stochastic subgradient methods was then
shown in [51] for Clarke regular functions, and in [27] for the broad class of definable
functions.

Closely related to our work, [42] analyzes the global stability of subgradient methods
with constant stepsizes applied to locally Lipschitz, coercive, and definable functions.
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It is proved that iterates of methods approximated by subgradient trajectories stabilize
around critical points. Results specifically cover the subgradient method with momen-
tum, stochastic subgradient methods with random reshuffling and momentum, and cyclic
coordinate descent methods with random permutations. The key difficulty in extending
this latter result to include subgradient errors lies in characterizing iterates behavior near
critical levels, where standard descent mechanisms fail. We explain this in more detail in
the reading keys of Section 2.3.

Other studies worth mentioning, illustrating the scope of the dynamical system approach
include [43] which establishes a discrete notion of Lyapunov stability for local minima of
a locally Lipschitz and semialgebraic function, and [69] dealing with the boundedness of
the iterates in the stochastic setting. A parallel line of works also consider the stochastic
approximation sequence as a Markovian process in order to study the limit of invariant
measures as the steps goes to zero [44, Section 8.4.3]. This strategy proves particularly
useful when studying constant step stochastic and nonsmooth algorithms [61, 12, 13].
This literature is however quite distinct from our work and [42] in terms of convergence
notions and proof techniques.

2 Preliminaries and statement of the main results

2.1 Notations.

For f : Rp → R locally Lipschitz, we denote its Clarke subdifferential by ∂cf , and, for
ǫ > 0, we define

critǫ f = {x : dist(0, ∂cf(x)) ≤ ǫ} ,
vcritǫ f = f(critǫ f), (1)

the ǫ-critical set, which is closed and the set of ǫ-critical values. When l /∈ vcritǫ f , it is
called an ǫ-regular value. We also denote by crit f the critical set and vcrit f the set of
critical values. The set of minimizers is argmin f .

For notational convenience, we write the algorithm as

xk+1 = xk − αkvǫ(xk), (2)

where vǫ : R
p → R represent the biased oracle, i.e. satisfies dist(vǫ(x), ∂

cf(x)) ≤ ǫ for all
x ∈ R

p.

Throughout the next sections, we use the shorthand [a ≤ g ≤ b], for real numbers a, b
and function g : Rp → R, to denote {x ∈ R

p : a ≤ g(x) ≤ b}. We also use the same
notations for = and <, >.

We denote the Euclidean norm by ‖ · ‖. For A ⊂ R
p, we let ‖A‖ = supa∈A ‖a‖. For a

subset, A ⊂ R
p, A is its closure, and Ac its complement. For ǫ > 0, B̄(0, ǫ) is the closed

ball of center 0 and radius ǫ. We denote the distance of a point x to a compact set A ⊂ R
p

4



by dist(x,A) := infz∈A ‖x − z‖. Given a set-valued map Z : Rp ⇒ R
q, we denote the

graph of Z by
graph[Z] := {(x, y) ∈ R

p × R
q : y ∈ Z(x)} .

We call a function f coercive when for all a ∈ R, the sublevel sets [f ≤ a] are compact,
this is equivalent to f(x) → ∞ when ‖x‖ → ∞.

2.2 Main results

The nonconvex setting We will work under the following assumption.

Assumption 1. The function f : Rp → R is L-Lipschitz, lower-bounded, semialgebraic
with critǫ f bounded for some ǫ > 0.

As stated in Lemma 3.4, Assumption 1 ensures that f is also coercive. Our first main
result relates to vanishing step sizes.

Theorem 2.1 (Convergence for biased subgradient method with vanishing step size).
Under Assumption 1, there is ǭ > 0, C > 0 ρ > 0 such that for any ǫ < ǭ, x0 ∈ R

p, there
is ᾱ > 0, such that for any (xk)k∈N given by (2) with 0 < αk ≤ ᾱ for all k ∈ N, αk → 0
and

∑∞
k=0 αk = ∞, we have

lim
k→∞

dist(f(xk), vcritǫ f) = 0,

lim sup
k→∞

dist(xk, crit f) ≤ Cǫρ.

Our second main result relates to small constant step sizes.

Theorem 2.2 (Convergence for biased subgradient method with constant step size).
Under Assumption 1, there is ǭ > 0, C > 0 ρ > 0 such that for any ǫ < ǭ, x0 ∈ R

p, and
(xk(α))k∈N given by (2) with αk = α > 0 for all k ∈ N, we have

lim
α→0+

lim sup
k→∞

dist(f(xk(α)), vcritǫ f) = 0,

lim sup
α→0+

lim sup
k→∞

dist(xk(α), crit f) ≤ Cǫρ.

Both these results are asymptotic regarding the iteration counter k. Obtaining non asymp-
totic convergence guarantees is open, even for the plain subgradient method (ǫ = 0).

Remark 2.1 (Fluctuations with constant step sizes). In the previous theorem the limit
with respect to α, can be interpreted as follows: for any c > 0, there exists ᾱ, such that for
all 0 < α ≤ ᾱ, the quantity dist(xk(α), crit f) is of order (C + c)ǫρ for sufficiently large
k ∈ N, where C and ρ are given in the theorems. In other words, the overall order of
magnitude is ǫρ with a constant depending on the step size, for small step sizes. Similar
results were obtained by [42] when ǫ = 0.
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Remark 2.2 (Local Lipschitz continuity). As it is classical in optimization, the global
Lipschitz continuity of f in Assumption 1 can be relaxed to mere local Lipschitz continuity
provided that there is a mechanism ensuring that the generated sequence remains in a
compact set. This is the case for our biased subgradient method. Indeed, considering f as
in Assumption 1, but only locally Lipschitz, the sequence remains bounded for small enough
step sizes thanks to Lemma 4.3 since the objective is coercive as stated in Lemma 3.4 and
vcritǫ f is upper bounded. Hence Theorem 2.1 and Theorem 2.2 actually holds if f in
Assumption 1 is only locally Lipschitz rather than globally Lipschitz. We stick to global
Lipschitz continuity of the objective f for simplicity of the presentation.

The convex setting We complete these two results with an explicit estimate for the
convex case. Our result is in the line of usual results, see, e.g., [54, 41], but does not use
any compactness or strong error bounds.

Let us recall [18, Theorem 3]: for a coercive, convex, semialgebraic function f : Rp → R,
there exists c > 0 and a ∈ (0, 1], such that

c

2
((f(x)−min f)a + (f(x)−min f)) ≥ dist(x, argmin f) ∀x ∈ R

p. (3)

Theorem 2.3 (Biased subgradient complexity: convex case). Let f : Rp → R be L-
Lipschitz, semialgebraic, convex and coercive. Then with a ∈ (0, 1] and c > 0, as in (3),
for any sequence generated by (2), we have

(2− a− ǫc)

∑k
i=0 αi(f(xi)− f ∗)

∑k

i=0 αi

≤ (1− a)(ǫc)
1

1−a

+
‖x0 − x∗‖2 + (L+ ǫ)2

∑k

i=0 α
2
i

∑k
i=0 αi

.

We understand for a = 1, the value (1− a)(ǫc)
1

1−a as 0 if ǫc < 1 and undefined or infinite
otherwise.

This allows to get convergence rates in value with various choices of step size. For example,
if ǫc < 1, choosing αi =

1√
k+1

for i = 0, . . . , k, leads to

min
i=1,...,k

f(xk)− f ∗ ≤ (1− a)(ǫc)
1

1−a

2− a− ǫc
+

‖x0 − x∗‖2 + (L+ ǫ)2

(2− a− ǫc)
√
k + 1

.

Note that the bound is vacuous if for example a = 1 and ǫ ≥ 1/c and provides effective
guarantees only for small values of ǫ. This is somewhat unavoidable: if f is the absolute
value and ǫ > 1, one completely looses control of the resulting biased subgradient sequence.
This is the so called “low error” setting.

2.3 Reading keys and natural extensions

For the two first theorems, we examine the continuous-time limit of the recursion (2),
which leads to a differential inclusion given in (4). A special Lyapunov mechanism is
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introduced in Section 3: Along the flow, the objective decreases only in certain regions
of the space and may increase in other regions. This mechanism is used to describe the
asymptotics of the system and provides explicit estimates in the Lipschitz coercive setting,
under a Kurdyka-Lojasiewicz assumption for f and a metric regularity assumption for ∂cf .
This leads to an explicit estimate of the distance to crit f for any positively invariant set A
such that f(A) ⊂ vcritǫ f . Recall that A is positively invariant for the differential inclusion
(4) if for any x ∈ A there is a solution to (4) starting at x whose forward orbit is contained
in A. The proof of Theorem 2.1 and Theorem 2.2 then consists of justifying the fact that
relevant asymptotic sets fulfill this invariance property, which is done in Section 4. The
main device is to use the small step limiting relation between the recursion (2) and its
continuous-time counterpart for which the analysis was made in Section 3.

Our arguments rely in part on the repulsivity of regular values, the complement of vcritǫ f ,
as described in Section 4.2, based on the continuous time analysis in Lemma 3.1. A re-
pulsivity mechanism of the same nature was instrumental in the proof of [42, Theorem 1,
Corollary 1], in a setting very close to ours, without errors. It turns out that, in the pres-
ence of errors, Lemma 3.1 does not provide a classical Lyapunov function, which should
be decreasing, non-necessarily strictly, along all trajectories. Therefore, the presence of
errors requires dedicated arguments and the repulsivity of regular values is not sufficient
to conclude about Theorem 2.2 and Theorem 2.1.

Theorem 2.3 is obtained by using standard Lyapunov functions in convex optimization and
by applying an error bound condition that is automatically satisfied in the semialgebraic
case. These arguments are given in Section 5 and are completely independent of the
arguments for Theorem 2.1 and Theorem 2.2, which make up the main technical part of
this work.

These results could be readily extended in various ways.

— It can be seen directly that the same results apply beyond semialgebraicity to
any polynomially bounded o-minimal structure, the prototypical example being the
structure of globally subanalytic sets, see [32] for an overview.

— It is also directly possible to obtain qualitatively similar results, without the conver-
gence rate estimates, in any o-minimal structure, replacing the exponent estimates
by definable functions [32].

— While we consider the Clarke subdifferential, the main device used in the proof
is the chain rule along Lipschitz curves, which is satisfied for the broader class
of conservative gradient fields [19]. Examples are automatic differentiation oracles
and generalized derivatives as in [33]. It is known that conservative gradients may
induce spurious stationary points. The result in [17, Theorem 4.12] ensures that up
to removing a zero measure meagre set of possible initialization x0 ∈ R

p and a finite
set of step sizes α ∈ R, one does actually manipulate the subdifferential oracle.

— We only consider the deterministic setting, it is possible to extend these results to the
stochastic approximation setting, by adding zero mean stochastic perturbation terms
which satisfy summability hypotheses for vanishing step sizes [9] or by resorting to
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the study of convergence of stationary measures in the constant step size setting
[61].

3 The continuous-time system and auxiliary results

Let f : Rp → R be locally Lipschitz. Consider for ǫ > 0, the differential inclusion

ẋ(t) ∈ −∂cf(x(t)) + B̄(0, ǫ), (4)

for almost every t ∈ [0,+∞), where the solution is to be found among locally Lipschitz
curves. Existence of solutions on maximal intervals follows from classical results, see [5, 3].
In particular, if f is Lipschitz, we may consider solutions defined on R+. Equivalently, x
is solution to (4) if for almost every t, dist(ẋ(t),−∂cf(x(t))) ≤ ǫ.

3.1 Asymptotics of the biased dynamics

Following Valadier and [19], a locally Lipschitz function f is called path-differentiable if
for any Lipschitz curve γ : R → R

p, we have for almost every t ∈ R,

d

dt
(f ◦ γ)(t) = 〈v, γ̇(t)〉 , ∀v ∈ ∂cf(γ(t)).

Semialgebraic functions are path-differentiable [27, 19]. Under path-differentiability, we
obtain the following results.

Lemma 3.1 (Descent properties). Let f be locally Lipschitz and path-differentiable. Let
ǫ > 0 and x : R+ → R

p be a solution to the differential inclusion (4) assumed to be defined
on R+ (see remark below). Then,

1. (Weak Lyapunov) There is a measurable selection vx of ∂cf(x(·)) such that,

f(x(t2))− f(x(t1)) ≤ −
∫ t2

t1

‖vx(t)‖(‖vx(t)‖ − ǫ)dt. ∀0 ≤ t1 ≤ t2.

In particular, if f(x(0)) 6∈ vcritǫ f , there is t > 0 such that f(x(s)) < f(x(0)) for
all 0 ≤ s ≤ t.

2. (Decrease) Let l 6∈ cl vcritǫ f be such that f(x(0)) ≤ l then for all t > 0, f(x(t)) < l.

3. (Asymptotics) Either ‖x(t)‖ → +∞ as t → +∞, or we have both

lim inf
t→∞

dist(0, ∂cf(x(t))) ≤ ǫ

lim
t→∞

dist(f(x(t)), vcritǫ f) = 0.

4. (Quantitative estimates) For any 0 ≤ a < b and δ > ǫ, set T = b−a
δ(δ−ǫ)

and assume

that f(x([0, T ])) ⊂ [a, b], then there is t ∈ [0, T ] such that dist(0, ∂cf(x(t))) ≤ δ.
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5. (ǫ-stationarity) For any a ∈ R and T > 0, if f(x([0, T ])) = {a} then x([0, T ]) ⊂
critǫ f .

Remark 3.1. Actually Lemma 3.1 points 1, 2, 4, 5 hold on the interval of definition of
the solution which does not need to be R+. In our proofs, we will apply Lemma 3.1 to
solutions defined on an interval [0, T ] ⊂ R+.

Proof :

1. Consider a measurable selection vx such that for almost every t ≥ 0,

vx(t) ∈ argmin v∈∂cf(x(t))‖ẋ(t) + v‖.

Such a selection exists, see e.g. [1, Theorem 18.13]. Since ẋ(t) ∈ −∂cf(x(t)) + B̄(0, ǫ),
then ‖ẋ(t) + vx(t)‖ ≤ ǫ for almost every t ≥ 0. Then, by path-differentiability of f , we
have for almost every t ≥ 0,

d

dt
(f ◦ x)(t) = 〈vx(t), ẋ(t)〉

= 〈vx(t),−vx(t) + vx(t) + ẋ(t)〉
= −‖vx(t)‖2 + 〈vx(t), vx(t) + ẋ(t)〉
≤ −‖vx(t)‖(‖vx(t)‖ − ‖ẋ(t) + vx(t)‖)
≤ −‖vx(t)‖(‖vx(t)‖ − ǫ). (5)

Integrating from t1 to t2 gives the desired inequality. If f(x(0)) 6∈ vcritǫ f , then x(0) 6∈
critǫ f , and since critǫ f is closed, there is a compact set U with x(0) ∈ int U such that
U ∩ critǫ f = ∅.We may therefore choose t > 0 small enough such that x(s) ∈ U for all
s ∈ [0, t] and the result follows.

2. We distinguish two cases.

Case 1. Assume that f(x(0)) /∈ cl vcritǫ f . Let us show that f(x(t)) < f(x(0)) for all
t > 0.

Since (cl vcritǫ f)
c is open and f is locally Lipschitz, there exists t∗ > 0 small enough

such that f(x(s)) /∈ cl vcritǫ f for all s ∈ [0, t∗]. In this case, 1 gives us f(x(s)) ≤
f(x(0))−

∫ t∗

0
‖vx(t)‖(‖vx(t)‖ − ǫ‖)dt < f(x(0)) for all s ∈ (0, t∗].

Now we show that for all t ≥ t∗, f(x(t)) ≤ f(x(t∗)). Assume toward a contradiction
that there exists t ≥ t∗ such that f(x(t∗)) < f(x(t)). Since f(x(t∗)) /∈ cl vcritǫ f , we may
chose t so that [f(x(t∗)), f(x(t))] ⊂ (cl vcritǫ f)

c by openness of the latter. Now, consider
t− = max{s : s ∈ [t∗, t], f(x(s)) ≤ f(x(t∗))}, and t+ = min{s : s ∈ [t−, t], f(x(s)) ≥
f(x(t))}. By continuity of f ◦x, t− and t+ are well defined with t+ ≥ t−, and they satisfy
for all s ∈ [t−, t+], f(x(s)) ∈ [f(x(t−)), f(x(t+))] ⊂ (cl vcritǫ f)

c ⊂ (vcritǫ f)
c, as well as

f(x(t−)) = f(x(t∗)) and f(x(t+)) = f(x(t)). In particular, f(x(t+)) > f(x(t−)) hence
t+ > t−. Let vx be given by item 1. Then we have

f(x(t+))− f(x(t−)) ≤ −
∫ t+

t−
‖vx(s)‖(‖vx(s)‖ − ǫ)ds < 0,
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where the last inequality comes from t+ > t− and ‖vx(s)‖ > ǫ for almost every s ∈ [t−, t+]
since f(x(s)) /∈ vcritǫ f . This yields a contradiction. We have shown that for all t ≥ t∗,
f(x(t)) ≤ f(x(t∗)).

Finally, for t ∈ (0, t∗], f(x(t)) < f(x(0)), and for t > t∗, f(x(t)) ≤ f(x(t∗)) < f(x(0))
hence the desired result under the assumption that f(x(0)) 6∈ cl vcritǫ f .

Case 2. Now, assume that f(x(0)) ∈ cl vcritǫ f and f(x0) ≤ l for l 6∈ cl vcritǫ f . In this
case we actually have f(x(0)) < l. Since (cl vcritǫ f)

c is open, there is l′ 6∈ cl vcritǫ f such
that f(x(0)) < l′ < l. Then by continuity of f ◦ x, either f(x(t)) < l for all t or there
exists t > 0 such that f(x(t)) = l′ and t can be chosen to be minimal since [f ◦ x = l′]
is closed and lower bounded. We have f(x(s)) ≤ l′ for all s ≤ t. Then by Case 1 shown
previously, we have for all s ≥ t, f(x(s)) ≤ l′. Since l′ < l, we have the desired result.

4. We now prove the fourth item, which does not depend on item 3 but is used to prove
item 3. We have a < b. Assume toward a contradiction that dist(0, ∂cf(x(t))) > δ
for all t ∈ [0, T ]. Since s → dist(0, ∂cf(x(s))) is lower semi-continuous, there exists
δ′ > δ such that dist(0, ∂cf(x(t))) ≥ δ′ for all t ∈ [0, T ]. In this case, item 1 gives us
f(x(T )) ≤ f(x(0))− Tδ′(δ′ − ǫ), hence

f(x(T )) ≤ b− (b− a)
δ′(δ′ − ǫ)

δ(δ − ǫ)
< b− (b− a) = a

This is a contradiction as we assumed that f(x(T )) ≥ a.

3. Assume that ‖x(t)‖ does not go to +∞, this means that the trajectory has accumulation
points. So f(x(t)) also has finite accumulation values and in particular f(x(t)) does not
diverge to −∞ or +∞.

— Using item 1, we have that lim inft→∞ dist(0, ∂cf(x(t))) > ǫ implies that f(x(t)) → −∞
as t → ∞ and we obtain the first limit.

— Denote by I all the accumulation points of f(x(t)) as t → ∞. I is a nonempty interval
by continuity of f ◦ x and by the fact that f ◦ x does not go to +∞ or to −∞. We
distinguish two cases.

First if I has empty interior, then I = {l} and f(x(t)) → l for some l ∈ R. Since
the trajectory x has accumulation points, we may find a sequence (tk)k∈N in R+ such
that tk → ∞ and x(tk) → x̄ ∈ R

p as k → ∞, and we have f(x̄) = l. By item 4, for
any δ > ǫ, set a = l − δ(δ − ǫ), b = l + δ(δ − ǫ) we have f(x(tk + R+)) ∈ [a, b] for k
sufficiently large and therefore, there exists sk ∈ [tk, tk+2] such that dist(0, ∂cf(x(sk))) ≤
δ. This can be repeated for smaller δ and we may find a sequence, (sk)k∈N, such that
for each k, sk ∈ [ti, ti + 2] for some i ∈ N and dist(0, ∂cf(x(sk)) → ǫ. The restricted
trajectory {x([ti, ti+2])}i∈N remains in a bounded set by local Lischicity of f , hence local
boundedness of its subdifferential, so up to a subsequence, we may assume that x(sk)
converges to a point x̃ ∈ critǫ f with f(x̃) = l. This shows that l ∈ vcritǫ f .

Secondly, let us assume that I has nonempty interior. Assume toward a contradiction
that there exists l ∈ int I∩(cl vcritǫ f)c. In this case, there is u > 0 such that [l−u, l+u] ⊂
int I ∩ (cl vcritǫ f)

c and t such that f(x(t)) ∈ [l− u, l]. By item 2, we have f(x(s)) < l for
all s > t, but this is contradictory with the fact that l+u ∈ int I, because this implies that
t 7→ f(x(t)) has accumulation values strictly greater than l+u. So I is an interval such that
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∅ 6= intI ⊂ cl vcritǫ f hence I ⊂ cl vcritǫ f . This means that supv∈I dist(v, vcritǫ f) = 0,
which is the desired result.

5. If T > 0 and f◦x is constant on [0, T ], by item 1, we necessarily have dist(0, ∂cf(x(t))) ≤
ǫ for almost every t ∈ (0, T ), and x([0, T ]) ∈ critǫ f because critǫ f is closed and x is con-
tinuous.

�

3.2 Estimates under the nonsmooth KL inequality and a metric

subregularity condition

We will obtain more precise estimates under the following assumption.

Assumption 2. f is L-Lipschitz, path-differentiable, the set vcrit f is nonempty finite,
and there exists ǭ ∈ (0, 1) such that for any 0 ≤ ǫ ≤ ǭ, vcritǫ f is a finite union of segments.

Furthermore, there exists c > 0 and θ ∈ [0, 1), and β > 0 such that for all x ∈ f−1(vcritǭ f)

dist(f(x), vcrit f)θ ≤ c dist(0, ∂cf(x)) (KL)

dist(x, crit f) ≤ c dist(0, ∂cf(x))β. (MR)

Property (KL) is some form of the nonsmooth Kurdyka-Lojasiewicz inequality [16], while
(MR) is a form of metric sub-regularity of the subdifferential around the critical set, see
[47, Proposition 3.1] for a general result, but also [40, 4, 62, 50] for concrete applications
in optimization.

In our context, Assumption 2 is essential to control trajectories of (4). Some previous
works on biased algorithms relied as well on similar conditions. For instance, KL inequality
for real analytic functions was used in [31] and metric regularity (β = 1) appears in [57].
Assumption 2 is actually satisfied for all semialgebraic functions:

Lemma 3.2 (Semialgebraicity implies regularity). If Assumption 1 is satisfied, then As-
sumption 2 is also satisfied for some ǭ > 0.

Proof : According to Sard’s theorem for semialgebraic functions [16], vcrit f is finite.
Assumption 1 ensures that there exists ǭ such that critǫ f is compact for every 0 ≤ ǫ ≤ ǭ.
For 0 ≤ ǫ ≤ ǭ the sets vcritǫ f ⊂ R are then compact and semialgebraic, i.e. they consist
of a finite number of segments. Furthermore, by Lemma 3.4 (see next subsection), f is
coercive so f−1(vcritǭ f) is compact. (KL) follows from Kurdyka-Lojasiewicz inequality
for nonsmooth semialgebraic functions [15] and compactness. As for (MR), this is Hölder
metric subregularity as given in [47, Proposition 3.1] on the compact set f−1(vcritǭ f).

�

We will therefore prove Theorem 2.1 and Theorem 2.2 under Assumption 2.
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Remark 3.2 (Beyond semialgebraicity ). Semialgebraicity in Assumption 1 can be re-
placed by global subanalyticity and all results would hold true in the exact same form.
This allows to include the logarithm and exponential function restricted to compact seg-
ments for example. More generally, our results hold provided that f is definable in a
polynomially bounded o-minimal structure [26], for which semialgebraic sets and glob-
ally subanalytic sets are the main examples. Our results could also be extended if in
Assumption 1 we assume that f is definable in an o-minimal structure (not necessarily
polynomially bounded) instead of being semialgebraic. Under this assumption, we would
obtain the same results in Theorem 2.1 and Theorem 2.2, but the term of the form Cǫρ

would be replaced by a term of the form e(ǫ) for an abstract nonnegative increasing
definable functions e : R+ → R

+ continuous at 0 with value 0.

The next lemma generalizes the following fact, “for a locally Lipschitz continuous semi-
algebraic f and a subgradient curve x (ẋ(t) ∈ −∂cf(x(t)) for all t ∈ R+), the inclusion
f(x(R+)) ⊂ vcrit f , implies 0 ∈ ∂cf(x(t)) for all t ≥ 0”. Indeed, vcrit f is made of a finite
number of singletons, and if there is t > 0 such that dist(0, ∂cf(x(t))) > 0, this would
hold locally and result in a strict decrease by path-differentiability. We would thus have a
time t′ > 0 such that f(x(t′)) 6∈ vcrit f . This fact, corresponding to the case when ǫ = 0,
can be extended to a general ǫ > 0. We remind the reader that f(x) ∈ vcritǫ f does not
imply that x ∈ critǫ f so that it is not sufficient to control the distance between critǫ f
and crit f .

Lemma 3.3 (Approximate stationarity of near-critical curves). Under Assumption 2, set
ρ = β

max{θ(β+2),1} . There exists C > 0, such that for any ǫ ∈ [0, ǭ] and any solution curve

x : R+ → R
p such that f(x(R+)) ⊂ vcritǫ f , we have for all t ≥ 0,

dist(x(t), crit f) ≤ Cǫρ. (6)

Proof : Fix an arbitrary ǫ ≤ ǭ, and x : R+ → R
p an arbitrary solution. Since f(x(R+)) is

connected, f(x(R+)) is contained in a single connected component of vcritǫ f of the form
[a, b] ⊂ R.

For all z ∈ critǫ f , dist(0, ∂cf(z)) ≤ ǫ implies dist(f(z), vcrit f) ≤ (cǫ)
1
θ using (KL). Let

N ∈ N such that v0 ≤ v1 ≤ · · · ≤ vN+1 are the ordered critical values in [a, b] to which
we added v0 = a and vN+1 = b. This defines N + 1 segments which cover [a, b], one
of them has length at least b−a

N+1
. Consequently, there is an open segment (u, v) such

that v − u = b−a
N+1

which does not contain any critical value. Therefore, we may choose
z ∈ critǫ f such that f(z) = (u+ v)/2 and we have

dist(f(z), vcrit f) ≥ v − u

2
=

b− a

2(N + 1)
. (7)

Combining (7) with (KL), we obtain

b− a ≤ 2(N + 1)(cǫ)
1
θ := K1ǫ

1
θ . (8)
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We fix an arbitrary 0 < α ≤ 1 and t ≥ 0. We set δ = 2ǫα > ǫ, by point 4. of Lemma 3.1
and (8), there is t′ ≥ t, such that

dist(0, ∂cf(x(t′))) ≤ 2ǫα (9)

t′ − t ≤ b− a

(2ǫα − ǫ)2ǫα
≤ K1ǫ

1
θ

(2ǫα − ǫ)2ǫα
≤ K1

2
ǫ
1
θ
−2α. (10)

It follows using the inclusion (4), the fact that f is L-Lipschitz so that its subgradient is
bounded by L, and (10) that

‖x(t′)− x(t)‖ ≤
∫ t′

t

‖ẋ(s)‖ds ≤ (t′ − t)(L+ ǫ) = O
(

ǫ
1
θ
−2α

)

(11)

Finally, using the estimates (11), (9) and (MR),

dist(x(t), crit f) ≤ ‖x(t)− x(t′)‖+ dist(x(t′), crit f) = O
(

ǫ
1
θ
−2α

)

+O
(

ǫβα
)

(12)

Since t ≥ 0 was arbitrary, the estimate (12) holds for all t ≥ 0. Furthermore, since
0 < α ≤ 1 was arbitrary, we may choose α freely. We distinguish two cases.

• If θ(β +2) > 1, then we choose α = 1
θ(2+β)

< 1, and the right-hand side in (12) is of

the form O
(

ǫ
β

θ(2+β)
)

.

• If θ(β + 2) ≤ 1 then we may choose α = 1. We have that ǫ
1
θ
−2 ≤ ǫβ hence the

right-hand side in (12) is O
(

ǫβ
)

.

�

Remark 3.3 (On the initialization). It may be puzzling not to see a condition on the
initialization in Lemma 3.3. This is hidden in the condition f(x(R+)) ⊂ vcritǫ f which
enforces x to start close enough to crit f so that f(x(t)) cannot leave vcritǫ f near t = 0.

Remark 3.4 (Power functions). For a power function, x 7→ xa on R+, for a > 1, we have
θ = 1− 1

a
and β = 1

a−1
. In this case, we have

θ(β + 2) =
a− 1

a

(

1

a− 1
+ 2

)

=
1

a
+ 2

a− 1

a
= 2− 1

a
∈ (1, 2].

Hence we have ρ > β

2
. This corresponds to the estimate obtained by [31] for analytic

functions (if a is an integer). Indeed, in the notations of [31, Proposition 8.2] we have
θ = 1 and β = rQ and the resulting estimate of [31, Theorem 2.1 (iii)] corresponds to β

2
by

combining estimates in [31, Proposition 8.2] and [31, Proposition 8.3]. In this univariate
setting however, the correct estimate would be simply β and we leave the question of the
optimality of our estimate in the nonsmooth multivariate case for future research.

Lemma 3.3 has the following direct consequence.
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Corollary 3.1 (Invariant sets and biased dynamics). Under Assumption 2, let ǫ ≤ ǭ,
S ⊂ R

p be a positively invariant set, that is for any z ∈ S, there is x : R+ → R
p, solution

to (4) such that x(R+) ⊂ S and x(0) = z. If f(S) ⊂ vcritǫ f , then for any z ∈ S,
dist(z, crit f) ≤ Cǫρ, where C, ρ are given by Lemma 3.3.

For the continuous time dynamics in (4), Lemma 3.1 point 3 ensures that accumulation
points of bounded solutions to the differential inclusion (4) correspond to objective values
in vcritǫ f . Furthermore, it is known that the set of such accumulation points forms an
invariant set (see for example [9, Theorem 3.6, Lemma 3.5]). We obtain the following.

Corollary 3.2 (Asymptotics of biased dynamics). Under Assumption 2, let ǫ ≤ ǭ, and
x : R+ → R be a bounded solution to the differential inclusion (4). For any z ∈ R

p,
accumulation point of the trajectory, we have dist(z, crit f) ≤ Cǫρ, where C, ρ are given
by Lemma 3.3.

3.3 Coercivity and boundedness of ǫ critical points

Due to the importance of boundedness of curves in our results, we need to make a brief
detour through coercivity properties and their link with the boundedness of critǫ f . Let
us recall first:

Theorem 3.1 (Ekeland’s variational principle). Let X be a complete metric space with
distance d. Let f : X 7→ R∪{+∞} be lower semi-continuous, bounded below and finite at
least at one point. Fix ǫ > 0 and x0 ∈ X such that f(x0) ≤ ǫ + infx f(x). Then for any
λ > 0, there is y0 ∈ X such that

f(y0) ≤ f(x0) d(x0, y0) ≤ λ f(x) +
ǫ

λ
d(x, y0) > f(y0), ∀x 6= y0.

The conclusion tells us that y0 is a strict global minimizer of g : x → f(x) +
ǫ

λ
d(x, y0).

In our framework, Rp is endowed with the Euclidean distance and f is locally Lipschitz,
so using the sum rule with the Clarke subdifferential yields the following fact:

0 ∈ ∂cg(y0) ⊂ ∂cf(y0) + B̄
(

0,
ǫ

λ

)

(13)

This has the following consequences:

Lemma 3.4 (Boundedness of the ǫ-critical set implies coercivity). Assume that f : Rp →
R is locally Lipschitz, then for any x ∈ R

p, a ∈ (0, 1), there is y ∈ R
p such that

‖y‖ ≥ ‖x‖ − ‖x‖a, dist(0, ∂cf(y))‖x‖a ≤ f(x)− inf f.

In particular, if f is lower bounded and critǭ f is bounded for some ǭ > 0, then f is
coercive, that is f(x) → +∞ as ‖x‖ → +∞.
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Proof : Fix x ∈ R
p, if f(x) = inf f there is nothing to prove. Choose ǫ = f(x) −

inf f (assumed finite, otherwise there is nothing to prove) and λ = ‖x‖a. By Ekeland’s
variational principle in Theorem 3.1 there is y ∈ R

p such that

‖x− y‖ ≤ ‖x‖a,

hence ‖y‖ ≥ ‖x‖ − ‖x‖a. Moreover using (13), i.e., 0 ∈ ∂cf(y) + B̄
(

0, ǫ
‖x‖a

)

, we get

dist(0, ∂cf(y)) ≤ ǫ
‖x‖a .

If critǭ f is bounded for some ǭ > 0, and f was not coercive, we could choose a sequence
‖xk‖ = k + 1 so that f(xk) − inf f is bounded by some M , and obtain an unbounded
sequence yk in critǭ f for k large enough. �

Remark 3.5 (Coercivity and critical points). (a) Of course crit f bounded and nonempty
does not imply coercivity, e.g., take s 7→ (1 + s2)−1.
(b) The fact that “critǫ f bounded (for some ǫ > 0) implies f coercive” is a generalization
of the classical result in convex analysis “argmin f bounded implies f coercive when f is
convex”.

In general, coercivity alone does not imply critǭ f bounded, even for semialgebraic func-
tions, take for instance s 7→

√

|s| on R \ [−1, 1]. The condition is however satisfied under
sufficient growth, as showcased by the following result. Note the proposition below applies
for example to objectives of the form of regularized risk f(x) = ℓ(x) + λ

2
‖x‖2, where ℓ is

bounded from below and semiagebraic, a widespread situation in machine learning.

Proposition 3.1. Let f : Rp → R be a locally Lipschitz semialgebraic function. Assume
there exists β > 0 such that lim inf‖x‖→∞

f(x)
‖x‖β > 0. Then

1. If β = 1, there exists ǭ > 0 such that critǭ f is bounded.

2. If β > 1, critǫ f is bounded for any ǫ > 0.

Proof : 1. We prove the case when β = 1. Assume toward a contradiction that for
any ǫ > 0, critǫ f is not bounded. Let ǫ̃ : R+ → R be a semialgebraic function such that
ǫ̃(t) → 0 as t → ∞ and ǫ̃(t) > 0 for all t ≥ 0. The set {(t, ǫ̃(t), x) : dist(0, ∂cf(x)) ≤ ǫ̃(t)}
is semialgebraic and unbounded. Hence, by the curve selection Lemma, there exists a C1

semialgebraic path γ : R+ → R
p such that dist(0, ∂cf(γ(t)) ≤ ǫ̃(t) for any t ≥ 0 and

‖γ(t)‖ → ∞ as t → ∞. By semialgebraicity, we may assume γ̇(t) does not vanish by
considering only large t, and γ̇(t)/‖γ̇(t)‖ → v for some unit vector v ∈ R

p. Up to a strictly
increasing time reparameterization, we may assume ‖γ̇(t)‖ = 1 at any t ≥ 0. Note that
this time reparameterization does imply that γ̇(t) → v and does not change the fact that
ǫ̃(t) → 0 as t → ∞.

Set λ := lim inf‖x‖→∞
f(x)
‖x‖ > 0 and f1(x) := f(x)− λ

2
‖x‖ and N := ∂c‖ · ‖, the subdiffer-

ential of the norm. In particular, f1 is coercive and semi-algebraic.

By applying path differentiability of f1 along the C1 curve γ, and using the sum rule for
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path differentiable functions [19, Corollary 4], we may write

f1(γ(T ))− f1(γ(0)) =

∫ T

0

〈γ̇(t),−λ

2
N(γ(t))〉dt

+

∫ T

0

〈γ̇(t), ∂cf1(γ(t)) +
λ

2
N(γ(t))〉dt (14)

= −λ

2
(‖γ(T )‖ − ‖γ(0)‖) +

∫ T

0

〈γ̇(t), dist(0, ∂cf(γ(t)))〉dt

Now, let us give some estimates. First, ‖γ(T )‖ ≥ 〈γ(T ), v〉 =
∫ T

0
〈γ̇(t), v〉dt. And since

γ̇(t) → v we have ‖γ(T )‖ ≥ aT for some a ∈ (0, 1) for large values of T . Second, we have
∫ T

0
〈γ̇(t), dist(0, ∂cf(γ(t)))〉dt = o(T ), since its norm is bounded above by

∫ T

0
ǫ̃(t)dt = o(T )

as ˜ǫ(t) → 0. Thus we deduce from (14) that for T large enough, f1(γ(T )) = f1(γ(0)) +
λ
2
‖γ(0)‖− (aT + b) + o(T ). Therefore f(γ(T )) → −∞ which contradicts the coercivity of

f1.

2. Let us prove the case where β > 1 using similar ideas. Assume toward a contradiction
that there exists ǭ > 0, such that critǭ f is not bounded. We have a semialgebraic path γ
such that ‖γ(t)‖ → ∞ and dist(0, ∂cf(γ(t))) ≤ ǭ for all t ≥ 0. We then rely on arguments
that are analogous to the proof of 1: γ is chosen with unit speed, γ̇(t)/‖γ̇(t)‖ converges,

and we set λ := lim inf‖x‖→∞
f(x)
‖x‖β , fβ(x) := f(x)− λ

2
‖x‖β and N := ∂c‖ · ‖β. In particular,

fβ is coercive. Applying similar arguments as in (14), there exists c > 0 such that for
large values of T > 0

fβ(γ(T )) ≤ fβ(γ(0))−
λ

2
(‖γ(t)‖β − ‖γ(0)‖β) + T ǭ = −cT β +O(T )

where we used that λ
2
‖γ(T )‖β ≥ cT β for some c > 0. Again we have fβ(γ(T )) → −∞ as

T → ∞ which contradicts its coercivity. �

4 Main consequences for the biased subgradient method

4.1 Link between discrete and continuous-time

In this section, we repeatedly use the connection between the discrete and continuous-time
systems in the limit of small step sizes. This is a classical approach which we state for
a general set-valued map, see [20, Lemma 21]. We use the following assumptions which
guarantee the existence of solutions to the differential inclusion [5, Chapter 2, Section 1,
Theorem 3].

Assumption 3. Z is a set-valued map defined from R
p into the subsets of R

p; it is
nonempty convex valued and locally bounded with closed graph.

Lemma 4.1 (Approximate solutions to differential inclusions). Let Z be as in Assump-
tion 3. For each i ∈ N, let Ti > 0 and assume that Ti → T as i → ∞ for some T > 0.
For each i ∈ N, let γi : [0, Ti] → R

p be a Lipschitz curve. Assume that the sequence
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(γi)i∈N converges to some bounded and Lipschitz curve γ : [0, T ] → R, in the sense that
supt∈[0,min(Ti,T )] ‖γ(t)− γi(t)‖ → 0, and

lim
i→∞

∫ Ti

0

dist((γi(t), γ̇i(t)), graph[Z]) dt = 0. (15)

Then γ̇(t) ∈ Z(γ(t)) for almost every t ∈ [0, T ].

The following is classical and can be found for example in [20]. We will use it extensively
to obtain discrete descent lemmas in the coming section.

Lemma 4.2 (Affine interpolants of discrete dynamics and their limit curves). Consider
T > 0 and sequences satisfying

xk+1 − xk ∈ αkZ(xk), k = 0, 1, . . . , K,

where K is such that
∑K−1

k=0 αk ≥ T and 0 < αk ≤ α, k = 0, . . . , K−1. Let γα : [0, T ] → R
p

be the interpolation of (xk)k=0,...,K defined as follows: for all k = 0, 1, . . . , K, γα

(

∑k−1
i=0 αk

)

=

xk, and γα is affine between these points. The curve γα satisfies
∫ T

0

dist((γα(t), γ̇α(t)), graph[Z]) dt ≤ αT sup
0≤k≤K−1

‖Z(xk)‖.

In particular, if Z is bounded and we have a uniformly bounded family of such curves
γα, up to a subsequence, as α → 0, the curves converge uniformly to a solution of the
underlying differential inclusion.

Proof : For all α > 0, the curve γα satisfies for any t ∈ [0, T ],

dist((γα(t), γ̇α(t)), graph[Z]) ≤ α sup
0≤k≤K−1

‖Z(xk)‖,

as γ̇α(t) = Z(xk) where k is the closest point xk on the curve corresponding to time
smaller than t.

When Z is bounded by a constant L, one has a uniform bound since max0,≤k≤K ‖Z(xk)‖ ≤
L. In that case, the curves γα are L-Lipschitz continuous and thus equicontinuous.
Whence, by letting α → 0, if the curves are bounded, Arzelà-Ascoli theorem applies and
provides a subsequence of γα that uniformly converges to solutions of the continuous-time
differential inclusion, thanks to Lemma 4.1. �

4.2 Descent lemmas

We now state some consequences of Lemma 4.1 which apply to our setting.

Lemma 4.3 (Quasi-descent Lemma). Let f be locally Lipschitz and path-differentiable,
ǫ > 0 and l 6∈ vcritǫ f . Then for any η > 0 and M > 0, there is ᾱ > 0 such that for any
z ∈ R

p satisfying f(z) ≤ l, ‖z‖ ≤ M , and for any sequence generated by (2), with x0 = z
and αk ≤ ᾱ, we have f(xk) ≤ l + η for all k < inf{i ∈ N : ‖xi‖ > M}.
In particular, if f is coercive, there is M > 0, such that for α small enough, all sequences
generated by (2) initialized with f(x0) ≤ l are bounded by M .
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Proof : Toward a contradiction, we assume that there are η > 0 and M > 0 such that for
any α > 0, there exists z = x0 satisfying f(z) ≤ l and a sequence (αk)k∈N smaller than α
such that there exists K > 0 satisfying f(xK) > l+ η and ‖xk‖ ≤ M for all k = 0, . . . , K.
Observe that (αk)k∈N depends on α, and denote by L a Lipschitz constant of f on the
ball of radius M .

We fix a time horizon T < η/(L2 + Lǫ) and we may assume that α < T . We may then
also find k ∈ N such that f(xk) ≤ l and f(xi) > l for all i = k + 1, . . . , K. We have

l + η < f(xK) ≤ f(xk) + L

K−1
∑

j=k

‖xj+1 − xj‖ ≤ l + L

K−1
∑

j=k

αj(L+ ǫ)

= l + (L2 + Lǫ)
K−1
∑

j=k

αj .

We deduce that
∑K−1

j=k αj > T . Let K ′ ≥ k be the smallest value such that
∑K ′

j=k αj ≥ T ,
since α < T and by the argument above, we have k < K ′ ≤ K−1. We may then consider
the truncated sequence (xi)i=k,...,K ′+1, which is nonempty whenever α < T . Consider
the affine interpolation of this truncated sequence from i = k to i = K ′ + 1 ≤ K and
restricted to [0, T ] (which is possible because

∑K ′

i=k αk ≥ T ) as in Lemma 4.2, call it xα,
it is Lipschitz and satisfies:

• ‖xα(t)‖ ≤ M for all t ∈ [0, T ].

• xα(0) = xk, f(xα(0)) ≤ l and f(xα(t)) > l for some t ∈ [0, α].

• l ≤ f(xα(t)) ≤ l + η + αL(L+ ǫ) for all t ∈ [α, T ].

• dist((xα(t), ẋα(t)), graph
[

−∂cf + B̄(0, ǫ)
]

) ≤ α(L + ǫ) and ‖ẋα(t)‖ ≤ L + ǫ for
almost every t.

Thus, these trajectories are uniformly bounded and equicontinuous. Applying Arzelà-
Ascoli theorem allows to obtain a converging subsequence as α → 0. Lemma 4.1 ensures
that the limit x : [0, T ] → R

p is a solution to (4) such that f(x(0)) = l and f(x([0, T ])) ≥ l
which contradicts Lemma 3.1.1 (see Remark 3.1 for its validity for x defined on [0, T ]).

The last remark follows because if f is coercive and locally Lipschitz, then it is Lipschitz
on the (compact) sublevel set l + η, say with constant L. For a fixed step size threshold
α0 > 0, choose M0 = max{‖x‖+α0(L+ ǫ), s.t. f(x) ≤ L+η} and denote by L̃ a Lipschitz
constant of f on the ball or radius M0 centered at zero. By coercivity, we may choose
M > 0 large enough such that inf‖x‖≥M f(x) > l + η + α0L̃(L+ ǫ). We apply the lemma
for this choice of M , reducing the resulting ᾱ if it is bigger than α0. Fix any admissible
sequence (xk)k∈N and k such that f(xk) ≤ l + η. It holds that ‖xk+1 − xk‖ ≤ α0(L + ǫ)
and ‖xk‖ + α0(L+ ǫ) ≤ M0 so that both xk and xk+1 are contained in the ball of radius
M0. We deduce that f(xk+1) ≤ l + η + α0L̃(L + ǫ) so ‖xk+1‖ ≤ M . We deduce that
k + 1 < inf{i ∈ N : ‖xi‖ > M} and the main statement of the lemma ensures that,
f(xk+1) ≤ l + η. By induction this holds true for all k ∈ N. �
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Lemma 4.4 (ǫ-regular values are repulsive). Let f : Rp → R be a locally Lipschitz and
path-differentiable function, ǫ > 0, l 6∈ vcritǫ f , and η := dist(l, vcritǫ f)/16 > 0. For any
M > 0, there is ᾱ > 0 such that for any sequence generated by (2), with αk ≤ ᾱ for all
k ∈ N, and

∑

k∈N αk = +∞, either {i ∈ N, ‖xi‖ > M} is nonempty or lim infk→∞ f(xk) >
l + 2η or lim supk→∞ f(xk) < l − 2η.

In particular under Assumption 1, there is ᾱ > 0 such that regardless of the initial condi-
tion for any sequence generated by (2), with αk ≤ ᾱ, and

∑

k∈N αk = +∞ for all k ∈ N,
lim infk→∞ f(xk) > l + 2η or lim supk→∞ f(xk) < l − 2η.

Proof : Fix M > 0 and denote by L a Lipschitz constant of f on the ball of radius
M . By definition of η, we have that [l − 8η, l + 8η] ⊂ (vcritǫ f)

c. Set δ := min{‖v‖ :
v ∈ ∂cf(x), x ∈ R

p, ‖x‖ ≤ M, |f(x) − l| ≤ 8η} > ǫ and T ≥ 12 η

δ(δ−ǫ)
. Any solution

x : [0, T ] → R
p to (4) bounded by M such that f(x(0)) ≤ l+4η satisfies f(x(T )) ≤ l−8η

by Lemma 3.1.1. We first construct a thresholds step size ᾱ > 0 which satisfies three
desirable properties.

1. There is ᾱ > 0, such that any sequence generated by (2), bounded by M , with
f(x0) ≤ l + 4η satisfies f(xk) ≤ l − 4η for some k ∈ N. Indeed, if this was not the case,
using Lemma 4.1 and the fact that

∑

k∈N αk = +∞, we could construct a solution curve
to the differential inclusion x : R+ → R satisfying f(x(0)) ≤ l + 4η and f(x(t)) ≥ l − 4η
for all t ≥ 0. In particular f(x(T )) ≥ l− 4η, which contradicts the previous claim stating
that f(x(T )) ≤ l − 8η for any such curve.

2. We may assume that for any sequence bounded by M such that lim supk→∞ f(xk) ≥
l−2η and lim infk→∞ f(xk) ≤ l+2η, (f(xk))k∈N takes infinitely many value in [l−4η, l+4η].
Indeed, for all k, we have ‖xk‖ ≤ M and ‖xk+1‖ ≤ M , so that

|f(xk+1)− f(xk)| ≤ L‖xk+1 − xk‖ ≤ ᾱL(L+ ǫ),

shrinking ᾱ if necessary that this gap is less than η.

3. We may reduce ᾱ further, as given by Lemma 4.3, so that any sequence initialized with
f(x0) ≤ l − 4η and bounded by M satisfies f(xk) ≤ l − 3η for all k ∈ N. The chosen ᾱ
satisfies the required properties.

Let us summarize the properties of the resulting ᾱ. Note that the properties claimed
above can be shifted by initializing a sequence at an arbitrary K ∈ N and by considering
k ≥ K. Below, (xk)k∈N is any sequence generated by (2) with αk ≤ ᾱ for all k ∈ N,
bounded by M , and K ∈ N is arbitrary.

1. If f(xK) ≤ l + 4η , there is k ≥ K such that f(xk) ≤ l − 4η.

2. If lim supk→∞ f(xk) ≥ l − 2η and lim infk→∞ f(xk) ≤ l + 2η, then there is k ∈ N

such that f(xk) ∈ [l − 4η, l + 4η].

3. If f(xK) ≤ l − 4η then f(xk) ≤ l − 3η for all k ≥ K.

For the choice of ᾱ as above, assume toward a contradiction that there exists a sequence
generated by (2), bounded by M , with αk ≤ ᾱ for all k ∈ N, satisfying lim supk→∞ f(xk) ≥
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l − 2η and lim infk→∞ f(xk) ≤ l + 2η. There would be K ∈ N such that f(xK) ∈
[l − 4η, l + 4η] by 2 and we deduce by 1 that there is k ≥ K such that f(xk) ≤ l − 4η.
This implies by 3 that lim supk→∞ f(xk) ≤ l − 3η which is contradictory.

The last comment follows because by Lemma 4.3 reducing ᾱ if necessary, there is M > 0
such that all sequences generated by (2) with f(x0) ≤ l+3η and αk ≤ ᾱ for all k ∈ N are
bounded by M . If lim infk→∞ f(xk) ≤ l+2η, then there is K > 0 such that f(xK) ≤ l+3η
and by considering x̃k = xk+K , bounded by M , the result follows. �

Under Assumption 1, f is coercive and vcritǫ f is closed. Combining the two previous
lemma we obtain

Corollary 4.1 (Large-horizon descent Lemma). Under Assumption 1, fix x0 such that
f(x0) 6∈ vcritǫ f and η > 0. There is ᾱ > 0 such that any sequence generated by (2) with
αk ≤ ᾱ and

∑

k∈N αk = +∞ we have

(i) f(xk) ≤ f(x0) + η for all k ∈ N,

(ii) there is κ such that
f(xk) ≤ c+ η, ∀k ≥ κ

where c is the first ǫ-critical value below f(x0).

Note that if (1 + ρ)η < f(x0)− c for some ρ > 0, the above implies

f(xk) ≤ f(x0)− ρη for k ≥ κ,

where κ is unknown.

4.3 Vanishing step sizes

For vanishing step sizes, the work of Benaim-Hofbauer-Sorin [9] ensures that the set of
accumulation points is invariant. We additionally show that it has accumulation values
in vcritǫ f . The main result stated in Theorem 2.1 is a consequence of the following result
and Lemma 3.2.

Theorem 4.1 (Convergence for biased subgradient with vanishing step). Under Assump-
tion 2, let C, ρ be given by Lemma 3.3 and ǫ < ǭ. Assume that (xk)k∈N, is given by (2)
with αk → 0 and

∑∞
k=0 αk = ∞. If supk∈N ‖xk‖ < ∞,

lim
k→∞

dist(f(xk), vcritǫ f) = 0,

lim sup
k→∞

dist(xk, crit f) ≤ Cǫρ.

The boundedness condition always holds for small enough step sizes if f is coercive.

Proof : By assumption, there is M > 0 such that for all k ∈ N, ‖xk‖ ≤ M . Denote
by Lf the set of limit points of f(xk), it is an interval since αk → 0. We first prove
the first statement which is equivalent to the fact that Lf does not contain any value
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l 6∈ vcritǫ f . Suppose toward a contradiction that this is the case, then there exists a value
l ∈ (vcritǫ f)

c∩Lf . For such a value l, let η > 0 be given by Lemma 4.4 (vcritǫ f is closed
by Assumption 2). Recall that (αk)k∈N is vanishing so that either lim infk→∞ f(xk) > l+2η
or lim supk→∞ f(xk) < l − 2η, which is in contradiction with l ∈ Lf .

Denote by L the set of accumulation points of the sequence (xk)k∈N. By the previous
statement we have f(L) ⊂ vcritǫ f . By [9, Theorem 4.2 and 4.3], L is an internally chain
transitive set. In particular, L is invariant for the inclusion (4) by [9, Lemma 3.5]. This
means that for any x̄ ∈ L, there is a solution x to (4), such that x(0) = x̄ and x(R) ∈ L.
The second statement follows by Corollary 3.1.

The last comment on boundedness follows from Lemma 4.3. �

4.4 Constant step sizes

We start this section with a general result on constant step size discretization which is of
independent interest.

Lemma 4.5 (Limits of accumulation points are invariant). Let M > 0 be a bound and x0 ∈
R

p be fixed. Under Assumption 3, for any s > 0, denote by L(s) the set of accumulation
points of sequences satisfying xk+1(s) = xk(s) + sh(xk(s)) for each k ∈ N, where h is a
selection in Z. Assume that L(s) is nonempty and bounded by M for all s small enough.
Set

L =
⋂

α>0

cl

{

⋃

0<s≤α

L(s)

}

.

Then the set L is nonempty and invariant with respect to the flow induced by Z in the
sense that for any x̄ ∈ L there exists a solution to the differential inclusion ẋ(t) ∈ Z(x(t))
for almost every t ∈ R such that x(R) ⊂ L and x(0) = x̄.

Proof : The assumption that L(s) is bounded by a fixed M for small enough s ensures
that all considered sequences are bounded and we may restrict all the asymptotics to
happen in a fixed bounded set (for example of size 2M), in particular, Z will be bounded
by ζ on this set. This ensures that L is nonempty and this that all considered objects
remain in a bounded set.

Let x̄ ∈ L. For a fixed α > 0, x̄ ∈ cl ∪s≤α L(s) means that for any e > 0, there is s ≤ α
such that dist(x̄, L(s)) ≤ e. Therefore if x̄ ∈ L, we deduce that there exists a sequence
(sj)j∈N which tends to 0 and a sequence x̄j ∈ L(sj) which tends to x̄ as j → ∞.

Fix an arbitrary T > 0 and j ∈ N. We set Kj = ⌈T/sj⌉ and consider for k ≥ Kj,

Xj,k = (xi(sj))
i=k+Kj

i=k−Kj
. Up to a subsequence, as k → ∞, Xj,k converges to X̄j which

contains 2Kj+1 accumulation points in L(sj), the central one chosen to be x̄j . The affine
interpolation of the (ordered) collection of points in X̄j is denoted γ̄j : [−T, T ] → R

p with
γ̄j(0) = x̄j .

This construction can be repeated for all j ∈ N and using Arzelà-Ascoli, there is a subse-
quence of (γ̄j)j∈N which converges uniformly to γ̄ : [−T, T ] → R

p. We have γ̄([−T, T ]) ⊂ L.
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Indeed let t ∈ [−T, T ]. For any e > 0, we have ‖γ̄j(t)− γ̄(t)‖ ≤ e for j high enough. By
construction, γ̄j(sj⌈t/sj⌉) ∈ L(sj). Since sj⌈t/sj⌉ converges to t and γ̄j is Lipschitz with
same constant for all j, then ‖γ̄(t)− γ̄j(sj⌈t/sj⌉)‖ ≤ 2e for all j high enough. Since e was
arbitrary, this means γ̄(t) ∈ L.

We claim that γ̄ is a solution to the differential inclusion d
dt
γ̄(t) ∈ Z(γ̄(t)) for almost all

t.

Indeed, for any j ∈ N, there is kj ∈ N such that ‖Xj,kj −X̄j‖ ≤ 1/j. Let γj : [−T, T ] → R
p

be the affine interpolation of Xj,kj . Up to the Arzelà-Ascoli subsequence, γj → γ̄ uniformly
on [−T, T ]. Furthermore, for each j

∫ T

−T

dist((γj(t), γ̇j(t)), graph[Z]) dt ≤ 2Tsjζ

By Lemma 4.1, this shows that γ̄ is a solution as required.

The function γ̄ may be extended to [−2T, 2T ], [−3T, 3T ], . . . by taking further subse-
quences for each j and further Arzelà-Ascoli subsequences. The resulting function is
defined on R and has to be a solution to the differential inclusion. This concludes the
proof. �

The main result stated in Theorem 2.2 is a consequence of the following result and
Lemma 3.2.

Theorem 4.2 (Convergence for biased subgradient with constant steps). Under Assump-
tions 2, let C, ρ be given by Lemma 3.3 and ǫ < ǭ. Set for all α > 0, (xk(α))k∈N, as given
by (2) with αk = α, for all k ∈ N. Then if lim supα→0 supk→∞ ‖xk(α)‖ < ∞,

lim
α→0

lim sup
k→∞

dist(f(xk(α)), vcritǫ f) = 0,

lim sup
α→0

lim sup
k→∞

dist(xk(α), crit f) ≤ Cǫρ.

The boundedness condition always holds if f is coercive.

Proof : By assumption, there is M > 0 such that for small enough α, ‖xk(α)‖ ≤ M for
all k ∈ N large enough.

For each s denote by L(s) the set of limit points of xk(s), which is closed. We set
L = ∩α>0cl ∪s≤α L(s) which is closed as an intersection of closed set, and bounded by
M . Intuitively L is the set of accumulation points of accumulation points of (xk(α))k∈N
as α → 0. By Lemma 4.5, L is invariant. We will show that f(L) ⊂ vcritǫ f from which
the first statement follows. The second is then a consequence of Corollary 3.1.

For any l /∈ vcritǫ f , since vcritǫ f is closed by Assumption 2, Lemma 4.4 ensures that
there is ᾱ and η, such that for any s ≤ ᾱ, [l − 2η, l + 2η] ∩ f(L(s)) = ∅. We deduce that

[l − 2η, l + 2η] ∩ f (∪s≤ᾱL(s)) = ∅
[l − η, l + η] ∩ f (cl ∪s≤ᾱ L(s)) = ∅ (use continuity).
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Whence we see that for any l 6∈ vcritǫ f , l 6∈ f (∩α>0cl ∪s≤α L(s)), and therefore f(L) ⊂
vcritǫ f through complementation. This proves the first claim.

The last comment on boundedness follows from Lemma 4.3. �

5 The convex case

Proof of Theorem 2.3: Consider a sequence of step sizes (αk)k∈N and a iterates (xk)k∈N
such that for all k ∈ N,

xk+1 = xk − αk(vk + bk),

for some vk ∈ ∂cf(xk) and ‖bk‖ ≤ ǫ. We have for any k ∈ N and any x∗ ∈ X∗,

1

2
‖xk+1 − x∗‖22 =

1

2
‖xk − αk(vk + bk)− x∗‖22

=
1

2
‖xk − x∗‖22 + αk(vk + bk)

T (x∗ − xk) +
α2
k

2
‖vk + bk‖22

≤ 1

2
‖xk − x∗‖22 − αk(f(xk)− f ∗) + αkǫ‖xk − x∗‖

+
α2
k

2
(L+ ǫ)2.

We deduce, using the error bound (3), that

1

2
dist(xk+1, X

∗)2 (16)

≤ 1

2
dist(xk, X

∗)2 − αk(f(xk)− f ∗) + αkǫdist(xk, X
∗) +

α2
k

2
(L+ ǫ)2

≤ 1

2
dist(xk, X

∗)2 + αk

(

ǫ
c

2
((f(xk)− f ∗)a + (f(xk)− f ∗))− (f(xk)− f ∗)

)

+
α2
k

2
(L+ ǫ)2.

If a = 1: This means that we have a sharp function, then, as long as ǫc < 1, we obtain
the same global rate as the classical subgradient algorithm, modulo a constant (1 − ǫc),
and all accumulation points in the argmin. Indeed, summing the previous inequality from
i = 0 to k leads to

(1− ǫc)

∑k

i=0 αi(f(xi)− f ∗)
∑k

i=0 αi

≤ ‖x0 − x∗‖22 + (L+ ǫ)2
∑k

i=0 α
2
i

∑k
i=0 αi

.

We remark that this is exactly the claimed formula for a = 1.

If a < 1: Then we can use the following lemma
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Lemma 5.1. Set g(δ) = sδt − δ for some t ∈ (0, 1) and s > 0, then for all δ ∈ R+

g(δ) ≤ −(1− t)(δ − s
1

1−t ).

Proof : The function g is concave on R+, set δ0 = s
1

1−t , we have g(δ0) = 0 and g′(δ0) =
t− 1 < 0 and the result follows by concavity. �

We obtain setting δ = f(xk)− f ∗ applying Lemma 5.1 to (16)

1

2
dist(xk+1, X

∗)2 − 1

2
dist(xk, X

∗)2

≤ αk

2

(

−(1 − a)
(

(f(xk)− f ∗)− (ǫc)
1

1−a

)

+ (ǫc− 1)(f(xk)− f ∗)
)

+
α2
k

2
(L+ ǫ)2

=
αk

2

(

(ǫc + a− 2)(f(xk)− f ∗) + (1− a)(ǫc)
1

1−a

)

+
α2
k

2
(L+ ǫ)2

We deduce by summation

(2− a− ǫc)

∑k
i=0 αi(f(xi)− f ∗)

∑k

i=0 αi

≤ (1− a)(ǫc)
1

1−a

+
‖x0 − x∗‖2 + (L+ ǫ)2

∑k

i=0 α
2
i

∑k
i=0 αi

.
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