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Abstract

Kuroda’s translation embeds first-order classical logic into intuitionistic logic, such that a
formula and its translation are equivalent in classical logic. Recently, Brown and Rizkallah
extended this translation to higher-order logic. However, they showed that the translation fails
in the presence of functional extensionality, and they did not prove the classical equivalence
between a formula and its translation.

In this paper, we emphasize different conditions under which Kuroda’s translation works in
the presence of functional extensionality, including the double-negation shift. We show that the
classical equivalence between a formula and its translation does not necessarily hold in higher-
order logic. However, it is sufficient to assume both functional extensionality and propositional
extensionality.

1 Introduction

The principle of excluded middle AV —A, or equivalently the double-negation elimination -—A=- A,
are classical logic postulates which are not derivable in intuitionistic logic. It follows that provability
in classical logic does not generally imply provability in intuitionistic logic. It is however possible to
embed classical logic into intuitionistic logic. Glivenko [GIi28] proved that, for any provable formula
A in classical propositional logic, there exists an intuitionistic proof of its double negation ——A.
Kolmogorov [Kol25], Godel [G33|, Gentzen [Gen36], and Kuroda [Kurb1] developed translations
A — A* that insert double negations inside formulas. For any first-order context I' and formula A,
such translations satisfy two properties:

(i) if ', A then I'* F; A* (soundness),
(ii) k. A* & A (characterization).

Both properties [TvD88| [Gas13] vdB19] are essential to fully characterize translations that embed
classical logic into intuitionistic logic. The soundness property ensures that judgments are translated
from classical logic to intuitionistic logic. The characterization property ensures that the meaning of



formulas is preserved by the translation—this is captured by checking that A and A* are equivalent
in classical logic. The characterization property is sometimes replaced [TvD88| [FO12b| by:

(iii) if I'™* F; A* then ' . A (reverse translation).

The reverse translation property ensures that if a translated judgment is provable in intuitionistic
logic, then the original judgment is provable in classical logic. It follows from the characterization
property.

Brown and Rizkallah [BR14] recently investigated double-negation translations for higher-order
logic. They showed that Kolmogorov’s translation and the Godel-Gentzen translation cannot be
directly extended to higher-order logic, as they do not preserve (-conversion. They proved that
Kuroda’s translation can be extended to higher-order logic so that it satisfies the soundness property,
but they did not examine the characterization and reverse translation properties. Moreover, they
looked into different forms of extensionality, and showed that the soundness property fails in the
presence of functional extensionality.

In this paper, we investigate further the extension of Kuroda’s translation to higher-order logic.
Our contribution is twofold.

First, we prove that the soundness property holds in the presence of functional extensionality,
assuming a weak form of functional extensionality. We discuss alternative conditions, including the
double-negation shift.

Second, we show that the characterization property and the reverse translation property—which
are straightforward in first-order logic—do not necessarily hold in higher-order logic. We identify a
necessary and sufficient condition for the characterization property. We prove that both properties
hold under functional extensionality and propositional extensionality.

The basics of higher-order logic are recalled in Section 2] We extend Kuroda’s translation to
higher-order logic in Section [3] We investigate the soundness property in Section [} the characteri-
zation property in Section [5] and the reverse translation property in Section [6}

2 Higher-order logic

In higher-order logic, functions, predicates and propositions are all terms of Church’s simple type
theory [Chud(Q]. Types are defined inductively: ¢ is the type of individuals, o is the type of proposi-
tions, and if 7 and o are types then 7 — o is a type. For every type 7, let V, be the set of variables
of type 7 and C, be a set of constants of type 7. The set of variables V := J_ V. and the set of
constants C := (. C; are assumed to be disjoint. For any set of constants C, the sets AS of terms
of type 7 are defined by induction:

« For every x € V,, x € AC.
« For every c € C;, ¢ € AC.
e For every x € V; and t € AS, then (\z.t) € AC_, .

o For every t € A, and u € AS, then (tu) € AC.

Az.t is a A-abstraction and tu is an application. Computation is introduced in this A-calculus thanks
to the S-reduction rule (Ax.t)u < t[z + u], where t[x + u] corresponds to the term ¢ in which x
has been substituted by u. We denote =3 the congruence generated by S-reduction.
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Figure 1: Natural deduction rules for higher-order logic.

Formulas are terms of type o. There are particular constants defining the logical connectives and
quantifiers: tautology T and contradiction L of type o, negation = of type o — o, implication =,
conjunction A and disjunction V of type o — 0 — o, and quantifiers V. and 3 of type (7 — 0) — o.
For convenience, terms of the form V,(Ax.A4) and 3,(Az.A) are simply abbreviated as Vz.A and
Jxz.A. The logical biconditional < is defined by A < B := (A= B) A (B = A). For every type T,
we define an equality symbol =, of type 7 — 7 — 0. The equality symbols are infix, and we write
t = u when there is no ambiguity on the type 7.

A context T is a finite sequence of formulas. We write FV (t1,...,t,) for the set of free variables
that occur in the terms t¢1,...,¢,. The natural deduction rules for classical logic are given in
Figure[I] The principle of excluded middle is equivalent to the double-negation elimination ——A=-A.
The double-negation equivalence -—A < A holds in classical logic. The natural deduction rules for
intuitionistic logic are those of classical logic, except the principle of excluded middle PEM. The
standard weakening inference rule is admissible in intuitionistic logic. The natural deduction rules
for equality are given in Figure 2

We write I' F; A when I' F A is derivable in intuitionistic logic, and I' . A when it is derivable
in classical logic. For any k € {c,i}, we write I' -} A with * € {e¢,ep,ef, efp} when I' F; A is
derivable with possibly additional inference rules: with EQ-I and EQ-E if ¢ is in %, with PROPEXT
if p is in *, and with FUNEXT if § is in *.

Let us recall some well-known results about intuitionistic logic.
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Figure 2: Natural deduction rules for equality.

Proposition 1. Let A and B be formulas, P be a predicate, and v and v be two terms.

1. F——l=1 6. v —(A=B) < (——A=--B)
2. =T =T 7. i =—(AAB) & (-——AN-—B)
3. ki 7=(AV-A) 8 ki 7(AV B) < (wAAN-B)

4. i A= ——A 9. by =—VP = Vz.-—(Pzx)

5. F;, A& A 10. +; =3P & Vz.—~(Px)

Proof. These results are well-known, see for example [TvD88, Chapter 2]. O

3 Kuroda’s translation for higher-order logic

Kuroda’s translation for first-order logic [Kur51] inserts a double negation in front of formulas and
a double negation after every universal quantifier. More formally, we first define Ay, by induction

on A:
(A = B)Ku = AKu = Bk (_‘A)Ku = ﬂAKu Py, =P if P atomic

(A/\B)Ku = Agu N Bk Tre: =T (VJZA)KU = Ve —Ags,
(A V B)Ku = Ag. V Biy lg, =1 (HIA)KH = dr. Ak,
and then we set AX" := —=Ag,. We extend Kuroda’s translation to the terms of higher-order

logic.

Definition 1 (Kuroda’s translation for higher-order logic). Let A be a formula in higher-order
logic. Its Kuroda’s translation is AK" := == Ay, where Ay, is inductively defined by:

TKu = X

. _: { ApNVr.——(pz) ifc=V
Ku ' c otherwise

Az t)ku = Antgu

(tU)Ku = tKWUKu

While in first-order logic we have (A[z + w])X* = AK%[z < w], this result cannot hold anymore
in higher-order logic, since w is modified when it contains universal quantifiers V. Instead, we have
(Alz + w]) K = ARz  wi,].



Proposition 2. For any term t, we have (t[z < w]) gy = tiku[z — WKy]-

Proof. By induction on the term t. O

Corollary 1. For any higher-order formula A, we have (A[z < w]) 24— Wiy

Higher-order logic is defined using simple type theory, so S-conversions may be used in the
derivations. As Kuroda’s proof relies on the fact that we can translate each step of the derivation,
each time we have A =z B in the classical derivation, we want to use A" =5 BX* in the
intuitionistic derivation.

Proposition 3. For any terms t and u, if t =g u then tx, =g Uky-

Proof. We have (Az.t)u)gy = (Aotgy)Uky — trul® < Uky], so that (Az.t)u)k., =g (tx +
u]) kv using Proposition |2} Closure by context, reflexivity, symmetry, and transitivity are immedi-
ate. O

Corollary 2. For any higher-order formulas A and B, if A =g B then Ak, =p B, and AK* =4
BXu,

4 Soundness property

In this section, we prove the soundness property, with and without the extensionality principles.
In particular, we identify different conditions that are sufficient to derive the soundness property
in the presence of functional extensionality.

Note that we state and prove the soundness property with I, instead of I'*, thus introducing
fewer double negations in the context. All the results can be simply adapted to have the version
with T'Kv,

4.1 Without extensionality

To prove that I' . A implies g, F; AKX we do not follow Brown and Rizkallah proof [BR14],
which proceeds in two steps—transforming A into a formula A’ that does not contain any universal
quantifier and then applying to A’ an extension of Glivenko’s theorem to higher-order logic without
universal quantifiers. We proceed to a more direct proof that follows the intuition of the first-order
case.

Theorem 1. Let A be a formula and I' be a context in higher-order logic. If T' . A then 'k,
AR,

Proof. By induction on the derivation:

e ALL-I: By induction, we have 'k, F; =—(Pkyx). Using ALL-I, we derive I'g,, b; Va.——( Py ).
We conclude using Proposition |1j{4)).

e ALL-E: By induction, we have I'k,, F; =—Va.——(Pg,x). It follows from Proposition @D that
Ty i Vo.m—=-(Pgyx). Using ALL-E, we obtain Ik, F; === (Pxuti.). We conclude

using Proposition [1{(5]).

o Ex-I: By induction, we have I'k,, F; =—(Pgutky). We write A for the context I gy, V. =( Prey ).



AX

Hypothesis . A b, Vo~ (Pgyx)
Weak -
AN _‘_‘(PKutKu) CARCIIIS At _‘(PKutKu) ;?LL E
AF, L o
Nor-I

Tiu Fi V.= (Pry .
KFKu - fﬂEI( PII((u ?) Proposition [1}{10))

o ExX-E: We get 'y by =3Pk, and gy, Pryx i 7 Ak, by induction. We want to prove
Ty Fi Ak, We use NOT-I and then NOT-E with —Va.—(Pk,x). The proof of the first
subgoal, where the context A denotes I'ky, 7 Aga, is:

Hypothesis .
Weak«
A, Pgyx by 7 Ak, CARCIIng A, Pgyx b Ak AX
Not-E

A, Pgyx b L

A Fz —\(PKU.Z’)
A F; Vo~ (Pgyx)
A b = Vz.~(Pgy)

Nort-I
ArL-1
Proposition |1{(4)

The second subgoal T gy, 7 Agy Fi V.~ (Pgyx) derives from Proposition [1f[10]), weakening
and the first induction hypothesis.

e OR-IL: By induction, we have 'k, F; =—Ak,. We want to prove that Ik, F; =—(Agy V
Bgy). We apply NoT-1 and then NoT-E with —Ag,,. The first subgoal is 'k, 7(Akqy V
Bgy) Fi 7 Ak Tt is proved by weakening the induction hypothesis. The second subgoal is:

Ax
I —(Ag, VB F; (A, VB
Kus ( Ku Ku) i ( Ku Ku) PI‘OpOSitiOn ‘@'
Fkw, (Arw V Bry) Fi 7 Ak A "Bk
AND-EL

FKu» _‘(AKu \ BKu) l_z _‘AKu
We proceed similarly for OrR-IR.

¢ OR-E: We have PKu l_i ﬁﬁ(AKu V BKu); and FKu>AKu l_i ﬁﬁCKu, and FKu7BKu }—z
—-Ck, by induction. We want to prove 'y, F; -—Cg,. We use NOT-1 and NoT-E with
_‘AKu A = Bry.
For the first subgoal, we have to prove I'ky, "Cky bi (- Agy A 7Bgy). Using Proposi-

tion |1)|8), we have to show T'ky, "Cky Fi == (A V Biy). We prove it by weakening the
first induction hypothesis.

For the second subgoal, we have to prove 'k, Cgy Fi 7Agy A "Bgy. We prove both
I'iw, "Cro Fi "Aky and T'gy, ~Cry b 2 Bgy. Let us show iy, 7 Cro bi " Ak, We use
Not-I and NOT-E with =C,,. We derive I' .\, "Ckoy, Axc, Fi 7 C'icy, by weakening the third
induction hypothesis and 'k, "Cgu, Axu Fi 7Cgy by AX. We show 'y, "Cro Fi 7 Biu
similarly.

o Conv derives from Corollary [2]

 The remaining items are direct applications of Proposition [I]



4.2 With extensionality

We now investigate the soundness property in the setting of extensionality. We want to prove that
[ % A implies T'g,, F AK" whatever x € {e, ep, ef, efp}. Brown and Rizkallah showed that it fails
in the presence of functional extensionality. To get around this problem, it is sufficient to assume
VVg.(Vo.~~(fx = gz)) = ~—(f = g), written AT,

Theorem 2. Let A be a formula and I' be a context in higher-order logic.
1. For = € {e,ep}, if D F5 A then g, F; AKY.
2. For x € {cf,efp}, if T % A then AT Tk, i AK®,

Proof. For the first item, we complete the proof of Theorem [T}
e EQ-I derives from EQ-I and Proposition .

e EQ-E: We have I'x,, F¥ —~(Pgyury) and Tk, FiF —=(ug, = vk,) by induction. We

directly have Tk, ¥ Prytugy = (Uxy = Vku) = PruVke by EQ-E. We get Tk, Hi¥
“(Prylry) = 7 (Uky = Viu) = (P oV, ) using Proposition [1j{4) and Proposition @

Therefore, we conclude I'g,, |_ng “(PruVku)-

¢ PROPEXT: By induction, we have I'k,, }_ng -=(Aky < Bgy). Using PROPEXT, we directly
have FKu }_fp (AKu = BKu) = AKu = BKu) We get FKu "Ep ﬁﬁ(AKu = BKu) =
——(Af. = Bky) by Proposition [1{|4) and Proposition @ We conclude T'g, l—fp ——(Agy, =
Biku)-

For the second item, we adapt the three cases of the first item and we prove the additional FUNEXT
case. We use the assumption Al on the induction hypothesis Af, g, i == (fruz = grur) to get
Alfa]-—‘Ku |_1 _'_‘(fKu :gKu) O

The formula Af corresponds to a weak form of functional extensionality, where double negations
have been inserted in front of equality predicates. In classical logic, it is equivalent to functional
extensionality. We link AT to the well-known double-negation shift (Vz.——A) = (~—Vz.A), written
DNS. Such a principle implies AT in intuitionistic logic with functional extensionality.

Proposition 4. DNS I—ff AT,

Proof. We have DNS }—? ViVg.(Ve.fa = gz) = (f = ¢) using FUNEXT. We successively apply

Propositions [1{{4), [1{l9) and [1}{6) to derive DNS ¢ VfVg.~—(Va.fo = gz) = ~—(f = g). Using
DN, we conclude DNS ¢ AT, O

The double-negation shift is derivable in classical logic but not in intuitionistic logic. It is
deeply connected to Glivenko’s theorem—which is generalized by Kuroda’s translation. More pre-
cisely, such a principle is required to extend Glivenko’s theorem to first-order logic [Ume59) [GabT2]
and to substructural first-order logic [FO12a]. Moreover, the modal counterpart of the double-
negation shift (0J-—A = —=A plays an important role when studying Glivenko’s theorem for
modal logic [LPR17]. Here, we have emphasized a new connection between the double-negation
shift and Kuroda’s translation.

To prove the soundness property in the presence of functional extensionality, it is therefore
sufficient to assume the weak form of functional extensionality or the double-negation shift.



We could also assume the double-negation elimination on equality predicates VaVy.—~—(x =
y)=x =y, written DNE®. Indeed, it implies AV in intuitionistic logic with functional extensionality.
However, such a principle must be handled with care: when combined with the comprehension
axiom of set theory or with propositional extensionality, it entails the double-negation elimination.
For instance, let us prove DNE® I—:p —-—P = P for any proposition P. We easily derive }—;’p
—=P=-=(P =T) and { (P = T) = P. The double-negation elimination then follows from
DNE® applied to P and T.

Another approach to get around the problem of the soundness property in the presence of
functional extensionality is to apply a translation that eliminates extensionality [Gan56, [Tak53|
BRI13]. To do so, the Takeuti-Gandy translation [Ganb6l [Tak53| resorts to relativization and
quantifies over extensional elements. This translation was later refined [BR13|] and coupled with a
double-negation translation. The main advantage of our approach is that the translated statement
remains close to the original statement, as no predicates have been inserted to account for the
elimination of functional extensionality. In exchange, however, we assume an additional axiom.

5 Characterization property

We have shown that, if the formula A is provable from I', then there exists an intuitionistic proof
of AK" from I'g,,. We now want to prove the characterization property: A and AX* are classically
equivalent. Such a result is routine in first-order logic, but does not generally hold in higher-order
logic.

5.1 Counter-example

Consider a constant P of type o — o and a proposition A. We would like to show . (PA)K" < PA,
that is k. =—(PAg,) < PA. As we are in classical logic, it is equivalent to derive . PAg, < PA.
It is impossible to show this without further assumptions on the predicate P, even when Ag, and
A are equivalent. Here, the problem is that the translation may insert double negations inside the
argument of the predicate P, but we cannot replace Ak, by A in the absence of extensionality.

This issue is not the only consequence of the lack of extensionality in higher-order logic. For
example, T and T A T are equivalent, but we cannot prove that PT and P(T A T) are equivalent
without further assumptions. This can be shown using the intensional models of higher-order logic
developed by Takahashi [Mot67] and Prawitz [Pra68], based on the V-complex construction [And71].
In such models, the denotation of a proposition is not its truth value, but a pair consisting of its
truth value and a syntactic value. T and T A T have the same truth value, but different syntactic
values. The truth value of P(T A T) (respectively PT) depends on the whole denotation of T AT
(respectively T). It follows that PT and P(T A T) can have different truth values. Thus, in the
absence of extensionality, we cannot prove that PT and P(T A T) are equivalent, even though T
and T A T are. The same reasoning applies for PAg, and PA.

5.2 Necessary and sufficient condition

When trying to adapt the proof of the characterization property from first-order logic to higher-
order logic, we identify a necessary and sufficient condition, called Kuroda-equivalence.

Definition 2 (Kuroda-equivalence). For any constant or variable t of type 11 — ... — T, — 0 and
any terms uy, ..., Uy of type T1, ..., Tn, we have e (uy ... Up) gy < tUy ... Uy



Theorem 3. The characterization property holds if and only if the Kuroda-equivalence holds.

Proof. For the direct implication, we apply the characterization property to the formula tu ... u,
to get Fe (tuy ... up) K% & tuy ... up, so we derive . (tug ... Up) Ky < Uy - .. Uy,

For the reverse implication, we only have to show k., Ag, < A as we are in classical logic.
Let Ag be the S-normal form of A. We know that Ag =5 A, so we derive (Ag)ku =5 Aru by
Corollary 2 We do a proof by cases on Ag. If Ag is a variable or a constant, (Ag) k. corresponds
to Ag, therefore we directly have . (Ag) k. < Ap and we conclude . Ak, < A. Otherwise, Ag

is an application tu; ...u,, where ¢ is a variable or a constant of type m; — ... = 7, — o0 and
U1,...,U, are terms of type 7y,...,7,. By the Kuroda-equivalence, we have k. (Ag)k, < Ag,
hence we conclude . Ak, < A. O

The counter-example [5.1] precisely shows that the Kuroda-equivalence does not necessarily hold.
To have the characterization property, we could impose the Kuroda-equivalence as a principle.
However, such a condition is difficult to enforce, as it not only applies to the logical connectives
and quantifiers, but also to any variable or constant representing a predicate.

5.3 Extensionality conditions

We now investigate the characterization property in the setting of extensionality. When assuming
functional extensionality and propositional extensionality, the formulas A and AX* are equal, and
therefore classically equivalent.

Lemma 1. For any term t, we have =% tg, = t.
Proof. We proceed by induction on the term ¢:

o Variables and constants: Using EQ-I, we directly derive F¢/P z, = x and F¢/? cg,, = ¢ for
c# V. We prove F¢/? V., =V with

- EqI ¢ FuNEXT and Conv
FefP Vg = Vg FIP g = (\e.o=(gw)) e
EQ-E and CoNv

FeIP V(Az.——(gqx)) = Vg
FuNEXT and Conv
FeiP (Ap.Y(A\z.—=(px))) =V

ProrPEXT

as we have F¢/* gy < ——(qy) in classical logic.

e Applications: We have I—Zf" tkuUky = truUKy using EQ-1. Using successively EQ-E with the
induction hypotheses F¢/P ¢x,, = t and F7P ug,, = u, we obtain F¢/* ¢, ug, = tu.

e Abstractions: By induction hypothesis, we have tyx, = t. Using FUNEXT and CONV, we
derive TP (A\2.t) g, = A 1.

O

Theorem 4. For any higher-order formula A, we have -7 AKY & A,



Proof. By Lemma Fgfp Ag, = A. Using EQ-E on the tautology A & A, we get F/P A, & A.
We conclude F¢fP AX% & A as we are in classical logic. O

Note that Lemma [I| imply the Kuroda-equivalence, which provides an alternative proof of The-
orem [l

6 Reverse translation property

The characterization property does not generally hold in higher-order logic. In this section, we
show that the reverse translation property—a weaker property—does not hold either.

As in Section {4} we state the reverse translation property with 'y, instead of I'5*. Again, all
the results can be simply adapted to have the version with T'5*.

6.1 Counter-example

To prove that the reverse translation property does not hold in higher-order logic, we exhibit some I"
and A such that I'g,, F; AX* holds and ' -, A does not. Consider a constant R of type 0 — 0 — o
and two predicates P and P’ of type 7 — 0. We take

o= Vg R(gOw(Pe)(gAen(P'a)))
A = R(N(Az.Pz))(V(Ax.P'z))

and we therefore have

Pku = Vg (R(g(Az.~=(Pz)))(q(Az.~~(P'z))))
AKY =5 —~(R(Y(Aa.—~~(Px)))(Y(Az.~—~(P'z))))

In intuitionistic logic, we derive I'g,, F; AK® using ALL-E with V.

In classical logic, however, we cannot derive I' k. A. Indeed, we cannot apply ALL-E with
YV anymore: the extra double negations inside the arguments of R cannot be removed without
further assumptions. We cannot apply ALL-E with Ay.V(Ax.Pz) either, as we would obtain
R(V(Azx.Px))(V(A\x.Px)) instead of R(V(Az.Px))(V(Ax.P'z)). As well as for the characterization
property, it is the absence of extensionality that allows us to build a counter-example.

6.2 Sufficient conditions

Since the characterization property implies the reverse translation property, the sufficient condi-
tions investigated in Section [5| apply. The reverse translation property holds under the Kuroda-
equivalence.

Theorem 5. If the Kuroda-equivalence holds, then the reverse translation property holds.

Proof. Suppose I'g, i AK*. We directly have I'g, Fo AX®, and we get 5% ., AK" ysing
the double-negation elimination. We use the characterization property, that holds under Kuroda-
equivalence by Theorem [3] O

The reverse translation property also holds under functional extensionality and propositional
extensionality.

10



Theorem 6. Let A be a formula and I' be a context in higher-order logic.
1. If Ty by AKY then T 5P A,
2. For x € {e,ep}, if Diy B} AKY then T FIP A.
3. For x € {cf, efp}, if AF, Ty 7 AKY then T 5P A,

Proof. For the first and second item, we directly have I'x,, P AKY. We get TK® |-¢fp AR yging
the double-negation elimination, and then we derive I' ¢/ A using Theorem {4l For the third item,
we similarly get AT, T F¢* A and we conclude using the fact that Al is derivable from functional
extensionality in classical logic. O

7 Conclusion

Brown and Rizkallah [BR14] extended Kuroda’s translation to higher-order logic, showing that
the soundness property holds, except in the presence of functional extensionality. We have dis-
cussed several conditions under which the soundness property holds in the presence of functional
extensionality, including the double-negation shift.

Brown and Rizkallah neither examined the characterization property nor the reverse translation
property. We have shown that both properties do not hold in higher-order logic, although they are
straightforward in first-order logic. We have identified conditions under which such properties hold.
In particular, it is sufficient to assume functional extensionality and propositional extensionality.

We have seen that the role of both functional extensionality and propositional extensionality is
predominant when extending Kuroda’s translation to higher-order logic. One has to be careful when
using both principles in an intuitionistic context: the Diaconescu-Goodman-Myhill theorem [Dia75l
GMT8| states that, together with the axiom of choice, they entail the principle of excluded middle.
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