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We perform a numerical study of the linear dynamics of tearing modes in slab incompressible electron-
magnetohydrodynamics (EMHD) by considering some parameter ranges which can be of interest for laboratory plasmas
(e.g., helicon devices) or for astrophysics (e.g., solar-wind turbulence). To this purpose several non-ideal effects are
simultaneously retained (finite electron inertia, resistivity and electron viscosity) and we make distinction between the
dissipation coefficients in the direction parallel and perpendicular to the guide field. We thus identify some new recon-
nection regimes, characterized by a departure from the customary monotonic power-law scalings of the growth rates
with respect to the non-ideal parameters. The results here presented can provide a useful indication for future studies
of EMHD regimes relevant to experiments and for extensions of the EMHD tearing mode modelling to more complete
regimes including kinetic effects (e.g., "electron-only" reconnection in kinetic regimes).

I. INTRODUCTION

Electron magnetohydrodynamics (EMHD) is a reduced
fluid model which describes the collective fluid dynamics of a
barotropic electron plasma at non-relativistic phase-velocities
and temperatures, and at scales at which the ion dynam-
ics is completely neglected1,2. This paper employs the non-
relativistic, incompressible 2D reduced EMHD model3 de-
rived for slab geometry under the assumption of a strong guide
field along the z direction. In this regime the linear dynamics
is governed by whistler waves. Accounting for compressibil-
ity in the model involves considering charge separation ef-
fects, which can become important when the magnetic field is
large enough to make the whistler wave frequency comparable
to the cyclotron frequency. Here we neglect these effects.

Magnetic reconnection (see, e.g., Ref. 4) is a process
involving the collective response of particles in a plasmas,
which implies a conversion of energy, from the "magnetic"
component stored in the electromagnetic (e.m.) field to the
kinetic component associated to the ordered and disordered
motion of the charged particles. Magnetic reconnection is
associated to a change of the so-called "magnetic topology"
in the plasma, that is, the configuration of the magnetic lines
in the plasma. This notion takes on a specific meaning in a
plasma due to the linking which exists at the fluid scales be-
tween the magnetic lines and the averaged particle motion,
because of the fact that a fluid parcel of the plasma is con-
strained not to depart, during its large scale dynamics, from
the magnetic line it was initially bound to. A microscopic re-
arrangement of the linking between magnetic lines and a fluid
plasma parcel is indeed allowed locally in time and in space
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by some "non-ideal" effect, which can be associated to a mi-
croscopic parameter, i.e., a "non-ideal parameter", hereafter.
Because of it, magnetic reconnection makes a new dynamics
accessible to the fluid plasma. Spontaneous magnetic recon-
nection usually occurs as an unstable process. In this frame-
work, linear magnetic reconnection instabilities exist, which
were first identified5 in a tokamak geometry and go under the
name of "tearing-type" modes. In a slab geometry, different
wavelength regimes can be recognised. These can be mapped
into the different tearing-type modes, which in a tokamak ge-
ometry correspond to distinct instabilities (see, e.g., Ref. 6).

Magnetic reconnection at the EMHD scales can sponta-
neously occur, for example, in solar wind turbulence (for a
discussion of the relevance of EMHD reconnection to the
more recent notion of "electron-only reconnection7,8" ob-
served with in situ spacecraft measures, see Refs. 9). It can be
also relevant to laboratory magnetized plasmas10,11 in regimes
where whistler waves12–14 are the normal modes of the system
−see Refs.15 and 16 for an overview of whistler wave phe-
nomena in space and laboratory plasmas. Helicon devices are
an example of these systems, as helicon waves in plasmas are
essentially whistler waves propagating in a spatially bounded
domain17.

The EMHD modelling has been however adopted also
for some regimes of description of tokamak physics18 and
for the confinement of an electron plasma in stellarators
and toroidal trapping devices19–21. Besides of that, the
experimental7,8,22–25 and numerical26–32 evidence that an
electron dominated regime can be achieved locally in space
and time intervals which are relatively narrow with respect
to the bulk plasma dynamics but which are relevant to the
electron dynamics, is strongly indicative that an EMHD-type
modelling may be relevant also for the small-scale plasma dy-
namics of fusion devices and, generally speaking, of magnet-
ically confined plasmas. In this sense, EMHD reconnection
may be expected to occur9 in a wide variety of magnetized
plasmas, met both in space and laboratory.

In this work we extend the numerical analysis of linear
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EMHD tearing-type modes to multi-parameter regimes of
possible experimental relevance to laboratory plasmas and to
solar wind turbulence. To this purpose, we perform a numeri-
cal study in which two or more non-ideal effects are retained
at the same time. In these regimes there are not any analytical
estimates presently available for the scaling laws of the char-
acteristic scales associated to the eigenmodes. The results we
obtain are interpreted by comparison with those of the single-
parameter studies already known from literature and recently
revised/complemented in Ref. 9. New, non-trivial regimes
are thus identified, especially in the presence of electron vis-
cosity, in which the asymptotic scalings of the growth rates
and of the characteristic scale lengths associated to the eigen-
function depart from the usual power-law dependence which
is typically met in other tearing regimes. These non-trivial
regimes are determined by the competition between electron
inertia and resistivity, whose effects in the EMHD regime can
"overlap" in a wider parameter space interval than what is met,
for example, in reduced MHD (cf. Ref. 33), or they are de-
termined by the further inclusion of a finite viscosity. For ex-
ample, when the contribution of the viscosity parallel to the
guide field combines with electron inertia or with resistivity,
an inversion of the sign of some power law scaling is found
in a finite interval of the parameter space (the consistency of
which we discuss, later).

Due to the complex behaviour which characterizes these re-
connection regimes and due to the lack of theoretical works
providing reference analytical estimates, we have however
preferred to perform here a quantitative study by focusing on
the general behaviour of the eigenmodes on the non-ideal pa-
rameters at play, without pretending to provide the "exact"
power law scalings (also consider that −as we will see− a
local approximation with a power law dependence seems to
be feasible only in limited intervals of the parameter space).
Quantitative estimates of the power-law scalings will be pro-
vided only in some reconnection regimes, in order to make
comparison with known one-parameter limits or with some
heuristic-type arguments. However, these estimates should
be read as generally indicative: the problem of ascertain the
"exact" power-law scalings from numerical fits in these re-
connection regimes has been already extensively discussed in
Ref. 9, where it has been pointed out how combining both an
accurate numerical investigation over a wide parameter inter-
val and some heuristic arguments providing consistency con-
straints may be necessary, in order to discern between rational
exponents which differ one each other by just some decimal
digits. A study of that kind goes beyond the purpose of the
present work, which has the following structure.

In Sec. II the general features of the model are recalled.
The limitations of the simplifying assumptions of the incom-
pressible EMHD for the modelling of plasmas of experimental
interest are discussed in Sec. II A.

In Sec. III we discuss the definition and normalization of
the non-ideal dimensionless parameters of the problem (sub-
section III A) and their relevance to plasmas of experimen-
tal interest, both in laboratory and in astrophysics (subsection
III B). The difference between the resistive and viscous coef-
ficients parallel and perpendicular to the guide magnetic filed

are therein discussed. The physical and dimensionless param-
eters of interest to a number of real cases are listed in Tables I
and II.

Sec. IV is devoted to recall the general features of the linear
problem. Here we introduce the definition of the characteris-
tic spatial and time scales associated to the gradients of the
eigenfunction, and we discuss some features of the procedu-
ral methods we are going to apply.

Sec. V concerns the numerical studies related to a two-
parameter dependence: the regime where only electron inertia
and an isotropic resistivity are retained (subsection V A); the
regime where electron inertia and a perpendicular viscosity
or where an isotropic resistivity and a perpendicular viscosity
are retained (subsection V B); the regime where only a parallel
and perpendicular viscosity are independently and simultane-
ously considered (subsection V C); the regime where electron
inertia and a parallel viscosity or where an isotropic resistivity
and a parallel viscosity are retained (subsection V D).

Sec. VI concerns the cases in which more than two non-
ideal parameters at a time are simultaneously retained. In
subsection VI A regimes of practical interest are considered,
where a finite electron inertia combines with an isotropic
resistivity and an isotropic viscosity. In subsection VI B a
more realistic case in which electron inertia combines with
a slightly anisotropic resistivity and with a highly anisotropic
viscosity is studied, under the assumption that the resistivity
and the parallel viscosity are comparable in magnitude and are
much larger than the perpendicular viscosity.

In Sec. VII conclusions are drawn.

II. INCOMPRESSIBLE EMHD MODEL

We consider here the incompressible EMHD model dis-
cussed for example by Kingsep et al1 and by Gordeev et al2.
In this non-relativistic fluid model ions constitute a neutraliz-
ing immobile background and the electron fluid is assumed
to be incompressible. In a 2D slab geometry, the relevant
fluid equations ruling the nonlinear dynamics of tearing-type
modes can be cast in the following form:

∂

∂ t
(ψ −d2

e ∇
2
ψ)+ [b,ψ −d2

e ∇
2
ψ] = R⊥∇

2
ψ −V⊥∇

4
ψ (1)

∂

∂ t
(b−d2

e ∇
2b)+[b,b−d2

e ∇
2b] = [∇2

ψ,ψ]+R||∇
2b−V||∇

4b.
(2)

where the magnetic field is given by B = ∇ψ(x,y, t)× ez +
(B0 + b(x,y, t))ez, with B0 representing the guide field. In
this model we have included also dissipation effects, related
to the non-ideal dimensionless parameters appearing above as
diffusion-like coefficients R⊥, R||, V⊥ and V||, labeled with re-
spect to the guide field orientation (for a more detailed deriva-
tion of the model, see, e.g., Ref. 9 and references therein);
the normalized electron skin depth de = d̄e/L0, where L0 is a
reference length and d̄e = c/ωpe is the electron skin depth (c
being the light speed and ωpe the plasma frequency) is instead
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related to the electron inertia. These parameters are discussed
in greater detail in Section III B, next.

Combining Eqs. (1-2) −namely, adding twice Eq.(1), once
multiplied by ψ and once multiplied by ∇2ψ , respectively, to
Eq.(2) multiplied by b, and integrating by part over the whole
plasma volume− we obtain the following energy equation:∫ 1

2
∂

∂ t

{
|b|2 +d2

e |∇b|2 + |∇ψ|2 +d2
e |∇2

ψ|2
}

dxdy =

−
∫ {

R⊥|∇ψ|2 +R|||∇b|2 +V⊥|∇3
ψ|2 +V|||∇3b|2

}
dxdy .(3)

The normalized terms in Eq. (3) can be interpreted, re-
spectively, as: the magnetic energy density associated to
the z- and (x,y) components, i.e., B2

z/(2µ0) ↔ |b|2 and
|B⊥|2/(2µ0) ↔ |∇ψ|2; the kinetic energy density along
z and in the (x,y) plane, i.e., meneu2

e,z/2 ↔ d2
e |∇ψ|2 and

mene|u2
e,⊥/2 ↔ d2

e |∇b|2; the energy densities dissipated
by the parallel and perpendicular resistivity (i.e., electron-
ion viscosity), R|||∇b|2 and R⊥|∇ψ|2; the energy densi-
ties dissipated by the parallel and perpendicular viscosity
(i.e., electron-electron viscosity), V|||∇3b|2 =V|||∇∇2b|2 and
V⊥|∇3ψ|2 =V⊥|∇∇2ψ|2.

A. Limitations and relevance of the incompressible EMHD
model in laboratory and in astrophysics

As discussed in Ref. 9, the incompressible EMHD model
of Eqs. (1-2) can be assumed to provide an incompressible
fluid plasma description restricted to the electron dynamics
−i.e., an "electron-only" dynamics, as it has been dubbed in
recent literature8−, which is valid locally with respect to tem-
poral and spatial scales at which the ion dynamics is negligi-
ble. In this sense, the validity of this EMHD model can in
principle extend beyond the limits set in terms1,2 of the global
conditions for the propagation of EMHD linear modes, when
kdi ≲ 1 and Ωi ≪ω ≲Ωe. As discussed in the aforementioned
work, there is indeed enough evidence from both spacecraft
measurements7,8,22–25, kinetic numerical simulations27? ? –31

and theoretical models27,32,34 that this can be the case. In-
terestingly, this ensemble of works suggests that the EMHD
regime may be locally attained under conditions that can con-
siderably differ from one another. For example, in the case
of solar wind turbulence, an electron-only reconnection is ob-
served in correspondence to small-scale turbulence, when at
large scales the ion and electron temperature are comparable,
Ti ≃ Te. This condition can be more conveniently expressed
in terms of the β -parameter of each species. For the typi-
cal solar wind turbulence this condition reads βi ≃ βe ≃ 1,
where βα = 2µ0(n0kBTα)/B2

0. The theoretical reduction tech-
niques based on a gyrokinetic27,34 or on a gyrofluid32 model,
require instead that βe ≪ 1. Then, depending on the theoret-
ical model, different orderings in terms of the electron-to-ion
mass ratio εm ≡ me/mi can be formally required: for exam-
ple, βi ∼ βe ∼ εm ≪ 1 is required in Ref. 27 and 34, whereas
βe ∼ εm and βi ≃ 1/εm ≫ 1 is required in Ref. 32. Note that
this latter result agrees with the remarks already provided in

Ref. 27, in which Mallet argued (see therein) that the condi-
tion βi ≪ 1 imposed by the gyrokinetic derivation were prob-
ably too restrictive.

While, on the one hand, all this leaves open to future in-
vestigation the problem of better determining when a regime
dominated by the electron dynamics can be locally attained,
on the other hand it points to the possible relevance of EMHD
to diverse contexts of plasma physics, which go beyond ap-
plications to space plasmas. The relevance to experimental
measures of the simplified EMHD model we have considered
is therefore subject to two main types of constraints: (i) the
local negligibility of ion dynamics and (ii) the appropriate-
ness of an incompressible closure for the electron fluid. Let
us address these points separately.

Space plasmas like the solar wind are the most natural
frameworks where hypotheses (i) and (ii) are more easily ver-
ified. For example, by referring to the data reported in Ref. 8
for an electron-only physics case (hp (i) satisfied) we can es-
timate Ωce/ωpe = 0.027. Following Ref.35 by ordering small
density fluctuations as δne/no ∼ (Ωce/ωpe)

2 ≃ 7× 10−4 we
can thus estimate that density fluctuations are negligible.

1. Potential relevance of the EMHD regime to magnetically
confined plasmas

Historically speaking, the incompressible EMHD model
has been first devised with application to magnetically con-
finement devices10,11,17. In particular, since it provides a nat-
ural framework for the description of whistler waves (see, e.g.
Ref. 15), which in a bounded domain are also called "heli-
cons", EMHD is particularly relevant to describe the electron
physics in the so-called helicon devices17,36. In particular,
incompressible EMHD has been used37 to model magnetic
reconnection (in the collisionless limit) in machines like the
VINETA-II38.

Less evident can be the relevance of the EMHD model to
devices specifically designed to achieve thermonuclear fusion
conditions. The study of plasma physics in these systems is in-
deed generally oriented, from both an experimental and a the-
oretical point of view, to the investigation of the physics at the
ion scales, which dominate the bulk plasma dynamics. EMHD
has been however adopted to provide a fluid model of the cur-
rent dynamics in stellarators and toroidal fusion devices18,21.
Moreover, the detection of a whistler dynamics39–41 is a signa-
ture of the general relevance of the EMHD regime for fusion
plasmas −albeit, of course, the restriction to the incompress-
ible limit may here be a too crude approximation. In gen-
eral, indeed, the inclusion of kinetic effects may be required,
especially because of the high temperature attained by elec-
trons in these conditions; comparable electron temperatures
(i.e., Te ≳ 5keV ) have been locally measured also in magneto-
spheric plasmas where whistler waves have been detected42.
There is nowadays recognised evidence that, in tokamak plas-
mas, the whistler dynamics is associated for example to the
excitation of runaway electrons (see, e.g., Refs. 41, 43, and
44, just to cite a few). Although runaways electrons can attain
relativistic velocities (see, e.g., Refs. 45–47) and are likely
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to be dominated by kinetic effects, they provide a quite fit-
ting example of current jets in which ion physics is negligible.
Incompressible EMHD models have been thus also used to
describe some features of their physics48–50. In this light, the
incompressible EMHD model we adopt here, can be seen as
a first attempt to investigate electron-only tearing-type insta-
bilities which can be possibly associated to the dynamics of
intense currents nonlinearly generated in tokamaks, although
no evidence of these phenomena has been reported so far: in
this sense, the parameters of machines like ITER and JET re-
ported in Tables I and II, next, are reported just as a term of
comparison and their relevance to EMHD tearing modes must
be regarded as purely speculative.

2. Limitations of the incompressible limit

The incompressibility of the electron fluid is not appropri-
ate when charge separation effects are important. The evolu-
tion of the charge density is naturally associated to relativistic
effects, the time derivative of the charge density in the cor-
responding continuity equation being related to the displace-
ment current in Ampére’s law. As we have seen, however,
relativistic effects can be important in the EMHD regime.

In Refs. 35 charge separation and relativistic effects have
been accounted for as first order density perturbations ordered
like δne/n0 ∼ (Ω2

ce/ω2
pe) ≪ 1, which were shown to be re-

lated to the diffusion of the small perturbations of the paral-
lel component of the magnetic field. Once included in the
study of tearing modes3,51,52 these corrections just enter with
a "renormalization" of the electron skin depth, which gets a
small additive term becoming λ 2

e = d2
e (1+Ω2

ce/ω2
pe).

Other works53–56, even prior to Ref. 35, have included elec-
tron compressibility related to slow density variations result-
ing from the nonlinearities associated with the whistler wave
dynamics56 in a non-perturbative way. These effects, gener-
ate electric fields responsible for the ion response occurring on
the same timescales characterizing the evolution of these elec-
tric fields. These effects can have important consequences for
the energy cascade in electron whistler turbulence57 and in the
decay of whistlers and helicons involving low frequency, slow
waves (see, e.g., Refs. 58–60).

The fluid electron incompressibility also excludes from
the model any electron temperature effect, even when non-
isothermal, polytropic closures are considered. This is an-
other limitation of the model, which has been overcome in
some works like Refs.54,55,61. Therein an equation describing
the evolution of electron temperature, no longer considered
constant, has been included.

Despite all these effects may be important in the EMHD
parameter range we consider, here we neglect them as a first
approximation, the purpose of the present work being to fo-
cus on the tearing mode analysis, as it was laid down in the
seminal work by Furth et al.5, in which electrostatic and non-
isothermal effects were all neglected. The aim of this work
is indeed to provide a first assessment of the combined role of
two or more non-ideal parameters, once accounted for simoul-
taneously (in previous literature, they have been mostly con-

sidered separately in the EMHD regime). As discussed in Ref.
9, this approach is meant as a first step towards the extension
of the linear tearing mode analysis in kinetic EMHD regimes.

III. NON-IDEAL EMHD PARAMETERS AND
RECONNECTION REGIMES OF EXPERIMENTAL
INTEREST

A. Non-ideal parameters and their normalization

In Eqs.(1-2) the lengths are normalized to a reference length
L0 and times to a characteristic whistler time τw, which cor-
responds to the propagation of whistler waves along the guide
magnetic field over a distance L0. For the moment we can
define it as τw ≡ neeL2

0/(ε0B0c2) in terms of the physical pa-
rameters, among which we have introduced the density (ne)
and charge (−e) of the electrons, and the vacuum permittivity
(ε0). This time-scale naturally appears in the k̄||L0 → 1 and
d̄2

e/L2
0 = d2

e ≪ 1 limits of the dispersion relation of whistler
waves,

ω = Ωced̄2
e

k̄k̄||
1+ k2d̄2

e
, Ωce ≡

eB0

me
, (4)

where k̄ and k̄|| respectively denote the amplitude of the di-
mensional wave-vector and of its component along the guide
field, and Ωce is the electron cyclotron frequency. Eq.(4) is
straightforwardly obtained by linearizing the system (1-2) in
the R⊥ = R|| =V⊥ =V|| = 0 limit around a uniform magnetic
field B0 −for example, aligned with y, and for a perturbation
with k̄ = k̄⊥ex + k̄||ey and k̄ = (k̄2

⊥+ k̄2
||)

1/2. Then

τw =
L2

0

d̄2
e Ωce

(5)

The diffusion-like coefficients appearing at r.h.s. of Eqs.
(1-2) can be defined by introducing some characteristic diffu-
sion times in the directions perpendicular and parallel to the
guide field. In the case of the R-coefficients, we introduce the
diffusion times

τ⊥ =
µ0L2

0
ηe,⊥

, τ|| =
µ0L2

0
ηe,||

(6)

which are related to the resistive diffusion of the magnetic
lines, and because of this are dependent on the resistivity co-
efficients ηe,⊥ and ηe,|| (cf. Eq.(32) in Ref. 9). Thus, we de-
fine the inverse perpendicular and parallel electron Lundquist
numbers as follows:

R⊥ =
τw

τ⊥
, R|| =

τw

τ||
. (7)

For the V -coefficients we introduce the viscous diffusion



AIP 5

times

τ̂⊥ =
L4

0
d2

e µ⊥
, τ̂|| =

L4
0

d2
e µ||

, (8)

dependent on the respective viscous coefficients µ⊥ and µ||, so
to define the electron viscosity and hyper-viscosity numbers

V⊥ =
τw

τ̂⊥
, V|| =

τw

τ̂||
. (9)

EMHD, as it is usually formulated in the sense of Refs.1,2,
is formally valid at time scales larger than or at most compa-
rable to the electron cyclotron time, but much shorter than the
ion cyclotron time. It also requires the characteristic lengths
to be shorter than the ion skin depth d̄i =

√
mi/me(d̄e/Z)

(which for an ion species of charge Z can be defined as
d̄i =

√
mi/me(d̄e/Z)). Because of this, the thickness the thick-

ness of the current sheet possibly unstable to EMHD tearing
modes must be not larger than d̄i.

Therefore

L0 = a ∼ sd̄i, s ≤ 1, (10)

is a reasonable choice for the reference length. Henceforth, for
experimental application, we will take in particular the upper
limit s = 1.

B. Some parameter range of possible experimental relevance

The linear problem we are going to study formally depends
on the five parameters de, R⊥, R||, V⊥, and V||. However, look-
ing at the dependence of each of these dimensionless parame-
ters on the physical parameters of the plasma (in this case, the
characteristic amplitude of the equilibrium magnetic field, B0;
the electron temperature Te and particle density ne; and the ion
charge Z) can help us to narrow down their range of variability
in reconnection regimes which are of practical relevance.

This is the rationale with which Table I has been con-
structed. Then, the physical parameters therein have been
used, combined with the definitions of the dimensionless pa-
rameters (7-9) given in terms of the dimensional quantities,
which were already discussed in Ref. 9, in order to compute
the values in Table II. The numerical formulae we have used
are those which follow, where all quantities are meant to be
expressed in MKS units, except for energy, which is expressed
in keV :

d̄2
e =

2.824×1013

nea2 , d̄2
i =

1
Z∗2

mi

me
d̄2

e , (11)

(
R⊥
R||

)
=

(
1.06

0.541

)
×10−51 × Z∗ne ln(Λe)

B0T 3/2
e

, (12)

(
V⊥
V||

)
=


1.74×10−74 Zn2

e ln(Λe)

B3
0T 1/2

e a2

1.55×10+28 T 5/2
e

ZB0 ln(Λe)a2

 . (13)

where ne, B0, and Te are given in m−3, Tesla, and keV units,
respectively. Here Z∗ is the effective atomic number reflect-
ing the degree of ionization of each atom: one usually means
a plasma to be "fully ionized" in the sense that the number of
neutrals is negligible, but this does not mean that ions them-
selves are fully ionized, too, that is, in general Z∗ < Z. In
reality, indeed, Z∗ ≤ 3 in most laboratory devices. Notice in
this regard that in any atom the ratio between the number of
neutrons and that of protons in the nucleus is about unity for
Z < 20 and it does not trespass ∼ 1.6 for larger values of Z. It
thus follows that mi < 2ZmH , for mH representing the mass of
the Hydrogen nucleus. As a consequence, the ratio di/de in a
plasma with each atom which is fully ionized scales roughly
as 1/Z, meaning that the scale separation between di and de
becomes narrower, for heavier fully ionized atoms. Instead,
for a plasma with heavier atoms but with Z∗ ≪ Z, the scale
separation between di and de increases with respect to the Hy-
drogen case with the square root of the ion mass species. This
is the case of the Argon plasma in the laboratory devices dis-
played in Tables I-II, for which Z∗ ∼ 1 or 2 (throughout the
table, the arbitrary value Z∗ = 1 has been taken). We also note
that, typically, plasmas of the laboratory devices of Tables I-II
are not even fully ionized, and they may be constituted by a
percentage of neutrals which can be well of the order of 10%
of the total heavy species density. This fact is not expected to
play a role in the EMHD reconnection regimes treated in this
work, since neutrals are not going to appreciably affect the
electron dynamics (they do not intervene in the charge bal-
ance and negligibly affect the electron collision rates), while
their dynamics is completely neglected, so as that of ions is.

It is also interesting to note that, despite all coefficients
of Eqs.(12-13) are related to collisions, they differently de-
pend on the electron collision time which scales like τe ∼
T 3/2

e /(ln(Λ)Zne) −cf. Sec. V of Ref. 9.
Table II presents quantitative estimates for different non-

ideal parameters in some magnetic confinement devices and
for specific turbulent regimes of the solar wind. Non-helicon
devices specifically dedicated to thermonuclear fusion exper-
iments (ITER, JET) or magnetic reconnectiom studies (MRX,
RFX) have been included for comparison and by following
the rationale that an "electron-only" dynamics may be locally
achieved, locally in space and time9, as indicated by a number
of studies focusing on plasma turbulence (cf. the discussion
in Sec. I and Refs. 7, 8, 22–32).

In Table II, the dimensionless electron skin depth is defined
as de = d̄e/a, where d̄e represents its dimensional value. Addi-
tionally, these values have been calculated under the assump-
tion that L0 = a = d̄i =

√
mi/(Z2me)d̄e.

According to the definition of the parallel and perpendicu-
lar resistivity and viscosity coefficients (cf. Ref. 62 and 63
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and the discussion in Ref. 9), the following orderings can be
established:

R⊥
R||

=
η⊥
η||

≈ O(1)
V⊥
V||

=
µ⊥
µ||

≈ 1
Ω2

ceτ2
e
, (14)

where

τe =
6
√

2π
3
2 ε2

0
√

meT
3
2

e

Z lnΛe4ne
(15)

is the characteristic time required for electrons to thermalize
(i.e., it is the "electron collision time"). In its definition, lnΛ

is the Coulomb logarithm, whose weak dependence on Z, Te,
and ne makes it generally contribute with a numerical factor,
which for practically all relevant application is comprised in
the interval 10 ≲ lnΛ ≲ 20.

Since the model we rely upon requires that Ωceτe ≫ 1,
which is quite well verified for all cases considered in Ta-
bles I-II, Eqs. (14) generally imply that V⊥ ≪ V||. At the
same time, however, the dependence of the ratio V⊥/V|| on
many physical parameters allows for a quite large variabil-
ity of the value of this ratio. Looking at the values in Table II
one notes that V⊥/V|| in magnetically confined plasmas ranges
from ∼ 10−19 to ∼ 10−6 and in the solar plasma ranges from
∼ 10−20 to ∼ 10−16..

IV. LINEAR ANALYSIS WITH A TWO- AND
THREE-PARAMETER DEPENDENCE

We now focus on the linear study of tearing modes, per-
formed by linearising Eqs.(1-2) around an equilibrium with64

ψ0(x) = 1/(2cosh2(x))−1 and b0 = 0 for modes of the kind
∼ f (x)cos(ky)eγt , and by solving numerically the correspond-
ing eigenvalue problem with the solver detailed for reduced-
MHD tearing modes in Ref. 33, and adapted for EMHD tear-
ing regimes in Ref. 9. Like in the aforementioned works,
we consider here three distinct wavelength regimes which are
identifiable in a slab tearing geometry, and where power-law
scalings of both the growth rate γ and of other microscopic
scale lengths associated to the gradients of the eigenfunctions
(see Ref. 6) are usually expected. Introducing the well-known
instability parameter5 ∆′(k) and the reconnection layer width
δ (which can be operationally defined in terms of the gradi-
ent of the perturbed current function as proposed in Ref. 6),
these three wavelength regimes can be respectively identified
as: the large-∆′ limit, corresponding to ∆′δ > 1 (hereafter la-
belled with the index "LD"); the small-∆′ limit, correspond-
ing to ∆′δ < 1 (hereafter labeled with the index "SD"); and
the fastest growing mode limit (hereafter labelled with the in-
dex "M"), corresponding to the condition ∆′δ ∼ 1. We recall
that the instability condition ∆′(k)> 0 fixes a range of unsta-
ble wavevectors in an interval (0,km), where km =

√
5 for the

equilibrium chosen here. Because of this, a correspondence
of each of the three regimes expressed in terms of the value of
∆′ with a wavelength range can be established: the LD limit
corresponds to the k ≪ 1 range; the SD limit corresponds to

the k → km range; and the fastest mode limit corresponds to
an asymptotic dependence of k on the powers of the non-ideal
parameters, which can be deduced by singling out k as a func-
tion of the other parameters from the condition δLD ∼ δSD, or
from γLD ∼ γSD, when it is not trivial (see Ref. 9 and 65). The
other quantities, the asymptotic scaling of which we may be
interested to evaluate, in the following, are the inverse scale
lengths which in Ref. 6 have been introduced as

D′ ≡ lim
ε→0

ψ ′
1(+ε)−ψ ′

1(−ε)

ψ1(0)
, (16)

∆
′
vy ≡

vy,1(δ )− vy,1(−δ )

vy,1(δ )
=

2b′′1(δ )
b′1(δ )

,

where the index "1" labels the perturbed quantities and vy,1 =
b′1 stands for the electron fluid velocity component along y. In
the first of the equations (16) above, D′ can be seen as a "gen-
eralisation" of the ∆′ parameter first introduced in Ref. 5, and
to which D′ converges in the small-∆′ limit only (we recall that
the definition of ∆′ is similar to the first of Eqs. (16), provided
ψ1 is substituted with the part of the eigenfunction ψ1 which
solves the linear version of [ψ,∇2ψ] = 0). In Ref. 6, in partic-
ular, it has been numerically verified that ∆′ can be computed
using the ratio at r.h.s. of the first of Eqs. (16), evaluated by re-
moving the limε→0 and by substituting ε with δ . The quantity
∆′

v of the second of Eqs. (16) can be thus mimics the defini-
tion of ∆′, once evaluated for the quantity b′, corresponding to
the electron velocity component along the neutral line. Both
D′ and ∆′

v have been shown to display non-trivial power-law
scalings in different tearing regimes, both in reduced-MHD6

and in EMHD9. In Ref.9, in particular, it was shown that in all
wavelength limits ∆′

v ∼ δ−1, and that both D′ and ∆′
v play an

important role in the heuristic interpretation of the numerical
results of the one-parameter eigenvalue problem, which is, in
turn, important for the numerical estimate of power law scal-
ings which respect some inner coherence. It should be noted
that it is computationally quite demanding in some regimes to
determine the scalings of the different quantities with respect
to k. This generally happens in fastest mode limit, or when one
tries to determine the scaling with respect to ∆′ and to k in the
small-∆′ limit with small non-ideal parameters, and/or when
k approaches the marginally stable value km). In this case, the
multi-precision version of the code, discussed in Ref.33, must
be used, which considerably increases the computation time
required to grant convergence of the numerical scheme. Be-
cause of this reason, and since in the following we are going
to show that the asymptotic scalings of the quantities of in-
terest do not respect anymore a power-law dependence on the
non-ideal parameters, in the following we are going to omit
to perform a specific study of the dependence of quantities on
k, since our purpose, here, is mainly to evaluate the behaviour
of the normal mode solutions with respect to the non-ideal
parameters at play, when two or more of them are simultane-
ously taken into account.

An important element distinguishes however the present
numerical approach to that of Ref.9, where the focus was
primarily on conducting a single-parameter study of differ-
ent tearing regimes. Here, instead, since the variability of
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the parameters in the Table II underscores the importance of
considering more complex, multi-parameter regimes in real-
istic scenarios, we extend that analysis to two-parameter and
to three-parameter regimes. For example, while we can still
keep on assuming, like in Ref.9, a proportionality between R⊥
and R||, since the ratio R||/R⊥ is only weakly dependent62 on
Z (i.e., R⊥/R|| ≃ 3 for Z =→ ∞ and R⊥/R|| ≃ 2 for Z = 1),
the proportionality between V⊥ and V|| already considered in
previous studies9,66 will be relaxed, in the following.

Due to the general, relative smallness of the estimated val-
ues of V⊥ and V|| with respect to both de and R⊥, R||, which
are reported in Table II, it may seem a priori quite reason-
able to neglect as a first approximation the electron viscos-
ity. As we will see in the following, however, several order
of magnitudes separating the viscosity coefficients from the
normalized electron inertia or the resistivity do not generally
grant the negligibility of V⊥ and in particular V||, which, in-
stead, may radically modify the scaling laws with respect to
the other parameters, as well. This is one of the results of
the present analysis, which we will discuss later. This depen-
dence can be qualitatively understood by considering the high
order of the spatial derivative weighted by the V⊥ and V|| co-
efficients, which make them more important, the smaller the
characteristic width of the reconnecting layer is. The latter, is
in turn generally thinner, the smaller de and R⊥, R|| are. At
the same time, it should be noted that accounting for numer-
ical values of the viscosity, which adhere to the estimates of
Table II, is extremely costly from the computational point of
view. This is why, in the preliminary multi-parameter study
of EMHD tearing modes that follows, we have opted for in-
vestigating regimes in which the scale separation between the
non-ideal parameters considered may be significant and can
follow the trends suggested by the values in Table II, although
the ranges of values of the viscosity (and V⊥, in particular),
may be significantly different from those reported therein.

Finally, it is worth underlining a point of the following dis-
cussion, which is important from the methodological point of
view. The regimes we are going to discuss, next, seem to
have been not investigated, yet, in previous literature, neither
from an analytical nor from a numerical point of view (if not
for few cases). Therefore, the scalings we have obtained lack
of terms of comparison. Moreover, in many cases of multi-
parameter dependence, we are going to show that these scal-
ings depart, in significant intervals of the parameter space,
from the "usual" power-law dependencies known in other tear-
ing reconnection regimes. Because of this, and considering
the practical difficulty to identify the exponent of a power law
scaling (e.g., distinguishing close fractional values from a nu-
merical fit), which has been already pointed out in Ref. 9,
whenever we are going to present some power law scaling
not supported by theoretical estimates, next, it should be read
just as an "indicative estimate". Nevertheless, some consis-
tency argument in support of the numerical results obtained
will be given. One is typically the verification of the conver-
gence of the numerical results to the scaling of some known
1-parameter limit. Another argument, applicable only in the
resistive and inertial regimes, concerns the formal equivalence
of the two reconnection regimes, provided the correspondence

γd2
e ↔ R (which is the EMHD version of the correspondence

γd2
e ↔ S−1 of reduced MHD −see Refs. 6 and 67).
In general, whenever in the figures of this article some spe-

cific estimate of a power-law scaling is shown, the following
convention is applied:

-) Solid black lines (and black printed scaling values) cor-
respond to some indicative numerical fit, estimated to be valid
in a parameter interval of the results. These scalings are, to
the best of our knowledge, new.

-) Solid red lines (and red printed scaling values) corre-
spond to power-law scalings of single parameter regimes,
which have been already established in previous works and
are here presented, typically for comparison.

-) Dashed black lines (and black printed scaling values) in-
dicate arbitrary power-law scalings, shown in the figure as a
term of comparison with respect to the actual parameter de-
pendence of the displayed quantities.

V. TEARING MODES WITH A TWO-PARAMETERS
DEPENDENCE

A. Dependence of γ on (de,R)
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FIG. 1. Growth rate for the large-∆′ limit as function of de and R in
the top-left and top-right frames, respectively. Top frames: the verti-
cal dashed arrows show the direction in which the parameter R (left
frame) or de (right frame) increases; the parameter intervals consid-
ered are R ∈ [4×10−8,8×10−4] (left frame) and de ∈ [0.023,0.103]
(right frame). Bottom frame: 2D representation of the growth rate.

We start by investigating a scenario where both resistivity
and electron inertia are retained in a parameter space relevant
to various realistic regimes, while viscosity, as a first approx-
imation, is neglected.

Since R⊥ and R|| always differ just by a numerical factor
of order 2 or 3 (cf. Eq. (14)), and having already shown9
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TABLE I. : The physical parameters of the table below have been taken from the references indicated in the first column. The first three
lines correspond to theta pinch-type devices (LAPD, SPEKTRE, VINETA II). The fourth and fifth line correspond to tokamaks (ITER, under
construction, and JET). The sixth and seventh line correspond to machines specifically designed for magnetic reconnection experiments (MRX
and RSX). Then, for lines related to parameters of the Sun plasma are given, which refer to characteristic values met at different distances from
the Sun center (these are indicated in the first column in Astronomical Units). The Coulomb logarithms for electron-electron collisions (last
column) have been evaluated as63 lnΛ ≃ 23.4−1.15logne +3.45logTe, which is valid for Te < 50eV , while for ITER and JET cases, where
Te ≫ 50eV , the Coulomb logarithms read lnΛ ≃ 14.9−0.5logne + logTe with ne and Te given in m−3 and keV , respectively. The value of τe
has been evaluated using Eq. (15). All parameters are indicated in cgs units; eV is used for the energy.

io
ns

m
i/

m
e

n e
[m

−
3 ]

B
0[

Te
sl

a]
T e
[e

V
]

ln
Λ

τ
e[

se
c]

Ω
e[

se
c−

1 ]

D
ev

ic
e

L
A

PD
68

H
−

H
e

18
36
−

73
44

10
17
−

10
19

(4
−

35
)
×

10
−

2
1
−

12
8
−

14
(2

−
50

00
)
×

10
−

8
(7

−
62

)
×

10
9

SP
E

K
T

R
E

69
H

-H
e

18
36

−
73

44
10

16
−

10
19

(5
−

44
)
×

10
−

2
3
−

10
10

−
15

(8
−

40
00
)
×

10
−

8
(9

−
80

)
×

10
9

V
IN

E
TA

II
38

A
r

73
44

0
10

16
−

10
20

0.
1
−

0.
16

5
−

10
9
−

15
(2

−
40

00
0)

×
10

−
8
(2

−
3)

×
10

10

IT
E

R
70

D
-T

36
72

−
55

08
10

20
5.

3
(1

−
1.

5)
×

10
4

21
−

22
(1

−
2)

×
10

−
3

9
×

10
11

JE
T

71
D

-T
36

72
−

55
08

10
19
−

10
20

2
−

3.
5

(2
−

6)
×

10
3

22
−

25
(1

−
50

)
×

10
−

4
(4

−
6)

×
10

11

M
R

X
72

H
-H

e
18

36
−

73
44

10
19
−

10
20

0.
02

−
0.

1
5
−

15
10

−
13

(2
−

80
)
×

10
−

8
(4

−
20

)
×

10
9

R
SX

73
H

18
36

(1
−

3)
×

10
19

0.
01

−
0.

04
6
−

14
10

−
12

(7
−

70
)
×

10
−

8
(2

−
7)

×
10

9

So
la

r
pl

as
m

a
(i

de
al

di
st

an
ce

fr
om

Su
n’

s
ce

nt
er

)
0.

00
46

AU
=

1
R

⊙
(p

ho
to

sp
he

re
)74

,7
5

H
18

36
10

10
(5

−
50

)
×

10
−

3
0.

6
18

5.
5

(9
−

90
)
×

10
8

0.
00

52
A

U
(u

pp
er

co
ro

na
)76

H
18

36
10

12
10

−
4

86
18

87
2
×

10
7

0.
17

A
U

(≃
35

.7
R

⊙
)77

,7
8

H
18

36
3
×

10
8

1
×

10
−

8
30

25
5.

8
×

10
4

1.
7
×

10
3

1
A

U
(s

ol
ar

w
in

d)
76

H
18

36
3
×

10
6

3
×

10
−

9
8.

6
26

9
×

10
5

5.
3
×

10
2



AIP 9

TABLE II. : : The dimensionless parameters of the table below have been computed using formulae (11 -15) specialized for Z∗ = 1 and for
the values of the physical parameters listed in Table II. The product Ωeτe in the first column is indicative of the applicability of Braginski-type
estimates (in case it is much larger than unity): it has been evaluated (and rounded) combining the values of Table I (e.g., max{Te} with
min{B0} and min{ne}) by following, for experimental devices, the rationale that the maximum (minimum) value of B0 generally goes together
with the maximum (minimum) value of ne. The shear length a appearing in the fourth column is left as a free parameter, to be expressed in cm.
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that a proportionality relation between R⊥ and R|| yields the
same scaling law (except for multiplying numerical factors)
of the R⊥ = R|| = R case, we consider here a single, isotropic
resistivity coefficient.

In all three wavelength limits considered, the same gen-
eral behaviour has been identified, which is characterized
by the existence of two opposite regimes: a purely resistive
one, where R dominates and de is negligible, and a colli-
sionless one, where de dominates, instead, and R is negli-
gible. Similarly to what was noted33 in reduced MHD, the
transition between the collisionless and resistive regimes is
characterized by a regime, narrower in the parameter space,
where power-law scalings are no longer valid. This transi-
tion phase is relevant in certain realistic regimes. This may
be the case, for example, of some operational regimes in both
SPEKTRE and VINETA II (cf. Table II). Several previous
studies3,9,51,79–83 have already extensively explored electron-
MHD tearing modes when resistivity and electron inertia are
separately considered. In Fig.1 we thus present results only
for the large-∆′ limit, with the purpose to highlight the transi-
tion between the purely resistive and the purely collisionless
regime (the small-∆′ limit and the fastest mode limit exhibit a
qualitatively analogous behavior).

In particular, the upper frames of Fig.1 show the scaling
laws of the growth rate at fixed k as a function of de for vari-
ous values of R (the top-left frame) and as a function of R for
different values of de (top-right frame). The different curves
of the top-left frame correspond to the values of the non-ideal
parameter on the x-axis of the top-right frame, and vice-versa.
The bottom frame of the same Figure shows γLD = γLD(R,de)
for a fixed value of k, chosen so that in the whole parame-
ter space considered, the LD is recovered. Here, the resistive
regime can be identified as the region of the parameter space
roughly contained inside of the dashed red-colored rectangle.
The power laws identified in both the collisionless and resis-
tive limits, i.e., γLD ∼ d2/5

e for γLDd2
e ≫ R and γLD ∼ R1/6 for

γLDd2
e ≪ R, respectively, and explicitly shown in the upper

frames agree with those numerically identified in Ref. 9.

B. Dependence of γ on (de,V⊥) and on (R,V⊥)

Here we focus on the general dependence of γ on the cou-
ples of parameters (de,V⊥) and (R,V⊥), separately consid-
ered. Although the parallel electron (hyper-)viscosity is often
largely dominant over the perpendicular viscosity, we con-
sider here the formal limit V|| = 0 as an example of a two-
parameter dependence in which both parameters retained can
separately induce reconnection and drive the tearing mode
growth. Furthermore, exploring these regimes provides a pos-
sible benchmark test for when further non-ideal parameters
are incorporated in the tearing mode analysis, or for nonlinear
simulations, e.g. when hyper-viscosity is included.

Although not any other quantitative estimates are available
for the scalings in these regimes, the numerical results shown
below in the inertial (de ̸= 0) and resistive (R ̸= 0) regimes
display an inner coherence, as they can be recovered one from
the other by substituting γd2

e with R. This correspondence will
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parameter intervals considered are de ∈ [0.023,0.103] (top frames),
V⊥ ∈ [10−9,10−4] (bottom frames.

be discussed below.
Fig.2 and Fig.3 show the growth rate and the width of the

reconnecting layer, respectively, both in the small (left frames)
and large (right frames) ∆′ limits of the (de,V⊥) regime.

This regime (and, subsequently, also the (R,V⊥) regime)
is quite interesting from a theoretical point of view, since it
shows that the two effects (electron inertia and perpendicu-
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FIG. 4. Top frames: the growth rate of the fastest mode as a function
of de (left frame) and V⊥ (right frame) in (de,V⊥) regime. Bottom
frames: the width of the reconnection layer of the fastest mode as a
function of de (left frame) and V⊥ (right frame) in (de,V⊥) regime.
The vertical dashed arrows show the direction in which the parame-
ter not on the x-axis increases: the parameter intervals considered
are V⊥ ∈ [2 × 10−9,10−4] (left frames), de ∈ [0.023,0.103] (right
frames).
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FIG. 5. Validation of the γd2
e ↔ R equivalence within the (de,V⊥)

regime in the large-∆′ limit, knowing that it also holds across all
limits. The parameter interval considered is χ ∈ [0.023,0.103].

lar viscosity) can compete and make the dispersion relation
appreciably depart from a power law-scaling. In some re-
spects, this case is similar to what is met in reduced MHD,
when the contributions of both electron inertia and resistivity
are simultaneously retained (cf. Sec. VIII of Ref. 84) and to
what is met in EMHD (cf. Sec. V B), although in these cases
the parameter region in which both electron inertia and resis-

tivity appreciably contribute is very narrow, and therefore a
power-law scaling dominated by a single parameter at a time
can be easily recovered. In this (de,V⊥) EMHD regime, in-
stead, the region where both parameters contribute is wider,
and a change of dependence on them is observed. In partic-
ular, when V⊥ is kept fixed, the power-law dependence on de
(and, similarly, on R) can even pass from a positive scaling to
a negative one. This change of regime is appreciable, since,
within it, the growth rate amplitude spans a variation of at least
one order of magnitude: for the small-∆′ limit this is shown in
the top-left frame of Fig.2.

Notice there is not any inconsistency in this result, since
a further change of regime is measured as de further de-
creases, which makes the negative power-law dependence of
the growth rate on de to "saturate" by making the negative ex-
ponent progressively tend to zero: the dependence of γ on de
disappears when the value of the latter becomes sufficiently
small, and thus the regime becomes purely viscous. This is
shown in the top frames Fig.2 for the dependence of γ on de
only. An analogous behaviour, not displayed here, is observed
for R. The consistency of these numerical results is supported
by the fact that the power law scalings with respect to de and
to R, which are locally measured for the same value of V⊥ in
some sub-intervals of the dispersion relation, coincide via the
correspondence γd2

e ↔ R: for example, the negative scaling
γSD ∼ R−1/3 with respect to R (not shown, here) obtained in
a parameter interval of the (R,V⊥) tearing regime in small-∆′

limit, can be recovered by substituting de ∼ (R/γ)1/2 in the
scaling γ(de)∼ d−1/2

e shown in the top-left frame of Fig.2. A
similar procedure can be applied to the scalings of the large-∆′

limit shown in Fig. 5, where the explicit equivalence between
γLD in the (de,V⊥) and in the (R,V⊥) regimes is highlighted
via the correspondence γd2

e ↔ R at fixed values of V⊥, thanks
to the introduction of the variables χ = de and χ = (γ/R)1/2,
in the inertial and resistive regimes, respectively.

Furthermore, within the parameter space considered in
Fig.2-5, the scaling laws of the corresponding one-parameter
regimes (i.e., purely collisionless or purely viscous) were not
recovered. For instance, in the bottom-right frame of Fig.2,
the green-colored line represents the scaling of γLD for the
purely viscous case9 (γLD ∼ V 1/14

⊥ ), which differs from the

"faster" scaling observed here, γLD ∼ V 1/11
⊥ . Similar discrep-

ancies are visible also in the small-∆′ limit, as shown in the
bottom-left frame, where the scaling9 γSD ∼V 1/4

⊥ of the de = 0
case (green line) is compared with the scaling obtained in this
(de,V⊥) case, of which the approximated estimate γSD ∼V 3/10

⊥
has been here shown.

Fig.4 displays the scaling laws of the growth rate γM and
the width of the reconnecting layer δM for the fastest growing
mode in the top and bottom frames, respectively. The left and
right frames show the dependence on de and V⊥, respectively.
Upon closer examination, in the magnified part of the top-
left frame of Fig. 4, we observe a dependence of γM on de,
analogous to that observed in both the large and small limits
of ∆′ (cf. top frames of Fig.2).

The richness of behavior that we observe in EMHD, and no-
tably the wider parameter range in which a dominance of one
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FIG. 6. Growth rates of (V⊥,V||) regime as function of V⊥ (top
frames) and as a function of V|| (bottom frames) for small-∆′ and
large-∆′ limits in the left and right frames, respectively. The ver-
tical dashed arrows show the direction in which the parameter not
on the x-axis increases: the parameter intervals considered are V|| ∈
[5×10−10,10−6] (top frames) and V⊥ ∈ [5×10−10,5×10−5] (bot-
tom frames).

of the two effects is not observed, can be qualitatively related
to the fact that, while in the inertial-resistive regime of both
MHD (cf. Sec. VIII of Ref. 33) and EMHD (cf. Sec. V A) the
"competition" between the two parameters depends on the rel-
ative amplitude of γd2

e vs the inverse Lundquist number S−1

(here corresponding to R), in the EMHD cases we consider
here the transition of regime is ruled by the relative amplitude
of γd2

e and V⊥/δ 4 in one case, and of R and V⊥/δ 2 in the other
one.

C. Dependence of γ on (V⊥,V||)

As discussed in Section III B, unlike the resistive regime
where R⊥ ∝ R|| is generally true, the dimensionless parame-
ters V⊥ and V|| can change independently, depending on the
value either of the background magnetic field, or of the elec-
tron density, or of the electron temperature (cf. Eqs.(8-9]).

We now focus on a regime of experimental interest, when
V|| significantly exceeds V⊥ (cf. Table II), by numerically in-
vestigating the scaling laws of the growth rate and of the width
of the reconnecting layer in the large-∆′ limit, in the small-∆′

limit, and for the fastest growing mode.
These numerical results are shown in Fig.(6, 7, 8).
The ranges of V⊥ and V|| considered in the numerical cal-

culations we have performed allow for a substantial differ-
ence in magnitude between these two non-ideal parameters,
approximately of the order of 105. While this difference re-
mains much smaller than those typically observed in many
experiments or in space (cf. Table II), it enables us to derive
scaling laws for the corresponding regimes, without necessi-
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FIG. 7. Spatial scales of (V⊥,V||) regime as function of V⊥ (top
frames) and as a function of V|| (bottom frames) for small-∆′ and
large-∆′ limits in the left and right frames, respectively. The ver-
tical dashed arrows show the direction in which the parameter not
on the x-axis increases: the parameter intervals considered are V|| ∈
[5×10−10,10−6] (top frames) and V⊥ ∈ [5×10−10,5×10−5] (bot-
tom frames).

tating wider scans with larger differences in magnitude. This
choice also represents a quite good compromise from the com-
putational point of view, since investigating regimes with ex-
tremely small values of V⊥, such as those detailed in the Table
II, would demand a much higher spatial resolution around the
neutral line, that could be achieved for example by means of
highly non-uniform grids with a larger number of points. This,
in turn, could lead to ill-conditioned eigenmatrices, requiring
the use of the computationally very expensive multi-precision
version of the code33.

Fig.6 illustrates the scaling of the growth rate as a function
of V⊥ (V||) in the upper (lower) frames, displaying the small-
∆′ and large-∆′ limits in the left and right frames, respectively.
Additionally, the dependence of the growth rate on V⊥ in the
regime where only V⊥ ̸= 0 is considered is shown by the dark
green curves in the upper frames. Within this representation,
three distinct regimes emerge: a regime where V⊥ ≫ V|| ex-
hibiting the scaling laws of the regime9 (V⊥ ̸= 0,V|| = 0), a
transition regime, and a regime where the influence of V|| be-
comes manifest. These patterns hold true across the small-∆′

limit, large-∆′ limit, and for the fastest mode. The transition
between the two regimes with different scalings on V⊥ for the
fastest growing mode limit is shown in Fig. 8. As shown in the
left frames of Fig.6 and Fig.7, the scaling laws of the growth
rate (γSD) and the width of the reconnecting layer (δSD) for the
small-∆′ limit in the regime where the effect of V|| is relevant
have been estimated as follows:

γSD ∝ V
2
3
⊥V

− 2
5

|| , δSD ∝ V
1
8
⊥V

1
8
|| (17)
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FIG. 8. Scaling laws of the growth rate γM (top frames) and width of
reconnecting layer δM (bottom frames) for the fastest growing mode
in (V⊥,V||) regime as a function of V⊥ and V|| in the left and the
right frames, respectively. The vertical dashed arrows show the di-
rection in which the parameter not on the x-axis increases: the pa-
rameter intervals considered are V|| ∈ [5×10−10,10−6] (left frames)
and V⊥ ∈ [5×10−10,5×10−5] (right frames).

while the scalings for the large-∆′ regime are estimated as

γLD ∝ V
2
5
⊥V

− 1
3

|| , δLD ∝ V
1
6
⊥V

1
6
|| (18)

In the estimates above we have omitted to note the scaling
with respect to k and ∆′ (cf. discussion in Sec. IV). The
scalings (17-18) are represented by solid black lines in Fig.
6, Fig.7, and Fig.8, whereas those corresponding to the one-
parameter regimes are drawn as solid red lines.

The negative power-law scaling of γ with respect to V||
persists across all wavelength limits within this regime when
V|| ≤V⊥. This negative dependence seems therefore to be rel-
evant to several scenarios of experimental interest (cf. table
II).

In Fig.7, we show the scaling laws for δ (solid curves)
and ∆′

v (dotted curves) across different regimes. In the up-
per frames we vary V⊥ by considering two extreme values of
V||, namely V|| = 5×10−10 (blue curve) and V|| =×10−6 (or-
ange curves). For the sake of clarity, curves corresponding
to intermediate values of V|| are not shown. The same ap-
proach is applied when exploring the dependence of δ on V||
in the bottom frames of Fig.7: the V⊥ = 5×10−10 case and the
V⊥ = 5×10−5 case are shown as blue and orange curves, re-
spectively. Some comments are due, about the results shown
in these figures.

First, as shown in the left frames of Fig.7, the scaling of
D′ is essentially independent on both V|| and V⊥ for small val-
ues, since it coincides6 in the small-∆′ limit with the definition
of ∆′; this correspondence was numerically verified in other
tearing regimes6,9. Then we note that ∆′

v scales similarly to δ
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FIG. 9. Top frames: the scaling laws of the growth rate as a func-
tion of de for different values of V||. Bottom frames: the scaling
laws of the growth rate as a function of V|| for different values of
the electron skin depth de. Left frames correspond to the small-∆′

limit, while the right frames represent the large-∆′ limit in (de,V||).
The vertical dashed arrows show the direction in which the param-
eter not on the x-axis increases: the parameter intervals considered
are V|| ∈ [10−12,10−5] (top frames) and de ∈ [0.023,0.103] (bottom
frames).

in both the small-∆′ and large-∆′ limits, as previously shown
for regimes where a single non-ideal parameter at a time was
considered9. Finally, comparing the physics in this regime to
that where only V⊥ ̸= 0 is considered, we note (cf. the top
frames of Fig.6) that both γSD and γLD increase faster with V⊥,
when V|| ̸= 0 than when V|| = 0. However, despite this faster
growth in γ in both wavelength limits, the growth rate in the
presence of V|| remains smaller for a given V⊥ due to its nega-
tive scaling with respect to V||.

D. Dependence of γ on (de,V||) and on (R,V||)

The emphasis in this section is on a regime where one of
the parameters (i.e., de or R) allows for magnetic reconnec-
tion and the other one (V||, in this case) can in principle mod-
ify it. These regimes, in which we assume V|| to be gener-
ally much larger than V⊥, are relevant to several scenarios
encountered in experiments and observations (cf. Table II).
We thus explore a two-parameter space, wherein the consid-
ered non-ideal parameters are either (de,V||) or (R,V||) with
R = R⊥ = R||. However, for what concerns the results shown
in the following Figs[9-11], the focus will be on the colli-
sionless case, since the scaling laws for the resistive regime
can be recovered again through the correspondence γd2

e ↔ R.
Fig.(12), only, is devoted to the viscous-resistive regime: here
the scalings of γSD are shown as a function of R and V|| in the
left and right frames, respectively.

To explore the (de,V||) regime, we performed a com-
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FIG. 10. Top frames: the scaling laws of the δ as a function of de for
different values of V|| in the left frame, and the scalings of the spatial
scales for two values of V|| in the right frame (dashed lines for V|| =

10−6 and solid lines for V|| = 10−12). Bottom frames: the scaling
laws of the spatial scales as a function of V|| for one value of de in
the left frame, and the scaling of δ for two values of de in the right
frame. Left frames correspond to the small-∆′ limit, while the right
frames represent the large-∆′ limit in (de,V||). The vertical dashed
arrows show the direction in which the parameter not on the x-axis
increases: the parameter intervals considered are V|| ∈ [10−12,10−5]

(top frames) and de ∈ [0.023,0.103] (bottom frames).
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FIG. 11. Top frames: the growth rate of the fastest mode as a func-
tion of de (left frame) and V|| (right frame) in (de,V||) regime. Bottom
frames: the width of the reconnection layer of the fastest mode as a
function of de (left frame) and V|| (right frame) in (de,V||) regime.
The vertical dashed arrows show the direction in which the param-
eter not on the x-axis increases: the parameter intervals considered
are V|| ∈ [10−12,10−5] (left frames) and de ∈ [0.023,0.103] (right
frames).
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FIG. 12. Growth rates of the small-∆′ limit as function of R and V||
for the (R,V||) regime in the left and right frames, respectively. All
other non-ideal parameters are zero.

prehensive scan across wide intervals for various non-ideal
parameters and wavenumbers: k ∈ [0.05,1.85] with Nk =
40 uniformly separated values of the wavenumber, V|| ∈
[10−12,10−5] with NV|| = 15 different values of V||, and de ∈
[0.023,0.103] with Nde = 9 uniformly separated values of de.
Fig.9 and Fig.10 illustrate the scaling laws for the growth rate
and width of the inner layer, respectively. The left frames
represent the small-∆′ limit, while the right frames show the
large-∆′ limit. In the top frames, the dependence on de is
shown, while the bottom frames display the quantities as a
function of V||.

Fig.9 and Fig.10 show complex behaviors. Initially, in the
extreme cases where V|| approaches very small values, the
growth rates display a dependence on de of the kind γSD ∝ d2

e

and γLD ∝ d2/5
e . These scalings, shown in the top frames of

Figs.9, coincide with those found in the purely collisionless
regime9. However, deviations from this regime appear at the
increase of V|| in both wavelength limits, although this devi-
ation is more evident in the small-∆′ limit for what concerns
the dependencies on both de and V||. The large-∆′ limit ex-
hibits more intricate behavior where no clear power law as a
function of V|| is observed. Although scanning intervals with
larger values of V|| and de could potentially describe a regime
characterized by well-defined power laws in the large-∆′ limit,
we chose not to explore this due to its lack of practical interest,
at least according to the estimates provided in Table II. Based
on the numerical results we obtained, the best approximation
for the scaling laws in the small-∆′ and large-∆′ limits seem to
be, respectively,

γSD ∝ d9.4
e V−1

|| , δSD ∝ d2
e , (19)

γLD ∝ d
4
3
e V

− 3
4

|| , δLD ∝ d
3
5
e V

3
5
|| . (20)

Again, we omitted in the equation above the scalings with re-
spect to k and ∆′, which at this level of preliminary analysis
would require a much larger computational effort, in order to
grant the convergence of the solution in the whole parame-
ter range considered. Some additional comments can be then
made, about Eqs. (19-20). First, similarly to the anisotropic-
viscous regime discussed in Section V C, the growth rate ex-
hibits a negative power-law relationship with respect to V|| in
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all limits —indicating a decrease in the growth rate as V|| in-
creases. Moreover, similar to the small-∆′ limit of the warm
reduced-MHD regime6, the width of the inner layer in the
small-∆′ displays no dependence on V||. In the large-∆′ limit,
instead, a non-trivial dependence on V|| is recovered.

Finally, Fig.11 displays the scaling laws of γM and δM
(fastest growing mode) in the top and bottom frames, respec-
tively. Once more, we observe that the dependence on V|| is
not monotonic, since it is negligible for small values of the
parameter, while it becomes more important as V|| increases.
The scaling laws for the fastest mode have been approximately
estimated to be

γM ∼ d5
eV

− 4
5

|| , δM ∼ d
5
6
e V

1
6
|| . (21)

The left frames of Fig.11 indicate that the scaling laws of
the purely collisionless regime (i.e., γM ∼ d4/5

e and δM ∼ d6/5
e )

are recovered for small enough values of V||. In principle, the
negligibility of V|| is expected when γd2

e |ψ ′′| ≫V|||b(iv)|.
This may be translated into a condition on the character-

istic scales at play. To this end, we could use the heuristic
estimates outlined in Ref. 9, which in a generic wavelength
limit can be written as ψ ′′ ∼ ψD′/δ and b(iv) ∼ b/δ 4, com-
bined with the further heuristic estimate b/ψ ∼ γ/(kδ ) (which
has been verified in several reconnection regimes6,9,33). This
would lead us to read the condition γd2

e |ψ ′′| ≫ V|||b(iv)| as
kd2

e D′δ 4 ≫ V||, whose verification would however require a
more accurate knowledge of the scalings (19-21) with respect
to the (inverse) wavelength k. The numerical investigations
performed in this work, suggest however this to be not an
easy task: in presence of a non negligible parallel viscosity
V||, the value of k appears to determine here the regime of re-
connection in the different wavelength limits, in a way which
is more constraining than what is normally met in other re-
connection regimes (cf., in this regard, also Sec. VI B and
the concluding remarks in Sec. VII). That is, a certain func-
tional dependence (e.g., a power law-like scaling) for a given
interval of the non-ideal parameters seems, in presence of vis-
cosity, to be valid in a narrower wavelength interval than what
happens in other reconnection regimes met in EMHD. This
can be understood because of the higher order of the deriva-
tive weighting the effect of V|| than that weighting the other
non-ideal terms: for example, while the comparison of the in-
ertial and resistive effects leads one to compare γ(k)de

2 and R,
the comparison of, e.g., the inertial and viscous effects leads
one to the comparison above between kde

2D′(k)δ 4(k) and V||.
At the same time, the restriction to a specific wavelength limit
is bound to the further comparison of the product ∆′(k)δ (k)
with 1. As a result, while the dominance, e.g., of a fully
resistive or of a fully inertial regime may span a quite wide
wavelength regime to the point that the an inertia-dominated
or a resistivity-dominated regime can be observed, for fixed
non-ideal parameters, both in the small- and large-∆′ limits,
the transition between regimes where V|| dominates or is neg-
ligible with respect to fixed de or R may occur in a narrower
wavelength interval. Also note that this effect is more pro-
nounced for V|| than in presence of V⊥ (cf. Sec. V B), be-
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FIG. 13. Top frames: the scaling laws of the growth rate as a
function of R for different values of V . Bottom frames: the scal-
ing laws of the growth rate as a function of V for different values
of R. Left frames correspond to the small-∆′ limit, while the right
frames represent the large-∆′ limit in (de = 0.023,R,V ) regime. The
vertical dashed arrows show the direction in which the parameter
not on the x-axis increases: the parameter intervals considered are
V ∈ [6×10−14,6×10−5] (top frames) and R∈ [4×10−7,10−3] (bot-
tom frames).

cause the relative importance of the perpendicular viscosity
displays a weaker dependence on the spatial scales than V||:
the comparison between inertial effects and those related to
V⊥ leads indeed us to compare γde

2|ψ1”| with V⊥|ψ1
(iv)| and,

therefore, using arguments similar to those above, to compare
γ(k)de

2D′(k)δ 3(k) with V⊥.
The scaling laws expressed by Eqs.(21) apply indeed in a

finite interval of values of V||. Additionally, the bottom-left
frame of Fig.11 exhibits a complete change of convexity of the
γ(de) dependence, indicating the presence of a critical value
V||,c for which the width of the reconnection layer displays a
very weak dependence on de (and for which, the estimates of
Eqs. (21) cease to be valid).

VI. TEARING MODES WITH A MORE THAN
TWO-PARAMETERS DEPENDENCE

Let us now turn the attention to more realistic cases, in
which all non-ideal parameters considered in the model of
Eqs. (1-2) are retained, by considering values whose relative
orderings are compatible with the cases displayed in Table II.

A. Dependence of γ on de = const, R⊥ = R|| = R and
V⊥ =V|| =V

We first consider for simplicity the case where de remains
constant while exploring the scaling laws for isotropic resis-
tivity and viscosity. The reason why the de = const case can
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FIG. 14. Top frames: the scaling laws of the δ as a function of R.
Bottom frames: the scaling laws of δ as a function of V . Left frames
correspond to the small-∆′ limit, while the right frames represent the
large-∆′ limit in (de = 0.023,R,V ) regime.
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FIG. 15. Top frames: the growth rate of the fastest mode as a function
of R (left frame) and V (right frame) in (de = 0.023,R,V ) regime.
Bottom frames: the width of the reconnection layer of the fastest
mode as a function of R (left frame) and V (right frame) in (de =
0.023,R,V ) regime. The vertical dashed arrows show the direction
in which the parameter not on the x-axis increases: the parameter
intervals considered are V ∈ [6× 10−14,6× 10−5] (left frames) and
R ∈ [4×10−7,3×10−3] (right frames).

be physically interesting is due to the fact that the applicability
of the model is limited by the small scale separation between
the ion and the electron skin depth (i.e. de/di =

√
me/mi for

Hydrogen) and by the constraint on the spatial scales ℓ ≤ di.
However, varying de can also relate to changes in the plasma
species, thereby implying the dependence of the growth rate
on the considered plasma and on its degree of ionization. In
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FIG. 16. Top frames and bottom-left frame: the contributions of
the collisionless and resisitive terms for different values of R and V .
Bottom-right frame: the scaling law of γ in the large-∆′ limit for four
cases, chosen so to emphasize the effects of changing de and V on
the system: ( similar behavior also holds in the small-∆′ limit and the
fastest mode regime).

general, heavier ions imply that larger values of de must be
considered (possibly departing from the asymptotic tearing
regime, as de becomes larger than85 ∼ 0.1), unless each of the
heavier ions is not completely ionized: this allows for a large
scale separation between de and di, implying that values up to
∼ 1/

√
Z smaller of de can considered, provided that a = d̄i is

assumed (cf. discussion below Eq. (11), in Sec. III B).
In the regime we consider here, the value de = 0.023 repre-

sent a hydrogen plasma, under the hypothesis that L0 = a= di.
Fig.13 (and Fig.14) shows the numerical scaling of γ (and of
δ ) as a function of both R⊥ = R|| = R and V⊥ = V|| = V in
the top and bottom frames, respectively. The left frames illus-
trate the scaling in the small-∆′ limit, while the right frames
show the scalings in the large-∆′ limit. In the parameter in-
terval considered, the scalings in the small-∆′ limit have been
estimated to be

γSD ∝ R
11
25 V

6
25 , δSD ∝ R

1
2 V

1
4 , (22)

while the scalings in the large-∆′ limit are approximated as

γLD ∝ R
1
7 V

1
12 , δLD ∝ R

1
2 V

1
4 . (23)

A close look at Fig.13 reveals a deviation from the ex-
pected scaling laws for the purely resistive case. However,
the numerical scaling obtained for the dependence on V is
almost equal to that satisfied in the purely viscous regime,
where γSD ∼ V 1/4 and γLD ∼ V 1/12. To understand this dis-
crepancy, in Fig.16 we plot the profiles of the terms allowing
for the breaking and reconnecting of the field lines, namely
γd2

e ∇ψ , R∇2ψ , and V ∇4ψ , respectively. The cases therein
displayed correspond to the values of k = 0.05 and of (R =
5×10−6,V = 6×10−13), of (R = 4×10−4,V = 6×10−13),
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and of (R = 4×10−7,V = 10−5). These are shown in the top-
left, top-right, and bottom-left frames of Fig.13, respectively.

The contribution of the collisionless term (i.e., the one de-
pending on d2

e ) is evident in the top frames, while it becomes
negligible in the bottom-left frame. This explains the devia-
tion of the scalings from the power laws in the purely resis-
tive regime. Concerning the width of the reconnection layer,
shown in Fig.14, we recover the scalings for both purely resis-
tive and purely viscous regimes for the extreme values of the
V parameter: the dependence on R alone is recovered for very
small values of V , and the dependence on V alone is recovered
for very small values of R.

For larger values of the non-ideal parameters, the deviations
from power-law scalings become more pronounced. Addi-
tionally, we observe that the qualitative behavior of the power-
law scalings obtained here with respect to R and V are not
significantly affected by changing the numerical value of de
or by extending the intervals of R and V considered here. In
summary, in the bottom-right frame of Fig.16, the variation of
γLD as a function of R for four cases illustrates the role played
by de in amplifying the growth rate. This feature is common
to all wavelength limits (i.e., also in the small-∆′ limit and for
the fastest growing mode).

Finally, in Fig.15, we plot the scalings of the fastest mode as
function of R and V in the left and right frames, respectively.
In the range where a power law can be identified, this has been
approximately estimated to be close to

γM ∝ R
3
14 V

1
8 , δM ∝ R

3
7 V

25
108 (24)

Within the incertitude of these estimates, we can nevertheless
quantify an appreciable discrepancy with respect to the power-
law scaling of γM expected in the purely resistive regime
(γM ∼ R2/7) or in the viscous regime (γM ∼ V 17/108). Curi-
ously, however, the width of the reconnecting layer δM of Eq.
(24) displays a power law-scaling, which is apparently com-
patible with the product of those found in the purely resis-
tive (δM ∼ R3/7) and purely viscous (δM ∼ V 25/108) isotropic
regimes9.

B. Dependence of γ on R|| ∼ R⊥/2 and R⊥ ∼V|| ≫V⊥ for
de ∼ constant

We finally consider, as an example of possible relevance to
natural plasmas or laboratory plasmas in magnetically con-
fined helicon-type devices, the case R|| ∼ R⊥/2 and R⊥ ∼
V|| ≫ V⊥ for de ∼ constant. In this scenario, we consider
de = 0.0531, a value that is relevant for some cases reported
in table II, when L0 = a = di is assumed. The intervals
of variation for R⊥ = 2R|| and V|| are [4 × 10−9,10−5] and
[10−12,10−6], respectively. These parameter ranges encom-
pass various cases detailed in Table II.

Figs.17-19 show the results of the numerical integration in
this regime. The scalings of γ and δ in all wavelength limits
reveal a weaker dependency on R⊥ than in the in the (R,V||)
case. This can be attributed to the effect of a non-null electron
inertia. Only a narrow transition region is observed when the
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FIG. 17. Top frames: the scaling laws of the growth rate as a func-
tion of R⊥ for different values of V||. Bottom frames: the scaling
laws of the growth rate as a function of V|| for different values of R⊥.
Left frames correspond to the small-∆′ limit, while the right frames
represent the large-∆′ limit in (de = 0.0531,R⊥ = 2R||,V||,V⊥ = 0)
regime. The vertical dashed arrows show the direction in which the
parameter not on the x-axis increases: the parameter intervals consid-
ered are V|| ∈ [10−12,10−6] (top frames) and R⊥ ∈ [4×10−9,10−5]
(bottom frames).
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FIG. 18. Top frames: the scaling laws of the width of the in-
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FIG. 19. Top frames: the scaling laws of the growth rate of the
fastest mode as a function of R⊥ (left frame) for different values of
V|| and as a function of V|| in the right frame in (de = 0.0531,R⊥ =

2R||,V||,V⊥ = 0) regime.. Bottom frames: the contributions of the
collisionless and resisitive terms for different values of R and V .

resistive term becomes non-negligible, as it is illustrated in the
top frames of Fig.17 and in the top-left frame of Fig.19.

The power law scaling laws estimated here in both small-∆′

and large-∆′ limits indicate that the purely collisionless re-
connection regime represents an accurate approximation for
the smaller values of V|| and R⊥, studied in this section. How-
ever, for larger values of V||, the dynamics is predominantly
governed by R⊥ and by V|| (cf. Section V D).

As R⊥ reaches larger values, let us say around 5× 10−6,
the influence of resistive effects becomes evident. Interest-
ingly, this feature is not observed in the scalings of the fastest
mode, which are shown in the top frames of Fig.19: here the
dependence of the fastest mode on R⊥ appears to be almost
negligible. This suggests that the the fastest mode be domi-
nated by inertial effects and by the parallel viscosity alone.

The strong influence of the term of the linearized equations,
which is related to electron inertia, is highlighted in the bot-
tom frames of Fig.19. Here we plot both γd2

e ∇2ψ (represented
by dotted red curves) and the resistive contribution R⊥∇2ψ

(solid blue curve) for two cases, respectively corresponding
to the smallest and largest values of R⊥. In both cases, the
contribution from the collisionless term is much larger than
that of the resistive term. It must be however taken into ac-
count that for large values of R⊥ (bottom-right frame of Fig.
19), the resistive contribution can alter the scaling laws, and
can thus lead to a deviation from the scalings obtained in the
purely collisionless regime. Although in the bottom frames of
Fig.19 is shown just the large-∆′ limit, the behavior remains
qualitatively the same in the small-∆′ limit and in the fastest
mode regime.

VII. CONCLUSIONS

In this study, we investigated the linear dynamics of tear-
ing modes in slab non-relativistic EMHD across ranges of
non-ideal parameters relevant to both laboratory plasmas and
possibly of interest to astrophysical ones. This analysis ex-
tends that of several previous works (see Ref.9 and references
therein), in which the dependence of the dynamics on a sin-
gle non-ideal parameter was considered. Here, two or more
non-ideal parameters at a time have been retained, instead.

As a general remark of "operational" kind, we first note
that the characteristic scale lengths (∆′

v)
−1 and δ have been

verified to exhibit the same scaling in the parameter spaces
explored in all reconnection regimes and in all wavelength
limits. This has important implications from the numeri-
cal/theoretical point of view, especially in the small-∆′ limit,
where accurately determining the width of the reconnection
region can be numerically challenging. The proportionality
δ ∝ ∆′

v allows us in principle to determine more easily the
asymptotic scaling of δ , since the numerical experience mat-
urated with the present solver indicates that the convergence is
granted more easily for the evaluation of ∆′

v than for the eval-
uation of δ , defined as the distance from the neutral line of the
inflection point of the perturbed current density6. Moreover,
once the proportionality factor p = δ/∆′

v is estimated through
linear analysis for a specific reconnection regime, it may be
relatively easier to to use the definition of ∆′

v, so to evaluate
the reconnection layer width in nonlinear simulations, at the
end of the linear phase of tearing instabilities.

Turning now the attention to the more specific results, in
the inertial-resistive regime (de,R) discussed in Section V A,
the scalings of the purely resistive and purely collisionless
regimes have been recovered for R ≫ γd2

e and R ≪ γd2
e , re-

spectively, similarly to what was observed33 in reduced MHD.
However, differently from the reduced-MHD case, the transi-
tion region between these two limit regimes, where power-law
scalings cease to be valid, is not narrow in the parameter space
and might include experimental cases of interest, as it can be
deduced from Tables I-II.

In the inertial-viscous regime (de,V⊥) investigated in Sec-
tion V B, the scaling laws obtained in the one-parameter cases
(de = 0,V⊥ ̸= 0) and (de ̸= 0,V⊥ = 0) were not recovered in
the extreme limits of the considered parameter space. Notably,
a non-trivial dependence on the non-ideal parameters at play
−to the best of our knowledge, of a kind not yet identified in
any other linear tearing regime so far analytically or numeri-
cally studied− has been found in a wide region of the parame-
ter space: in all the small-∆′, large-∆′, and fastest mode wave-
length limits, a negative power-law dependence of the growth
rate on de has been observed in the parameter interval. Never-
theless, such a behaviour remains consistent with the require-
ment γ → 0 ad de → 0, since the dependence of γ on de tends
to increase again until it becomes γ ∼ d0

e and a purely viscous
regime is recovered. At the same time, as shown in Table
II, the effect of de should not be neglected in many cases of
experimental evidence, where it is often many orders of mag-
nitude larger than V⊥. In general, the importance of V⊥ should
not be underestimated, in particular, in some scenarios when
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the width of the reconnecting layer becomes extremely small
(δ ≪ 1): this can lead to a large contribution from the term as-
sociated with perpendicular hyper-viscosity in the model, i.e.,
V⊥(∂

4ψ/∂x4)|x∼δ ∼V⊥(ψ|x∼δ )/δ 4.
As discussed in Section III B, in plasma scenarios where

Braginskii model holds, V⊥ and V|| can independently vary.
This differs from the case of R⊥ and R||, which differ just by
a numerical factor that depends on the plasma under consider-
ation. Therefore, investigating the purely anisotropic viscous
regime (V⊥,V||) becomes theoretically interesting. This was
performed in Section V C. In Ref.9, it was demonstrated that
the growth rate generally increases, in the asymptotic limit, at
the increase of an isotropic viscosity V =V⊥ =V||. However,
in the two-parameter purely (anisotropic) viscous case stud-
ied in Section V C, this pattern no longer holds true and the
scalings of both γ and δ on V⊥ in all wavelength limits are
generally different from that obtained9 when the ratio V⊥/V||
is kept constant. The growth rate exhibits a negative scaling
in V|| in all wavelength limits when V|| ≥ V⊥. This happens
both when V|| ≫ V⊥ and when V|| is smaller than V⊥ but not
negligible with respect to it. In the same parameter interval,
no negative dependency on V|| was observed for δ .

In several practical scenarios highlighted in Table II, R, de,
and V||, are likely to be simultaneously accounted for. Only
in some parameter interval it’s plausible to neglect one or
even two of these parameters, thereby falling back to the one-
parameter regimes. In many other situations, instead, these
three parameters (or a combination of two of them) must not
be neglected. As discussed in Section V D, in the (de,V||)
regime or, similarly (R,V||), for sufficiently small values of
the parallel hyperviscosity we recovered the scalings respec-
tively observed in the purely collisionless and purely resistive
regime. However, for larger values of V||, similar to happens
in the (V⊥,V||) regime, we observed a negative dependency of
the growth rate on V|| across all considered wavelength lim-
its. Notably, in the small-∆′ limit of this regime, the width
of the reconnecting layer δSD seems to be independent of V||.
This behaviour appears to be similar to that of the reconnect-
ing layer width in the small-∆′ limits of the warm-collisionless
or of the warm-resistive reduced MHD regimes, where δLD is
found6,33 not to depend on the ion-sound Larmor radius ρs
(similarly to the V||, here), but just on the electron inertia or
on the resistivity, respectively which therein allow the onset
of reconnection, so as V⊥ does here.

We then considered in Sec. VI A an example of a three-
parameter dependence corresponding to a Hydrogen plasma
for which we assumed an arbitrary normalized value de =
0.023 for the electron skin depth (corresponding to L0 = a =
di), and in which we kept account of an isotropic resistivity
(R=R|| =R⊥) and of a isotropic hyper-viscosity V =V⊥ =V||.
We thus identified a new tearing regime characterized by scal-
ing laws, which appreciably deviate from those observed in
the one-parameter or two-parameter regimes that could be in
principle associated to this case of study, if only one or two
parameters at a time were retained. More in general, depend-
ing on the relative amplitudes of the different terms capable of
breaking the topology of the magnetic fields, different tearing
mode regimes, not always displaying clear power-law scal-

ings, can be observed −cf. Fig.16.
Finally, a more realistic regime of potential experimental

and observational significance (i.e., V|| ≫ V⊥ ̸= 0, R⊥ = 2R||,
and de = 0.0513 −cf. Table I-II), was investigated in Sec-
tion VI B. Here we observed again the negative scaling of the
growth rate with respect to V|| in a significant interval of the
parameter space: a behavior that seems to be universal in this
EMHD model, as long as an anisotropic (i.e., two-parameter)
hyper-viscosity is considered. In the scenario considered in
Sec. VI B, the contribution of the collisionless (i.e., iner-
tial) effects dominates, while that of R⊥ (and thus of R||) be-
comes significant only for quite large values of R⊥ (i.e., for
R⊥ > 10−5 in the considered case of de ≃ 0.05). An impor-
tant result, suggested also by the cases of study of previous
sections, was here more evidently confirmed: distinct wave-
length limits can be governed by entirely different reconnec-
tion regimes. This is evident, for example if one compares the
growth rates of the small-∆′ limit (the red curve at the bot-
tom of the top-left frame in Fig.17) with the growth rate of the
fastest mode (the green curve in the top-left frame of Fig.19),
for the values R⊥ = 10−5, de = 0.0531, and V|| = 10−6: in the
small-∆′ limit a significant contribution comes from the resis-
tive term and considerably affects the scalings. Conversely,
the fastest mode appears to be entirely collisionless, with a
wholly negligible contribution from resistivity throughout all
parameter intervals investigated.

Two important conclusions, follow from all this.
First, in general, determining whether to neglect or not a

non-ideal parameter in tearing mode analysis is not always
straightforward nor simple. This especially true for cases
of practical interest, since the result may strongly depend on
the wavelength of interest, especially when the relevant non-
ideal parameters are weighted by higher order derivatives: the
weight of each non-ideal term in the tearing mode dynamics
depends on the order of the derivatives of the eigenfunction
it is applied to. This is trivially why, in general, different re-
connection "regimes", meant as different dependencies of γ

on the non-ideal parameters, even when they are made vary in
the same intervals, exist for different wavelength ranges. Vis-
cosity effects, however, entering with a fourth order derivative
either of ψ1 (i.e., for viscosity effects related to V⊥) or of b1
(i.e., for viscosity effects related to V||), make intervene higher
powers of the characteristic gradient scales δ , in the compar-
ison of the weight of the different non-ideal terms. This im-
plies a stronger dependence on k, due to the general depen-
dence δ (k), which is specific of the small/large-∆′ and fastest
mode regime. At the same time, the effects of V|| in this sense
seem to be stronger than those of V⊥, due to the further depen-
dence on k introduced by the ordering |b1/ψ1| ∼ γ(k)/(kδ (k))
(cf. Sec. V D and VI). Because of this, when accounting for
electron viscosity EMHD tearing mode may display "clear"
power-law scalings only in quite narrower wavelength inter-
vals, compared to other examples of tearing modes, e.g. in
reduced MHD. As a side consequence, this means that numer-
ical dissipation effects, whose a-priori "control" in the simula-
tion may be not easy (e.g., when it is difficult to quantify them
in terms of an equivalent viscosity or resistivity), may have
non-evident implications for the linear evolution of tearing
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type instabilities, especially in low collision regimes: the in-
terpretation of the numerical results may then require to keep
account of these effects.

Then, it seems that electron inertia and parallel electron vis-
cosity dominate the linear dynamics of tearing-type instabili-
ties on some large aspect ratio current sheets, even when the
resistivity may be not negligible for small-∆′ tearing modes
developing on the same structures. Since large aspect ratio
current sheets are relevant to turbulence reconnection, this
suggests that collisionless dissipation may be a dominant fea-
ture of reconnection in turbulent plasmas at the electron-only
(EMHD) scales. However, stronger statements in this regard
require first one to investigate how this scenario may change
in presence of sheared flows parallel to the neutral line (cf.
discussion in Sec. II A of Ref. 9). This will be the subject of
some future work.
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