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driven by fractional Brownian motion

Nils Berglund, Alexandra Blessing (Neamtu)
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Abstract

The main goal of this work is to provide sample-path estimates for the solution of
slowly time-dependent SPDEs perturbed by a cylindrical fractional Brownian motion.
Our strategy is similar to the approach by Berglund and Nader for space-time white
noise. However, the setting of fractional Brownian motion does not allow us to use
any martingale methods. Using instead optimal estimates for the probability that the
supremum of a Gaussian process exceeds a certain level, we derive concentration es-
timates for the solution of the SPDE, provided that the Hurst index H of the fractional
Brownian motion satisfies H > i. As a by-product, we also obtain concentration esti-
mates for one-dimensional fractional SDEs valid for any H € (0, 1).

2020 Mathematical Subject Classification. 60G15, 60G17, 60H15.
Keywords and phrases. Concentration estimates, slow-fast systems, fractional Brownian motion,
SPDEs.

1 Introduction

Fractional Brownian motion (fBm) is a famous example of stochastic process used in or-
der to model memory effects or long-range dependencies. An fBm is a centered, station-
ary Gaussian process parameterized by a so-called Hurst index/parameter H € (0,1). For
H= %, one recovers the classical Brownian motion. However, for H € (%, 1) and H € (0, %),
fBm exhibits a different behaviour than Brownian motion. Its increments are no longer in-
dependent, but positively correlated for H > %, and negatively correlated for H < % Frac-
tional Brownian motion has been used to model a wide range of phenomena, extending
from mathematical finance [19] to fluid dynamics [22].

Since fractional Brownian motion is neither a Markov process, nor a semi-martingale,
itis a challenging task to construct solutions of SDEs/SPDEs driven by such a process and
to analyze their dynamical properties [12, 13]. Here we contribute to this topic by deriving
concentration estimates for slowly time-dependent SDEs perturbed by an additive fBm for
all ranges of the Hurst index H € (0, 1), and for slowly time-dependent semilinear SPDEs
perturbed by a cylindrical fBm, provided H € (i, 1). In this case, the well-posedness of
the SPDE:s is well-known [8, 9, 10, 21]. We mention that concentration estimates for SDEs
driven by fBm with H € (%, 1) were previously obtained in [11]. One of the main novel-
ties of this work is to extend this finite-dimensional result to H € (0, %). The tools used
in [11], based on results in [6], break down in this case, since they require the covariance
of the fBm to be increasing, and rely on Lyapunov-type equations for the variance of a
non-autonomous fractional Ornstein—-Uhlenbeck process.



The SDEs we consider in this work have the form
dx; = f(et, x,)dt + crthH ,

where the drift term f admits a so-called stable uniformly hyperbolic critical manifold,
that is, a smooth curve on which f vanishes and has a uniformly negative x-derivative. In
the deterministic case o = 0, it is well known that the equation admits a so-called slow solu-
tion, staying e-close to such a curve, and attracting nearby solutions exponentially fast. In
the Brownian case H = %, it was shown in [1] that for o > 0, sample paths are concentrated
in a neighbourhood of size of order o of such a slow solution. Our first main result, The-
orem 3.6, provides similar concentration estimates for any H € (0, 1), with explicit bounds
on the probability of leaving such a neighbourhood.
The SPDEs we consider have the form

dep(r,x) = [AP(t, x) + f(et, Pp(t,x))] dt+odwt(t,x),

where x belongs to the one-dimensional torus T, and W (¢, x) denotes a cylindrical frac-
tional Brownian motion on T. In the Brownian case H = %, concentration estimates near
stable uniformly hyperbolic critical manifolds have been obtained in [2] for the one-dimen-
sional torus, and in [3] for the two-dimensional torus T2, provided the equation is suitably
renormalised. Our second main result, Theorem 4.6, extends the concentration results on
Ttoall He (i, 1), for all fractional Sobolev norms of index s € (0,2H — %).

Numerous extensions and applications of these results are imaginable. For instance,
one could investigate bifurcations in SDEs/SPDEs with fractional noise. For example [4]
analyzes pitchfork bifurcations using finite-time Lyapunov-exponents and approximations
with amplitude equations derived in [5], whereas [15] computes early-warning signs for
fast-slow systems perturbed by additive fractional noise. In the Brownian case H = %, the
works [2, 3] have obtained similar results for pitchfork and avoided transcritical bifurca-
tions in slowly time-dependent SPDEs. Another exciting direction is given by concentra-
tion estimates for SDEs/SPDEs perturbed by multiplicative fractional noise, using tools
from rough path theory and slow-fast systems [12].

This manuscript is structured as follows. Section 2 gives a precise definition of fBm,
and provides a criterion allowing to estimate the probability that the supremum of a mean-
square Holder continuous Gaussian process exceeds a certain level. Section 3 deals with
sample-path estimates for one-dimensional SDEs. The key result in this setting is a suit-
able upper bound on the variance of a non-autonomous fractional Ornstein—-Uhlenbeck
process. The concentration inequality is extended to semilinear SPDEs in Section 4, by
analyzing the Fourier components of its solution and using Schauder-type estimates.

2 Fractional Brownian motion

In this section we collect basic results on fractional Brownian motion and Gaussian pro-
cesses which will be required later on.

Definition 2.1. A fractional Brownian motion (fBm) (W) »o with Hurst index H € (0,1) is
a centered Gaussian process with covariance

1
ElwHwi :5(t2H+32H—|t—S|2H). 2.1)



For H = % we recover the standard Brownian motion, whereas for H # % we obtain a
process which is neither Markov nor a semi-martingale.

A useful estimate for the probability that the supremum of a Gaussian process exceeds
a certain threshold is given by the following theorem [18, Theorem D.4]. It is obtained by
comparing the probability of exceeding a certain level with the one of a suitable stationary
process, using Slepian’s lemma [20]. The mean-square Holder continuity enables one to
define such a process.

Theorem 2.2. Let (X;); be a continuous Gaussian process with zero mean on [0, T| for T > 0.
Assume that (X;); is mean-square Holder continuous, i.e., there are constants G andy such
that

E[(X; - X9)?] <Glt—s|" forallt,se[0,T].

Then there exists a constant K := K(G,y) such that for c >0 and Ac [0, T1, one has
2
IP{supXt>c}sKT02/7exp{——c }
teA 202(A) ]’
where 0%(A) := sup 4 Var (Xy).
Remark 2.3. By a simple scaling argument, one can infer that
KG,y=G"K1L,y) =G K ().

Indeed, the process X; = GV 2 X, has Holder constant 1, maximal variance G~1o?(A), and
satisfies sup,c 4 X; = G~ V2 sup ¢ 4 X O

In our case, we use this result for a non-autonomous fractional Ornstein-Uhlenbeck
process of Hurst index H € (0, 1), which is known to be mean-square Holder continuous
with exponenty =2H.

3 The one-dimensional SDE case

3.1 Linear case

We start by considering linear fractional SDEs, driven by an fBm (WtH ) =0 with Hurst pa-
rameter H € (0,1), given by
dx; = aleH)x, dt +odw/?, (3.1)

where €,0 > 0 are small parameters, and a: [0, T] — R is of class €. Tt will be convenient
to scale time by a factor €, which turns the SDE (3.1) into

1 o
dx; = —a()x,dt+— dw/". (3.2)
€ €
We will assume that the function a satisfies
a(t)<—-ay, Ia'(t)l <a Vie[0,T] (3.3)
for some constants ag, a; > 0, and write
t t
a(t):f a(s)ds, a(t, u):f a(s)ds.
0 u

In order to apply Theorem 2.2, we will need to control the variance of x;. The following
result is an adaptation of [14, Theorem 1.4.3] to the non-autonomous case.



Lemma 3.1. Assume the initial condition x, in (3.2) is deterministic. For any H € (0,1), the
variance of x; satisfies the upper bound

2

HO.Z t
Var(x,) <~ o f [ea(t,s)/e(t_s)ZH—l_ea(t)/s(l_ea(t,s)/f)SZH—l ds 3.4)
0

£

ProOF: The proofis based on the representation
anre, 9 1 AS) o gire H O wH
Xy =Xpe€ +—Hf — et wW (s)ds+—HW (1)
€ 0 € €

a(t)/e

obtained by integration by parts. Since xge is deterministic, we obtain

2 t
Var(x;) = %[[E[(WH(I))Z] +2f AS) atwse gty w (s)) ds 3.5)
E 0 E

t pt
+f f @@ea(t,u)/eea(t,v)/eE[WH(U)WH(U)] du dv|.
0 JO

By the expression (2.1) of the covariance function of the fBm, the first term in square brack-
ets gives E[(W (1))?] = >/, while the second term becomes

“a(s La(s
0o € 0o €&
We split this into three integrals that we compute separately. The first one gives

t

a(s)

Il = l.2Hf ea(t,s)/s ds = t2H[ea(t)/£ _1] ,
0 &

while the other two integrals can be evaluated using integration by parts, yielding

La(s) alt,s)le 2H 2H ! a(t,s)le 2H-1
L= —e""Es ds=—t""+2H | eV s ds,
0o € 0

t t

a(s) _

I :=—f ——ethep_ g2H g = _eatle t2H+2Hf e@9E(p _ g2H=1 g,
0 € 0

We further split the last term in the expression (3.5) for the variance of x; into three inte-
grals. By symmetry, the first two are equal and add up to

t t

alu) alv

14::f f ( ) ( )ea(t,u)/sea(t,v)/s uZH du dv
0 Jo £ €

t
— IZH— t2H ea(t)/e +2H(ea(t)/e _l)f ea(t,s)/e SZH—I ds.
0

The last integral, given by

t t
a(u) a(v)
_f f it ea(t,u)/eea(t,v)/sm_U|2H du dv,

oJo € £

can be dropped since a is negative. The result follows by exploiting cancellations, and writ-
ing the factor > occurring in one remaining term — 2" e*()/¢ a5 the integral of 2Hs*~1,
O

Laplace asymptotics and our assumptions (3.3) on a allow us to obtain the following
simplified expression for the variance for small €.



Lemma 3.2. There exists a constant ry, depending only on ay, a1 and H, such that for any
He(0,1) andany t =0, one has

0%2HT(2H)

Var(x;) < a2

(I+ne). (3.6)

ProOOF: It is sufficient to bound the first term in the integrand in (3.4), since the second
term is negative. The assumptions (3.3) on a imply that whenever 0 < s < t < T, one has

a(t,s)<—ap(t—2s) and a(t,s)sa(t)(t—s)+%a1(t—s)2.

Using the substitution y = a(#)(¢ — s), we obtain

! / 2H-1 1 latn)lt (t,t——L)le  2H-1
f ea(t,s) S(Z._ S) -l 4s= ZH/ ea P Ey - dy .
0 la(1)] 0

If la(D)|t > Z—‘l’, we split the integral at y = Z—? To bound the integral over the interval [0, %],
we use the fact that

Y a o ar -
ft- <-y+ < —y+—y,
a( Ia(t)l) Y oaw?? =7V 24,7
to obtain
agl ay 1 ag/ ay 1 a
alt,s)le 2H-1 2H-1 1 2
t— dss ——— ——|ly-— d
fo e (t—39) s |am|2Hf0 y eXp{ E[y MOY]} y
2H apglea
L ) -5 [, .4 >
= Ia(l‘)IZHfO z exp{ [z ezaoz ]} dz.

The integral can easily be shown to be bounded above by I'(2 H)[1 + & (¢)], see for instance
[16, Theorem 8.1].

Using the fact that a (¢, - ﬁ) < -y, one finds that the integral over the remaining
interval [Z—‘l), la(t)|t] is exponentially small in €, and therefore negligible with respect to the
error of order €. Finally, if |a(f)|t < Z—‘l’, we can use the integral over [O,Z—‘l)] as an upper
bound. a

Remark 3.3. For H = %, this result is consistent with the case of Brownian motion inves-
tigated by Berglund and Gentz in [1]. In particular, the H-dependent constant in (3.6) is

given by 2HT (2H) = 1 for H = §. O

As afirst consequence of the bound (3.6), we obtain a concentration result for the solu-

tions of the linear SDE (3.2). This is based on Theorem 2.2, taking into account the scaling
argument in Remark 2.3.

Proposition 3.4 (Concentration estimate for the linear SDE). Assume xy = 0. Then there
exists a constant r», depending only on ay, a; and H, such that

2

P{Oiltlngxtlla(t)lH > h} < C(T; g,ao) exp{—K(g);j?} , 3.7

where the prefactor and exponent are given by

C( h )=2K0(2H)T2(E)1/H 1-roe 3.8

T;—,ap , k(€)= ————.
o ap 2HT(2H)



PROOF: We introduce a partition 0 =ty < f; < --- < ty = T of [0, T] given by #; = ke for
0<k<N-1=|T/e|, and write I} = [#, tr+1] for the kth interval in the partition. Then the
probability on the left-hand side of (3.7) is bounded by

N-1
Z P{suplxtlla(t)IH > h}
k=0 “telg
N-1
< P > hinf ——
<k;) {ig}zlxtbhtlglkla(t)lf[}
akozmer(M)S inf L (inf — L (supV: -
< — -
<2Ko2Me (0) ,;)tlgfkm(me’(p{ 2 (§5k|a(t)|2H)(§§£ ar(xt)) }

To obtain the last line, we have applied Theorem 2.2 to x; with y = 2H and G = o?/&%H,
which is justified for H > % by [11, Theorem 3.7]. For H < % a computation similar to
the one in Lemma 3.1 entails the mean-square Holder continuity of the non-autonomous
fractional Ornstein-Uhlenbeck process with the same coefficients y = 2H and G = 0?/&%H.
Now we observe that, setting

5(1) 2HT(2H)
)= ——,
la(t)[2H
(3.6) implies Var(x;) < o?9(t)(1 + G (¢)) for all £ € [0, T]. The result thus follows from the
regularity properties (3.3) of a and the fact that the length of I is bounded by €. O

The proposition shows that as soon as h > o, the sample paths (x;) scjo, 7] are unlikely
to leave a strip of width hla(t)|"H before time T. In other words, we obtain a “confidence
strip” for these sample paths.

Remark 3.5. Instead of using a partition of spacing ¢, one could choose a partition given
by t;. = ké for an arbitrary 6 € (0, T]. This yields an extra factor /6 in the prefactor C, and
an additional error term of order 6 in the exponent. Taking § < € is not of interest, since
it increases the prefactor while it does not improve the exponent. Otherwise, the optimal
value of 5 has order 02/ h?, and yields a prefactor of order e T2 (h/0)?*H. Because of the
condition § = ¢, this is only of interest if h? < o?/¢. O

3.2 Nonlinear case

This result can now easily be extended to concentration estimates for sample paths near
stable slow manifolds of non-linear slowly time-dependent fractional SDEs. Consider the
equation

1 o) g
dxt=gf(t,xt)dt+g—Hth , 3.9

where f:[0,T] x R — R is of class 62. Assume that x* : [0, T] — R is a stable uniformly
hyperbolic slow manifold (or stable equilibrium branch), meaning that

e f(t,x*(r))=0forall te [0, T],
* and there exists ag > 0 such that a* (¢) =0, f (t, x* (1)) < —aq for all t € [0, T].

Note that by the implicit function theorem, such a function x* is of class 6 as well. Clas-
sical results by Tihonov and Fenichel ensure that for sufficiently small ¢, the deterministic



equation ex = f(t,x) admits a particular solution x(#) satisfying () = x*(£) + @ (¢) uni-
formly in ¢ € [0, T']. We set
a(t) = 0xf(t, x(1))

and observe that it is bounded above by —ay = —ag + G (¢), which is still negative for £ small
enough. We define the set

B(h) ={(t,x): t€[0,T],|x—x(D)lam)|"” < h},

which is a strip of width h|a(#)| around the graph of X, and write 7 (h) for the first-exit
time of (x;); from 98(h). Then we have the following concentration result, which is the
main result of this section.

Theorem 3.6 (Concentration estimate for the nonlinear SDE). There exist €y, hy > 0 such
that for € < g9 and h < hy, the solution of (3.9) with initial condition xy = X(0) satisfies

ho h?
P{rogm < T} < C(T;;,ao)exp{—x(e)ﬁ[l ~om},
n

where the constants C(T; & do) and k (€) are the same as in Proposition 3.4.

Proor: The difference y; = x; — X(¢) satisfies the SDE
dy: = La0) + bir, yo]de+ 2 dw
vi=zla VYt a Wi

where there exist constants M, d > 0 such that |b(t, y)| = M y2 whenever ¢ € [0, T] and |y| <
d. Tts solution can be represented as y; = y° + y}, where
0_ 9 tea(t,s)/deH 11 tea(t,s)/s b(s, v ds
J’t—gHO s yt_EO »Ys)ds.
For any decomposition h = h® + h! with k%, h! > 0, continuity of sample paths allows us to
write

Plrgo <Th=P{ sup |y llaml=n}
h)

0=<t=<Tg

sum{ sup |y?||a(t)|th°}+uﬂ>{ sup |y}||a(t)|th1}. (3.10)

0<t=Tgm) 0<t=Tgm)

Since ) )
t
alt.s)le Mh Mh

1
ly | < —f — s<
At = ¢ Jo la(s)|H alH’

the second term on the right-hand side of (3.10) vanishes for an h! of order h2. The result
then follows from Proposition 3.4, taking h° = h— h' = h[1 -G (h)]. O

4 The SPDE case

4.1 Linear case

We now turn to the analysis of linear SPDEs on the one-dimensional torus T, of the form

d(,b(t,x):é[A+a(t)]<,b(t,x)dt+;LHdWH(t,x), @.1)

7



where a : [0, T] — R satisfies again (3.3). The SPDE is driven by a cylindrical fractional
Brownian motion (W (¢)) =0 with Hurst parameter H € (i, 1). This means that the noise
is fractional-in-time and white-in-space. The existence of mild solutions for such linear
SPDEs was established in [8, Example 3.1] for H € (i, 1).

The kth Fourier component of ¢ satisfies

1 (o)
dei(t) = - A(Dpi(n de+ g—HdW,fl(t) ,

where A (1) is the kth eigenvalue of —A — a(t) given by A (f) = (2m)?k? — a(t). It has the
order (k)?, where (k) = V'1 + k2, and satisfies |11 (£)| = (27m)%k? + ap.

Remark 4.1. Rescaling time as ¢ = . f, where ui = (ag + ck?)~! for a constant ¢ > 0, we

obtain
H

1. _ . . O ~
d(pk:__Ak(t)¢k(t)dt+%dw,f(t) (4.2)
£ £

with 7 € [0, T/ ug], where IGE WAk (f/ ug), and consequently 1D =1 and |)~»9€(f)| <a
for all 7 € [0, T/u]. This allows us to use Proposition 3.4 with values of ay and a; that do
not depend on k. Therefore, we need not worry about a possible k-dependence of the error
term ry¢€ in (3.8). O

We recall that the (fractional) Sobolev norm on H*(T) for s > 0 is given by

ot )5 = Y kY Ipr (D). 4.3)

kez

While one can work with this norm, it turns out that we can obtain slightly sharper bounds
using a time-dependent Sobolev norm defined by

I, 5= Y ar,s(*1pil*,
kezZ
where we will choose ai, (1) = A (1)(k)*™*, so that ays(t) = (k)*. Note that both norms
are equivalent, and are not sensitive to Fourier modes with large |k|. However, the time-

dependent norm will give a sharper control for Fourier modes with small | k|, and especially
for k=0.

Proposition 4.2 (Concentration estimate for the linear SPDE). Let H € (0, i) andse (0,2H-
%). Then there exist constants cy, c1, 2 > 0 such that the solution of (4.1) with initial condi-
tion ¢(0, ) = 0 satisfies the concentration inequality

P sup 196,05, = b = C(T: 25) eXP{‘K(f)Q(S)th:Z} ’

where Q(s) = co(2H — 3 — 5), k(¢) is the same as in (3.8), and
VH
C(T;g»s)=2K0(2H)T2a§(Q(s)uzg) [1+6e 7).

ProoF: It is known that the fractional stochastic convolution has continuous trajectories
in H* for s € (0,2H - 1), see [8, Corollary 3.1] for H > 3, respectively [9, Lemma 11.10] for

He (%, %). For any decomposition h? = Y kez hi with hy > 0 for all k € Z, we have

P{ sup 1901, )l5r 2 h} =P{ sup Y ar (0?10 = 1’}

0<t<T 0=<t=T jez
2
<) [P{ sup |pp(6)*Ap()?H = L} (4.4)
ez losist ¢ ¢  (ky2sTa .



by the choice of the time-dependent coefficients a, (1) = A;/(£)(k)*"2". According to
Proposition 3.4, we have for each component ¢ solving (4.2) that

hk = ik(f)H hk
P4 su OO = =P! su 6 >
{Ost£T|¢k & <k>3_2H} {0525})/#1: Pt /JII;I (k)S_ZH}

i)

< Ck eXp{—K(E)W

where 6 = uf o due to the scaling in (4.2), and

(T hicuy! )_2K0(2H)T2( hy )UH
pe Grckys2H 2 o kst

Plugging this in (4.4) and simplifying the factors ug entails

2

hy
[P’{OiltlgT lp(t, e = h} = k;zCk eXP{‘K(E) 20.2<k>25—4H} :

We pick 7 > 0 and choose hi = Q(s)h?(k)~“H~25", where the condition h* = ¥ ez h3

imposes
1
-1 _
QW™ =Y, oamay <

kez

This means that we need to have 4 H-2s—n > 1, and since both s and n must be positive we
obtain the restriction H > %. The claimed lower bound on Q(s) follows from the behaviour
of Riemann’s zeta function {(u) as u — 1, choosing for instance n =2H — s — % Based on
this choice of the hyj, we further obtain

h?{kyn
P{OsupT lp(t, s, = h} <> CkeXP{_K(E)Q(S)%}
<t< kez
h\l/H ey (2H)
< 2Ky(2H) TZ(Q(S)ME) Y ”—zexp{—ﬁ(ldn},

kez :uk

where  := K(s)Q(s)%. We claim that the sum over k is dominated by the term k = 0. In
fact, by an argument similar to the one in [2, Theorem 2.4], we can bound this sum by

FO) +2fQ) + f f()dx, where  f(x):=(ap+cxd) (1 +xH)Y e PAF?
1

with an exponent y = n/(4H). The integral can be shown to be of order e P with ¢ > 1,
which yields the result. a

Remark 4.3. The condition H > Zi is consistent with the solution theory for such SPDEs
driven by cylindrical fractional noise [8, 21]. O

4.2 Nonlinear case

We finally consider the nonlinear SPDE given by

dop(t, x) = %[Agb(t,x) + F L, )] dE + ;LHdWH(t, X).

9



We assume f(t,¢p) = —04U(t,¢), where the potential U can be decomposed as U(t,¢) =
P(t,¢)+g(t,¢). Here P is polynomial of even degree 2p with smooth bounded coefficients
such that the leading order coefficient a,,(z) > 0 for all 7 € [0, T], and the function g €
€2([0, T] x R;R) satisfies the boundedness assumptions

for all (¢,¢) € [0, T] x R, for a constant M > 0.

The well-posedness of semilinear SPDEs with drift given by f(z,¢) = —04P(t,¢) was
established in [10, Section 4]. This remains valid for U(¢,¢) = P(t,¢) + g(t,$), due to the
smoothness and boundedness assumptions on g. As before, we assume that we are in a
stable situation, meaning that the there exists a map ¢* : [0, T] — R such that

e f(t,¢* (1)) =0forall t€ [0, T],
* there exists ag > 0 such that a* (1) = 0y f (£,¢p" (£)) < —ag for all £ € [0, T].

Similarly to the finite-dimensional case, the deterministic PDE admits, according to [2,
Proposition 2.3], a solution (ﬁ such that (/_)(t) =¢*(1)+0(¢e) forall £ € [0, T]. We set as before
a(1) = 0, f(t,$(1) and introduce for s € (0,2H - 1)

B(h) :={(t,¢) : t€ [0, T1, I p(t,) = p(t,)lls,c < h}.

The SPDE for the difference v (¢, x) := ¢(t, x) — p(t, x) reads as
dw(t,x) = %[Az//(t, X)+a(w(t, x)+b(t,y(t,x)]dt+ ;LH dwi(z,x), (4.5)

where there exists constants M, d > 0 such that |b(t, )| < sz and |0y b(t,y)| < M|y| for
all £ € [0, T] and v € R with |¢| < d. By the variation of constants formula, its solution is
given by

o [! _ 1 rt ~
W(t’X):_Hf RICOTENICRIEN dWH(3)+—f B9/ Gl=1ElA (¢ (s 1)) ds
£ 0 E Jo
=00 + vl (1, x).

As before, a(t,s) = [ Stc‘t(r) dr. In order to analyze the stochastic convolution we rely on
Schauder-type estimates.

Lemma 4.4 (Schauder-type estimates). Let f € H" withr € (0,2H— %). Then forallqg <r+2,
there exists a constant c(q, ) > 0 such that

_gq-r
le™ fllaa<clg, )t = I fllgr.

Proor: This follows from regularizing properties of analytic semigroups [17, Theorem
6.13], according to which

A _aq-r
||et f||D((_A)q/2) =clg,nt 2 ||f||D((_A)r/2)

for g —r/2 <1, leading to the restriction g < r + 2. The statement follows, considering that
H% = D((—A)9'?). Here we use the equivalence of the time-dependent (fractional) Sobolev
norm with (4.3). O
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For w(t,-) € H®, one can easily prove that §(¢) := b(¢,y/(t,-)) belongs to H®. A proof of
this statement in H* for s € (0, %) relying on Young’s inequality is provided in [2, Lemma
3.4]. We now apply the Schauder estimate in order to obtain a bound on y!(t,-) similar
to [2, Corollary 3.6].

Lemma 4.5. Assume that there exists r € (0,2H — %) such that B(t) € H" for all t € [0, T].
Then for all q < r + 2 there exists a constant c(q, ) > 0 such that for all t € [0, T] we have

Il (2, ) e < c(q, r)fsg_1 sup | B(s)ga .

O<s<t

PROOF: We have
1 1 [t t—s)/ t—s)/elA
Iy (6 D) e < — f e~ (I=9)/e ) ol=9/EIA B(5)|| g ds
0

<c(q,ne’T " sup ||ﬁ(s)||H’f (t-5)7'7 ds<oo,
O=s=<t

since g < r +2. In the last step we used the uniform negative bound on a and the Schauder

estimate. O

Theorem 4.6 (Concentration estimate for the nonlinear SPDE). For every s € (0,2H — %)
and any v > 0, there exists positive constants €g, hy such that for € < ey and h < hye", the
solution of (4.5) with initial condition ¢(0,-) = ¢(0,-) satisfies

g

P{rgm < T} < C(T;g,s) exp{ K(8)Q(S) [1 @( h )

with the same C(T; a, ), Q(s) and x () as in Proposition 4.2.

PROOF: For any decomposition i = kg + h; we have

P{ram = T} =P{ sup 1wt )ls = h}

0=<1=<Tgmm

<P{ sup Iy (6 s+ Iy (1) = R

0=<t=<Tmm
<P{ sup Iyt lse=hof+P{ sup 'tz m}. @6
0=<t=<Tgmm 0=<1<Tgmm

We bound the first term using Proposition 4.2. For the second one we have, similarly to the
proof of Theorem 3.6, that for < 74

ly'(z, )||Hq<0(q,r)8 z I MK?,

since |B() | g < M|y! (t K Y =M h?. Therefore the second term in (4.6) vanishes pro-
vided that 1 = c(g, r)e"z ~Mh?. The statement follows, choosing
ho=h-h1=h-c(qre? "Mh*=h(l-0(h/e)

forv:l—%. O
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