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Abstract

The goal of this paper is to study the geometry of the connected unit com-
ponent of the real general linear Lie group four dimensional Gy as a Lorentzian
and flat affine manifold. As the group Gy is also naturally equipped with a bi-
invariant Hessian metric k™, relative to the natural bi-invariant flat affine struc-
ture V, we examine these structures and the relationships between them.

The study of the space-time model (Gy, kT, V) was initiated by the first au-
thor (work to appear), and the present paper is an addendum of this one. We
naively hope this work will be useful for studying our physical universe.

The curvatures, tidal force, and Jacobi vector fields of (G, k™) are determined
in Section 1. Section 2 discusses the causal structure of (G, k™), while Section
3 focuses on the developed map relative to V in the sense of C. Ehresmann.

Keywords: Lorentzian metric, flat affine structure, Hessian structure, quadratic Lie
groups, curvatures, Weyl tensor.

1 Introduction

Let Gy be the connected unit component of the Lie group of isomorphisms of the real
vector space R? and g its Lie algebra. We will identify g with T.(Gy), the tangent
space of Gy in the identity element €, or with the space of left-invariant vector fields
on (.

Consider the left-invariant metric kT on G given by the inner product & on g defined
by the trace as
k(u,v) := trace(u o v)



and the natural bi-invariant flat affine structure V given by
Vvt = (uow)t

where u,v € g and ut,v" are the left-invariant vector fields on Gy determined by
u,v € g. Since the operators ad,+ are k™-antisymmetric, the right translations on Gg
are also isometries. Then k7 is a bi-invariant metric, i.e. (Go, k") is a (orthogonal or)
quadratic Lie group in the Medina-Revoy’s sense (see [12]).

2 The Lorentzian Structure

Consider the following k-orthonormal basis, denoted by B, of g given by

L T T T
2(8) e 2(0)

that it will be used throughout this paper.

The Lie brackets, except antisymmetries, relatives to B become
[61,62] = \/563, [61,63] = —\/562, [62,63] = —\/561

and as the product k is given by the table

k €1 €y | €3 | €4
er|—=1]0(01]0
€9 0 1 0 0
es| 0 10| 1]0
eq| 010101

k* is a Lorentzian metric on Gj.

Recall that, a tangent vector u to Gy is called timelike (respectively lightlike, space-
like) if k(u,u) < 0 (respectively k(u,u) = 0, k(u,u) > 0). In particular, the vector e;
is timelike, and the others e; are spacelike.

Putting

( S ) = (21, %2, T3, 74) (2)

T3 T4
the metric becomes
k== ((e)) + ((2)) + ((e2)) + ((eD))’
= s —1x2x3)2 (xid:z:f — 2x3xadridry — 2x9x4dx1d2s + 20903dT1dT s + x%d:c%

+2x1xadxodrs — 201 23dTodTs + x%d:p% — 2x1T9dxadrs + x%d:pi)




where

1

ef) = Tadxy + xadre — x1d25 — Todx

(1) \/5(1'11’4—{1}21’3)(3 1 40T 14T3 odxy)
* 1

ey) = —xadx, + xadxe + x1dTs — T0dX

(2) \/§($1x4—x2x3)( 34T 40T2 143 odxy)
* 1

ey) = T4dri + T3dre — Todx3 — T1dX

(3) \/§($1x4—1‘2x3)(4 1 3WAL2 2a3 1 4)
* 1

(e;f) = (x4dzy — x3dwy — TodTs + T1dTy)

V2(1124 — To73)

is the dual coframe, relatively to kT, of the smooth orthogonal frame

2 0 0 0 0
ef = \/—_ (—(Eg + 2 — X4 + Ig )

2 0xy 0xs Oxs
e;:\g(%&il—i_ml@i—i_m + x3 8)
65{:\/75(931881—3528324—.%3 —x4a)
GI:?($18§;1+$28§2+$3 +x4a)

A direct calculation allows us to obtain the following result.

Lemma 1. Let ¢, be k-symmetric linear isomorphisms. Then ¢!, ¢~ are k-symmetrics
and @ o, o @ are k-symmetrics, if p o =1 o p. Moreover, every polynomial p(p)
with real coefficients is k-symmetric.

Proof. For any u,v € g we have

k(plp™ (w),v) =k (¢~ (1), p(v))
k(u,v) =

k(u, 07 (0(v) =

Since v is arbitrary and ¢ is isomorphism, then

k(u, o (w)) =k (¢ (u), w) for all u,w € g

<

On the other hand

k(g oy)(u),v) = k(p((u),v) =
p(v)))
$(v))) = k(u, (p 0 ¥)(v))



The next assertion is clear.

Lemma 2. Any left invariant semi-Riemannian metric on a quadratic Lie group
(H,g) is given by a g-symmetric linear isomorphism ¢ on its Lie algebra b by the for-
mula

<u7v>50 = g(¢<u)7v)7 U, v € h

From the above lemmas, we obtain

Corollary 1. Let ¢, be k-symmetric linear isomorphisms of g. Then the following
operators determine a left-invariant (respectively right-invariant) semi-Riemannian
metric on Gy

a) poy, if porh=vogp.
b) o1 and p(p), where p is a polynomial with real coefficients.

In fact, as all k-symmetric operators can be found using, for instance, Python (see
Section [5) we have

Proposition 1. In the basis B, the k-symmetric linear isomorphisms ¢ of g are given
by the matriz representation

U1 U2 U113 Uig
—Ui2 U2 U3 U
—U1z U2z U3z U4
—U14 U4 U3q Uygq

The Theorem 4.1 in [1], the Proposition [1|, and the fact that all left-invariant metrics
are given by (u,v) := k(¢(u),v) for any k-symmetric ¢, implies the following result

Theorem 1. Every left (or right) invariant metric on Gy is not flat.

Example 1. The left-invariant semi-Riemannian metrics on Go given by the follow-
ing k-symmetric linear isomorphisms of g

900(61) = —eq, @0(62) = €9, 900(63) = és, <P0(€4) = €4
pi(e1) = e1, pi(ez) = e2, pi(e3) = e, pi(es) = ey
802(61) = €1, 902(62) = —é€y, 902(63) = €3, 802(64) =€

have index 0,1, 2 respectively and < u,v >;:= k(p;(u),v), fori=0,1,2, are not flat.

For the study of the movement space in (G, k™), in addition to the tangent bun-
dle, it is convenient to introduce certain principal fiber bundles. For instance, the
orthonormal fiber bundle over (G, k1) facilitates the understanding of parallel trans-
port along a curve, the holonomy groups, and the corresponding holonomy bundles.

Let P = L(Gy) be the principal fiber bundle of the linear frames over Gy. Since
GL(4,R) is 16-dimensional, P has a dimension of 20. On the other hand, as the or-
thogonal group O(1,3) is the dimension 6, the principal fiber bundle of the orthogo-
nal frames over (G is 10-dimensional.



Now, as the Levi-Civita connection D of (Gg, k') can be expressed using left-invariant

fields as

+

Dy vt = §[U’U]+

the curvature, sectional curvature, scalar curvature, and Ricci tensors become

1
Rytyrw™ = 1 [[uf,vt],w']
+ + ot + ot
K(u+,v+) ::1 k ([u , U ]7[” , U ]) 5
Ak+ (qua u+) k* ('UJr? U+) —k* (qua U+)

with span{u™,v"} a nondegenerate plane,

S = 22 K(ef,e))
i<j
B(u,v)

Ricci(uav) = 4

= —Ztrace (ad, o ad,)

respectively. Here B is known as the Cartan-Killing form.

U U v v . )
If u= ( ! 2) LU = ( ! 2) € g, the Ricci tensor can be written as
Uz Uq V3 Uy

Ricci(u, U) = 5 (U1U4 — DU — 2’[)2U3 — 21)3’&2 — VqUy + U4U1)

Note that, if u,v € sl(2), then Ri..i(u,v) = —(2uiv; + ugvs + ugvs)
Consequently, we have

Lemma 3. In terms of the above orthonormal basis of (g,k), the curvature ten-
sor, the sectional curvature, the scalar curvature, the Cartan-Killing form and the
Ricci tensor of (Go, k™, D) are given respectively by

1

1

+ oo+ ) S+ o4 o4 g PR S
R(61,62,61)—iez,R(el,GQ,@)_561,}%(@1,@3761)_5637

1 1
+ oot ) Lot + oo+ ) + o4 n
R(€1>€37€3)_561»R(62a31731)—_56273(62,61,62)——561,
R(+ + +)__1+R(+ + +)_1+R(+ i +)__1+
€2:€3:62) = 7563, 11{€2,63,63) = 562, 1(€3,61,61) = —563,

1 1

+ o+ ) - + o4 ) — ot + oo+ t) +
R(e3’el’e3)7_561’R(€3?€2762)*637R(€37€2763)*—562

R(ef el ef) =0 in the other cases.



1
Kot ef) = K(ef ef) = K(ef i) = —.

S
B(el,el) = —4, B(eg,eg) = B(€3,63) = 4, B(64,64) =0
Blei,e) =0 fori# j

Ricci<€f7 ef) = 17 Ricci(e;7 6;) = Ricci<€;7 6;) = _17
Ricci(ejl_y 62_) - Ricci(e;"—a 6;—) - Oa fO?" [ 7& .]

Using , we have

2
i (\/_932 X \/_x?’) dzodr, + (\/§I3) dl’%
2 2
2 2
(\/;x3 — \/;334) drsdry + (\/§m4> dz;

It is clear that the curvature tensor (respectively the tensor Ricci), viewed in the
principal fiber bundle of the orthogonal frames, has 12 components (respectively 3).

The knowledge of these objects allows us to write the Einstein’s equation.

Recall that the structure of the gravitational field, without matter (or antimatter),
is determined by the Weyl tensor. The next result exhibited the components of the
Weyl tensor.

Theorem 2. Using the orthonormal basis , the components of the Weyl tensor W



are given by

(0 ifi=j=k=li=j=k#l i#j#*k#I
S fi=k=1,j=1=2 ori=k=1,j=1=3,
ori=1=2,7=k=3
=3 ifi=l=1j=k=2 ori=l=1,j=k=3,
Wi(e el el e) = ori=k=2j=101=3
Todfi=1=23,j=k=4, ori=1l=4,j=k=2,3,
ori=k=1,7=1=4, ori=k=4,7=1=1
—3 difi=l=1j=k=4, ori=l=4,j=k=1,
L orit=k=23,j=1=4, ori=k=4,7=1=2,3

Proof. Recall, the Kulkarni-Nomizu product of two symmetric covariant 2-tensor h
and [ is defined by

(hol)(w,z,y,z) :==h(w, 2)l(z,y) + h(x,y)l(w, z) (3)
— h(w, y)l(z, 2) — h(z, 2)l(w,y)

Using we can write de Wey tensor as

1 S

= ;= S e k+ _k+ k+

W R QR D) + 12 D)
1

1
= Rm - _Ricci k+ - —kJr kJr
5 O 1 y
Where Rm(Xl,XQ,Xg,X4) = <R(X1,X2,X3),X4>k+ fOl" all Xl,XQ,Xg,X4 < :{(GO)

(see [9]). From a direct calculus, the result follows. O

Remarks 1. Concerning to the space-time model (GL(2,R)q, k1)

a. Note that the Weyl tensor vanishes at several points. So, the Weyl curvature hy-
pothesis eventually suggests the existence of several Big Bangs (initial singular-
ities) in the space-time model. Could this imply the existence of different space
times?

b. Since (Go, k™) is a space-time model locally Hessian (in fact, globally Hessian), we
can reverse the arrow of time, using the global potential, for going back to obtain
final singularities, eventually black holes or Big Crunches.

c. It is clear that this model allows several quantification processes.

d. The Weyl tensor describes the conformal curvature of (Go, k™), and emphasize that
the metric k* is not conformally flat.



2.1 Tidal Force and Jacobi Vector Fields

Definition 1. For a vector 0 # v € T,(Gy) the tidal force operator F, : vt — vt
according to v is given by F,(y) = Ry,v.

The operator F, is k™-self-adjoint on v and it verifies the condition trace(F,) =
—Ricei(v,v) (see [13]). A direct calculation gives

4
Lemma 4. For v, = Z fied,, with o € Gy we have

=1

trace(F,,) = —Ricei (Vo, Us)
4 4
= _Ricci (Z fiej,_o7 Z fje;:”)
i=1 j=1

4
== D fififies (el

ij=1
=—fi+ 415

Jacobi Fields. If 7(t) is a geodesic, the curvature variations along of 7 are given by
vector fields Y, called Jacobi fields, solutions of the differential equation

D*Y
= R(Y, 7,7 (4)

where % denotes the affine covariant derivative relative to D along 7.

Now, we will focus on the Jacobi equation in the Lie Group (Gy, k™) using the notion
of reflection introduced by Bromberg-Medina in [4].

Every vector field X on G defines a map

X : GO — g
g (La—l)*pXU.

Obviously, a vector field is left invariant if and only if the associated map is constant.

Given a curve o : [to, t1] — G, every vector field Y along o defines a curve in g :
}N/(t) = (Lo'(t)_l)*,a(t) Y<t)

and conversely, every curve in g defined on [0, 1] determines a vector field along 0. We
say that one is the reflection of the other and we write either 4y~ = Y or Y™~ = y.
Notice that y(t) = (Y(t))™ is equivalent to y(t)] ) = Y (t).



Theorem 3. The functions components of the reflection field y(t) = yiel + yoeq +
ysea + yaes in g of the Jacobi field along a geodesic o : [0,1] — G with o(0) = ¢ and

initial velocity o'(0) = aey + beg + cesz + dey are given by

where A;, B;, C;, D; and o are constants that depend on a,b,c,d.

Proof. As Lemma 3 in [4] establish that

DY N
o (' + zy)
D?Y
preali (y" + 22y + 2"y + x(xy))”~

from , we obtain the differential system on g

y'y = —V2 ey + V2 byl
y'y = —V2 ey + V2 ayl
y's = V2 by, — V2 ay
y”4 =0



A direct calculation gives

1
nl) = @@

N N v
+
V2V —a2 + b2 + 2

<2at(aC’1 —bCy — cC3)+

(b201 420y — abCy + c/—a2 + b2 + 2Cy — acCs — b/—a? + b2 + c203) n

eV2V—a? 122t
+ NG o (_b201 — 20y + abCy + C\/mCQ + acCs — by/—a2 + b2 + 6203>
—a c

1
yQ(t) = m < — 2bt(—a01 + bCQ + CCg)+

o V2V
+
V2V —a? + b2 + 2

(abCl + eV —a? + b2 + 2C, — a®>Cy + *Cy — beCs — a/—a? + b2 + 0203> +

VN cae
+ 7 e (—abCl + eV —a2 + b2 + 20y + a’Cy — 2Cy + beCs — ar/ —a? + b2 + 026’3>
—a c
1
ys(t) = m ( — 2ct(—aCy + bCo + cCs)+
VN
+\/§ 2 (—acC’l — bV —a? + b2+ 2C1 + beCy + av/ —a? + b2 + ¢2Cy + a*Cy — bQCg> +
—a c
N N = v
t e (acC1 —by/—aZ + b2 + 20y — beCy + av/—a? + b2 + 2Cy — a*Cy + b203>
—a c

ya(t) = Cyt + C5
In the case of a? = b + ¢2, the components of the reflection of Jacobi fields become
1 1
m(t) =Cr+ 5 (3t + vt} 4 P3Oy + 6(—3\/§ct2 + 20V/02 + 2t3)C,

+ %(3\/55752 + 20V + 21 C
1
6
+ %(:FS\@\/bQ + c2t? — 2bet?)Cg

1 1
ys(t) :6(3\/56152 F 2cVb? + 2t%)Cy + g(q:?)\/i\/b? + 212 = 2bet®) Oy

1
Yo (t) ==(—3v2ct? F 20V0% + 2t°)Cy + Cs + (3= V3 Cy

1
+C5 + 5(3t — )
y4(t) :O7t + Cg

2.2 Parallel transport in terms of reflections

A smooth vector field Y along a smooth curve « : [a,b] — Gy is said to be parallel
DY

relatively to connection D if its variation is null, i.e. - = 0.

10



The map P? : Ta(a)(Go) = Tuw)(Go) sending each v, to a parallel vector Y on o

such that Y(a) = va(q) is called parallel transport along «. In what follows we

give an outline of the parallel transport starting at e, using the notion of reflection

Proposition 2. Let v be a smooth curve with initial direction xo # 0 starting in the
4

unit of Go with tangent vector field v and x = Z%’Gi the reflection of v'. Then the

i=1
reflection y := Y™ of the parallel transport of Y along v is given by the solution of the
following system of the differential equations on g

, V2

h = 7 (x3y2 - 3523/3)
, V2

Yo = 5 (w31 — 11Y3)
, V2

Y3 = 5 (x1y2 — T21)
Yy =0

To illustrate this notion, we give some examples

Example 2. If v is an integral curve of el (timelike vector) through ¢ and y(0) =
aey + bey + ces + dey € Ty 0)Go, then

CoS <§s> sin (?s)

v(s) =
—sin (?3) cos (‘/753)
and the reflection of 7'(s) on g is x(s) = ey. So, we have the following system of
differential equations
1
=g s +y)
;1
Yo = 2?/1
;L 1
Ys = 2y1
yp =0

11



Hence, the components of the parallel vector field Y along ~ such that Y (0) = y*(0) (o)

are given by
Yi(s) = a cos? <\g§8> + 22a ( 225> e — (b—|—c \[+ 2) <\g§s> cos (fs) + Cgb sin <\g§s>
b+ C <ﬁ5> + b—c cos <ﬂ3> — Q cos <\/§s> sin <\/§8> + dsin <\/§s>
2 2 2 2 2 2 2
<\f>\g§b+csm <\g§s><\f+l> i V2

2
V2 c—b bte . (V2 V2 V2
—asm ( s |+ ( ) 2 sin (23> cos <2$> + dcos (23>

2
Example 3. If y(s) is an integral curve of Y through €, such that Y, (0) is a lightlike

vector u = < CCL Z ) i.e. a4+ 2bc+d* =0, then
_axdg [ COS (gs) + @ sin (gs) %’ sin (gs)
V(s) =€ ( %‘3 sin (gs) cos (gs) (a;d) sin (gs)

and the reflection of +'(t) on g will be given by

z(s) = ard €T Lot
+€(a+d)s a%d - (g + % + %) sin (gs> cos (%s) b
detfy c f%d < + (GQ;) + ch>sin (gs> cos (gs>

where 0 = Re(v/2bc — 2ad) and det(y(s)) = el (cos (£s) + 2 (245) sin (4s))

The writing and solution of the system of differential equations are left to the reader.

2.3 Geodesics of (G, k*) through ¢
Recall that we have

Lemma 5. The left and right multiplication are isometries of (Go, k™), and con-
sequently the inversion map and the map I, defined by I,(1) = o1 o, for any
0,7 € Go, is an isometry. Consequently, (Go, k1) is a symmetric space.

In fact, I, inverse the geodesic, this means that
I5(7(s)) = oy(=s)o
where v(s) = Exp(su) is a geodesic with v(0) =e = I, € Gy and 7/(0) = u € g.
In particular for ¢ = ¢ and u = ey, the geodesic is timelike, so we have
L((s) cos (?s) —sin <\/7§s>
e\7\$§)) =
sin (ﬁs> cos (?s)

2

12



Proposition 3. The lightlike geodesics (s) passing through the identity , with v'(0) =
YY) e g are given b
5w g 9 Y

A=1(w+z—2yz — 2wz)
<€SAB+€SAIB, y((;‘SA/—eSA) > A, — %(w + xXr ‘I‘ \ 2y2 - wa)
where

(A esA) eSAB’ieSAB B=w—x+2yz —2wx
c c B = —w+x+2yz — 2wx
C =2\2yz — 2wz

v(s) =

On the other hand, the metric k™ can be extended to the Lorentzian metric k+ over
the universal covering G in such a way that the covering map p acts as a local isome-
try. Examining the isometries of the universal covering space can help us understand
the isometries of (G, k™) (for instance see Proposition 2.1 and Theorem 2.2 of [3]).

2.4 Clifford Algebras, Electron Spin

It is clear in the model (Gp, k1) that the flat affine geometry can be used to describe
Pauli’s particles. Moreover, this geometry is well adapted to study Dirac’s equation,
which involves the Lorentzian geometry and quantum fields. Note that the quadratic
space (g,q), where q(A) = trace(A?), is the case of the opposite of Minkowski space
M, whose Clifford algebra is the algebra of quaternion matrices 2 x 2, in physics is
known as Dirac matrices.

Recall that, the Clifford algebra of the quadratic space (E, q) is the associative alge-
bra C' with unit 1¢, equipped with a map ¢¢ (called Clifford application) from (E, q)
to C' satistying the following conditions:

1. 1¢ and po(E) span C

2. For any Clifford map ¢ of (F,q) in an algebra A, there exists a homomorphism
of algebras with unity ® from C' to A such that ¢ = ® o ¢¢.

To find the Clifford algebra of the space of (g, q), we define the Clifford map ¢ from g
to real algebra of real matrices 4 x 4 by

\/§ T2 + T3 T1 — T2+ T3 — T4 T1+Tq 0

T1 T2 N 1+ a2 — 23 — 24 —T2 — T3 0 1+ x4

T3 T4 9 1+ T4 0 —T2 — T3 —T1 + T2 — T3+ T4
0 T1 + T4 —r1 — X2+ T3+ T4 T2 + 3

Since the dimension of the Clifford algebra of a n-dimensional quadratic space is 2",
then the Clifford algebra for (g, ¢) is isomorphic to the real matrices gl(4,R).

2.5 Causal Structure

Let W be a subspace of the Lorentz vector space (1.(Gy), k). The causal character of
W can be classified into three types, Spacelike, Timelike, or Lightlike. The set of all

13



lightlike vectors in T, (Gy) is called the lightcone at o € Gy, this one determined the
causal character of the event o.

a b

d
spacelike) if it verifies the condition a® + 2bc + d* = 0 (respectively a* + 2bc + d* < 0,
a® + 2bc + d? > 0).

In particular, a real matrix A = in T.(G)p) is lightlike (respectively timelike,

Now, the timecone containing u € T.(Gy) is the set C(u) of timelike vectors v €
T.(Gy) such that k(u,v) < 0. Hence, the timecone containing e; € T.(Gy) is

cw-{(2 1)
c-{(24)

it is the opposite timecone.

c<b, a2—|—2bc+d2<0}

whereas

c>b, a2+260+d2<0}

The determination of the lightcone can is left to the reader.

Obviously, the conformal geometry associated with k™ modifies the causality in the
model.

3 Flat Affine Structure on GL(2,R),

A flat affine connection on a connected manifold can be given by a natural affine rep-
resentation of the universal covering of the Lie group of diffeomorphisms preserving
the connection (see [11]).

Since the matrix multiplication is associative, the above Lie group Gy is endowed
with a bi-invariant flat affine structure V i.e. a linear connection without torsion and
curvature.

It is well known that V is highly geodesically incomplete (see [2]).
We have the following result (See [1])
Theorem 4. (Go, V, k") is a local (in fact global) Hessian manifold.

Proof. A potential function for k* is

f: Go—R
M — 1tr (M?)

In natural coordinates, the gradient has the expression




Hence

’f N\

S O O
o = O O
o O = O
_— o O O

In fact, we have

Theorem 5. (G, k1) is endowed with a foliation given by the global potential func-
tion f: Go — R of k% defined as f(o) = trace(c?).

Proof. Since f is a smooth map with constant rank 1, then the level set f~1(C), for
any C € R, is an embedded submanifold of dimension 3. n

V2
For instance, if m = < (2) \%) € a := f7(1), we obtain that the tangent space to «

2

_V2 0 1 0 0
_ _ 2 _ _
T,n(a)) = span {ul = ( 0 \?> Uy = (0 O) U3 = (1 O)

Note that u; is spacelike, uq, ug are lightlike, and uy = uy + uy — w3 is timelike. More
generally, the set C' defined by au; + busy + cuz with a® + be < 0 is timelike, and its
graph is the interior of a convex cone.

m m is

The universal covering group of Gy is the product manifold G =R x SDP(2), where
SDP(2) are the symmetric definite positive matrices and the covering map is

p: RxSDP(2) — Gy ™
(t,T) = O,

here O, denotes an orthogonal matrix.

The product of GGy rises to a product in G such that G is a Lie group and p is a ho-
momorphism of Lie groups (see [5] pag. 53).

To find the multiplication in C~}’, we must calculate the polar decomposition of O, 70O, R,
this is . )
O,TO,R(RO_,T?°0,R)"2 (RO_,T*O,R)?

S\ J/
-~ -~

Os S

Then the multiplication of two elements in G is given as follows:
(1,T) - (r, R) = (s(t,r), (RO_,T*0,R)? (8)
where s(t,7) € R can be calculated using the orthogonal matrix of order 2 x 2

Oty = O;,TOR(RO_, T?0,R)™>
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The multiplication (8) can be written as
(t,T) - (r, R) = (arctan(d) + t + r, O_ arctan(9)—t—r1 Or R) (9)

where

_ tr(O_,TO,Rw) and w — 0 1
~ t1(O_,TO,R) S \-10

A direct calculation shows that <C~¥, ) is a Lie group.

Theorem 6. The developed map of the flat affine manifold (Go, V) in the Ehres-
mann’s sense [6], following Koszul method [§] (see also [7]), is given by

Dev : Go — R*
(Y1, 92,93, 94) — (Y1, 92 — Lys,ya — 1)

Proof. Let (x1, 2, x3,x4) be the natural coordinates of Gy. We know that V is
locally isomorphic to usual connection V° on R?, then its 1-form connection w can be
written in local coordinates (x1, g, x3, 24, (X);5)), like

w = (wi;) = <Z Yz’kkaj> , where (Yj;) = (Xy) ™"

Let (é, p) be the universal covering group of Gy, where p is the covering map , and
g the Lie algebra of G.

We can lift the affine structure to G through w := p*w. Now, we will compute the
developed map of (G, V). First, we find the vector fields Y on G such that VY = 0.

In the local coordinates
Y2 Y3 ~
(yb ( Ys Ya )) (y1>y27y3ay4)

4
0
Y:Zaiﬁ_yi’ with a; eR

i=1

they are

Second, we shall calculate the close g-valued 1-form 7 on G such that %77 = 0 and
n(Y) =Yz A direct calculation shows that n = (dy;, dys, dys, dy,)

Finally, the developed map is given by Dev(c) = fc 1, where C' is a curve joining
£=(0,1,0,1) and o. Then

Dev : Go — R*
(Y1, 92,93, 94) = (Y1, 92 — Lys,ya — 1)
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4 Conclusions

It is possible to think that the singularities in the model (i.e. nongeneric points of
(Go, k™)) can be studied with the flat affine geometry, which is a local geometry. This
geometry can also be used to study quantum fields.

Chiral phenomena could be analyzed by taking left (or right) invariant metrics differ-
ent to kT, as described above.

As in the model (Gp, k™), we have two geometries, one local (flat affine) and one
global (Lorentzian), linked by a global potential function, it can be conjectured that
the model allows the unification of general relativity with quantum mechanics.

5 Python Computes

[1]:  import numpy as np
from sympy import symbols, Matrix, simplify, sqrt, solve, Transpose,.
—Trace

5.1 k-symmetric Operators

[2]: # Defining metric k = Traza(AB) respect to Orthonormal basis
k = Matrix([[-1,0,0,0], [0,1,0,0], [0,0,1,0],[0,0,0,11])

# Defining variables

ull, ul2, ul3, ul4, u21, u22, u23, u24, u3l, u32, u33, u34, udl, u4d2,._
~u43, u44 = symbols(’ull ul2 ul3 ul4 u21 u22 u23 u24 u3l u32 u33.
—u34 u4l ué2 u43 udd’)

# Matriz representation of an operator in the natural basis of GL_2
u=Matrix([[ull, ul2, ul3, ul4d], [u2l, u22, u23, u24], [u31l, u32, u33,.
—u34], [udl, u42, ud3, ud44ll)

[3]: # Orthonormal basis respect to metric k=Traza(AB)
E1=Matrix([[0,sqrt(2)/2], [-sqrt(2)/2,0]1]) #Timelike
E2=Matrix([[0,sqrt(2)/2], [sqrt(2)/2,01]1)  #Spacelike
E3=Matrix([[sqrt(2)/2,0],[0,-sqrt(2)/2]11) #Spacelike
E4=Matrix([[sqrt(2)/2,0],[0,sqrt(2)/2]1]) #Spacelike

#Compute k(u(a),b)=k(a,u(b)) on orthonormal basis
KO=Transpose (u) *k-k*u

solve([KO], ull, ul2, ul3, ul4, u2l, u22, u23, u24, u3l, u32, u33,._
—u34, u4l, ud2, u43, udd, dict=True)
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[3]:
[4]:

(4] :

[5]:

[5]:

[{u12: -u21, u13: -u31, uld: -udl, u23: u32, u24: ud2, ud4: ud3}]

# Matrixz representation of the k-symmetric operator inm the.
—orthonormal basis

ku=Matrix([[ull,ul2,ul3,uld], [-ul2,u22,u23,u24], .
—[-ul13,u23,u33,u34], [-uld,u24,u34,udd]])

print (’k-symmetric operator in the orthonormal basis:’)

ku

The k-symmetric operator on the orthonormal basis:
Uip Uz Uiz Uig
—Ui2 U2 U3 U2q
—Uiz U23 U3z Uzq
—U1q4 U4 U4 Ugq

# Metrics given by the k-symmetrics operator in the orthonormal_
—basts:
Transpose (ku) *k

—Uj1 —Ui2 —U13 —Ui4
—Ui2 U2 U23 U4
—Uiz  Uzs U33 U34
—U14 U4 U3q Ugq
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