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Abstract

Non-linear versions of log-Sobolev inequalities, that link a free energy to its dissi-
pation along the corresponding Wasserstein gradient flow (i.e. corresponds to Polyak-
Lojasiewicz inequalities in this context), are known to provide global exponential long-
time convergence to the free energy minimizers, and have been shown to hold in various
contexts. However they cannot hold when the free energy admits critical points which
are not global minimizers, which is for instance the case of the granular media equa-
tion in a double-well potential with quadratic attractive interaction at low temperature.
This work addresses such cases, extending the general arguments when a log-Sobolev
inequality only holds locally and, as an example, establishing such local inequalities for
the granular media equation with quadratic interaction either in the one-dimensional
symmetric double-well case or in higher dimension in the low temperature regime. The
method provides quantitative convergence rates for initial conditions in a Wasserstein
ball around the stationary solutions. The same analysis is carried out for the kinetic
counterpart of the gradient flow, i.e. the corresponding Vlasov-Fokker-Planck equation.
The local exponential convergence to stationary solutions for the mean-field equations,
both elliptic and kinetic, is shown to induce for the corresponding particle systems a fast
(i.e. uniform in the number or particles) decay of the particle system free energy toward
the level of the non-linear limit.

1 Introduction

We are interested in the long-time behavior of the granular media equation
Oipr =V - (Vi + (VV + p % VW) py) (1)

or of more general McKean-Vlasov semilinear equations (see @ below). Here, p; is a prob-
ability density over R? V € C2(R% R), W € C*(R? x R% R) are respectively a confining and
interaction potential, W(x,y) = W (y,z) for all z,y € R? ¢? > 0 stands for the tempera-
ture (or diffusivity) and px VW (z) = [o. VoW (z,y)p(y)dy. We have typically in mind the
double-well case where d =1,

xt 2?
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for some § € R. When 6 < 0 (repulsive interaction), or when 6 > 0 and 02/ is large enough
(attractive interaction at high temperature or small interaction), there is a unique stationary
solution to , which is globally attractive with exponential rate. However for a fixed 6 > 0
there is a phase transition at some critical temperature o> > 0 such that, for 0? < o2,
with admits three distinct stationary solutions (one symmetric, unstable, and two non-
symmetric, stable) [46]. We are interested in this second case, and more precisely on obtaining
local convergence rates, namely to prove that solutions which start close to a stable stationary
solution converge exponentially fast to it. Among other motivations, this is an important
question both for the theoretical understanding of metastable interacting particle systems,
where the stability property of the non-linear limit drives the short-time behavior and induces
the metastable behaviour [22] 12, 3], 20, 28] 5], and for practical questions of optimization in
the Wasserstein space, for instance in the mean-field modelling of artificial neural networks
[16], 29, [36), 35] (the loss function being convex only in toy models, like one-layer networks).

To illustrate the point, let us state a result obtained with our approach in the specific
case of the symmetric double well . In the next statement (proven in Section [3.2.1] see
Remarks [7] and as in the rest of the work we write Wy and || - ||rv respectively the L2
Wasserstein distance and total variation norm and Py(IR?) the set of probability measures on
R? with finite second moment.

Proposition 1. Consider the granular media in the case with 8 > 0.

1. If 0® < o2, let p. be one of the two non-symmetric stationary solutions. There exist
5, A\,C > 0 such that for any initial condition py € Pa(R) with Ws(po, ps) < 9, the
corresponding solution to satisfies, for allt >0

Wa(pr, pe) + [0t = pullrv < Ce™

2. If 0® = o2, denote by p, the unique stationary solution. For any py € Po(R), there exists
Co > 0 such that the corresponding solution to satisfies, for allt > 0,

Co
Walpi p2) + lloe = pellav < -

2 2

Notice that, in the sub-critical case, there is no assumption on ¢? other than o? < o2,
namely, the result holds arbitrarily close to the critical temperature (our results also apply
in the simpler super-critical regime and provide, as soon as 02 > ¢2, a global quantitative
exponential convergence toward the unique stationary solution, see Remark . This is in
contrast to the results of [49], also concerned with quantitative local convergence of (1)), which
require the temperature to be sufficiently small (for a given ). Moreover, the Wasserstein
convergence in [49, Theorem 2.3] only gives a convergence speed of order eV for some A > 0,
and additionally it requires # > —inf V", which our result does not (under this additional
assumption we get that the rate A is uniform over o2 € (0,03] for any o2 € (0,02), as in
Proposition . The constants 6, A, C' in Proposition (1| can be made explicit (see Remark E[),
namely the result is quantitative.

Our method is the following. As recalled in the next section, it is now well-known that
(1)) can be seen as the gradient flow in the Wasserstein space of some functional. To fix ideas,
consider on R such a gradient flow

Ty = —V f(zy).



Let z, be a local minimizer of f. Assuming a Polyak-Lojasiewicz inequality, namely that there
exists 7 > 0 such that

0< f(x) = flz.) <0V f(z)f (3)
in a neighborhood A of z,, then by differentiating f(x;) — f(x.) we immediately get that, as
long as x; stays within A,

flae) = flw.) < e7(f(wo) — f(2)) (4)
and 1

O/ flwr) — flwe) < —ﬁWf(xtN :
from which

/0 V£ (a)ds| < 2v/n (@) — F@n). (5)

Using that f is continuous so that the right hand side can be made arbitrarily small by taking
xo sufficiently close to x,, this shows that A contains a ball centered at z, such that, starting
with an initial condition in this ball, the gradient flows remains in A and thus the previous
inequalities hold for all times ¢ > 0. Assuming furthermore that z, is the unique critical point
of f in A, by the LaSalle invariance principle, x; converges to x, and then letting ¢ — oo in
and applying it with zy replaced by x; gives

s — @il < (flae) — flan) < dne™" (f(20) — f(2.))

which proves the exponential convergence to z,.

We show that this argument extends to the infinite dimensional settings of gradient flows
over the Wasserstein space (the lack of continuity of f with respect to the Wasserstein distance
in this case being circumvented by the regularization properties of which, with the present
notations, amounts to say that xy — f(x;) is continuous at x, as soon as ¢t > 0). The
key new ingredient is thus the (local) dissipation inequality , which for elliptic McKean-
Vlasov equations as (/1)) corresponds to a (local) non-linear log-Sobolev inequality (LSI). Such
inequalities have been investigated in a number of works (see e.g. [I1} 22 26] and references
within) but, to our knowledge, only in cases where they are global, corresponding in the finite-
dimensional settings above to the case where holds for all € R? (for instance when f
is uniformly strongly convex). Our main contribution is thus to show that the method also
works locally and, more importantly, to show that it is indeed possible to establish such local
dissipation inequalities in some cases where the global inequality fails. More specifically, the
main results of this work are the following:

|zt — 20| =

e In the general framework of gradient flows with respect to W,, under suitable regularity
conditions, the local non-linear LSI that is the analogue of is shown to imply the
exponential convergence (in W, and relative entropy) towards the local minimizer for
all initial conditions in a suitable W, ball (this is Theorem [§).

e The same result is established in the kinetic case, i.e. for the Vlasov-Fokker-Planck
equation (this is Theorem [20).

e In the particular case of the granular media equation, when the interaction is parametrized
by some moments of the measure, a simple criterion for the local non-linear LSI is given
in Proposition [0 It is then illustrated in two cases with quadratic interactions, the
one-dimensional double-well case (Proposition and the multi-well case in R? (Propo-

sition .



e Under the same conditions as Theorem [8| (or Theorem [20] in the kinetic case), the free
energy of the corresponding system of interacting particles is shown to decay fast below
the level of the limit of the non-linear limit, as stated in Proposition (or Proposition
in the kinetic case).

This work is organized as follows. The general framework is introduced in Section [2| where
the main general result (Theorem [§)) is stated and proven. Section [3|addresses the question of
establishing local non-Linear LSI, covering the granular media case (with a detailed study of
the one-dimensional double-well potential). The Vlasov-Fokker-Planck equation is studied in
Section |4}, and Section |5 is devoted to interacting particle systems.

To conclude this introduction, let us mention some perspectives of this work. The gradient
descent structure underlying our study is quite flexible, as one may restrict the space over
which the free energy is minimized (e.g. tensorized distributions, Gaussian distributions,
distributions with some fixed marginals. .. ), which is of interest for variational inference [33],
32, 18], and one can modify the metric with respect to which the gradient is taken, which
amounts to add some non-constant (possibly non-linear) diffusion matrix, allowing e.g. for
slow or fast diffusion processes and congestion effects [23, [0]. We expect most of our analysis
to extend to this kind of settings. Non-asymptotic bounds for discrete-time numerical schemes
can also be obtained as in [38] [§]. Extension to time-varying temperature (for annealing or as
a surrogate to stochastic gradient descent [44]) is straightforward, following e.g. [31) B7] and
references within.

Last, let us mention that for McKean-Vlasov equations which do not necessarily write as
Wasserstein gradient flows, but under different assumptions than ours, a similar statement
to Proposition [I| was recently obtained in [19]. It provides exponential convergence when
the initial condition is in a small W, neighborhood of a stationary solution. The method is
completely different and relies on the differentiation, in the sense of Lions derivatives, of the
drift of the underlying nonlinear SDE in the neighborhood of the considered invariant measure,
which then provides a criterion for the stability of the invariant measure.

2 Local convergence rates with log-Sobolev inequalities

The main result of this section is Theorem [§] stated and proven in Section 2.6 Before that,
the relevant notions, conditions and lemmas are gradually introduced.

2.1 General settings, assumptions and notations

We consider an energy functional £ : Py(R?) — (—00, 00] and, for a temperature o > 0, the
free energy

Flp) = E(p) + a*H(p)

for p € Po(R?), where H(p) = [gapInp stands for the entropy (taken as +oo if p is not
absolutely continuous; otherwise we also write p its density).

Assumption 1 (boundedness from below of the free energy). The free energy F is bounded
from below.

Given a functional G : Py(R?) — (—o00, 00, a measurable function g—g : Po(RY) x R — R

is called a linear functional derivative of G if, for all py, o € Po(R?) with G (o) + G (1) < oo,

()~ Gtp0) = [ [ B ) — e, )
4



where p; =ty + (1 — ) po.

Assumption 2 (linear functional derivative of the energy). £ admits a linear functional

derivative that we denote E () = %ﬁf)(aj). Moreover,

(i) the function (z,p) € R? x Py(R?) — E,(x) is continuous, where Po(R?Y) is endowed with
the Wy distance;

(ii) for any p € P2(R?), E, € C*(R?);

(iii) for all po, py € Po(R?) with E (o) + E (1) < 00, &+ supyepg ) | By, (@) 45 in L' (po) N
L ().

The last item of Assumption [2| ensures that the integral in the right hand side of @ is
well defined when G = £, and moreover that

. & +1 - - &
iy S 2S00 ) o) o) )
R4
We are interested in the McKean-Vlasov equation
Ope = o*Dpr +V - (0VE,) (8)
equivalently
OF
1
In particular, the granular media equation (1) corresponds to the free energy
1
f(p)—UQ/ plnp+/ Vp+—/ Wp®2, (10)
R4 Rd 2 Jraxga

for which E,(x) = V(x) + px W(x) and Assumptions (1| and [2] are satisfied as soon as, for
instance, V' is convex outside a compact set and W is lower bounded with at most a quadratic
growth at infinity (other conditions can be considered, for instance in repulsive cases W may
not be bounded below but Assumption (1| still holds if V' grows faster than —W at infinity)
Under suitable regularity condition, a straightforward computation gives

2

0F
oF () =~ [ [V g (11)
R 12
In particular, the free energy is decreasing along time, and the stationary solutions p, are

the critical points of F, characterized by the fact that ‘;i(p*) is constant, which, using that

o
%(p) = In p, is equivalent to the self-consistency equation

1
Px O XD (—;Ep*) ) (12)

In cases where F satisfies a global non-linear log-Sobolev inequality, in the sense that there
exists a constant 7 > 0 such that

2
v @) dp, (G-NL-LSI)

Vp € Po(RY), F(p) —inf F < ﬁ/ 5

Rd

we immediately get from that the free energy decays exponentially fast toward its infimum.
In particular such an inequality is clearly false when F admits critical points which are not
global minimizers, which is precisely the case we are interested in.

>



Assumption 3 (local equilibrium). For any p € Py(R?),

1
Z, = /Rd exp (—;E,,) < 00.

For the granular media equation with free energy given by , this assumption holds
if for instance W is lower bounded and In|z| = o(V(z)) at infinity. Under Assumption 3]
denoting

_ 1
L(p) = Z, " exp <—;EP) : (13)
which we call the local equilibrium as it is the stationary solution of the linear equation
Opy = ?Apy+V - (3 VE,)

we can also interpret the free energy dissipation in (11)) as

J.

where Z(v|u) stands for the Fisher information of v with respect to p,

Tivl) = [

K = {p. € Po(RY), F(p.) < o0, p. =T (p.)}

the set of critical points of F.
In this work we are interested in cases where the local equilibria satisfy a uniform (classical)
log-Sobolev inequality, in the sense that there exist 7 > 0 such that

2

F o) dp= o (oIT(p)) .

VE(P)

2

dv dv.

In —
Vnd“

We write

Vv.p € PR, H(vID(p)) <nI (v[T(p)) . (U-LSI)

where d
v

H = In —d

Vlk) /Rd Yt

stands for the relative entropy of v with respect to . Indeed, contrary to , there
are many tools to establish and it can typically hold even if F has several critical
points. For instance, for the granular media equation in the double well case with
attractive interaction (namely 6 > 0), we can decompose V = Vj + V; where V} is strongly
convex and V; is bounded, so that, for any p,

V4+pxW=V+Vi4+pxW

is the sum of a strongly convex potential Vj + p x W (with a lower bound on the curvature
independent from p) and a bounded potential V; (independent from p), so that follows
from classical Bakry-Emery and Holley-Stroock results [2]. One motivation of the present work
is to understand the difference between the uniform classical log-Sobolev inequality

and the non-linear log-Sobolev inequality (G-NL-LSIJ).

The well-posedness for @D for specific cases is a standard question that we do not address
here, we refer the interested reader to [I] for general considerations on Wasserstein gradient
flows.



Assumption 4 (well-posedness and regularity of @) For all py € Po(R?), @D has a unique
strong solution, continuous in time for Wh, which is the gradient flow of F in the sense of [1,
Definition 11.1.1]; for all t > 0, p; has a continuous positive density, F(p:) and H(p:|T(p:))
are finite; for almost all times t > 0, Z(p|I'(pt)) is finite and holds.

The fact that the free energy, local relative entropy and Fisher information become finite
instantaneously will be stated in more quantitative ways along the study. In particular, the re-
sults stated in Section 2.5 combined with the next statement from [1], show that Assumption[4]
is met in particular in the granular media case in the settings of Proposition .

Proposition 2. In the case (10) with V2V > X, for some A € R, W (x,y) = w(x —y) with
an even and convex function w : R* — [0,00) which has the doubling property w(x + y) <
co(1 + w(z) + w(y)), the following holds. For any initial condition py € P2(R?), there is a
unique distributional solution to , which is the gradient flow of F and possesses the following
properties:

(i) for any t >0, p; has a density with respect to the Lebesgue measure on R?;
(ii) pr — po when t — 0 in Py(RY);
(i11) p. € Liso((0, 00), Wizl (R);

(i) for any 0 < s <t < oo,
t
F(ps) = Flpe) + 04/ Z(p-|T(pr))dr < oco.

Proof. With the present conditions on V' and W the assumptions of [I, Example 11.2.7] are
satisfied, so that [I, Theorem 11.2.8] applies, which gives all the points of Proposition O

From now on, Assumptions [T} and [ are systematically enforced.

2.2 Two known cases with global convergence

To further motivate our study, let us now highlight that it is known that is in fact
sufficient to conclude (concerning the long-time behavior of the equation) in two cases: when
£ is functional-convex, or when the interaction is sufficiently small (two cases which, of course,
do not allow for multiple stationary solutions).

We start with functional-convexity (to be distinguished from displacement-convexity),
which by definition means that

E(tpo + (1 = )m) <t€(uo) + (1 —)E(ma)  t€10,1], (14)

for all p1g, 11 € Pa2(RY). As stated in e.g. [16], assuming furthermore that F admits a minimizer
p« € K then the latter is unique (thanks to the strict convexity of the entropy), and for all
p € Pa2(RY), the following entropy sandwich inequalities hold:

a*H(plp.) < Flp) = Flp.) < *H (p[T(p)) , (15)

see also Lemma [3| below. In particular, the second inequality, together with (U-LSI)), implies

(G-NL-LSI) with 7 = n/c?, hence the exponential decay of F(p;) to its global minimum
which, by the first inequality of , gives the exponential convergence of H(p;|p.) to zero

7



(which in turns implies the exponential convergence of p; to p, in total variation and, be-
cause p, satisfies a classical LSI thanks to and thus a Talagrand inequality [41], in
Wasserstein 2 distance).

The convexity condition is known to hold in various settings, in particular for mean-
field models of one-layer neuron networks [29, [16]. In the granular media case ([10]), assume
that the interaction potential is of the form

Wz, y) = Wolz) + Woly) + 2D ri(a)ra(y) =2 ar(w)ax(y) (16)

for some functions Wy, ag, 7 (as in e.g. the quadratic case ; the letters a and r refers to
attractive and repulsive by analogy with the quadratic case). Then we see that, for £(p) =
J(V+ipxW)pandtel01],

Etpo + (1 = t)pm) — t&(po) — (1 =)&)

=t(1-1)) [(/Rdak(uo—m))Q— (/Rdm(uo—ul))Q] , (17)

keN

so that holds for all g, pq,t if and only if ar = 0 for all £ € N, which corresponds to
repulsive interaction (and for quadratic potentials to the case where 0 < 0, i.e. W is
concave). See also [15, Section 3.1] for further examples satisfying (14)).

In the general non-functional-convex cases, assuming that p, € K is a global minimizer
of F, notice that the first inequality in (15| cannot hold if there is another global minimizer
p € K (since we would have H(p'|px) > 0 while F(p') = F(p.)) and the second inequality
(which is the one we used to get the global non-linear LSI from the uniform
classical LSI (U-LSI)) cannot hold as soon as there is a critical point of F which is not a
global minimizer (since H(p|I'(p)) = 0 when p € K).

Second, consider the non-convex but small Lipschitz interaction settings. We assume that
p — VE, is uniformly Lipschitz, namely there exists L > 0 such that

Vp, p € Po(RY), IVE, = VE,|. < IWs(p,p). (Lip)
We still assume (U-LSI)), which by [41] implies the uniform 75 Talagrand inequality
Vi p e Pa(RY,  WE (1, T(p)) < M (WIT(p)) (18

Let p. € K. A classical computation shows that

O H (pilps) = —0*L(pe| ps) +/ (VE,, —VE,) -Vin (&) dp; .
Rd

*

Using the Cauchy-Schwarz, log-Sobolev and Talagrand inequalities,
OH(plp) < —0"Llpilp.) + IVE, — VE, [l vVZ(pilps)

0.2 LQ )

< —7I(Pt\p*) + Tc?WQ (pes ps)
o?  2L%n

(<5 + 257 ) oo,

N

In particular, as soon as Ln < 202, we get an exponential convergence in relative entropy
(hence total variation and W) of p; to ps, and in particular uniqueness of the critical point

Ps-



2.3 Lower-bounded curvature

To revisit and generalize the two previous cases, let us consider the case where there exists a
cost functional C : Py(R?) x Py(RY) — (—00, o] with C (o, p11) = C (1, ito) and such that

Vuo, n1 € PQ(Rd),t € [O, 1],
Etpo + (1 —t)pa) < tE(po) + (1 = 1)E (1) + (1 — 1)C (o, pia) - (C-curv-£)

Functional-convexity corresponds to C = 0. If C = A\W3 for some A € R, namely if

V,uo, H1 € pQ(Rd),t € [O, 1],
Etpo + (1 = t)u) < tE(po) + (1 = )E(p) + M (1 — t)W5 (o, ) (Ws-curv-€)

it can be interpreted in terms of Otto calculus by saying that the Hessian of £ is lower-bounded

by —A. In the case a bound (C-curv-£)) follows from (17)), and if aj, is Ly-Lipschitz for
(W3-curv-¢]

all k € Nwith A =", L7 < oo, curv-¢£)) holds (in fact, a stronger inequality holds,
with W, replaced by W, which could be of interest in some cases; in this work we use W,
everywhere for simplicity).

Example 1. Consider (in dimension one for simplicity) the Gaussian kernel interaction po-
tential

k, k
Wia,y) = e 00" = 3 (~1)fe e,
keN ’

which appears for instance in the Adaptive Biasing Potential method [6] and more generally
in reqularized approximations of processes which are influenced by the local density of particles

(e.qg. [34]). It is of the form with ap(z) = e 2%/VE! for odd k € N and ry(x) =
e‘””ka/\/H for even k € N. An elementary analysis and the Stirling formula shows that

@ |loo = O(k/2%2), which means that (W3-curv-E)) holds.

Example 2. Considering the settings of [17], let H be a Hilbert space with norm || - ||m,
0:R* - H, R:H — R and V; : R — R. Consider

i) = [ Vowntas) + R ( [ w(x)u(dx)> ,

where the integral of an H-valued function is understood in Bochner’s sense, and we take the
convention that E(u) = 00 if [pall¢(z)|lmp(de) = co. As discussed in [I7)], this encompasses
many cases of interest in optimization, machine learning and stastistics in high dimension.
Assume that the curvature of R is lower-bounded in the sense that there exists > 0 such that

R+ 0| - ||% is convex. This implies that (C-curv-E)) holds with

/ edpo — / pdpn
R4 Rd

This generalizes the quadratic finite-dimensional case . Assuming furthemore that ¢ is

Lipschitz continuous (namely ||o(z)—o(y)|lu < lx—y| for all z,y € R?), we get (Wi-curv-£)
with A = 602,

The following generalizes the entropy sandwich inequality when C # 0.
Lemma 3. Under (C-curv-£)), for all pig, i1 € P2(RY) and p, € K,
F(po) < Flpa) + 0*H (p10|T (o)) + Clpo, 1) (19)

2

C(No;lh) =0

H

and
F(p.) + M (polp.) < Flpo) + Clpo, ps) - (20)

9



Proof. To prove each inequality, we assume that the right-hand side is finite, otherwise the
result is trivial.

Dividing by ¢ and sending ¢ to zero in (C-curv-£)) yields (using (7)),
[ Eulio = )+ €m) < ) + Cloos ).
R

and thus, interverting the roles of u; and g,

L Bt = ) = s ) < €0 = E00) < [ Bpolro = ) + Cloos ).

Rd
Then
Fluo) = ) < [ Byl — ) + Clotos ) + M) — ()
R4
= "M (po|T (o)) — o*H (111 [T (120)) + Cpao, 1)
< P H (p0lT (o)) + Clpos )
and
Flo) = Flu) > [ o = ) = Cluos ) + 5*Hilpo) = 0* M)
Rd
= 0*H (uo|T(111)) — 0*H (12 [T (p11)) — Cpao, 1) -
The second term of the right hand side vanishes if p; € K, which concludes. O

This result will prove useful in our cases of interest, namely when F has several critical
points. Nevertheless, for now, in the spirit of the previous section, let us discuss how (U-LSI))

may already give a global convergence in some cases under (C-curv-£)).

Indeed, assuming a Talagrand type inequality

C(o, ps) < ' H (1ol )

for some 7' > 0 (which, if C < AW? for some A > 0, is implied by (U-LSI)) with 1’ = 4n\),
using and then (19)),

/

Clpo, p-) < 1'H(polp.) < 5 (Flpo) = Flp.) +Cluo, p.)
/ 2 !
< N'H (o] T (o)) + U—Zc(ﬂo,p*) :

Hence, under the condition 21’ < o2 (i.e., again, high temperature or small interaction), we
obtain a non-linear transport inequality

/

S
1—2n/o?

Together with the LSI for p, and , this proves (G-NL-LSIJ), since

Clpo, p) < H (polT (o)) - (21)

F(po) — F(ps) < (02 + %W) H (p10]T (110)) < 1 (02 + %;7,/02) Z (p10|T(p0)) -

Notice that, conversely, the non-linear transport inequality with C = W2 is shown to be

a consequence of (G-NL-LSI)) in [22] (see also Lemma 4] below).

10



2.4 Local non-linear log-Sobolev inequalities

Consider a non-empty set A C Po(R?) with inf4 F < oo. Instead of the global condi-
tion (G-NL-LSI), the key ingredient in our approach is to obtain (local) non-linear LSI
of the form

Voe A, Flp)— inf F(u) <70°Z (p|T(p)) (NL-LSI)

ueA

for some 77 > 0. The fact that it is possible to get this in some subsets A even in cases where
F has several critical points is the topic of Section [3] For now we assume that this holds in

some set A and we discuss its consequences.
First, since the left hand side of (INL-LSIJ) is non-negative and the right hand side vanishes
when p € K, we get that

pr € ANK = F(ps) = inf F(u). (22)

pneA

Second, the results which were known to hold under (G-NL-LSIJ) still hold as long as the

solution of @ stays within A, as we state in the next lemma. For conciseness we write

Falp) = Flp) — nf F(u).

neA

For py € P2(R?), we write
Ta(po) = inf{t = 0, py & A},

with (p;)i=o the solution to (9). The next lemma is the infinite-dimensional version of and

and follows the same proof.
Lemma 4. Assume that (NL-LSI) holds on A. Then, for all pg € A and t < Ta(po),

Falpr) < e Fa(po) (23)

and
W3 (pe, po) < ANF 4(po) - (24)

Proof. The first inequality is straightforward from and (NL-LSI). The proof of the
second inequality is the same as the proof of [22, Theorem 3.2] (although a factor 2 seems
to disappear wrongly in the latter when using the Benamou-Brenier formula, which explains
the difference with our result ; notice that our factor 4 is consistent with the classical linear
case [41], or the finite-dimensional settings (5))). Since (9) can be written as the continuity
equation

6F (pr)

op

by the Benamou-Brenier formulation of the Wasserstein distance [7], for any 0 < s < ¢,

8tpt =V (ptvt) V¢ i = \Y%

Y

Wipap) < t=5) [ [ Jafdr=oe=9) [ Tt

szs,pt /
T‘F T
— — (prIT(pr)

so by Lebesgue’s differentiation theorem, the metric derivative of (p;);>0 defined in [I, Theo-
rem 1.1.2] satisfies

Thus,

o1l < a*VI(pel T (o)),

11



dt-almost everywhere. Since, by [I, Theorem 1.1.2], we have on the other hand

t
mummas/WAMn

Wa(po, pi) < /\/ (ps|T(ps))ds .

we get

Besides, for t < Ta(po),

OFa(pr) = =a"L (pilT(p)) < =L (pilT (1)) Falpe) /7,

from which

\/fA(pt> - \/fA(p0> < - ——Wg(pt,po) .

21
Rearranging the terms and using that \/F4(p;) > 0 concludes. O

Z (psIT'(ps))

As a consequence, when holds in a set A C Py(R?) that contains a unique critical
point p, € IC, in order to get the long-time convergence to p, at exponential speed starting from
an initial condition py € A, it mainly remains to show that T4(py) = +oco. In specific cases,
this can be shown by various means, for instance in dimension 1 by monotonicity arguments
as in [48], or in general using that the free energy decreases as in [47], etc. In the following,
we focus on a self-contained argument which establishes the exponential convergence towards
p« under the natural condition that Wh(ps, po) is sufficiently small (in particular, without
assuming that F(pg) < 00).

2.5 Auxiliary regularization results
Let us recall two results. The first is proven in [15, Lemma 4.9].

Lemma 5. Under (Lip) and (U-LSI), for all p € P2(RY) and p. € K,

2,2

H@wm»<(rww+L;)H@m»

The second result is from [50, Corollary 4.3].

Proposition 6. Assume that there exists ko, k1, kg > 0 such that for all v, u € Po(R?) and all
z,y € RY,
VEOF+0" <o (14 [ laPu(an)
R4

—2(VE,(z) = VE,(y)) - (z —y) < falz = y|* + walz — yWa(v, 1) . (25)
Then, given two solutions (p:)i=o0 and (p})i=o0 of @ forallt >0,

and

H (pt‘p/t) < StWQQ(pOHOi)) )
where . )
- L 2 2(K1+K2)t
St 2 (1—e—mt+2m )

12



Notice that, under the uniform Lipschitz condition (Lip]), since we can bound |V E,(0)] <
|V Es,(0)] + LWg(u, do) for any p € Py(R?), the assumptions of Proposition [| are fulfilled if
additionally there exists k1 > 0 such that the one-sided Lipschitz condition

Vi € Py(RY), z,y € RY, 2(VE,(z) = VE,(y)) - (x —y) > —ki|lz — y|? (0-s-Lip)
holds, and then we can take ko = 2L to have .

Corollary 7. Assume (Wj-curv-£)), (Lip)), (o-s-Lip)) and (U-LSI) for some \, L, k1,17 > 0.
Then, for all (py)i=0 solution to (9)), all p. € K and all t > 0,

Flp) — Flpe) < aW2(po, ps)

with

dnh | LPn? K1 L, (2k144L)t
qt:(1+nL+ 0_2 + 2 1_e*i€1t+§tLe 1 . (26)

Notice that ¢ is of order 1/t as t — 0. See [Il, Theorem 4.0.4] for a similar result.
Proof. Using in Lemma with C = A\W3 and then Lemma and the Talagrand inequality

for p, = I'(p,) implied by (U-LSI),

Flpe) = Fps) < *H(pelT(pe)) + MWV5 (pr, i)
An\  L2n?
<0 <1—|— L—l— 77 + 277 )’H(pt|p*).

Since t — p, solves @, conclusion follows from Proposition @ n

2.6 Conclusion
For p1 € Po(R?) and r > 0, write By, (1, 7) = {v € Po(RY), Wa(v, 1) < r}.

Assumption 5. The conditions (Wi-curv-£)), (Lip|), (o-s-Lip)) and (U-LSI) hold for some
M\, L,k1,m > 0, and (NL-LSI)) holds on some non-empty set A C Py(RY) for some 7 > 0.
Furthermore there exist p, € ANK and 6 > 0 such that By, (p«, d) C A.

Theorem 8. Under Assumption|[d, set
J
2(21 /N1 + 6(“1/2+L)) ’

where q; is given by (with t = 1). Then, for all py € Bw,(ps,0"), Ta(po) = oo and in
particular

§ =

Falpe) < e MFa(po)
for allt > 0. Furthermore, if we assume additionally that By, (p«, 0) N IKC = {p.}, then:

e The following non-linear Talagrand inequality holds:
W3 (po, p+) < AT F.4(po) - (27)

e Setting C = e'/Tmax(47q,, e +2E), for all t >0,

Wi, ps) < Ce W2 (po, ps) (28)
«FA(Pt) < € —t/m min (JT_‘A(pO) y Qmin(t,1)€ /nWZ (pO,P*)) (29)
a*H(pdps) < Falpr) +IW; (1, p.) - (30)

13



The last inequality on the relative entropy is just in Lemma , we simply recall it as
it gives here the exponential convergence of H(pi|p.) (hence of ||p; — p«||7v) to zero.

Remark 1. Write A (p.) = {po € A : Ta(po) = 00 and Wa(py, p«) — 0 ast — oo}. Then
it 1s clear by following the proof of Theorem @ that its conclusion (namely , and
) hold for any initial condition py € Ax(ps). Moreover, for any py € P2(RY) such that
Wa(pt, px) = 0 as t — oo, there exists a t, > 0 such that pi, € By, (ps,d) C Ax(ps), from
which there exists Cy > 0 such that for all t > 1,

W3 (pe, i) + Hpelps) + Fpe) — Flpi) < Coe /M (31)

Proof. Given a solution (p¢)i=0 of (8)), we consider the time-inhomogeneous Markov diffusion
process

dX, = ~VE, (X,)dt + V20dB,

where B is a Brownian motion and X is distributed according to pg, so that X; ~ p; for
all t > 0. Existence of strong solutions for this SDE is justified by the fact (¢,z) — VE,, is
continuous in time (by continuity of ¢t — p, and ) and C! in z, and explosion in finite
time is prevented by (o-s-Lip]). Considering a synchronous coupling (X,Y) (i.e. using the
same Brownian motion for two processes) of such diffusions; the first one being associated
with an arbitrary solution p, the second being associated to the stationary solution ¢ — p,,
we get that

01X = Vi = =2(X, = Y)) - (VE,, (X)) = VE, (Y))) < (51 + L)X, = Yi[* + LW; (pr, p1)

where we used (Lip|) and (o-s-Lip|). Taking the expectation, using the Gronwall Lemma, that
Wi(pt, px) < E (] Xy — Yi|?) and taking the infimum over the coupling of the initial conditions,

we obtain
Wa(pr, p.) < 2Ny (po, p.) (32)

In view of the definition of ¢’, this implies that for py € B, (ps, "), Ta(po) = 1 and p; € A.
On the other hand, using Corollary [7]and the decay of the free energy along time, for all ¢ > 1,
F(pe) = Flps) < u(d)*.

Hence, for all t € [1,T4(po)], using ,

)
Wa(pe, px) < Walpe, pr) + Walpr, pi) <0 ( g + €(H1/2+L)> =5
By contradiction, since t — Ws(py, p«) is continuous, we get that T4(pg) = oc.
Now, assume that By, (ps,0) N K = {p.}. Since Equation (9) admits F as a strict Lya-
punov function, the LaSalle invariance principle established in [10] shows that the W, distance
between p; and C vanishes as ¢t — 0o. Since the trajectory stays within By, (p«, d/2) and thus

at a distance at least 6/2 of K\ {p.}, this implies the convergence towards p.. We can then
let t — oo in to get , that we use then to bound, for ¢t > 1,

W3 (pr, pa) < ANFalpr) < 4me” DM F4(pr) < drje” D105 (pi, p.) -

For ¢t < 1, we simply use (32). The bound on Fu(p:) is straightforward from and
Corollary [7] O
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3 Local non-linear LSI in a parametric case

In this section we focus on the settings of Example 2, where we recall that

0 = [ Vitom(an) + & ( [ eloutan)). (3)

We assume that Vy € C32(R%, R), R € C'(H,R) and ¢ € C?>(R? H). In this case, denoting by
Vu and (-, -)g the gradient and scalar product over H,

Ey(z) = Vo(z) + (VuR(p(p)), p(z))u,

with (p) = [pap € H, and Assumption [2] is satisfied if, for any 2 € R?, [l¢(z)|la <
C(1+ |z]?).

The general idea that we develop in this section is that, since the non-linearity is somehow
parametrized by ¢(p), information for the Wasserstein gradient flow can be deduced from
standard analysis of fixed point or optimization on Hilbert spaces. General considerations are

gathered in Section , which are then applied to the granular media case in Section .

Remark 2. If R is convex then € is functional convex. As discussed in Section[2.3, thanks to
Lemma@ in that case (U-LSI|) implies (G-NL-LSI)) and then global convergence at constant

rate towards a unique stationary solution. Hence, this is not the case we are interested in.

3.1 General results

3.1.1 The associated fixed-point problem
In the case (33), we get that I'(p) = p,(,) where, for ¢ € H,

poli) ox exp (= V(o) + (VaR(0), plahe]) 34

Let us assume that F(py) < oo for all ¢ € H. This implies in particular that

F(8) = 0 (py) = / () py(x)da (35)

Rd

is well-defined, and we see that ¢ (I'(p)) = f(¢(p)). In particular, any p, € K satisfies
Px = Pp(p.)- Thus, denoting by K' = {¢ € H, f(¢)) = 9} the set of fixed-points of f,

K:{piﬁa ¢€K/}-

One may hope that the stability properties of p, = py, € K as a stationary solution of the
(continuous-time) Wasserstein gradient descent is related to the stability of ¢, as a fixed-point
of the (discrete-time) dynamical system 1 — f(1)) on H, which is a classical question. In fact,
we can find examples where py, is stable although 1, is not (see the granular media equation
with repulsive interaction in Figure [3| below). However, on the contrary, the next result shows
that holds in a neighborhood py, (which is thus stable thanks to Theorem [8)) if ),
is a geometrically attracting fixed-point.

Proposition 9. Let i, € K', A" C H and « € [0,1) be such that for all Y € A,
1f () = tullm < alltp — i - (36)
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Then, for any ¢ € A, .
9=l < 14 ) — Ul 37

Assuming moreover that ¢ is (-Lipschitz continuous, then, for all p € Po(R?) such that p(p) €
A,
14
lo(p) = Yullr < 7= Wa (p, T(p)) -

-«
Finally, assuming furthermore (U-LSI) and that R+ 0]| - ||} is convex for some 6 > 0, then,
for all p € Pa(RY) such that p(p) € A,

F(p) - Flpw) <00+ 0 (o0l

i.e. (NL-LSI)) holds over A= {p € Pa, p(p) € A'}.
Proof. The first inequality simply follows from the triangular inequality
19 = dulle < [0 = F@)le + 1f () = ©ulle < Y = F(@)]le + allt = il

Applying this to ¢ = p(p) reads

() — thlls < 21160 — @ (Do) s < T Wb (. D)

Finally, applying Lemma [3] (with C(uo, s1) = ]| (o) — ¢(pu1)||% as in Example [2)),
Flp) = Flps.) < o*H(p|T(p) + 0llo(p) — I

2

< PH(T(P) + —2 W2 (5.T(p))

(1—-a)?
4n0e?
< (o r
(o4 5255 ) HeoIre)
thanks to Talagrand inequality . Conclusion follows from (U-LSI)). [

Remark 3. The constant ) in obtained when applying Proposition@ and thus the
quantitative convergence estimates obtained when applying Theorem [8, are explicit in terms
of the constants in the assumptions. In particular there is no additionnal dependency in the
dimension.

We have thus identified the following general conditions:

Assumption 6. There exist 0,0, > 0 such that o is {-Lipschitz continuous, R+ 0| - ||% is
convez and (U-LSI)) holds. Moreover, F(py) < oo for any v € H.

Remark 4. As discussed in Ezample [d, these conditions imply (Wi-curv-E)) with A = (2.

Moreover, since
VE,(z) =VVo(x) + (VaR (¢(p) , Vo(z))u,

assuming that VyR is L'-Lipschitz continuous, we get that, for any x € R,

IVE,,(z) = VE,, (z)] < L'|Jo(po) — (1) |lm < CL'Wa(po, pa) ,

which s (Lip)).

16



Under the general conditions of Assumption [6] given a specific problem, what remains to
be done is to establish the contraction . A simple way to get it locally at some fixed point
¥, is to check that |Vgf(1.)|, the operator norm of the Jacobian matrix of f, is strictly less
than 1 at ¥,. We end up with the following.

Corollary 10. Under Assumption[6], let ¢, € K'. Assume that f is differentiable at 1, with
\Vuf()| < 1. Then there exist §,7 > 0 such that (NL-LSI) holds on A = By, (py.,9).

Proof. Using that 1, is a fixed point of f and a Taylor expansion,
1f (@) = ®ullr = VS (@) (@ — ) e + oY — ¢ulln) < all¢ = dulla

for some a < 1 uniformly over some neighborhood N of 1),. The function ¢ being Lipschitz
continuous, p — ¢(p) is Lipschitz continuous for the W, distance, which means that ¢(p) lies
in N for all p € By, (py., ) for 6 small enough. Conclusion follows from Proposition[9] [

3.1.2 Decomposition of the free energy

The difference between (U-LSI|) and (G-NL-LSI) obviously lies in the difference between
H(p|T(p)) and F(p). In the case (33)), we can decompose

Flp) = *H (p|L(p)) + g (¢(p))
where

9(6) = R () — (VaR (4), )z — 0> In / ¢ Vo) +H (VR e @il g (38)

R4
This second part of the free energy only depends on p through the parameter ¢(p).

Remark 5. If R is concave, then M(11,19) := R(1p2) — R(¢1) + (VaR(¢a), 1 — o)m = 0
(this is the so-called Bregman divergence associated with —R). Assuming furthermore that
Vo(z) = V(x) — R(o(x)) with V such that e”V/7" is integrable, and that M (1, 1hs) — +00
when 1y — 00, we get by dominated convergence that

o) _ / e HVEIME@ D, )
R sz =0

As a consequence, g is lower bounded and goes to infinity at infinity. Moreover, it is continu-
ous, and thus in particular when H has finite dimension then g reaches its minimum. Notice
that, in the quadratic case where R(v) = —0||v||%, M (11, 19) = 0|1y — o).

Assuming that R € C*(H, R),
Vig(¥) = VER(Y) (f(¥) =) (39)

where we used that

fRd V%Rhﬂ)gpe*ﬁ[Vo(x)Jr(VHR(w)#P(x»H]dx
Joa €~ @ HVER@ 0@zl g

= VER(®)¢ (py) = VER(W) (V).

As a consequence, if v, is a critical point of g such that VZR(1),) is non-singular (which
is in particular the case for all critical points of g if R is strictly convex or concave, which
covers many cases of interest) then necessarily ¢, € K'. In that case, if moreover v, is a
local minimizer of g, then p,, is a minimizer of both parts of the free energy, p — H(p|I'(p))
and p — g (p(p)) (at least locally in the latter). It is thus a good candidate to be a stable
stationary solution for the Wasserstein gradient descent for the free energy. This is indeed the
case:
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Proposition 11. Assume (Ws-curv-£|), (Lip)), (o-s-Lip)) and for some \, L, k1,n >
0 and @ is (-Lipschitz continuous. Let 1, € K' be a proper isolated local minimizer of g, in
the sense that for all ¢ > 0 small enough, ((¢) := inf{g(¥) — g(¢s), ¥ € H, ||¢b — Yu|lm =
e} >0 and K' N By, e) = {1.}. Then there exists 6 > 0 such that for all initial conditions
po € Bw, (py., ), the flow (9) converges in long-time to py, .

Proof. Let € > 0 be small enough so that ((¢) > 0 and X' N B(vx,€) = {¢.}. Notice that, for
Y, € K [ = dllm = [le(py) — o(pp)lle < OWVa(py, pg), so that the second condition implies
that XN Bw, (py.,/l) = {py.}, and thus py, is an isolated critical point of F. For any p € P,

with [[¢(p) — Yullu = ¢,
F(p) = g(w(p) = g(.) +((e) = Flpy.) +C(e) .

As a consequence, given a solution (p;)so of (1)), if there is a time ¢y such that ||p(pz, ) — s |lu <
e and F(p,) — F (py.) < ((¢) then the monotonicity of the free energy along the flow together
with the continuity of ¢ — ||¢(p:) — ¥.|lm implies that ||p(pr) — Yullm < € for all ¢ > 1.
Conclusion would thus follow from LaSalle invariance principle [10] using that p,, is isolated.

Hence, let us prove that the previous conditions are met for initial conditions that are
sufficiently close to py,. We follow arguments similar to the proof of Theorem 8 Indeed, for

all t > 0, using ,

lo(pe) — Pl < L2, (po, py.) -

By taking § < ee "/27L /0 we ensure that ||¢(ps,) — Yu|ln < € at time t; = 1 for all py €
By, (py.,9). On the other hand, thanks to Corollary , by taking ¢ small enough, we can also
ensure that F(py,) — F(py.) < ¢(¢) with such initial conditions. O

Remark 6. The argument that initial conditions that start with a free energy sufficiently close
to F(p«) will stay within a ball centered at p. has been used e.g. in [47, [4]. Here we combine
it with the small-time regularization result of Corollary[7 to get a result only in terms of a W
ball.

In fact, we can now reinterpret Proposition [9]in light of Proposition [I1] Indeed, differen-
tiating again (39)) (assuming suitable regularity) at some 1, € K’ yields

Vi) = VER(W:) (Vaf(¥.) — 1) (40)
(where we used that f(1.) = 1),). For brevity, denote V?R, = VZR(1,). For any u € H,

(u, Vg )wm = (u, V’R. Vi f () u)m — (u, V' Rou)y .

Assuming that V2R, is negative definite, we can consider the norm |jull, = \/—(u, V2R, u)y
and the associated operator norm ||Vgf(1y)||.. Then,

(u, Vigg(¥u)wm = (1= [[Vaf () ) [l

We get that v, is a non-degenerate local minimizer of ¢ if ||V f||. < 1. On the other hand,
if |Vaf|l« <1 and (V2R,)™! is bounded, then we can assume that || - ||, = | - ||z (which
amounts to the linear change of coordinates given by (V2R,)~'/?) and apply Proposition (9] or,
alternatively, we can use the contraction expressed with norm || - ||« to get with the
same norm and then with the initial || - ||z by the equivalence of the norms and then proceed
with Proposition E[) At least, this suggests that in some cases, in order to apply Proposition |§|
at some point t,, it may be more natural to work with the norm || - ||. associated to V2R,
(when the latter is negative definite).
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Besides, we compute that

Var(w) =~ | [ o (TERW) po - 1) (VaRO)W)]

o2
from which, for u;, us € H, writing w; = V2R, u; for i = 1,2,

(o0 VR Taf s = g (o | [ o = 10 (0 wn)

- —%(wl, covar,, (@(X))wz)u . (41)

In particular, we see that Vg f(1),) is symmetric and nonnegative for the scalar product asso-
ciated to || - ||+, from which

(u, V2R, Vi f({.)u)u

\Y s = 42
Vi f ()] S VT Ryu)n (42)
Furthermore, if we work with suitable coordinates in order to enforce that V2R, = —1, we

get that, for ¢, € K',
1
Vag(th) = 1 — Speovar,,, (6(X).

3.1.3 Degenerate minima

There is no convergence rate in Proposition [11] and we cannot expect one in general if we do
not assume that 1, is a non-degenerate local minimizer of g. Assuming again that VZR(1,) is
non-singular, in view of ([40)), if Vg (¢.) is singular then |V f(¢,)] > 1 (since Vi f(¢s)u = u
for u € kerVZg(t.), and thus this does not depend on the norm we use). In other words,
degenerate minima of g fall in the limit case where we cannot apply Proposition [9 anymore.
Then we can weaken the contraction condition to allow for high-order stable fixed points.
The proof of the following is the same as the one of Proposition [J] (hence omitted).

Proposition 12. Let ¢, € K', A/ C H and > 0,v € (0,1) be such that for all € A,

[V = el < BIF () = ¢l - (43)

Assuming furthermore (U-LSI)), that R + 0| - || is convez for some 6 > 0 and that ¢ is
(-Lipschitz continuous, then, for all p € Po(RY) such that p(p) € A,

F(p) — Flpy.) < n0’L (p|T(p)) + 087 (4n**)*T" (p|L(p)) - (44)

Under the settings of Proposition assume that holds in a neighborhood of .
Thanks to Proposition , there exists § > 0 such that for all initial conditions py € By, (py., ),
the gradient flow converges to p, and the inequality holds for p; for all time ¢ > 0. Com-
bined with Corollary [7], this yields algebraic convergence rates of the form

C
(W (po, py.) + )"

with » = 1/v — 1 > 0 and some constant C' > 0, for all ¢ > 1. From this algebraic decay of
the free energy, we can get convergence of p; to py, since in Lemma (3| gives

H (pilpw.) < Flpe) — Fpy.) + 0llolpe) — vl -

Flp) = F(py.) <
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When following the proof of Proposition [9] to get Proposition we see that we obtain as an
intermediary inequality that

lo(pe) — Uullf < B2 (4n*)"HY (o] T (pr))

as long as ¢(p;) € A’ (hence for all times here since py € By, (py.,d)). Moreover, since 1), is a
local minimizer of g, by taking J sufficiently small we get that g(¢(p:)) = g(¢.) for all ¢ > 0,
in other words

H(pDpe)) < Flo) = Flpy.) -
Gathering all these bounds give

C
H (pelpy.) < tyz/(—lo_y) (45)

for some Cy > 0 for all ¢t > 0.

3.2 Application to granular media equation

In this section we focus on the granular media equation on R?, which corresponds to the
free energy (in fact we will consider a slightly more general case in Section . For
clarity, for now, let us focus on the quadratic interaction case where W(x,y) = |z — y|? for
some 6 > 0 (recall from (17)) that, for # < 0, £ is convex and thus follows from
thanks to Lemma [3). This is a particular case of with H = R?,

Vo) = V(@) + 0=z, ol@)=z,  R¥)=-01.

Assumption [6] is satisfied since R + 6] - |? is convex and ¢ is Lipschitz continuous (which, as
discussed in Remark , also gives and ) We assume that V| is strongly
convex outside a compact set, so that (U-LSI)) holds (as explained in Section and also
(o-s-Lip)). Assumptions , and [3| are readily checked, and Assumption {4 follows from
Propositions 2] and [6]

Using the notations introduced in Section (except that we use m, as in mean, to denote
the parameter, instead of 1 as in the general case), for m € R%,

—U% [V(:L’)+9|1:|2—203:-m]

e
m = e m d ,
pun() Ja e—g%[V(y)+9\y|2—2eylm]dy ' f(m) /Rd Tpm(z)de
and
g(m) = 0lm|* — o* ln/ ez [V@+0lalP~20mm] g, _ 2 m/ o V@) Homl?] g,
R4 Rd

The graph of g and f are represented in Figures [, 2] and [3] in dimension 1, either in
the double-well case V(z) = 2*/4 — 22/2 (Figures [I] and [3)), or the convex case V(z) = 2%/2
(Figure [2)), in each case with W (z,y) = |z — y[?> (with 6 = 1 in Figures[l] and 2 and 6 = —1
in Figure [3)), at various temperatures.

3.2.1 The one-dimensional double-well case

In this section, d = 1,0 > 0 and V(x) = % - % In this one-dimensional attractive double-well
case, the function f has been precisely studied in e.g. [40] (see also [25]), and the following

holds (see Figure [1)).
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2 0 2 -2 0 2

Figure 1: Graph of f (left) and g (right) in the double-well attractive case for o2 € {1,0.6,0.3}

-2 0 2 -2 0 2

Figure 2: Graph of f (left) and g (right) in the single-well attractive case for o2 € {5,2,0.5}

-2 0 2 -2 0 2

Figure 3: Graph of f (left) and g (right) in the double-well repulsive case for o2 € {2,1,0.5}.
At low temperature, f’(0) < —1, so that 0 is an unstable fixed point of x — f(z).
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e There exists 02 > 0 such that, for all 0 > &2, the unique fixed point of f is m = 0
and, for all 02 < o2, there are three such fixed points, 0,m,,m_, with m, > 0 and
m_ = —er.

e When 0% < 02, f is an increasing function with 0 < f'(my) = f'(m_) < 1 < f'(0),
f'(m) = 0 as |m| — oo, f(m) > m for m € (—oo,m_) U (0,m) and f(m) < m for
m € (m_,0)U (my,00).

e For 0% = 02, f is an increasing function with f'(m) < 1 for all m # 0, f'(m) — 0 as

Im| — oo, f/(0) =1, f"(0) =0 and f®(0) < 0.

e For 0% > o2, f is an increasing function with f'(m) € (0,1) for all m € R and f’(m) — 0
as |m| — oo.

Moreover, since ¢'(m) = 20(m — f(m)), the critical points of g are the fixed points of f and,
for 02 < 02, g is decreasing on (—oo, m_] and [0, m,] and increasing on [m_, 0] and [m, 00).
As a consequence of all this, below the critical temperature, we get a non-linear log-Sobolev
inequality for any non-centered p € Py(RY). We introduce the notation

mip) = [ apla)da.

Proposition 13. In the double-well case with quadratic interaction (with 0 > 0, d =1)
with 0% < 02, for any € > 0, there exists a. € [0,1) and 7. > 0 such that for any m > e,

|[f(m) —my| < aclm —m.| (46)
and for any p € P2(R) with |m(p)| > €,
F(p) —inf F <7.0"Z (pI(p)) - (47)

In other words, for any ¢ > 0, (NL-LSI)) holds over A. = {p € P2(R), |m(p)| > ¢}.

Remark 7. In the present setting, Assumption[5is satisfied and therefore Theorem[§ applies
so that we get an exponential convergence starting from a Ws-ball centered on pp, or pm_.
This gives the first item of Proposition[1].

Proof. Since f(m) > m for m € (0,m,) and f(m) < m for m € (m,,o0), the function «
given by
a<m> _ f(m> — my
m —my

for m # m, and a(my) = f'(m,) is continuous on R, with values in (0,1) on (0, 00).
Moreover, since f'(m) — 0 as m — o0, so does . As a consequence, for any ¢ > 0,
Qe 1= Sup,,-. a(m) < 1, which proves (46). Proposition [J] then gives for p € P2(R) with
m(p) > e. The case m(p) < —¢ is obtained by symmetry. O

Remark 8. The same arguments work in the super-critical case where o > o2 because in

that case f'(0) < 1. In that case the contraction |f(m)| < a|m| holds globally for m € R for

some a < 1. In other words, (G-NL-LSI)) holds for all 0% > o2.

Remark 9. To get explicit values for 6, \,C in Proposition it 1s sufficient to compute
f'(my) and to bound || f"||. (as in e.g. [28]) to get an explicit 6 > 0 such that f'(m) <
(1+ f'(my))/2 =t a < 1 for all m with |m —m.| < 6. From this, Theorem[§ gives explicit
estimates in terms of 02,0, 9, a.
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Remark 10. Denoting A. = {p € P2(R), |m(p)| = €}, the previous result does not mean that
Flp:) —inf F < e7 7= (F(p,) — inf F) for allt > 0 as soon as py € A., because the non-linear
LSI does not prevent Ta_(po) < 0o. In fact, we provide a counter-example in the next
statement.

In the setting of Proposition [I3] the precise determination of the basins of attraction of
Pm.. and p,,  for the McKean-Vlasov dynamics remains an open question. The first item of
Proposition [I] provides a sufficient condition, together with an exponential rate of convergence.
On the other hand, in [45] [4], it is shown that if F(po) is sufficiently small, then the sign of
m(po) suffices to determine the limit of p;. To complement these statements, we now show
that without this condition on F(pp), the sign of m(p;) may vary with ¢, so it is not enough
to determine the limit of p;. To our knowledge, this fact is known empirically but has never
been explicitly evidenced.

Proposition 14. Consider the granular media equation with d = 1, V(z) = % — % and

W(z,y) = 0(x — y)* for some 0 > 0. Then, for any o > 0, there exist solutions of (1)) with
m(po) > 0 and m(py,) < 0 for some ty > 0.

Proof. For ¢ € [0,1], we consider an initial condition py = (1 — €)d_1 + €dy/.—1 and write
my = fR xzpy(x)dz. In particular, mg = 1 independently from . We consider the time-
inhomogeneous SDE

dX, = —V'(X;)dt — (X, — my)dt + V20dB, = (— X +m,) dt + V20dB, . (48)

Let p/ and p; be the law of the solution of with respective initial conditions dy/._; and
§_1. Then, my = (1 —€)p; +ep; for all t > 0. Assume by contradiction that m; > 0 for all
t € [0, 1]. Consider the solution of

dY; = —Y2dt + V20dB,
(with the same Brownian motion as (48)) with Yy = —1. Taking X, distributed according to

mo in (in particular, Yy < Xy and X; ~ my for all t > 0), we get by monotonicity that
Y; < X, for all t € [0, 1], and thus

m>EY), [ #alde) > BOP).
R
Notice that the law of Y is independent from . Now,
dhmy = — / 22 pi(da) + my < —E(Y?) + my,
R

which together with mo = 1 shows that M := sup.¢(g 1) SuPsep1) Mt < 00. By comparing the
solution of initialized with Xy = —1 (so that X; ~ p; ) to the solution of

dZ, = (—Z} + M)dt + v20dB,

with Zy = —1 (whose law is again independent from ¢), we get that X; < Z; for all ¢ € [0, 1]
and since t — [E(Z;) is continuous we get that there exists t, € (0, 1], independent from
e € [0,1], such that

_ 1
[ omitan) < =3
R
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Now, writing h(t) = [, 2?p; (dz), we see that
hﬁ):—z/x%A¢w+2m,+%- —2h2(t) + 2(M + o?).
R

As a consequence, if h? goes below 2(M + ¢?) at some time, it stays below afterwards, and
while h? is above 2(M + 02) it holds
h’/(t) < _hz(t)a
hence h(t) < (t+ 1/h(0))~! < 1/t. In any case, for all t € [0, 1],
1
mw<¥+%M+a%.

By Cauchy-Schwarz,

1
sup /:z:pto (dz) < sup v/h(ty) < t—+2(M—|—02),
0

e€0,1] e€0,1]

and thus

1—

mtog_

€ 1
+€\/t—+2(M—|—O'2),
0
which is negative for £ small enough, leading to a contradiction with the assumption that
my > 0 for all t € [0, 1]. O

To conclude the discussion in the one-dimensional double-well case, let us notice that the

critical temperature o> = o2 provides an example of the degenerate situation addressed in
Section [3.1.3]

Proposition 15. In the double-well case with quadratic interaction (with @ >0, d =1)
with 0% = o2, there exist § > 0 and 1 > 0 such that for any m € R,

m| < B (Im — f(m)| +|m — f(m)['%) | (49)
and for any p € P2(R)

Flp) — inf F <[ (pIT(0) + (T (IT ()] (50)

Remark 11. By contrast to (43)), which may only hold locally, in (49)) we add a linear term,
because in this very simple case this inequality in fact holds globally for all m € R (and the
linear term becomes dominant at long range). This does not change the conclusion on the free

energy, in the sense that 15 sitmilar to .

Proof. As in the proof of Proposition we see that, for any ¢ > 0, a(m) = f(m)/m is
continuous on R, \ [—¢, €] with values in (0, 1), from which a. := supy,, .. a(m) < 1. Then,
for m ¢ [—¢,¢], |m| < |m — f(m)| + |f(m)| < |m — f(m)| + ac|m|, which proves that .
holds for such m with g =1/(1 — a.).

Denoting s = —f®)(0) > 0, we get that f(m) = m — sm> 4+ o(m?) as m — 0. Let £ > 0 be
such that |f(m) —m + sm?| < s|m|?/2 for all m € [—¢,¢]. Then, for such m,

|m|3 < 2|f<m) — m| :
s

which concludes the proof of .

The proof of is then exactly the same as the proof of from . O

Remark 12. The second part of Proposition[]] is a consequence of Proposition following
the arguments that led to (the only difference being that it is not necessary to check that
the solution starts and remains in some neighborhood of the stationary solution since
holds uniformly over Py(R%)).
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3.2.2 Localization in the low-temperature regime

Consider now the granular media equation (1)) on R? with W (x,y) = |z —y|? (i.e. we taked =1
for simplicity, which can always be enforced up to rescaling V and o2). Let a € R¢ be a non-
degenerate local minimizer of V' such that a is a global minimizer of x +— ho(z) = V (z)+|z—al?.
It is proven in [47] that, under additional technical conditions, there exists a family (p.q)o>0
such that Wy (ps s, 6,) — 0 as 0 — 0 and, for all 0 > 0, p, , is a stationary solution of (at
temperature o). We want to apply Corollary (10| in this context to get that p., is stable and
get local convergence rates.

In fact we will work in a slightly more general setting. Consider the general case . For
simplicity, we restrict the study to the finite-dimensional case where H = R? for some p > 1
and R(y) = —[|*>. Moreover, we write V(z) = Vy(z) + R (p(z)). In other words, in all this
section,

e = [ Vin(a) + Ren) - [ Rlela) ()

Rd

= [ V@uta) + 5 [ le@) - o)),

Denoting by g, the function defined in to emphasize the dependency in the temperature,
we see that, for any ¢ € H,

wl) = WP+ 2P —otin [ ANl

R4
N / o B V@ He@ -2 g,
Rd

As o — 0,
9o(0) = o) i= inf {V(2) + I ) — 0P},

and this convergence holds uniformly for 1 in compact sets of R?. We are interested in critical
points p,., which are localized at low temperature at some point @ € R? in the sense that
Pro — 04 as o vanishes. This implies that ¢(p.,) — ¢(a). On the other hand, for a fixed v,
if z — V() + |o(z) — ¢|* has a unique global minimum o, then p, converges as o vanishes
to a Dirac mass at xy. Hence, we expect p, , to converge to a Dirac mass at the minimizer of
= V(x)+]|p(z) —¢(a)|?, and thus we need this minimizer to be a. We retrieve the condition
of [47].

Remark 13. If we do not assume that R() = —||? but still write V(z) = Vo(z) + R(p(x)),
the previous computation gives

l0) = ~o*In [ Hds,

R4
with a modulated energy
hz,¥) = R(¥) — R(p(z)) + VRY) - (p(2) =) + V(z) = M (¢, 0(x)) + V(2),
with the notation of Remark[5. As o vanishes, g,(¢) converges toward inf,cga h(z,v).

In view of the previous discussion, we work under the following setting:

Assumption 7. In the case (33), H = R?, R(¢) = —|¢|?, Vo(z) = V(z) — R(p(x)), V €
C3 (R4, R), ¢ € C3(RY,RP), the following conditions hold:
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e a € R? is a non-degenerate local minimizer of V (i.e. V2V (a) > 0) and it is the unique
global minimizer of x + V(x) + |¢(z) — p(a)|?.

o V goes to infinity at infinity and [y, |z|*e™"V®dx < oo for some 3 > 0.

Proposition 16. Under Assumptions @ and@ assuming moreover that holds for
some k1 > 0, there exist T, 08 > 0 and a family (Pro)oc(0,00] With Wa(pyo,0q) — 0 as o — 0
such that the following holds: for each o € (0, 00|, pso is a stationary solution of the McKean-
Vlasov equation @ at temperature o® and there exist C, 1 > 0 such that for all initial condition
po € By, (da,70), along the flow @ at temperature o2, for all t > 1,

W3 (01, pro) + O H(pelpeo) + F(pr) — F(paw) < Ce W3 (po, prs) - (51)

Moreover, if we assume furthermore that x — V(x) + |¢(z) — |* is strongly convezr uni-
formly over 1 in a neighborhood of ¢(a), then the previous statement holds with 7, C which
are independent from o € (0, 0¢).

Remark 14. In particular, if V has several local minimizers aq, ..., a, and the interaction is
strong enough so that a; is the unique global minimizer of V +|¢ — p(a;)|? for several j, then,
at a sufficiently low temperature, there are several stable stationary solutions to the granular
media equation. By contrast, as discussed in Section [2.4, in the same setting, at sufficiently
high temperature or sufficiently weak interaction (i.e. multiplying ¢ by a sufficiently small
factor e > 0), uniqueness holds. This shows that phase transitions occur as the temperature
varies. See [22, [12] on this topic.

Proof. First, to get the existence of p, ,, we reason in a first step as in Proposition , namely
we identify that g, should have a local minimizer close to ¢(a) for o small enough. Second,
in the rest of the proof, we show that Corollary [10| applies. This gives a local non-linear LSI
and thus a convergence rate thanks to Theorem [§ (since, as discussed in Remark , in the

present case where R is quadratic, the conditions (W5-curv-£)) and (Lip)) of Assumption

are implied by Assumption @

Step 1. Fix r € (0,1] (which later on will be assumed sufficiently small, but always indepen-
dently from o). For ¢ € RP| set

C(¥,r) = nf{V(2) + |p(x) — ¥, |v —a| >r}.

Let M > 1 be such that V(z) = sup{V (y), y € B(a, 1)} +(£+1)? for all z € R? with |z| > M.
Then, for ¢ € B(¢(a),1) and z,y € R? with |z| > M and |y — a| < 1,

V(y) + lely) — v + (lely) — la)| + |e(a) — ])?
+ (lly —al + |p(a) — ¥])°
+ (0 +1)?

e

o~ o~ o~ o~ o~
~— N N

8
+

YA/ ANY/A/AN/A
< S S S S
8

lo(z) —¥I*.
As a consequence, since € (0, 1], for ¢ € B(p(a),1),
C,r) = nf{V(z) + |p(z) = ¥I% |z —al >, |z < M}
> ((p(a),r) =2[¢ = p(a)] sup |p(z) —p(a)],

lal<
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where, for the second line, we have used that for = € B(0, M),

V() + lo(z) =y = V(@) +|o(@) — p(a)* = 2(¢(z) — ¢(a)) - (¢ — ¢(a)) + [ — ¢(a)[*
> V(@) + o) — p(a)]” — 2 — p(a)| sup |o(z) = p(a)].
On the other hand, since a is the unique global minimizer of z — V(x) + |p(x) — ¢(a)]?,
¢(p(a),r) > V(a). Thus, we can find g9 > 0 (which depends on r) such that for all £ € (0, &
and ¢ € B(p(a),e),
C(ih,r) > Vi(a) + &

(notice that the condition becomes weaker as € decreases). As a consequence, for all ¢ €
Blg(a), ), ' )
go() = nf {V(z)+ e (z) —¢[7} (52)

z€B(a,r)
(since, for = & B(a,r), V(z) + |o(z) — ¥|* = ((¢,r) > V(a) + |¢(z) — ¥|?). Assuming that
r is small enough so that a is the unique global minimizer of V' over B(a,r), we get that
go(¥) > V(a) = go (p(a)) for all ¢ € B(p(a),e) \ {¢(a)}, and in particular by continuity

inf{go(¢), [ —p(a)| =} = V(a) > 0.

By uniform convergence on compact sets of g, toward gg as o vanishes, there exists oy > 0
(depending on €) such that

k= inf{g,(¢), [¢ = pla)| = &,0 € (0,00} = V(a) >0,

while g, (p(a)) — V(a) as 0 — 0, and in particular g, (p(a)) < V(a)+~x/2 for o small enough.
This means that, then, the minimum of g, over B (¢(a),¢) is not attained at its boundary,
which implies that g, admits a critical point within this ball. Since we can take ¢ arbitrarily
small, we can take at any o € (0, 0¢] such a critical point ), , in such a way that ¢, , = ¢(a)
as 0 — 0. Thanks to , Pro ‘= Py, 18 a stationary solution to @D This concludes the first
step of the proof.

Before proceeding with Step 2 of the proof, let us discuss a few points. First,

1 2
[oalz — af2e a2 V@@ —veol] gy
W (s, 0g) = "2

Jos eV @HAD Voo Pl

Using that ¥., — ¢(a) and that a is the global minimizer of V + |¢ — ¢(a)[?, it is then not
difficult to see that W3(p..,,d,) vanishes with o (see also the end of the proof for details of
the argument in a more complicated case).

It remains to show that Corollary [10| applies. To emphasize the dependency on the tem-
perature, we write f, the function (35). We have to prove that |V f,(1.,)| < 1 for ¢ small

enough. From and ,

Vool = 5 sup var,.., (u-o(X)

uesSrP—1
Note that by the variational characterization of the variance, for u € SP71,
varp, , (- o(X)) < [ Ju- ((@) —¢(2)) *peo(dz)
R
for any z € RY. Having in mind the Laplace approximation of p,, as o vanishes, it is natural

to take z as the minimizer of z +— hy(x) := V(x) + |p(x) — 1. > In the rest of the proof,
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first, we justify that, for ¢ small enough, h, admits a unique minimizer z,, which converges
to a as o vanishes (this is Step 2) and then (in Step 3), we apply the Laplace approximation
(which still works although h, and z, depends on o) to get that,

tim 5 sup [ (p(r) — 0lz)) Ppesdr) < 1. (53)

02007 yesp-1 JRa
This implies that the same holds for ¢ small enough, which concludes the proof. The technical
justification of the Laplace approximation is postponed to Step 4.

Step 2. We write Vo = (04,9;)(i.j)e[1.d1x[1,p]> Where i (resp. j) is the index of the line (resp.
the column). Denoting ho(x) = V() + |p(z) — ¢(a)|?, we compute that

Vho(r) = VV(x)+2Ve(z) (Ve(z)" + Z V20;(x) (0(%) = juo)
= V?ho(z) + e(z,0)

with ,
e(w,0) = V(@) (9;(a) = Vjuo)
j=1
so that €(x, o) vanishes with o uniformly over x € B(a,r). Besides,
V2ho(a) = V*V (a) + 2V(a) (Ve(a))"

is positive definite, and thus we can assume that r is small enough so that V2ho(x) is uniformly
bounded below by a positive constant over = € B(a,r). Thanks to the uniform convergence
of V2h, to V2hg over B(a,r), there is of, k > 0 such that for all o € (0,0}] and z € B(a,r),
V2hs(x) > 2k. On the other hand, we have seen when establishing that there exists
k' > 0 such that for o small enough,

inf{h,(z), |x —a| = r} —inf{h,(z), |z —a] <r} >« (54)

(here we use that for any ¢ > 0, 9., € B(p(a),e) for o small enough). The infimum of
h, is thus attained (for ¢ small enough) in B(a,r), where it is strongly convex, and thus it
admits a unique global minimizer z,. Since r can be taken arbitrarily small (which changes
the threshold oy)), we get that z, — a as ¢ vanishes. Moreover, for o small enough, for all
x € B(a,r),

ho(z) = ho(2s) + K|z — 2|7 (55)

Since h, admits a unique global maximum which is non-degenerate, the Laplace approximation
heuristics suggest that expectations with respect to p,, o exp(—%ha) are equivalent to

expectations with respect to the Gaussian measure p, o exp(—%ﬁg) with

ho (@) = hoz) + %(w ) T ho (20 (& — 7).

As mentioned above, we postponed this technical justification to the end of the proof and, for
now, take for granted that

d

[ o= et o= el s =, [ o= Gl (o= o) br- (56)

28



Step 3. From this approximation, we have now to study the limit in (53). First, writing

% Rd(w(ﬂf) — 0(2)(p(2) = @(25))" o (d)

_E (so(za +0y/D;1G) - 90(20)) (vﬁ(zo +0y/D;G) - so(za))T

with G a standard d-dimensional Gaussian variable and D, := V?h,(z,), the almost sure
convergence
o DilG - o
tim 2t VPO = 00) (a7 /e,
o— [0}

together with the bound

p(25 + Y D1G) — ¢(2,)

2

2 < \/T,—lG(2 e

o—0

give by dominated convergence that

lim E <90<Za + 0/ D;'G) — so(%)) (so(zo +0/D1G) — ¢(zg)>T

o—0

— & |((Vet)*y/oy'6) ((Vso(a))T\/DT‘lG)T
= (Ve(a))" Dy'Vp(a) (57)
= AT (24AT + V2V (a)) " A, (58)

where A := Vi(a). Thanks to (56)),
2

02 Rd

(p(2) = 9(20)) (9(x) = 9(2))" pro(dx) —> 24T (2447 + VW (a) A,

It remains to show that this limit is strictly smaller than I, (in the sense of quadratic forms),
from which the left-hand side will be uniformly strictly less than I, for o small enough, which
will conclude.

Let u € SP~! and h = (2AAT + V2V (a)) ' Au. Then
b Au = BT (2AAT + V2V (a))h = (2 + ¢)|ATh|?

for some ¢ > 0, using that V2V (a) is definite positive. Then,

1
R Au < |ul||ATh| < u|VhT Au,
[l AT < <tV

and thus
2

20" AT (2447 + V(@) Au = 2u"ATh < —.
C

As discussed above, this concludes the proof.

Notice that ¢ is independent from o, and thus, in Proposition |§|, holds on A" =
B(p(a),r) with » > 0 and a € [0,1) independent from ¢ € (0,0(] for some of > 0. If,
moroever, x — V(z) + |p(x) — ¥|* is k-strongly convex for some k > 0 for all vp € A’, the
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Bakry-Emery criterion shows that T'(p) satisfies an LSI with constant n = ko? for all p such
that p(p) € A’, and thus for all p € A := By (4, r¢) provided ry is small enough (independently
from o). Following the proof of Proposition |§| (which in fact does not require to hold
globally on P(R%), but only on A), we obtain for p € A the local non-linear LSI

4k00?
1)

where 6,0, a, k are independent from o € (0,0(], i.e. (NL-LSI|) with 77 independent from
o. Similarly, using that n = ko?, we get that ¢ defined in (26) with ¢ = 1 is bounded
independently from ¢ small enough, for initial conditions py € A. Applying Theorem [§ shows
that holds with C,7 independent from ¢ € (0, 0{] in this case (again, the proof only uses
an LSI for I'(p) uniformly over A, not over P(R?)).

Step 4. We now turn to the justification of (56). Write xo(z) = 1 and, omitting the
dependency in o, x1(z) = (o(x) — ¢(2,)) ((z) — ©(z,))" (notice that |x1(z)| < Clz|? + C for
some C' independent from o € (0, 0¢]). Fori € {0,1} and k € {1,2,3,4} we write

1 A 1 14
-[i - 7 Y h/o‘ - ho o s Iz - i Y ho‘ - ha o )
; /Akx eXP( 2l (z )]) ; /Akx exp< 02[ (2 )D

Ay =A{]z — z,| <o} Ay ={\o < |z — 2z, < 2r}

A3 ={2r < |z — z,| < M} Ay ={M < |z — 2|},
where r is small enough for to hold for some x" and for to hold for all x € B(a, 3r)
for some k (with r, k, " > 0 independent from o) for all o small enough, and M > 1 is large
enough so that

F(p) = Flpus) < ko (1 n )I<p|r<p>> ,

with

Vo é Bla, M —1), %V(x) > V() +2 (59)

For o small enough, |z, — a| < r, and thus B(a,r) C B(z,, 2r), which together with gives
that
inf{h,(z), |v — 2| = 2r} = ho(25) + K.

As a consequence, for ¢ € {0,1}, using that ¢ is bounded uniformly over B(a, M + 1) (hence
over B(z,, M) for o small enough)

[i,3: O <€7:72) .

c—0

Similarly, for o small enough, B(z,,2r) C B(a,3r) and thus, thanks to for x € B(a,2r),
using that ¢ is bounded uniformly over B(a, 3r), for ¢ € {0,1},

]@2 == O (6_;) .

o—0
Next, using that B(a, M — 1) C B(z,, M) and V(a) + 1 > h,(2,) for o small enough,
implies that

Vo ¢ B(zo, M), ho(z) 2 V(x) 2 5V(z) + 14 ho(z) .
This gives, for o < 1/(25),

V(x) 1

i < 6_012/ Ixi(z)]e” 27 do < e—gz/ i(2) eV @Ddz = O (6_%2> ’
|x_ZU‘>M Rd

c—0

30



since eV admits a second moment (here for simplicity we have assumed without loss of
generality that V' > 0).
Finally, using that V®h, converges V® hy uniformly over compact sets, we get that there
exists C' > 0 such that
[ho (@) = ho(2)] < Cla — z|*

for all x € B(a,1) (hence all z € B(z,,+/0)) for o small enough. From this, for i € {0, 1},

I, = fi,l <1 + O (U)> .

c—0

On the other hand, denoting ¢, = (2m)%/?2 \/det[(Vth(zg))_l] (which converges to some ¢q > 0
as 0 — 0), by usual computations for Gaussian distributions,

4
]0 = ZIO,k:jO,l <1+ O (0’)) + O (6_5) :O'dCU+ O (0'd+1) )

o—0 o—0 o—0
k=1
and then
—izl L _ (adc + O (0d+1)>_1 (f (1 + O (J)) + O (e_§)>
Iy 7 550 L1 50 o550
o fl,l .
ol (1 * 0(30 (U)) + 0(20 (e 20)
_ Zi:l jl,kr -
B ole, (1 + a(—9>0 (U)> + 0(20 (6 g)
-1
= 0 (Ve(a) (Vho(@) ™ Vipla) + o (0?) .
as we computed in . This concludes the proof of , hence of Proposition . n

Remark 15. In the case with W (z,y) = 0|z — y|*, taking 0 > —inf V2V/2 (as in [{9,
Theorem 2.3]), we get that holds with m,C' that are uniform over o small enough in a
neighborhood of 6,. At first this seems to be a desirable property for optimization (and in
fact this is the idea underlying consensus-based optimization). This should be mitigated by the
following observations.

First, this condition implies that x v+ by(x) = V(z) + 0|z — a|? is strongly conver for all a
and thus, any local minimizer a of V' being a critical point of b,, it is then the unique global
minimizer of b,. Hence, the Wasserstein gradient descent can be trapped in any local well of
V' (and thus it is not very different from a basic gradient descent for V in R?). By contrast,
if 0 is taken smaller, the condition that a has to be a global minimizer of b, for a localization
to occur can be used as a way to discard shallow local wells and select better solutions.

Besides, the decay holds for solutions initialized in By, (dq,70) for some small ry.
Now, assume for instance that we start close to 6, where a' is a local minimizer of V' but not
a global minimizer of by, and a # a' is the global minimizer of V' and also the global minimizer
of b, for all x € RY. For o small enough, we expect all solutions to converge to a stationary
solution close to 0,. In particular, eventually, any trajectory will lie in By, (04,70) and thus
the convergence rate ) in 1s independent from o, as in Remark . Howewver the constant C
highly depends on the initial condition, reflecting the time needed to reach By, (04,70). Starting
close to 64, the additional convezity due to the interaction will increase the energy barrier the
process has to overcome to move from a’ to a. More quantitatively, the Arrhenius law indicates
that the typical time for the solution to put most of its mass around a will be of order eP/o*
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where D s larger than in the case § = 0. In other words, an attractive interaction worsen
the metastability of the process. If the goal is not to improve the local convergence rate but to
enhance the exploration of the space by lowering energy barriers (as in the Adaptive Potential
algorithms and related methods [6]), repulsive interaction (i.e. § < 0) seems more indicated,
as studied in [15].

4 Vlasov-Fokker-Planck equation
In this section, we consider the kinetic Vlasov-Fokker-Planck equation, which reads
Owpr +v - Vypy =V, - (U2vat + (U + VEpf) Pt) ) (60)

where p;(z,v) is the probability density of particles at position x € R? with velocity v € R?,
p*(x) = [pap(x,v)dv is the marginal density of the position, E, is the linear functional
derivative of an energy £ as in Section (it only depends on the position = and the marginal
density p®).

Entropic long-time convergence for have been established in some cases (with the
energy corresponding to the granular media case (10)) in [40, 27] (using uniform LSI for the
associated particle system), [14] (with global non-linear LST) or [43] (with uniform conditional
LSI for the associated particle system and a smallness assumption on the interaction). All
these works establish global convergence toward a unique stationary solution and thus do not
cover cases with several stationary solutions.

The Vlasov-Fokker-Planck is not the gradient flow of some free energy functional. However,
we can still get a local convergence under the same assumptions as in the elliptic case (|1)).
This is the main result of this section, stated in Theorem [20] below.

The free energy associated to is

Fi(p) = a*H(p) + E(p") + Erlp)

with the kinetic energy

[o?
Ek(p) = » Tp(x,v)dxdv.

In this section, Assumptions , and |3| remain in force (which implies that Fj is also lower
bounded, see Remark [16| below). The corresponding local equilibria are given by

Tie(p) =T (p") @ N(0,0°14) (61)
where I'(p”) is the corresponding overdamped local equilibrium and N (0, 0%1,) stands for

the centered d-dimensional Gaussian distribution with variance 021,. In other words,

Tu(p) o exp <_% <pr(:c) + %W)) dado

Along the flow , under suitable regularity conditions,

2
Voln 24| dp,. (62)

Ti(pr)
Hence, t — Fi(p¢) is non-increasing, but the free energy dissipation can vanish even if p #
['1(p). To avoid ambiguity we write K = {p. € Po(R?*?), Fr(p.) < 00, Ti(ps) = p.}. There
is a one-to-one correspondence between Ky (the set of critical points of F in Po(R??)) and K

(9tfk(pt) = —04/
RQd
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(the set of critical points of F = 0*H + £ in Py(R?)), since p. € K} if and only if p* € K and
ps = P~ QN(0,0%1,).

As in the elliptic case, we do not address well-posedness issues and work under the following
conditions.

Assumption 8. For all py € Pa(R??), has a unique strong solution, continuous in time
for Wh, such that, for allt > 0, p; has a continuous positive density, Fr(p:), H(p:|Tx(pe)) and
Z(pe|Tk(pr)) are finite and holds, with t — Z(p¢|I'(p;)) continuous over R .

To recover an entropy dissipation with a full Fisher information instead of , we work
with a modified free energy of the form

2

Llp) = Filp) +ao* [ N(Tu+ V)Pl d, (63)
R2d k(pt)
for some a > 0 to be fixed.
Lemma 17. Assume that
M:= sup [[V’E,|e < 0. (z—Lip)

pEP2(RY)

Then, taking a = (3 +4M?)™ in the definition of L, for all t > 0,

0.L() < L (pINu(p)

Proof. Set hy = p;/Tk(p:). As computed in the proof of [39, Proposition 3] (notice that the
friction parameter v of [39] is 1 in the present case, which besides can always be enforced by
a suitable time rescaling, up to rescaling E, and o?), for any 2d x 2d matrix A of the form

A= ayly ainly
as1lqg agly)’
writing M’ = a?, + a3y, it holds, for all r > 0,

at/ |AVInhy|*dp, <2 [ VlInh,- BVInhydp,
R2d

R2d

Ml 0 M (0 0
_ AT d i
B=4 A( —I (M’r—l)[d> T3 (o Id) '

Taking a;; = 1/4/2 for all 4,5 € {1,2} we get that M’ = M and

. (MT — 1)]d (M”f’ — 1)]d
b= ((Mr — I (Mr—1+2%) Id>

with

1
< (Tal
0 (S+2M%2+1)1,

taking r = 1/(2M), where < stands for the order over symmetric matrices and we used that
v < ix2 + v? to bound the cross term. In other words, we have obtained that

1 3
at/ (Ve + V) Inhy* dpy < ——/ IV In by dpy + (—+2M2>/ IV, In Ry |* dpy .
Rd 4 R4 2 R4
Conclusion follows from ([62]). O
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As a corollary, assuming in the kinetic case the local non-linear LSI
Voe A, Filp) — Filp.) <70 Z(p|Tk(p)) (k-NL-LSI)

for some A C Po(R??), 7 > 0 and p, € Ky, which, using that |(V, + V,)f]*> < 2|V f|?, in turn
implies

Voe A, L(p) = Lp.) < 7+ 2a) 7' L(p|Ti(p)) ,
we get an exponential decay of L(p;) — L(p.) for times ¢ < Ta(po).

Remark 16. For p € Py(R%*),

Filp) = PHITp) — o (Zye(2mo?)') + £(7) = [ pEpe

R4

= M (pIu(p) — 5o°In (270) + G (57)

with
0) =) = [ 7Er =7,

which is also such that, in the elliptic case, F(p®) = o?*H(p*|T(p")) + G(p®). In particular, by
the extensivity property of the relative entropy, Fi(p) = F(p*) — do?/2In(270?).

If T(p*) satisfies a LSI uniformly over p, so does T'y(p) by tensorization of LSI, and
then both and follow from a bound of the form G(p®) — G(p%) <

TZ(p"|L(p")) for some 7 >0, as has been established in various situations in Section 3.

In order to follow the argument that led in the elliptic case to Theorem [§, we need to
provide an analogue of Corollary [7|in the present hypoelliptic case. This is done by using the
Wasserstein-to-entropy short time regularization of [42, Theorem 4.1] instead of Proposition |§|
and the entropy-to-Fisher short time regularization of [14, Proposition 5.5], as we now detail.

The following is from [I4, Proposition 5.5] (the proof is based on computations similar to

Lemma .

Proposition 18. Assuming (Lip|) and (x—Lip|), there ezists € € (0,1] (which depends only
on M, L and 0?) such that for any solution of with Fi(po) < oo, writing

2
] dp,
The following is a particular case of [42, Theorem 4.1].

Proposition 19. Assuming (Lip)) and (z—Lipl|), there exists K > 0 (which depends only on
M, L and o) such that for any solution of with py € P2(R?*?) and any p. € Ky andt >0,

2

N p

- p
E(t,p) == fk(p)+€f/ Vo ln =775 Ti(p)

R2d U Lk(p)

then t — E(t, py) is non-increasing over t € [0, 1].

(etVy+ V,)1In

H (thrl‘p*) < KWQQ(pta P*) .

We can now state the analogue to Theorem [§

Assumption 9. The conditions (W;j-curv-£)), (Lip|), (x—Lip)) and hold for some
N, L,M,n>0, and holds on some non-empty set A C Po(R??) for some 7 > 0.
Furthermore there exist p, € ANKy and 6 > 0 such that By, (ps, ) C A and By, (p«, §) Ny =
{p«}. The function L is given by with a = (3 + 4M?)~1.
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Theorem 20. Under Assumption@ there exist 0',c,C > 0 (which depend only on A\, M, L,
8, m, 1 and o*) such that, for all py € By, (p«, "), Ta(po) = oo; for all t > 0,

Wi (pe,pe) < Ce“Wi(po, ps) (64)
Filpe) = Frlps) < Ce™ (Filpo) — Frlps)) (65)
H(pelpso) < Ce H(polpoo) (66)

and for all t > 1,

max (W3 (po, ps) , H(polpso) » Fi(po) — Frlps))
< Cem min (W3 (po, i) » Hipolpso) s Filpo) — Filps)) - (67)

Proof. First, without loss of generality we can assume that holds with n > o2, in
which case the same inequality holds for all v, p € Py(R??) when T is replaced by TI'y, due to
the LSI satisfied by N'(0, 021;) and the tensorization property of LSI. In particular, p, satisfies
a LSI and thus a Talagrand inequality with constant 7. Moreover, notice that
implies the same condition with £ replaced by & + &, since p +— & () is linear. In particular,
in view of these two points, we can apply Lemmas [3| and [5| in the kinetic case (namely with
F replaced by Fi, I by Ty, p. € Ky, and g, i1, p € Po(R??)). Using all these points, for any
pEPs (de)7

Filp) = Filps) < a*H (p[Ti(p)) + AW5(p, p.)
g L
< o (1 + Ln+ 0—277 + = ) H(plps) - (68)

2

Similarly, we can apply Theorem [§] to the elliptic equation on R??

_ __O0Fu(p
Opr =V - (Ptv g(M)) ;
1

from which reads
W (p, p+) < 477 (Fi(p) — Frlps)) (69)

for all p € B, (p«, ;) for 0] < d small enough. Using that ¢ — Fy(p;) is non-increasing and
Proposition |19, gathering the previous bounds gives that

4\ L?n?
W3 (pr, ps) < 4707 (1 + Ln+ 0—277 + 277

) KW;(po, p.) -

for all ¢ > 1 such that p; € By, (ps«, d}). Using a synchronous coupling as in the proof of
Theorem [§] it is easily seen that

Wa(pr, ps) < e Wa(po, ps) (70)

for some C' depending only on M and L. As a consequence, we can take 05 € (0, ] such that
for all py € By, (px, 05), it holds that p; € By, (ps, d}) for all ¢ € [0,1] and

5/
WQ(ptv P*) < 51

for all £ > 1 such that p; € By, (p«, d}). Using that ¢ — p; is continuous with respect to W,
we get by contradiction that p; € By, (p«, 07) for all t > 0 if py € By, (p«, 05), and in particular
Ta(po) = +oo.
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In the remaining of the proof we consider an initial condition py € B, (p«, 95). As we used

in (22), (k-NL-LSI)) implies that p, is a minimizer of F, over By, (p.,d), so that Fy(p;) >
Fi(ps«) for all £ > 0. Applying Proposition [1§| (but with initial condition p; instead of pg), we

get that, for all ¢ > 0,

3

€
EI (Pt+1|F(Pt+1)) 5(1, ,0t+1) - fk(ﬂtﬂ)

<
< E(0,p0) = Filp) = Frlp) — Filps) s

and thus, using that ¢ — Fy(p;) is non-increasing, there exists R > 0 such that
L(pr+1) < R(Filpe) — Filps))

for all t > 0. Since Lemma [17] together with (k-INL-LSI|) implies an exponential decay of
L(p¢) at some rate ¢ > 0, we can bound, for t > 1,

Filpe) = Frlpe) < L(pe)
< e VL) < Rem UV (Filpo) — Filpy)) -

For t € [0, 1] we can simply use that ¢t — F(p;) is non-increasing, and this concludes the proof
of . The results for W, and the relative entropy then follow by combining with the
various bounds relating the different quantities. More specifically, (64) is obtained simply by

for t € [0, 1] and, for ¢ > 1, by combining (69), (65). and Proposition |19 to bound
W3 (1, pe) < 40Ce™ D (Fi(p1) — Frlps)) < C'e Wi (po, ps)

for some C’. Similarly, is obtained by using first , then and and finally
and to bound

P H(pelp) < Frlpe) — Fulpse) + AWV; (o1, p)

<
< Ce™ (Frlpo) — Filpe) + W5 (po, p-))
< C'e™H(polps)

for some C’. The proof of uses the same ingredients. m

Example 3. In the one-dimensional double-well case, Proposition[] remains true if the granu-
lar media equation 15 replaced by the Viasov-Fokker-Planck equation . In the subcritical
case, it directly follows from Theorem thanks to Proposition [13 and Remark [16. In the

critical case, the arguments are as in Remark[14

5 Fast free energy decay for interacting particles

5.1 Settings and results

We consider the particle approximations of and , namely the overdamped Langevin
process (X¢)>o solving

Vic [I,N],  dX]=—VE.x,)(X})dt+ V20dB; (71)
and the kinetic Langevin process (Y3, V;);>o solving

dyy = Vidt

vie (LN, { AV} = —VE(Yi)dt — Vidt +v3odBi (72)
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where in both cases B!,..., BY are independent d-dimensional Brownian motions and

| XN
m(x) = i Z O,
i=1

stands for the empirical distribution of z = (z1,...,2y) € R¥. Under (Lip|) and, respectively,

(o-s-Lip)) for and (z—Lip) for (72), both equations admit a unique global strong solution.
Considering first the overdamped case, denote by p the law of X; = (X}, ..., X}V) solving

(71). Assuming that
N
/RdN exp (—;5(7?(3:))) dz < o0, (73)

we consider the Gibbs measure

oY o exp (—gé’(ﬂ@)) de

Using that
Vi € [1, NJ, Vo NE(m(x)) = VE () (x),

by the properties of the linear derivative, we see that is an overdamped Langevin diffu-
sion on R with potential NE(r(x)) and temperature o2. Its invariant measure is pY, and
t — H(pN|pY) is decreasing (by Jensen inequality) and goes to zero as ¢t — oo under mild
assumptions. Defining the N-particle free energy of pv € Pyo(R™¥) as

FUp") = H(p") + N | E(x(x))p™ (dz),

RAN

we see that
*H(p" o) = F (p") = F¥ (po)-
In particular, pY is the global minimizer of FV and t — FV (pY|pX) is non-increasing.

As studied in [22], when the non-linear dynamics admits several stable stationary
solutions, the log-Sobolev constant of pY (assuming that a LSI holds, for instance if z
E(m(x)) is uniformly convex outside a compact set) goes to infinity as N — oo, and thus
we cannot expect a fast convergence of FV(p) to its infimum (which typically occurs at a
time-scale of order eV for some a > 0). However, in short time, initialized with independent
initial conditions, the law of the particle system stays close to the solution of the non-linear
problem and thus the local convergence of the latter to some critical point p, € K drives
the initial behavior of the particle system. This gives the following.

Proposition 21. Under Assumption@ assume furthermore and that there exists N > 0
such that for all pg, 11 € Po(R%) and t € [0, 1],
Etuo + (1= t)pn) = tE€(po) + (1 = )E(m) — t(L = YANW;3 (o, ) - (74)

Let py € P2(RY) be such that the solution of converges to p, in long time. There exist
C, B > 0 such that, for all N € N and t > 1, considering the particle system with initial
distribution p) = pS

1 _
7 (0) = Flp) < C (NP 4e7/7)

Notice that, in view of , holds for instance in the case if the functions r, are
Ly-Lipschitz with Y, Lj < oc.
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Remark 17. When the solution of the non-linear McKean-Vlasov equations converges to some
p«, under suitable conditions (in particular of reqularity), a quantitative weak convergence at
rate 1/N for the empirical distribution of the corresponding system of N interacting particles is
shown in [21, Theorem 3.1] to hold over times of order N? for any p. This requires the initial
condition to start close to p. in the total variation sense. However, thanks to Proposition [6,
if the initial condition is close to p, in Ws, then it becomes close in the total variation sense
after a time 1.

The same occurs in the kinetic case. For p™ € Py(R?™), define the N-particle kinetic free
energy as

Fi' (p") = o*H(p")N [ (m(x)) + Ex(m(v)] p™ (ddv) .

R2dN

Proposition 22. Under Assumption[d, assume furthermore that there exists X' > 0 such that
holds for all jg, py € Po(RY) and t € [0,1]. Let py € P2(R??) be such that the solution of
(60) converges to ps in long time. There exist C, 5,y > 0 such that, for all N € N and t > 1,
considering the kinetic particle system with initial distribution p) = p§¥,

1 s
T () = Filp) SC (N7 7).

5.2 Proofs

We mostly focus on the overdamped case in this section, denoting by p~ the law of . We
start with the following variation of Proposition [0

Proposition 23. For any p. € K, there exists C' > 0 such that for all N € N, t > 0 and any
initial distribution pl) € Py(RWY),

H (R lp2N) < OW3 (o, p2N) + C.

Similarly to Proposition @, this follows from a Girsanov transform, see [30, Theorem 2.3]
or [14, Lemma 5.3].
To relate H (p¥ [p2Y) to FN(p}'), we can rely on the following.

Lemma 24. Assume that there exists N > 0 such that holds for all po, 11 € Po(R?) and
t €[0,1]. Then, for all p~ € Po(R¥™) and p, € K,

FY(pY) = NF(p.) < H (0165 + 2002 (o, ) + 2X Na(N)
where

a(N)= [ Wi(x(x), p.)pE" (dz).

RaN

Thanks to [24, Theorem 1], a(N) < CN~2/? for some C (but possibly for some particular
p« it may vanish faster).

Proof. Dividing by ¢ and sending t to zero in yields

L B = ) + £00) > o) = AW s ).
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Then, using this with py = 7(x) and py = ps,
FY(p™) = NF(ps)
= N[ [En(2) = Ep.)] p"(dx) + *H(pY) — No*H(p.)

RAN

</ lXW%(w(x), p) + /

R2d

. )(n(o) = ()| () + M) ~ No*H(p.),

Using that E,, = —0*(lnp, +InZ,,),

N/RdN /de o ( — p)(dy)pN(dz) = No*H(p.) —022/ In p,(z;)p™ (dz)

— No*H(p.) - o? / In 2 (2)p" (de)

RAN

Plugging this in the previous inequality reads

FN(pN) = NF(p.) < *H (pn]p2) + NN | Wi (m(x), pi)p" (dz) .

RaN

Let p(dzdy) be an optimal W, coupling of p» and p@V. We bound

Wa(r(x), p)p"(dr) < 2 [ WE(r(x), n(y))u(dedy) + 2a(N)

RAN RaAN

< —Z/ — ;| u(dzdy) + 2a(N)

= 205 (p", p2V) + 2a(N),
which completes the proof. O]
Proof of Proposition |21, Thanks to and standard finite propagation of chaos estimates

(obtained by synchronous coupling), we bound
W2 <in7p(§N) < 2W2 <in7pg®N) + 2W22 ( ®N7p§N)
< Ce®t + 2NChe

for some C' > 0. Proposition [23| and Lemma [24] yield
FN(pN) = NF(p.) < C" (“" + Ne7/" 4+ Na(N))

for all ¢ > 1 for some C’ > 0. Conclusion follows by using that ¢ — F~(p}) is non-decreasing
(distinguishing whether ¢ is above or under In N/(2C)) and applying [24, Theorem 1] to bound
a(N). O

Proof of Proposition[22 The proof is the same as the proof of Proposition Proposition
still holds in the kinetic case (with p, € Ky; this is [14], Lemma 5.3]), and so does Lemma

(replacing F by Fj., with the same proof, noticing that the kinetic energy is linear and thus
satisfies with X' = 0). We use Theorem [20] instead of Theorem [8] O
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