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Abstract

The goal of this paper is to study the geometry of the connected unit com-
ponent of the real general linear Lie group 4 dimensional G as a Lorentzian
and flat affine manifold.

As the group Gy is naturally equipped with a bi-invariant Hes-
sian metric kT, relative to a bi-invariant flat affine structure V,
we examine both structures and the relationships between them.
Both structures are defined using the Lie algebra g, the first
one through the trace k(u,v) trace(u o v) and the sec-
ond by the composition V, v (u o v)*, where u,v €
g.

The curvatures, tidal force, and Jacobi vector fields of (G, k™) are deter-
mined in Section 1. Section 2 discusses the causal structure of k™, while
Section 3 focuses on the developed map relative to V in the sense of C.
Ehresmann.

Keywords
Lorentzian metric; curvature.

1. Lorentzian Structure

Let Gg be the connected unit component of the Lie group of isomorphisms
of the real vector space R? and g its Lie algebra. We will identify g with
T:(Gp), the tangent space of Gy in the identity element £, or with the space
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A. Medina and A. Villabdn

of left-invariant vector fields on Gy.

Consider the left-invariant metric k™ on Gy given by the inner product k
on g defined by

k(u,v) := trace(u o v), where u,v € g.
If u™ is the left-invariant vector field on G determined by u € g, since the
operators ad,+ are kT-antisymmetric, the right translations on Gg are also

isometries. Then k™ is a bi-invariant metric, i.e. (Go, k™) is a quadratic
Lie group in the Medina-Revoy’s sense.

Consider the following k-orthonormal basis B of g given by

= B(00) () o
- 2(%) e 2(00)

The Lie brackets, except antisymmetries, relatives to B become
le1, e2] = \/5637 e1,e3] = —\/5627 2, €3] = —V/2e;.

Moreover, as k is given by the table

k|le |eles|es
er|—1{0]01|0
ea| 0| 1|00
es| 00|10
es4] 00|01

Hence k7 is Lorentzian.

Recall that, a tangent vector u to G is called timelike (respectively light-
like, spacelike) if k(u,u) < 0 (respectively k(u,u) = 0, k(u,u) > 0). In
particular, the vector e; is timelike, and the others e; are spacelike.

We will show that every left-invariant semi-Riemannian metric on Gy is
non-flat.

The following assertion is clear.

Lemma 1. Any left invariant semi-Riemannian metric g on a quadratic
Lie group H is given by a linear isomorphism g-symmetric ¢ on its Lie
algebra b by the formula

(u,v)y = g(p(u),v)), u,v €h

From Lemma 1, we have

Proposition 1. Every left-invariant (respectively right-invariant) semi-
Riemannian metric on Gq is not flat.

The proposition is a consequence of the following lemma
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Lemma 2. The left-invariant semi-Riemannian metrics on Gy are given
by the following k-symmetric linear isomorphisms of g

po(e1) = —e1, wole2) = €2, po(es) = e, woles) = €4

pi(e1) = e1, piez) =e2, pi(es) = e3, p1(eq) =e4

pa(e1) = e1, pa(e2) = —e2, pa(e3) = es, pa(es) = €4
and their index are 0,1,2 respectively. Moreover, the curvatures of <
u, v >;:= k(p;(u),v) fori=0,1,2 are not flat.

These computations are provided in the Section 3.

For the study of the movement space in (Go, k"), in addition to the tan-
gent bundle, it is convenient to introduce some principal fiber bundles. For
instance, the orthonormal fiber bundle over (G, k™) facilitates the under-
standing of parallel transport along a curve, in particular the holonomy
groups and the holonomy bundles.

Let P = L(Gy) be the principal fiber bundle of the linear frames over Gy.
Since GL(4,R) is 16-dimensional, P has a dimension of 20. On the other
hand, as the orthogonal group O(1, 3) is the dimension 6, the principal fiber
bundle of the orthogonal frames over Gg is 10-dimensional.

Now, the Levi-Civita connection D of (G, k™) can be expressed using left-

invariant fields as
D, vt = 5[u,v]Jr

hence the curvature, sectional curvature, scalar curvature, and Ricci tensors
become

[[w" "], w]
kY ([uh, ot fut, vt
4kt (ut,ut) kbt (vt ot) — k+ (ut, vt)?
with span{u™,v"} a nondegenerate plane,
S = 22K(ej,ej)
1<j
B(u,v)
4
respectively. B is known as the Cartan-Killing form.

Ryiprw’ =

1
4
1

Kut,ot) =

1
Ricei(u,v) == — = —Ztrace (ady o ad,)
Consequently, we have

Lemma 3. In terms of the above orthonormal basis (1) of (g, k), the curva-
ture tensor, the sectional curvature, the scalar curvature, the Cartan-Killing
form and the Ricci tensor of (Go, k™, D) are given respectively by

1 1 1
Rerse5,ef) =565, R(ef e5,e5) = sef  R(ef eg ) = 5ei,

2 2
R(ef efef) = yeb R (efoeef) = b R (ef e e§) = —3ef
1 1 1
R(efoef o) = e R (efocfoef) = yef R (ef el ef) = —3ef
R(ef et ef) = 5ot R(ef e ef) = e R(ef e ef) =~

R (ef,e;r,e,f) = 0 in the other cases.

>,
o850
%%

Scientific Research Publishing 3



A. Medina and A. Villabdn

1
K(ef,e3)=K(ef,e3) = K(eg,e5) = -5,

Sy
—~
('b
—
Cb
—
~
|
|
=
Sy
—
Q
g
8
N
I
oy
—~
N
&
g
w
SN—
I
=
Sy
—
Q]
s
Q]
o
SN—
I
o

Ricci(ef ef) =1, Ricci(ed ,e5) = Ricei(eq,ed) = —1,
Rz‘cci(ez—fa GI) = Ricci(e—"—a e;—) =0, fO"Mi 7é J

It is clear that the curvature tensor (respectively the tensor Ricci), viewed
in the principal fiber bundle of the orthogonal frames, has 12 components
(respectively 3).

Recall that the structure of the gravitational field, without matter (or an-
timatter), is determined by the Weyl tensor. The next result exhibited the
components of the Weyl tensor.

Theorem 1. Using the orthonormal basis (1), the Weyl tensor components
are given by:

0 ifi=j=k=1li=j=k#l i#j#k#I

3 ifi=k=1,j=1=2 ori=k=1,j=1=3,
ori=1=2,j=k=3

—3 fi=l=1j=k=2 ori=1l=1,j=k=3,

W(ef,e;r,ez,e;r): ori=k=2,j=1=3

1 ifi=1=23j=k=4, ori=1=4,j=k=2,3,
ori=k=1,j=1=4, ori=k=4,7=1=1

—3 ifi=l=1j=k=4, ori=1l=4,j=k=1,
ori=k=2,3,j=1l=4, ori=k=4,7=1=2,3

Proof. The Kulkarni-Nomizu product of two symmetric covariant 2-tensor
h and [, can be obtained by:

(h®l)(w,z,y,2) :=h(w, 2)l(z,y) + h(z,y)l(w, z) (2)
— h(w,y)l(z, z) — h(zx, 2)l(w,y)

and
1 S
_ SR Okt + 2kt o kT
W =R, 2Ruc Ok + 12k Ok
_ L, +_1 + +
=R, 2Rmz@k: 4k Dk

where Rm(Xl, XQ, X3, X4) = <R(X1, XQ, Xg), X4>k+ for all Xl, XQ, X3, X4 S
X(Go) (see [6]), the result is followed. O

Working in the (natural) coordinates system

(w1, T2, T3, T4) = ( T ) (3)

T3 T4

>
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we obtain a smooth frame

2 Oy Oz Oxs 0x4
V2 0 1o} 0
T = — _— _— g ———
©2 = 2 (m28x1 +x18m2 +x46 3 +x58m4)
3 2 18331 28:1}2 361‘3 481’4
V2 9 d 9
= —_— _— —_—
ey = 5 <$181+$26m2+$363+m48$4>
and its corresponding dual coframe
() = L (5ader + 2ades — 21y — zadaa)
V2(z124 — 2073)
1
ef) = —x3dx + x4dxe + x1drs — T2dX
(e3) \/5(961974—962:1:3)( sdry + wydas + w1drs — waday)
1
ef)" = r4dry + x3dT9 — TodTr3 — T1dT
(e3) \/§($1$4_$2$3)( 1dz1 + x3dzy — T2dTsy — T1dTs)
* 1
(ei_) = (-'174d5171 — x3dxry — xodrs + xlda:4)

V2(z124 — T223)
With the above, we have the following

Proposition 2. In the coordinate system (3) the elements involved in Ein-
stein’s equation are written as

== (o) ()" + (e3)" ()" + (e5)™ ()" + (ed)™ ()"
_ 1

= 2xidx% — dxgradriday — dxorsdridrs
2(1’1934 — X223

o
+ dxorsdridry + 29:§d:r§ + dx1xadaodrs — drix3drodry

+2x3das — 4o wodrsdry + 2:B%da:§)

1T 1T x2 2z 2x
Ricci=<_ 12+ 14+_2>d$%+ \/_1+\/_2 dzidxo

2 2 2 2 2
2 2 2 2
+ <\/;x1 + \/_25E4> da:ld:cg + (\/;331 + \/_21E3> da:ld:c4

2 2
+ (\/§LU1) dm% + (— \/;3}2 + \/;334> dzrodxs

2 2
+ (\/_acg + \/_x?’) drodxy + (\/§$3) d:v%

2 2
2 2
+ <\/;x5 — \/_;4> drsdxys + (\/§$4) d:vi

1.1. Tidal Force and Jacobi Vector Fields

Definition 1. For a vector 0 # v € T,(Gg) the tidal force operator F, :

ut — vt is given by Fy(y) = Ry,v.
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The tidal force is a self-adjoint linear operator on u', and trace(F,) =
_Ricci(vav)-

A direct calculation gives

4
Lemma 4. For v, = Z fz-e;rg, with o € Gy we have
i=1

trace(Fy, ) = —Ricei (Vo, Vo)
4 4
= —Rjcci Z fiej:oﬂ Z fje;:a
i=1 j=1

4
= - Z fiijicci (ez:gve;:g)

ij=1
=—fi+f+f3

Definition 2. Jacobi Fields.

If 7(t) is a geodesic, its variations in (Go, k™) are given by vector fields Y
solutions of the differential equation

D%*Y
— = R(Y, 7 (4)

where DY /dt denotes the affine covariant derivative relative to V along 7.
Now, we will focus on the Jacobi equation in a Lie Group following [3].

Every vector field X on Gq defines a map

X: Gy — g
o (LU—I)*,UXO-.

Obviously, a vector field is left invariant if and only if the associated map
is constant.

Given a curve o : [to, t1] — Gp, every vector field Y on o defines a curve in
g: ~

Y(t) = (La(t)_l)m(t) Y (t)
and conversely, every curve in g defined on [0, 1] determines a vector field

on 0. We say that one is the reflection of the other and we write either
yW=YorY~ =y

Notice that y(t) = (Y (t))™ is equivalent to y(t):(t) =Y(t).
Theorem 2. The reflection y(t) = yief + yaeg + yses + ysel in g of the

Jacobi field along a geodesic o : [0,1] — G with 0(0) = ¢ and initial velocity
(0) = aey + beg + ces + dey has components

y1(t) = Agt + A1e™ + Age™ ™
y2(t) = By + Bie® + Aqe ot
y3(t) = Cy + Cre™ + Coe™ "
ya(t) = Do + Dt

where A;, B;, C;, D; and « are constants that depend on a,b,c,d.

>,
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Proof. In fact, from the Jacobi equation, we obtain

Yy =—V2cyh + V2 by
Y’y = —V2 eyl + V2 ay
y's = V2 byl — V2 ay}
y"4 =0

And a direct calculation gives

1
2(a? — b2 — ¢2)

e—\/ﬁ«/—w2+b2+n2t

y1(t) = <2at(a01 — bCq — cC3)+

2 2
e (b C1 4 ¢2C1 — abCa 4+ cvV/—aZ + b2 + c2Cs — acCs — by/—a2 + b2 + 0203) T
V2y/—aZ + b2 4 2
V2 —aZ 46242t
+ ﬁ (—b2C1 — 62C1 + abCs + cvV/—a? + b2 + c2Cy + acCz — b/ —a? + b2 + 6203)
2y —a® 4+ b2 + ¢
1
y2(t) = e\ 2bt(—aCy + bCo + cC3)+
e~ V2 —a? 4242t ( ) , )
b (abC1 + ¢V —a? + b2 + c2C1 — a“Ca + c“Cqy — bcC3 — avV/—a? + b2 + c2C3) +
V2v/=a? + b2 + 2
V2 —a? 4242t ( )
+ ——— (—abC1 + cV—aZ £ b2 + 2C1 + a2Ca — 2Ca + beCs — av/—a2 + b2 + c2C3
V2V =aZ + b2 + c2
1
y3(t) 2@ 2 e\ 2ct(—aCq + bC2 + cC3)+
V2 —aZ 402 4c2¢
+W (—acCl —bvV—a2 + b2 + c2Cy + beCa + av/—a2 + b2 + c2Cq + a2C5 — b203) +
—a c
o~ V2V —a2 b2 et ) )
+ AT (acCl —bvV—a2 + b2 + c2Cy — beCa + av/—a2 + b2 + c2Cy — a>C3 + b"’C3)
—a C

ya(t) = Cat + Cs

In the case of a? = b? + ¢? the components of Jacobi fields become

yi(t) =Cy + 3(3t+b2t3 + A0y + = ( 3v2ct? £ 26V 02 + 23 C

+ 1 (3V2bt2 £ 2c\/b2 + 2£3) g
yo(t) = ( 3\/_0752 F 20v/b2 + 263)Cy + Oy + = (3t 0230y
:F3\f Vb2 + 282 — 2bct?)C,
3(t) = (3\/_bt2 :FZC\/mt:)’ C’g-i— :F3\/_\/mt2 2bct®)C

+ Cs + 3(31& — 23
y4(t) =C7t + Cy

1.2. Parallel transport in terms of reflections

The parallel transport is a tool that informs us about the holonomy of the
Lorentzian manifold (Gp, k™).

A smooth vector field X along a smooth curve o : [a,b] — G is said to
be parallel if 2% = 0. The map P! : Ty(a)(Go) — To()(Go) sending each

s
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Vg () t0 @ parallel vector X on o such that X (a) = v, (,) is called parallel
transport along o.

In what follows we give an outline of the parallel transport starting at e.
The integral curve of e] through ¢ is
cos (ﬁs) sin (ﬁs
a(s) = 2\/_ j_
—sin (725) cos (723

Now, the lightlike vectors u. = ( (CL Z ) satisfies the condition a? + 2bc +

d? = 0, and the integral curves through ¢ are

_ axdg [ cos (gs) + @ sin (gs) %’ sin (gs)
a(s) ¢ ( % sin (gs) cos (gs) — —(a;d) sin (gs)

where 6 = Re(v/2bc — 2ad). Moreover,

det(a(s)) = ele+d)s (cos <gs) 42 <“d9—_2bc) sin (gs>)
trace(a(s)) = 3% cos (gs>

and the polynomial characteristic is

p(A) = A% + trace(a(s))\ + det(a(s))

Let v be a geodesic with initial direction x( starting in the unit of Gy, if
4
x = Z x;€; is the reflection of 4/, the reflection y of the parallel transport

i=1
of Y along ~ is given by the solution of the following system of differential
equation

;o V2
Y1 = 7 (ysza — yo2x3)

, V2
Yo = 7 (y31171 - y1IL’3)
;o V2
Y3 =5 (Y122 — yox1)
Yy =0

1.3. Isometries of (Gg, k™)
Recall that we have

Lemma 5. The left and right multiplication are isometries of (Go, k™), and

consequently the inversion map and the map I,, defined by I,(1) := o7 10,

for any o, 7 € Gq, are isometries.
Note that I, inverse the geodesic, this means
I5(v(s)) := o7(=s)0

where y(s) = e is a geodesic with v(0) = 1. € Gy and ' (0) =u € g

>
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In particular for 0 = ¢ and u = ¢;

V2 —ain (2
son- (0F

On the other hand, it is well-known that the metric k™ can be lifted to the
Lorentzian metric k™ over the universal covering G such that the covering
map p is a local isometry. For a better comprehension of the isometries of
(Go, k™) it is convenient to study the isometries of the universal covering
space (G, k1) (for instance see Proposition 2.1 and Theorem 2.2 of [2]).

1.4. Causal Structure

Since (Go, k™) is quadratic, its causal structure is determined by the
Minkowski space (T:(Gp), k).
Determining the different types of vectors constitutes the first step to com-
prehend a spacetime model. We will find these types of vectors.

a b
Note that the matrix

c d

€

given a vector of lightlike (respectively timelike, spacelike) if it verifies
a® + 2bc + d* = 0 (respectively a® + 2bc + d?> < 0, a® + 2bc +d? > 0). It
is commonly accepted that the set of all lightlike vectors in Ty (Go) is the
lightcone at o € Gy.

Let F be the set of all timelike vectors in g. The timecone of g containing
u € g is defined as C(u) := {v € F| k(u,v) < 0}, and the opposite timecone
is —C(u) := {v € F| k(u,v) > 0}, so the timecone containing e; is

a b
Cler) = c<b, a®+2bc+d* <0
c d

and the opposite timecone is

a b
—C(ey) = c>b, a®> +2bc+d* <0
c d

Note that the function f from matrices 2 x 2 to real numbers defined as
f(aij) = a3, + 2a12a21 + a3, is a smooth map with constant rank 1, then
f71(0) is a embedded submanifold of dimension 4.

The following results are well known,

Lemma 6. Timelike vectors u and v in a Lorentz vector space are in the
same timecone if and only if k(u,v) < 0. Furthermore, timecones are
convex.

2. Flat Affine Structure on GL(2,R),

Proposition 3. Since the matriz multiplication is associative, the above
Lie group Gg is endowed with a bi-invariant flat affine structure V i.e. a
linear connection without torsion and curvature.
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The universal covering group of Gy is the product manifold G = RxSDP(2),
where SDP(2) are the symmetric definite positive matrices and the covering
map is

p: RXSDP(Q) — Gy (5)
(t,T) —  O/T

here O; denotes an orthogonal matrix.

The product of Gy rises to a product in G such that G is a Lie group and
p is a homomorphism of Lie groups (see [4] pag. 53)

To find the multiplication in G , we must calculate the polar decomposition

of O TO, R, this is

O,TO,R(RO_,T*0,R)"% (RO_, T*O,R)*

/

Os S

Then the multiplication of two elements in G is given as follows:
(t,T) - (r,R) = (s(t,r), (RO_TT2OTR)%) (6)

where s(t,r) € R can be calculated using the orthogonal matrix of order
2x2

Osta) = O/TO.R(RO_,T?0,R) ™%

The multiplication (6) can be written as
(tv T) ’ (7", R) = (arCtan(‘g) +t+m, O_ arctan(Q)—t—rTO'I‘R) (7)

where

T cg— trace(O—,TO, Rw) - Tond we 0 1
2 ~ trace(O_,TO,R) 2 -1 0

A direct calculation shows that <C~1', ) is a Lie group.

Theorem 3. The developed map of the flat affine manifold (Go, V) in the
Ehresmann’s sense [5] is given by

Dev : éo - R?
(Y1,92,93,94) = (y1,92 — L,y3,ya — 1)

Proof. Let (x1,x2,x3,24) be the natural coordinates (3) of Go. We know
that V is locally isomorphic to usual connection V? on R?*, then its 1-form
connection w can be written in local coordinates (x1, x2, x3, x4, (X);;)), like

4
w= () = (Z Yikkaj> ., where (V;;) = (X;;)7 !

k=1

Let (é, p) be the universal covering group of G, where p is the covering
map (5), and g the Lie algebra of G.

10
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[1]:

We can lift the affine structure to G through w := p*w. Now, we will
compute the developed map of (G, V). First, we find the vector fields Y’
on G such that VY = 0. In the local coordinates

Y2 Y3 ~
(yL ( ys U >> = (yl,yg,yg,y4)

4
0 :
Y:;aiayi, with a; € R

they are

Second, we shall calculate the close g-valued 1-form 7 on G such that 67) =
0 and n(Y) = Yz. A direct calculation shows that n = (dy1, dys, dys, dy,)

Finally, the developed map is given by Dev(5) = [ 7, where C is a curve
joining € = (0,1,0,1) and . Then

Dev : éo - R4
(y19y27y37 y4) = (yla Y2 — 19y37y4 - 1)

O
We have the following result (See [1])
Theorem 4. (Go, V, k") is a local (in fact global) Hessian manifold.
Proof. A potential function for k* is
f : Go—R
M — %traee (Mz)
In natural coordinates, the gradient has the expression
10f 9
df= S
gra f ; 8ZB, 8:@
=r17—+tr37—+7T i—i—x i
- 183:1 3(9:B2 281‘3 48:E4
Hence
1 0 00
#F N\ | 0010
0 0 01
O

3. Python Computes

import numpy as np
from sympy import symbols, Matrix, simplify, sqrt, solve,.
—Transpose, Trace
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3.1. K-symmetric Operators

[2]: | # Defining metric k = Traza(AB) respect to Orthonormal.
—basts

K = Matrix([[-1,0,0,0], [0,1,0,0], [0,0,1,0],[0,0,0,1]11)

# Defaning vartables

ull, ul2, uil3, ul4d, u21, u22, u23, u24, u3l, u32, u33, u34,._
—udl, ud2, u43, u44 = symbols(’ull ul2 ul3 uld u2l u22.
—u23 u24 u3l u32 u33 u34 ud4l ud42 ud3 u4d4d’)

# Matrixz representation of an operator in the natural basis.
—of GL_2

u=Matrix([[ull, ul2, ul3, uil4], [u21, u22, u23, u24], [u3l,._
—u32, u33, u34], [ud4l, u42, ud3, uddl]l)

[3]: | # Orthonormal basis respect to metric k=Traza(AB)
El1=Matrix([[0,sqrt(2) /2], [-sqrt(2)/2,0]]1) #Timelike
E2=Matrix([[0,sqrt(2)/2], [sqrt(2)/2,0]]1)  #Spacelike
E3=Matrix([[sqrt(2)/2,0],[0,-sqrt(2)/2]]) #Spacelike
E4=Matrix([[sqrt(2)/2,01,[0,sqrt(2)/2]]1)  #Spacelike

#Compute K(u(a),b)=K(a,u(b)) on orthonormal basis
KO=Transpose (u) *K-K+*u

solve([KO], ull, ul2, ul3, ul4, u2l, u22, u23, u24, u3l,._
—u32, u33, u34, u4l, ud42, u43, ud4d, dict=True)

[3]: [{ul2: -u21, u13: -u31l, uld: -udl, u23: u32, u24: ud2, uld4:.
< >u43}:|

[4]: | # Matriz representation of the K-symmetric operator in the.
—orthonormal basis
ku=Matrix([[ull,ul2,ul3,ul4], [-ul2,u22,u23,u24],.
< [-u13,u23,u33,u34], [-uld,u24,u34,ud4]])
print (’K-symmetric operator in the orthonormal basis:’)
ku

The k-symmetric operator on the orthonormal basis:
[4]: | Y11 w12 w13 Ul4
—ul2 U222 U23 U24
—U13 U23 U33 U34
—U14 U4 UL U4y

[5]: | # Metrics given by the k-symmetrics operator in the.
—orthonormal bastis:
Transpose (ku) *K
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[6]: | ~u11 —Ui2 —U13 —Ul4
—U12 U2 U23 U4
—u13 U223 U333  U34
—Ul4 U4 U4 U4

3.2. Curvature

[6]: KO= Matrix([[1,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,1]11)
#K1 = K 2s Levt-Civita
K2= Matrix([[-1,0,0,0],[0,-1,0,0],[0,0,1,0],[0,0,0,11])

[7]:|# Levi-Civita Christoffel Symbols
gamma = [[[0 for i in range(4)] for j in range(4)] for k in.
—range(4)]

# Structure coeficients of Lie algebra C_{ij} k=AE[%][5][k]
AE= [[[0,0,0,0],[0,0,sqrt(2),0], [0,-sqrt(2),0,0],[0,0,0,0]],

-[[0,0,-sqrt(2),01,[0,0,0,0,0,0], [-sqrt(2),0,0,0],[0,0,0,01],
[[0,sqrt(2),0,0], [sqrt(2),0,0,0],[0,0,0,0],[0,0,0,01],
[[O,O’O’O] b [0’09030] 3 [0303030] ’[O,O’O’O]]]

# Christoffel Symbols Computes
# Gamma_{ij}F k=\sum_{1l,m,n}0.
SOK AL} (—K_{gjm}C_{il} "m=-K[1,m]*C_{ i} "m+K_{im}*+C_{1 5} "m)
# KO
for i in range(4):
for j in range(4):
for k in range(4):
gamma [i] [j] [k]=0
for 1 in range(4):
for m in range(4):
gamma[i] [j] [k] += simplify(0.5 *_
~(KO[k,1]1*(-KO[j,m]*AE[i] [1] [m]-KO[1,m]*AE[j] [i] [m]+KO[i,m]*._
~AE[1]1 [31[m1)))

print("The Christoffel Symbols are: ")
for i in range(4):
for j in range(4):
for k in range(4):
print ("Gamma", i+1, j+1, k+1, "=",_
—gamma [i] [j] [k])

[71:
The Christoffel Symbols are:

Gamma 1 11 =0

Gamma 1 1 2 =0
Gamma 1 1 3 =0
Gamma 1 14 =0
Gamma 1 2 1 =0
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Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma

AR R R R R D D W W W W W W W WWWWWWWWNNMNNNNMONMOMNOMNOMOMNNOMNNOMOMNONNNR R R R R R B B R e

NNMNNMNERrR,rPRPrPRPRED PP P OOWOWODNMNMNMNNERE R, R, R PP PP OOOODNNMNNNNNER,RRER PP PP OOLOODNDNDN
B WNEFE D ONE P ONE PP OONE DD OONEFE PP OONE DD ONE PP ODNDE D OONE PP OONE, PP OONE D ONRER,PDON

0

= 1.5%sqrt(2)

0
0
-1.5*%sqrt(2)

.Bxsqrt (2)

O O O O O O O O OO OO oo

-0.5*sqrt(2)

O O O O O O O O

-0.5*sqrt(2)

.5*sqrt (2)

O O O O O O OO OO OO0 O0OO0OO0OO0OO0OOoOOoOOoOOo
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Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma

A.

0]

0

0

=0

0

0

0]

Gamma 0

QR NS N O N NN NN

AR D W W W W

D WNEFE D WN -
1}

[8]: # Curvature of K_O
L1=Matrix([[0,0,0,0],[0,0,-3*sqrt(2)/2,0], [0,3*sqrt(2)/
-2,0,0],[0,0,0,011)
L2=Matrix([[0,0,-sqrt(2)/2,0],[0,0,0,0], [sqrt(2)/
-2,0,0,0],[0,0,0,0]11)
L3=Matrix([[0,sqrt(2)/2,0,0], [-sqrt(2)/
-2,0,0,0]1,[0,0,0,01,[0,0,0,011)

# R(e_1,e_3, )\neqO
L3*L1-L1*L3+sqrt (2)*L2

_2
2

[8]:

ot O O
O O O O
o O O O

0
0
0

[91: # kK2
for i in range(4):
for j in range(4):
for k in range(4):
gamma [i] [j] [k]=0
for 1 in range(4):
for m in range(4):
gamma [i] [j] [k] += simplify (0.5 *_

< (K2[k,11*(-K2[j,m] *AE[i] [1] [m]-K2[1,m]*AE[j] [i] [m]+K2[i,m]*_
—AE[1] [3] [m])))

print ("The Christoffel Symbols are: ")
for i in range(4):
for j in range(4):
for k in range(4):
print("Gamma", i+1, j+1, k+1, "=",._
—gamma[i] [j] [k])

[9]:
The Christoffel Symbols are:

Gamma 1 11 =0

Gamma 1 1 2 =0
Gamma 1 1 3 =0
Gamma 1 14 =0
Gamma 1 2 1 =0
Gamma 1 2 2 =0
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Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma
Gamma

AR R R R R D D D W W W W W W WWWWWWWWWNNNNONMNOMNOOMNOMOMNNOMNNOMOMONNNNRRRRRR R R QB

W NNMNNMNNNE, PR, R, R DDA WWWWNNNDMNNERE,RRER RS DDEDPDPOOWWOWWNNDMNDMNNNERERRRER DS DD POOLOWOWDNDDN
R D WONE DO, D ONREPDPOONEDONER, PP O, PDPONEFEDPOONEDPONERE, PP ONREPDPONERE DO, P

-0.5%sqrt(2)

=0

0
-0.5*sqrt(2)

O O O O O O O O

-1.5*%sqrt(2)

o O O O O

|
[
(o)
*
]
Q
H
t
~
N
~

.5*sqrt (2)

O O O O O O O O o oo

-0.5*sqrt (2)

O O OO O O OO OO OO0 O0OO0OOoOOoOOoOOoOOo
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[10]:

[10]:

Gamma =
Gamma
Gamma
Gamma
Gamma
Gamma

0
0
0
0
0
0
Gamma 0]

N NN N N N NN

BB D D W oW W

DWW R D WN
Il

# Curvature of K_2
L21=Matrix([[0,0,0,0],[0,0,-sqrt(2)/2,0],[0,-sqrt(2)/
-2,0,0],[0,0,0,011)
L22=Matrix([[0,0,-3*sqrt(2)/2,0],[0,0,0,0], [-3*sqrt(2)/
-2,0,0,01,[0,0,0,011)

L23=Matrix([[0,-sqrt(2)/2,0,0], [sqrt(2)/
-2,0,0,0],[0,0,0,0],[0,0,0,011)

# R(e_1,e_2, )\neqO

L21*L22-L22*L21-sqrt (2) *L23

0 -2 00
0 00
0O 0 00
0O 0 00
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