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METRICAL PROPERTIES OF FUZZY RELATIONS

B. BOUCHON® - G. COHEN** - p. Frank.*®

ABSTRACT

We study distance relations d defined on a finite set E,
associated with a fuzzy binary relation R verifying a generalized
form of transitivity. We classify these distance relations with
respect to k-ultrametricity and m-hypermetricity introducing the
new criterium of T-supermetricity.
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0. STATEMENT OF THE PROBLEM

Fuzzy binary relations generalize the classical deterministic
binary relations between elements of a given population. They can be
used in problems where two different elements are neither absolutely
bound nor strictly unbound. They admit various applications in cluste-
ring, data analysis and classification problems ; they are softer tools
than classical binary relations, since the association of two different
elements can be modulated by numbers between 0 and 1.

In particular cases, these fuzzy vrelations yielid distances
between the members of the population. In this paper, we consider such
relations which further verify a generalization of the transitivity
property. We study metricity and hypermetricity in view of using relations
weaker than the ultrametric one, most commonly considered.

We introduce supermetricity to simplify the study of hypermetric
relations. A generalization of ultrametricity, k-ultrametricity, is pre-
sented; extremal k-ultrametric spaces are defined and characterized.
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1. INTRODUCTION

Let E be a finite set of cardinality n. A fuzzy binary
relation R on E is a mapping from EXE to [0,1] « R. More parti-
cularly , we consider a % - relation R, i.e. R is :

£ - T=ation

- definite : for Xsy in E, R(x,y) = 1 if and only if x=y,

- symmetric R(X,y) =.R(y,x) ¥ X,y

- x-tranﬁtive ({1]) ,[9]) : for every x,y in E R(x,y).z 2V
R(x,Z % R(y,z), for an operation % from [0,1] x [0;1]to (0,1,

* V'denoting the supremun .

- We further suppose that R verifies Vx, y, z :

" R{x,z) %R(y,z)> ((R(x,z) + R(y»z}-1)¥ 0) ; then d(x,y) = 1-R{x,y) .-

satisfies the triangu]arinequa]ity i'd is the T-distance or distance

v associated with R,

2. PARTICULAR *-RELATIONS AND ASSOCIATED DISTANCES

T

Definition 1 : The distance d is called :

- ultrametric (UM-distance or UM) if v x, y, z d(x,y)sd(x,z)\ld(z,y),
- k-hypermetric (k-HM-distance oy k-HM) [3], [6] if
Vxl, cees Xps Yis enes Yis1 in E

i d{x;s%,) + = d{y.,y.)<
Ledegak 100 qeicieker V15

) ) d(x.,y.),
leick  l¢jcke1 1773

- hypermetric (HM-distance or HM) if d s 'k-hypermetric vk eN.
- four-point (FP-distance or FP) ifvyx, y, z, t,

dix,y) + d(z,t) < (d{x,z) + d(y,t)) V(d(x,t) + d(y,z)),
- Probabilistic (P-distance or P) if vx, y, z

d(x,y) <d(x,z) + d(z,y) - d(x,z) d(z,y).

It is easy to check :

Va, be[O,l_'[
atb-ab> aVb ;E;-tl;a/\b?,ab;(am-l)vo, (1)
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As P and UM are associated with x-relations defined by :
ax b=ab

P
akUMb=aAb,

we obtain :
UM = P = T. (2)

We also remark :

H &> T (3)
K="HM == (k-1)-HM (4)
and [6] UM = FP - HM =3 T, (5)

Comparing results (2) and (5), we try to insert 1inks concer-
ning FP, P and k-HM in the same chain.

Proposition 1 : a FP-distance is not necessarily a P-distance.

Proof : Consider E : {P, Q, R, S}.
d(P,Q) = d(S,Q) = 0.195, d(P,S) = 0.01
d(P,R) = d(S,R) = d(R,Q) = 0.1.

Then d is FP, but
d(P,Q) > d(P,R) + d(R,Q) - d(P,R) d{R,Q).
Hence d is not a P-distance.

Proposition 2 : a P-distance is not necessarily a 2H-distance.

Proof : Consider E : {Pl’ P2, Ql, QZ’ 03}.
Vi.g d(Pys Q5) = 0.5, d(Q;,Q;) = a
d(P;» P,) = 0.1, for ae ]0,1] .

Then d is P-distance for a small enough (for example a = 10"2),
but is not 2H-distance, since
d(Pys Pp) +d(Qps Qp) + d(Qys Qg) + d (Qps Q) = 3.1a

> 121’ 7 d(P-|’ Ql) + d(P.Is 02) + d(P-ls 03) = 3, 0 6a.

Looking at (1), we consider other distances, allowing to add an element
to the chain (2).



Definition 2 : We associate IP-distance (or IP), JP-distance
(or JP), and y-distance (or v-d} [4] , with the following operations
a Xp b = (anb) (a+b-ab)

a *JP

R vHI=y)(a+b-abY Oc v ¢1

1) UM=IP o p

1) WMsIPovd  (yy) =2 p
111) IP.aJP  and JP w5l IP
V) 37 such that 1P s,
V) ¥y vd =3 1P

Vi) 1P — FP

Vii) OP =g FP.

Proof : i} and i) an simple.
For 111), iv) and v), take a = 1071, b = 1072 then 4 & ¢b>axpp b
for vy = 0, and a *1p b< akyn b. !
Take a = 0.9 and b = 0.8, then a *1p b>a %55 bs axyb VY.
For vi), take E : {p, Qs R. S} with d(P,S) = d(R,S) = d(Q,S)= d{P,R) = a.
and d(P,Q) = a-¢, d(R,Q) = a + ¢; then d is not FP, but is IP for
e.g. a=10"", e= 1074
For vii), consider the same example with a : 0.9, e= 1074 ; then
d is JP.

3. A SUFFICIENT CONDITION FOR M-HYPERMETRICITY

Definition 3 : A distance d is called m-supermetric (or m-SM)
if the following condition holds for any x, y, z in £

406y) < d(x,2) v d(y,2) + 1 (d(x,2) nd(y,2)) (6)

Proposition 4 m-supermetricity is sufficient for m-hypermetricity.

Proof : Let d satisfy (6) and take any 2m+1l points Al’ 12, cen
Am’ BO, B1 - Bm in E. Denote d(Ai’Bj) by AiBj'
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By symmetry we can take min A.B, = A Bm and again by symmetry
l<igm, J0<j<m m
min A, B. = A B, for all t t<m. Then we get :
1sis%, JOsjsm tt
1 .
A_iAts AiBt+-n—] AtBt lei<tgm
1 .
B'iBt < Atai o AtBt Ogi<tsm

Summing on all i, j, t yields

. b
lﬁjESSm AiAj +Osi<jsm BiBj Slii

2t-1
AB. + TAB. + © -—=AB,.
<t Oci<gkm tgeim Mo L

The right hand side term (RHS) is

X AiBj + = 2t-1 A B+ ngq-é-t)-l Ane1-t Bm+1—t)+

ixj, Ocjem, lcism  tep W
m
+ (m-2 LED Anel Bt .
7z 2
. 2t-1
Now the second term of RHS 1St§§ 2;-1 AtBt+ (1- - )Am+1~t Birtt ¥
Am+1-t Bm+1-t and is less than AtBt + Anel-t Bm+1-t since Am+1-th+1—t <

A.B,. Hence 7T ALA.+31B.B. < £ A.Bi.
tt lei<teh Ocitidm lei<m) Dejem

Remark : The condition is best possible : take E =

A Bo...Bm} s AiBj =1, AiAj=1+u = BiBj for all i, j. Then d is m-HM

iff act because I AA, FrBB, = (M (MY (1)
m c a1 ] . . :
lgi<j<m 041<3<%
= m2(1+u) is not greater than T AiBj =m (ml) iff as% .
l<igm, Ogj<m

Corollary : A JP distance is 2-HM but not 3-HM. A IP-distance is
4-HM but not 5-HM,

Proof : After some computations, from Definition 2 s we obtain
for any triangle with sides x, y, z and y;.zz(say) :
: . (1-y)ez (1-y)©z z
for a JP distance : x<y + ?:E:%——Zs N ~y sz *
For a IP distance : xsy +yz~-yz=y+ 2z (y-y)
50 Xsy + 2.
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Hence by Proposition 4 a Jp distance is 2-HM and a IP-distance
s 4-HM. To see that this is best possible take E = {A;, Ay Ass
Bos B].’ st 83} 3 A'IAj =0, 014 = B_I-Bj. A'lBj = 0,01 :

d is JP and not 3-HM. Take now :

E= {Al, vee Ags BO’ oo Bgl o, AiAj = 5/8 = B.B., A.B, = 0,5 :

d is IP and not 5-HM,

4. EXTREMAL K-ULTRAMETRIC SPACES

The notion of k-ultrametricity is introduced in (2] with
the following definition.

Definition 4 : A distance d is k-uTtrametric (k-UM) if for

(kgz) distances between

any k+2 points X1s Xos o X2 in E, the
them satisfy
d(xi,xj)s v d(xs, xt) for all 1,j

(sst), {s,t}x {i,j}
i.e. the largest distance between any k+2 points is realized at
least twice.

The case k = 1 corresponds to d being ultrametric ; a k-UM distance
is also a (k+1) - UM distance. In [2] , we show that k-UM is equiva-
Tent to weak k-ultrametricity [7].

Definition 5 : Let C{n,k) be the maximum number of different
distances between the n points of a k-UM space E. Such an E is calied
extremal,

Proposition 5 : C(n,1) = n-1.
This will be a consequence of the following.,

Proposition 6 : If the complete graph Kn is coloured with
at Teast n colours, there exists a tricolor triangle.

Proof : By induction. For n = 3, it is obvious. Suppose it
is true for n-1. Let us consider a colouring of Kn with n colours.
If for some vertex x of Kn, the deletion of x (and all edges incident
to x), suppresses only one colour, we are done by induction. So suppose
that for all x this deletion suppresses at least two colours. Consider

ol ol
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the following nxn incidence tableau T = (tij) with tij =1 iff

the deletion of the vertex X; suppresses colour Cs- Every Tine
contains at leat two 1's, so the average number of 1's per column

is two. But no colour can be incident to three vertices so there

are exactly two 1's per column. This means every colour is used once,
which is impossible for n»4, since there are (g)> n edges. So
C(n,k) < n-1. Now a (n-1) - coloration of K, without tricolor triangle

is easy to find.

Proposition 7 : C(n,t) = T(n, t+1) +1 for t3 2, where
T(n,i) is the Turan number (maximum number of edges in a graph with
n vertices not containing a Ki)°

The proof is deduced of the following result.

Proposition 8 [5]: If the edges of K, are colored with T(n, t)+2
coTours, then there exists a (tgl) - colored Kt+1 in Kn. Moreover the
extremal graphs (containing T(n,t) + 1 colors and no such Kt+1) are
all obtained by coloring the edges of a (t-1) - partite Turan graph
with different colors and using an extra color for the remaining

edges of Kn'

Remarks : To get the metric results, replace "color" by “distance",
an "extra color” by "largest distance"” in Prop. 8. Prop. 6 is slightly
more general than Prop. 5, stating that n points in a ultrametric
space realize at most n-1 distances. In fact this holds as soon as
all triangles are isoscele (but not necessarily with sides x, y, z
such that x = y »2). The triangular inequality is not even needed.
T(n,t+1)m£%l (2) for n large.

For t> 2 the structure of the extremal metric space is essentially
unique from Proposition 8. For t = 1 the number of maximal chains of
partitions [8] gives an upper bound for the number of non-isomorph
extremal ultrametric spaces on n points.

Relations between FP, k-UM, 1-SM, m-HM

Observe first that the strength of k-SM and k-HM increases with k,
where as it is the opposite for k-UM. We have seen that k-SM=m-HMY m< k.

cod e



L7

The converse is false : take the Hamming distance ; it is hypermetric
(m-HM, ¥m [3] ) but not 1-SM for 1> 1.

Proposition 9 : FP, k-UM and 1-SM are not comparable.

Proof : FP e 2-SM : take E : {P, Q, R, S}, with d(R,S) = 0.75
d(Q,R) = 0.5 + ¢, d(P,R) = d(Q,S) = 0. 5, d(P,S) = 0.5-¢ , d(P,Q)= 0.25-¢.

4

FP# k-UM. Take E = {P, Q, R, S, SER TR S N
d(X;5R) = d(X,,S) = 0.9 ; d(X;,P) = d (X,,Q) = 0,7 ; d(X;5X;) = 0.6 3

d(R.Q) = d(Q,S) = d(P,S) = d(R.,P) = 0,8 ; d(R,S) = 1; d(P,Q) = 0.6.
t

_ _ o= n

k-SM =4 FP, k~UM =&~ FP, k-UM 2z 1-SM for k> 2 are easy to check (for
k>2 k-UM#£> triangular inequality).
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