N

N

Introduccion a las Geometrias Lorentziana y Affine

Plana de G1(2,R)
Alberto Medina, Andrés Villabon

» To cite this version:

Alberto Medina, Andrés Villabon. Introduccion a las Geometrias Lorentziana y Affine Plana de
G1(2,R). 2024. hal-04561292v2

HAL Id: hal-04561292
https://hal.science/hal-04561292v2

Preprint submitted on 18 May 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04561292v2
https://hal.archives-ouvertes.fr

Introduction to Lorentzian and Flat Affine Geometry
of GL(2,R)

Alberto Medina.
Université de Montpellier, Institute A. Grothendieck, France

Email: alberto.medina@umontpellier.fr

Email: albertomdn47@gmail.com

E. Andrés Villabon.

Universidad Nacional Abierta y a Distancia, Colombia

Email: edgar.villabon@unad.edu.co

Abstract

The goal of this paper is to study the geometry of the connected unit com-
ponent of the real general linear Lie group 4 dimensional Gy as a Lorentzian
and flat affine manifold.

As the group Gy is naturally equipped with a bi-invariant Hessian metric k™,
relative to a bi-invariant flat affine structure V, we examine these structures
and the relationships between them. Both structures are defined using the Lie
algebra g, the first one through the trace k(u,v) := trace(u o v) and the second
by the composition V,+vT := (uov)™, where u,v € g.

The curvatures, tidal force, and Jacobi vector fields of (G, k™) are determined
in Section 1. Section 2 discusses the causal structure of (Gy, k™), while Section
3 focuses on the developed map relative to V in the sense of C. Ehresmann.

Keywords: Lorentzian metric, flat affine structure, quadratic Lie groups, curvatures,
Weyl tensor.

1 Lorentzian Structure

Let Gy be the connected unit component of the Lie group of isomorphisms of the real
vector space R? and g its Lie algebra. We will identify g with T.(G), the tangent
space of G in the identity element ¢, or with the space of left-invariant vector fields
on Gy.

Consider the left-invariant metric k™ on Gq given by the inner product k on g defined
by
k(u,v) := trace(u o v), where u,v € g.



If u™ is the left-invariant vector field on Gy determined by u € g, since the operators
ad,+ are kT-antisymmetric, the right translations on Gg are also isometries. Then k™
is a bi-invariant metric, i.e. (Go, k™) is a quadratic Lie group in the Medina-Revoy’s

sense.

Consider the following k-orthonormal basis B of g given by

el:?(—%é)’ 62:?(?5)’ (1)
T -

The Lie brackets, except antisymmetries, relatives to B become
le1, 0] = \/§€3> le1, €3] = _\/562, ea, €3] = _\/561-

As k is given by the table

k| e |eles]es
er|—1]10]0|0
eal 0] 1]00
es| 0 ]0]1/0
esal 0 ]0]0 |1

kT is Lorentzian.

Recall that, a tangent vector u to Gy is called timelike (respectively lightlike, space-
like) if k(u,u) < 0 (respectively k(u,u) = 0, k(u,u) > 0). In particular, the vector e;
is timelike, and the others e; are spacelike.

We will show that every left-invariant semi-Riemannian metric on G is non-flat.
The following assertion is clear.

Lemma 1. Any left invariant semi-Riemannian metric on a quadratic Lie group
(H,g) is given by a linear isomorphism g-symmetric ¢ on its Lie algebra b by the for-
mula

<u7v>90 = g(@(u)’ U))’ u,v € h

From Lemma [T, we have

Proposition 1. Every left-invariant (respectively right-invariant) semi-Riemannian
metric on Gy is not flat.

The proposition is a consequence of the following lemma

Lemma 2. The left-invariant semi- Riemannian metrics on Gy are given by the fol-
lowing k-symmetric linear isomorphisms of g

900(61) = —é€1, <P0(€2) = €2, 900(63) = €3, 800(64) = €4

901(61) = ey, 901(62) = €2, 801(63) = €3, 901(64) = €4
902(61) = €y, @2(62) = —é€2, s02(6’3) = €3, 902(64) = €4



and their indez are 0,1, 2 respectively. Moreover, the curvatures of < u,v >;:= k(p;(u),v)
fori=0,1,2 are not flat.

These computations are provided in Section

For the study of the movement space in (G, k), in addition to the tangent bun-
dle, it is convenient to introduce some principal fiber bundles. For instance, the or-
thonormal fiber bundle over (Gy, k™) facilitates the understanding of parallel trans-
port along a curve, in particular the holonomy groups and the corresponding holon-
omy bundles.

Let P = L(Gy) be the principal fiber bundle of the linear frames over Gy. Since
GL(4,R) is 16-dimensional, P has a dimension of 20. On the other hand, as the or-
thogonal group O(1,3) is the dimension 6, the principal fiber bundle of the orthogo-
nal frames over GGy is 10-dimensional.

Now, the Levi-Civita connection D of (G, k™) can be expressed using left-invariant
fields as

1
Dot = [u, 0]t
so the curvature, sectional curvature, scalar curvature, and Ricci tensors become

Rytprw™ = L [[uf, vt],w']

4
RS Y S At L
Ak+ (qua u+) k* ('UJr? U+) —k* (qua U+)
where span{u™,v"} is a nondegenerate plane,
S = QZK(G;F,@;)
i<j
B(u,v)

Ricei(u,v) = — 1 —Z—ltrace (ad, o ad,)

respectively. Here B is known as the Cartan-Killing form.

Consequently, we have

Lemma 3. In terms of the above orthonormal basis of (g,k), the curvature ten-
sor, the sectional curvature, the scalar curvature, the Cartan-Killing form and the
Ricci tensor of (Go, k™, D) are given respectively by

R(eTcfef) = 55 R{et ef ) = et R (e e ) = 36
R(elefef) = yel R (ehef o) = —5ef R (ef el ef) = —3ef,
R(cfoef ef) = —pef R (65 ed.ef) = geb R (ef ef ef) = —3ed,

R(ef. et ef) = =gl R (el e ef) = el R(eefef) = —5¢]

R (ej, e;r, e;) = 0 wn the other cases.



K(ef,e5

K(e/,

Bley,er) =

+ _+
Ricci<€1 761

—4, B(eg, 62) =

) =1, Ricci(e;e;) =

RZCCZ(€2_7 ejl_)

)= K(ef ) = K(ef ) = —,
ef)=0, fori=1,2,3,

S p—
Bles,e3) =4, Bley,ey)
B(e;,ej) =0 fori#j
Ricciles , €3) =

Riccz(za])_O fOTZ?é]

=0

—1

Y

It is clear that the curvature tensor (respectively the tensor Ricci), viewed in the
principal fiber bundle of the orthogonal frames, has 12 components (respectively 3).

Recall that the structure of the gravitational field, without matter (or antimatter),
is determined by the Weyl tensor. The next result exhibited the components of the

Weyl tensor.

Theorem 1. Using the orthonormal basis , the Weyl tensor components are given

by:

0

3

2

_3

+ ottt 2

W(ei,e],ek,el):

1

2

_1

2

\

ifiz=j=k=1li=j=k#l i#j#k#I

ifi=k=1,7=1=2, ori=k=1,j=101=3,
ort=1=2,7=k=3

ifi=1=23,j=k=4, ori=1=4,=k=2,3,
ori=k=1,7=101=4, ori=k=4,j=1=1

Proof. The Kulkarni—-Nomizu product of two symmetric covariant 2-tensor h and [,

can be obtained by:

(hol)(w,z,y,2) =

h(w, 2)l(z,y) + h(z,y)l(w, 2)
- h<w7 y>l(x7 Z) - h(ZE, z)l(w, y)

and
W =R —lR o®k++£k+®k+
m 2 1CCl 12
1 1
= m — 51 licct k+ - _kJr k?Jr
R 2R W) 1 )

where Rm(Xl,XQ,Xg,X4) = <R(X1,X2,X3),X4>k+ for all Xl,XQ,Xg,X4 S X(Go)

(see [7]), the result is followed.

(2)

O



Working in the (natural) coordinates system

(21, 22, T3, 74) = ( S ) (3)

T3 T4

we have a smooth frame

V2 0 ) )
€1+:7(_:”26x1”16 . Mo, T )
V2 0 o
e;:7<$26x1+$182+$4 +x3 )
V2 0 0
4= (mam g, oo )
V2 ) ) 0
6::7(x18x1+$28x2+$3 —|—JI4 >
and its corresponding dual coframe
(eii—)* = ! (IE?,de'l + l’4d$2 - Jfldl’g, — C(}le’4)
\/§($1I4 - $2.I3)
x 1
e5) = —x3dry + x4dre + x1dr3s — T2dX
( 2) \/§($1LE4 _ $2x3)< 3041 402 14.L3 2 4)
* 1
e5) = r4dxy + x3dr9 — TodT3 — T1dX
( 3) \/§($1x4—x2$3)( o o 2 1dzy)
x 1
(ej{) = (x4dzy — x3dT9 — TodTs + T1d2y)

V2(z124 — 2073)
Then we have

Proposition 2. In the coordinate system the elements involved in Einstein’s
equation are written as

K== (ef) (e) + () ()" + (ed) ()™ + (ed)" (ed)”
1
— (rms — 191’ (Qwidxf — dxsxadridry — dxoxadrdes
+ dxoxsdridrs + 2x§dx§ + 4dxr1x4dredrs — 4x123dT2d2,

+2a5das — dvyvadzsdry + 2x7dz])




2
[ TiT2 | 1%y X3 9 \/§x1 \/5372
chcz—( 9 + 9 + 2)d 1+( 5 + 5 d 1d£L‘2
2 2 2 2
+ V2, + V214 dridrs + V20 + V213 dridxy
2 2 2 2
2 2
+ (\/5351) dxs + (_ \/;Iz \/;m) diydics

2 2
n (\/;xg n \/;x:s) dxodxy + (\/§x3> dxs
2 2
(\/;xg B \/;M) dxsdxy + (\/53:'4) dx;

1.1 Tidal Force and Jacobi Vector Fields

Definition 1. For a vector 0 # v € T,(Gy) the tidal force operator F, : ut — vt is
gwen by F,(y) = Ry,v.

The tidal force is a self-adjoint linear operator on u*, and trace(F,) = — Rjei(v, ).

A direct calculation gives

4
Lemma 4. For v, = Z fiel , with o € Gy we have

2,07
=1
trace(F%) == _Ricci (Uov UU)
4 4
= _Ricci (Z fiej,_a’ Z fje;:")
i=1 j=1

4
= - Z fiijicci (eitﬂ G;CU)

ij=1
=-f+fE+1f
Definition 2. Jacobi Fields.
If 7(t) is a geodesic, its variations in (Go, k™) are given by vector fields Y solutions of

the differential equation

D*Y
dt?

=R(Y, 7,7 (4)

where DY /dt denotes the affine covariant derivative relative to ¥V along T.

Now, we will focus on the Jacobi equation in a Lie Group following [3].



Every vector field X on Gg defines a map

X GO — g
g +— (Lo—l)*pXU.

Obviously, a vector field is left invariant if and only if the associated map is constant.

Given a curve o : [tg, t1] — G, every vector field Y on o defines a curve in g :
Y(t) = (Low1), o Y ()

and conversely, every curve in g defined on [0, 1] determines a vector field on 0. We
say that one is the reflection of the other and we write either y~ =Y or Y~ = y.

Notice that y(t) = (Y'(t))~ is equivalent to y(t);“(t) =Y (t).

Theorem 2. The reflection y(t) = yie] + yaey + yzes + yaes in g of the Jacobi field
along a geodesic o : [0,1] — G with 0(0) = € and initial velocity 6(0) = ae; + bey +
cez + dey has components

where A;, B;, C;, D; and o are constants that depend on a,b,c,d.

Proof. In fact, from the Jacobi equation, we obtain

y' = —V2cyh + V2 by,

Y’y = —V2 cyp + V2 ay}
y's = V2 by, — V2 ay)
/!

y4=0



And a direct calculation gives

1
A=) (2‘”(“01 T bO et

e~ V2y/ —a?4b24c2t

y1(t) =

+\/§2—\/W (b201 +c2C1 — abCs + cv/—a2 + b2 + c2Cs — acCs — bv/—a2 + b2 + c2c3) +
—a C
eﬁ\/—a2+b2+02t
+ A (—b201 — 20y 4+ abCs + cv/—a2 + b2 + c2Cq + acCs — bv/—aZ + b2 + c203)
—a (&
(t) ! 2bt(—aCy + bCo + cC3)+
Y2 _2(a27b2702) aCq 2 cC3
E—\/E\/—a2+b2+c2t
+\/§2—\/W (abCl + eV —a? +b2 4+ c2C1 — ang + 0202 — beC3 — aV —a2 4+ b2 + 0203) +
—a C
e\/E\/fa2+b2+c2t
+ W (—abCl + eV —a? +b2 4201 + aZCQ — c2C2 + bcC3 — aV/ —a2 4+ b2 + c203)
—a C
1
y3(t) = (a2 — 52 — o) — 2ct(—aCq + bC2 + cC3)+
e\/§\/—02+b2+c2t
+W (ﬂzccl —bvV/—a2 + b2 + 2Cy + beCa + av/—a2 + b2 + ¢2Co + a2Cy — b203) +
—a C
e—\/E\/—n,2+b2+(:2t
+ N (acCl —bvV—a2 + b2 + c2Cy — beCa + av/—a2 + b2 + c2Cy — a2C3 + b203)
—a C

va(t) = Cat + Cs
In the case of a? = b* + ¢? the components of Jacobi fields become
yi(t) =Cy + %(315 + 0215 + 2130y + é(—?)\/icﬂ + 20702 + 230y
+ %(3\/§bt2 + 2eV0? + )G
Yya(t) :%(—3\/%52 T 20V + 2t%)Cy + Oy + %(Bt — V)0,
+ é(:p?)\/éx/mt? — 2bct®)Cy
s (?) _%(3\/51)752 T2V A0, + é(qEB\@\/th ety

1
+ 05 + §(3t - CztS)CG
y4(t) :C7t + Cg

1.2 Parallel transport in terms of reflections

The parallel transport is a tool that informs us about the holonomy of the Lorentzian

manifold (Go, k™).

A smooth vector field X along a smooth curve o : [a,b] — Gy is said to be parallel if
% = 0. The map P! : T,4)(Go) — T,1)(Go) sending each v,(, to a parallel vector X

on o such that X (a) = v,(,) is called parallel transport along o.



In what follows we give an outline of the parallel transport starting at ¢.

)
?)

Now, the lightlike vectors u. = ( CCL Z ) satisfies the condition a® 4 2bc + d? = 0, and

The integral curve of e through ¢ is

[\

als) = CoS (73> sin

—sin (%s) cos

wfS ofS

the integral curves through e are
sin (gs) %b sin (Qs)

a(s) —e"2" ( cos (55) + 2

0
fain(Bs)  cos(8s) - 0sin (§s) )

where 6 = Re(v/2bc — 2ad). Moreover,

det(a(s)) = elatds (cos (gs) +2 (%) sin (gs)>

and the polynomial characteristic is

(a—d)

p(A) = A2 + trace(a(s))A + det(a(s))

4
Let v be a geodesic with initial direction zy starting in the unit of Gy, if x = Z xie;
i=1
is the reflection of +/, the reflection y of the parallel transport of Y along ~ is given
by the solution of the following system of differential equation

, V2

h = 7 (y3$2 - yzl’s)
, V2

Yo = 7 (9311 - y1$3)
, V2

Ys = b (?Jl% - yle)

Yy =0

1.3 Isometries of (Gg, k™)
Recall that we have

Lemma 5. The left and right multiplication are isometries of (Go, k), and con-
sequently the inversion map and the map I, defined by I,(7) := o7t o, for any
o, 7 € Gy, are isometries.



Note that I, inverse the geodesic, this means

I5(7(s)) := 07(=5)o
where y(s) = e*" is a geodesic with v(0) = I. € Gy and 7'(0) =u € g

In particular for o = ¢ and u = ¢;

cos (L2s) —sin (Ls
L(3(s)) = <i§> ()

) eos (32)

On the other hand, it is well-known that the metric k™ can be lifted to the Lorentzian
metric k™ over the universal covering G such that the covering map p is a local isom-

etry. For a better comprehension of the isometries of (Go, k™) it is convenient to study
the isometries of the universal covering space (G, k") (for instance see Proposition 2.1

and Theorem 2.2 of [2]).

1.4 Causal Structure

Since (Go, k™) is quadratic, its causal structure is determined by the Minkowski space
(T.(Go), k).
Determining the different types of vectors constitutes the first step to comprehend a
spacetime model. We will find these types of vectors.

a b
Note that the matrix

c d

€

given a vector of lightlike (respectively timelike, spacelike) if it verifies a®+2bc+d? = 0
(respectively a? +2bc+d? < 0, a® + 2bc+d? > 0). It is commonly accepted that the set
of all lightlike vectors in T,(Gy) is the lightcone at o € Gy.

Let F be the set of all timelike vectors in g. The timecone of g containing u € g is
defined as C'(u) := {v € F| k(u,v) < 0}, and the opposite timecone is —C(u) := {v €
F| k(u,v) > 0}, so the timecone containing e; is

a b
Cler) = c<b a®+2bc+d> <0
c d
and the opposite timecone is
a b
—C(ey) = c>b, a’>+2bc+d* <0
c d

Note that the function f from matrices 2 x 2 to real numbers defined as f (a;;) =
a3 + 2a12as1 + a3, is a smooth map with constant rank 1, then f~1(0) is a embedded
submanifold of dimension 4.

The following results are well known,

10



Lemma 6. Timelike vectors u and v in a Lorentz vector space are in the same time-
cone if and only if k(u,v) < 0. Furthermore, timecones are conver.

2 Flat Affine Structure on GL(2,R),

Proposition 3. Since the matriz multiplication is associative, the above Lie group G
15 endowed with a bi-invariant flat affine structure V i.e. a linear connection without
torsion and curvature.

The universal covering group of GGy is the product manifold G=Rx SDP(2), where
SDP(2) are the symmetric definite positive matrices and the covering map is

p: RxSDP(2) — Gy )
(t,T) = O

here O, denotes an orthogonal matrix.

The product of Gy rises to a product in G such that G is a Lie group and p is a ho-
momorphism of Lie groups (see [4] pag. 53)

To find the multiplication in CNJ, we must calculate the polar decomposition of O;TO, R,
this is ) .
O,70,R(RO_,T?0,R)"2 (RO_,T*O,R)?

J/ J/
-~ -~

Os S

Then the multiplication of two elements in G is given as follows:
(t,T)- (r,R) = <s(t, ), (RO,TTZOTR)%) (6)
where s(t,7) € R can be calculated using the orthogonal matrix of order 2 x 2
Osttr) = O,TO, R(RO_, T?0,R)"2
The multiplication (0] can be written as
(t,T) - (r, R) = (arctan(d) + t + r, O_ arctan(9)—1—+1 Or R) (7)

where

T g trace(O_, TO, Rw) ST and w— 0 1
2 ~ trace(O_,TO,.R) ~ 2 10

A direct calculation shows that (é, ) is a Lie group.

Theorem 3. The developed map of the flat affine manifold (Go, V) in the Ehres-
mann’s sense [4], following Koszul method [6], is given by

Dev : éo - R*
(Y1,92,¥3.94) — (Y192 — L, y3, 94 — 1)

11



Proof. Let (x1, 2, x5, x4) be the natural coordinates (3) of Gy. We know that V is
locally isomorphic to usual connection V° on R*, then its 1-form connection w can be
written in local coordinates (x1, x2, x3, x4, (X);j)), like

4
w=(wy) = (Z Y;-kkaj> ., where (V) = (X;;)7*
k=1

Let (é, p) be the universal covering group of Gy, where p is the covering map , and
g the Lie algebra of G.

We can lift the affine structure to G through w := p*w. Now, we will compute the
developed map of (G, V). First, we find the vector fields Y on G such that VY = 0.

In the local coordinates
Y2 Y3 ~
(yh ( Ys s >) = (yl,y2;y3,y4)

4
0
Y:Zaia—y, with a; € R
i=1 ¢

they are

Second, we shall calculate the close g-valued 1-form 7 on G such that %7] = 0 and
n(Y) =Yz A direct calculation shows that n = (dyi, dys, dys, dy,)

Finally, the developed map is given by Dev(c) = fc 1, where C' is a curve joining
£=1(0,1,0,1) and &. Then

Dev : Go — R*
(Y1, 92, Y3,94) — (Y1, 92 — Lys,ya — 1)

We have the following result (See [1])
Theorem 4. (Gy,V, k") is a local (in fact global) Hessian manifold.

Proof. A potential function for k% is

fi GooR
M +— trace (M?)

In natural coordinates, the gradient has the expression




[1]:

[2]:

[3]:

[3]:

Hence

’f N\

S O O
o = O O
o O = O
_— o O O

3 Python Computes

import numpy as np
from sympy import symbols, Matrix, simplify, sqrt, solve, Transpose,.
—Trace

3.1 k-symmetric Operators

# Defining metric k = Traza(AB) respect to Orthonormal basis
k = Matrix([[-1,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,1]1)

# Defining variables

ull, ul2, ul13, ul4, u21, u22, u23, u24, u3l, u32, u33, u34, udl, u4d2,._
—u43, u44 = symbols(’ull ul2 ul3 ul4 u21 u22 u23 u24 u3l u32 u33.
—u34 u4l u42 ud3 udd’)

# Matrixz representation of an operator in the natural basis of GL_2
u=Matrix([[ull, ul2, ul3, ul4d], [u21l, u22, u23, u24], [u31, u32, u33,.
—u34], [udl, u42, ud3, ud44ll)

# Orthonormal basts respect to metric k=Traza(AB)
El1=Matrix([[0,sqrt(2)/2], [-sqrt(2)/2,0]1]) #Timelike
E2=Matrix([[0,sqrt(2)/2], [sqrt(2)/2,01]1)  #Spacelike
E3=Matrix([[sqrt(2)/2,0],[0,-sqrt(2)/2]]1) #Spacelike
E4=Matrix([[sqrt(2)/2,0]1,[0,sqrt(2)/2]]1)  #Spacelike

#Compute k(u(a),b)=k(a,u(b)) on orthonormal basis
KO=Transpose (u) *k-k*u

solve([KO], ull, ul2, ul3, ul4, u2l, u22, u23, u24, u3l, u32, u33,._
—u34, u4l, ud2, u43, udd, dict=True)

[{u12: -u21, u13: -u31, uld: -udl, u23: u32, u24: ud2, ud4: ud3}]

13



[4]: # Matriz representation of the k-symmetric operator in the.
—orthonormal basis
ku=Matrix([[ull,ul2,ul3,ul4d], [-ul2,u22,u23,u24],
—[-u13,u23,u33,u34], [-uld,u24,u34,ud4]])
print (’k-symmetric operator in the orthonormal basis:’)

ku

The k-symmetric operator on the orthonormal basis:

[4]: | U1
—Ui2
—U13
—U14

U2 U13
U2  U23
U23  U33
Ugq U34

U4
U4
U34
Ugq

[5]: | # Metrics given by the k-symmetrics operator in the orthonormal.
—basts:

Transpose (ku) *k

[5]: [—uUw
—U12
—U13
—Ui4

—Ui2 —U13 —Ui4

U22 U23 W24
U23 Uss U4
U4 U34 Ug4

3.2 Curvature

[6]: KO: Matrix([[l,o,oio],[0313050]3[Oﬁoil,O],[Oio,O,j-]])
#K1 = k 1s Levi-Civita
K2= Matrix([[-1,0,0,0],[0,-1,0,0],[0,0,1,0],[0,0,0,11])

14



[7]:

[7]

# Levi—-Civita Christoffel Symbols
gamma = [[[0 for i in range(4)] for j in range(4)] for k in range(4)]

# Structure coeficients of Lie algebra C_{ij5} k=AE[%][5] [k]
AE= [[[0,0,0,0],[0,0,s8qrt(2),0],[0,-sqrt(2),0,01,[0,0,0,01],
[[0,0,-sqrt(2),01,[0,0,0,0,0,0], [-sqrt(2),0,0,0],[0,0,0,011,
[[0,sqrt(2),0,0], [sqrt(2),0,0,0], [0,0,0,0],[0,0,0,0]],
[[o,0,0,0], [0,0,0,0],[0,0,0,0],[0,0,0,0]]1]

# Christoffel Symbols Computes
# Gamma_{1 5} k=\sum_{1l,m,n}O0.
S BK {1} (-K_{jm}C_{il}"m=K[1,m] *C_{ 53} "m+K_{im}*C_{15} m)
# KO
for i in range(4):
for j in range(4):
for k in range(4):
gamma[i] [j] [k]=0
for 1 in range(4):
for m in range(4):
gamma [i] [j] [k] += simplify (0.5 *_
— (KO[k,11*(-KO[j,m]*AE[i] [1] [m]-KO[1,m]*AE[j] [i] [m]+KO[i,m]*.
~AE[1][j]1[m])))

print ("The Christoffel Symbols are: ")

for i in range(4):

for j in range(4):

for k in range(4):

print ("Gamma", i+1, j+1, k+1, "=", gammal([i] [j] [k])

“The Christoffel Symbols are:

Gamma 1 1 1 =20
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma

.B*sqrt (2)

|
O Ok OO O O O

= -1.5*sqrt(2)
=0
=0
=0

e

DWW WWNDNNDNRE - -

=R N R, D WD R, D WN
I
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Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma

.Bxsqrt (2)

Il
O O O O O O OO o oo

= -0.5%sqrt(2)

O O O O O O O o

= -0.5*sqrt(2)

.B*sqrt (2)

DD DD P DD D WOWWWWWWWWWWWWWWWNNNDNNNDNNNNNDNNNNNDNNDMNDNDMNDNDMNDNDRE PP

W W NDNNNNEFE PR PRSP OODOQOWWOWNDNDNMNDMNNER R RPRPRPRPSPDEDEPDPOWOWOONDNNDNMNNNE R RFPE R DD D

N~ PP WONDNEPDPONEPDPONDNEPDPONDNE PP OODNDNEPDPODNEPPONE PP ONDNE PP OONDNEDPONDNE DO
]

|
O O O O O O O OO OO O OO OO0 OOOO OO oo



[8]:

[8]:

[9]:

[9]:

Gamma
Gamma
Gamma
Gamma
Gamma
Gamma

I O N NN

N N N NS IR

D W NN~ P W
I

O O O O O o

# Curvature of K_O

L1=Matrix([[0,0,0,0],[0,0,-3*sqrt(2)/2,0], [0,3*sqrt(2)/

~2,0,01,[0,0,0,011)

L2=Matrix([[0,0,-sqrt(2)/2,0],[0,0,0,0], [sqrt(2)/2,0,0,0]1,[0,0,0,011)
L3=Matrix([[0,sqrt(2)/2,0,01, [-sqrt(2)/2,0,0,0],[0,0,0,0],[0,0,0,011)

# R(e_1,e_3, )\neqO
L3*L1-L1*L3+sqrt (2) *L2

_3
2

O O O
o O O O
o O OO

0
0
0

# K2

for i in range(4):
for j in range(4):
for k in range(4):
gamma[i] [j] [k]=0
for 1 in range(4):
for m in range(4):

gamma[i] [j] [k] += simplify(0.5 *_
—~(K2[k,1]*(-K2[j,m] *AE[i] [1] [m] -K2[1,m] *AE[j] [1] [m]+K2[i,m]*_

—~AE[1] (3] [m])))

print ("The Christoffel Symbols are: ")
for i in range(4):
for j in range(4):
for k in range(4):
print ("Gamma", i+1, j+1, k+1, "=", gammal([i] [j] [k])

The Christoffel Symbols are:
111

Gamma
Gamma
Gamma
Gamma

= e

e
W N

0

0
0
0
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Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma

DWW W W WWWwWWWwWWWWWWWWNDNDNNNDDNDNNMDNDNMNDNDNNMMNDDNMNMNMNODNNRERERPRRPRRFRRPRRPRRFRRBRRFRBRB &

= PP P O WWWNDNNDNNNNNERE,E PR, PR, R, PR DR POOWOWONNMNDNNNERE R, PR, R PP D PDPOOOWODNDDNDDNDDND
= D WONE PDPOONE PP ONDNEPPOODNE PP ONEPDPOODNDNE PP ODNE PP OODNDEPDPODNE PR ODNDEPDPON

0

=0

-0.5%sqrt(2)
0
0
-0.5%sqrt(2)

O O O O O O O o

= -1.5*sqrt(2)

O O O O O

-1.5%sqrt(2)

.B*sqrt (2)

éOOOOOOOOOOO
(o)
*
n
Q
H
ct
~
N
N~

O OO OO O O OO o oo
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[10]:

[10]:

Gamma 4 1 2 =0
Gamma 4 1 3 =0
Gamma 4 1 4 = 0
Gamma 4 2 1 = 0
Gamma 4 2 2 = 0
Gamma 4 2 3 = 0
Gamma 4 2 4 = O
Gamma 4 3 1 =0
Gamma 4 3 2 = 0
Gamma 4 3 3 = 0
Gamma 4 3 4 = 0
Gamma 4 4 1 = 0
Gamma 4 4 2 = 0
Gamma 4 4 3 = 0
Gamma 4 4 4 = O

# Curvature of K_2

L21=Matrix([[0,0,0,0],[0,0,-sqrt(2)/2,0], [0,-sqrt(2)/
-2,0,0],[0,0,0,0]1)

L22=Matrix([[0,0,-3*sqrt(2)/2,0],[0,0,0,0], [-3*sqrt(2)/
-2,0,0,0],[0,0,0,011)

L.23=Matrix ([[0,-sqrt(2)/2,0,0], [sqrt(2)/2,0,0,0],[0,0,0,0],[0,0,0,0]11)

# R(e_1,e_2, )\neqO

L21%L22-1L22*L21-sqrt (2) *L23

0 -1 00
0 00
0 0 00
0 0 00
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