
SUPPLEMENTARY MATERIAL TO: PROJECTION ESTIMATION OF A

QUADRATIC FUNCTIONAL FROM INDIRECT OBSERVATIONS
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Abstract. We consider the convolution model: Y “ X ` ε, where X and ε are independent. We aim
to estimate

ş

R f
2
pxqdx, where f is the unknown density of the signal X from n observations of Y . We

introduce a new projection estimator based on expanding f in the Hermite basis. Convergence rates for f
within the Sobolev-Hermite ball are provided for various error types. We also present an adaptive procedure
inspired by Goldenshluger and Lepski (2011) to select the appropriate space, and we demonstrate an oracle
inequality for the adaptive estimator. Numerical experiments are conducted to illustrate the effectiveness
of our methodology.

Key words: Deconvolution; Hermite basis; Model selection; Projection estimator; Quadratic functional;
U-statistics.

Appendix A. Proof of auxiliary results

A.1. Proof of Lemma 7.1. Let rY
pjq
k be a real random variable defined as:

rY
pjq
k “ U˚ϕj pYkq ´ ErU˚ϕj pYkqs,

where Ut is defined in (10). The variables prY
pjq
k qkPt1,...,nu are i.i.d. with ErrY pjqk s “ 0 and ErprY pjqk q2s “

VarprY
pjq
k q. By definition of T1,j given (24), we have

CovpT1,j , T1,j1q “ ErT1,jT1,j1s “
1

n2pn´ 1q2

n
ÿ

k‰`“1,k1‰l1“1

E
”

rY
pjq
k

rY
pjq
`

rY
pj1q
k1

rY
pj1q
`1

ı

“
1

n2pn´ 1q2
p

n
ÿ

k‰`“1,k1‰l1“1,k“k1,k‰`1

ErrY pjqk
rY
pjq
`

rY
pj1q
k1

rY
pj1q
`1 s `

n
ÿ

k‰`“1,k1‰l1“1,k‰k1,k“`1

ErrY pjqk
rY
pjq
`

rY
pj1q
k1

rY
pj1q
`1 sq

“
2

n2pn´ 1q2

n
ÿ

k‰`“1,k1‰l1“1,k‰`1

ErrY pjqk
rY
pjq
`

rY
pj1q
k

rY
pj1q
`1 s

“
2

n2pn´ 1q2

n
ÿ

k‰`“1,k1‰l1“1,k‰`1,`“`1

E
”

rY
pjq
k

rY
pjq
`

rY
pj1q
k

rY
pj1q
`1

ı

“
2

n2pn´ 1q2

n
ÿ

k‰`“1

ErrY pjqk
rY
pj1q
k sE

”

rY
pjq
`

rY
pj1q
`

ı

“
2

n2pn´ 1q2

n
ÿ

k‰`“1

ErrY pjq1
rY
pj1q

1 sErrY pjq1
rY
pj1q

1 s

“
2

npn´ 1q

´

E
”´

U˚ϕj pY1q ´ ErU˚ϕj pY1qs

¯´

U˚ϕj1 pY1q ´ ErU˚ϕj1 pY1qs

¯ı¯2

“
2

npn´ 1q

´

CovpU˚ϕj pY1q, U
˚
ϕj1
pY1qq

¯2
.
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By recalling that ErrY pjqk s “ ajpfq by construction, it holds

ErT1,jT2,j1s “
2

n2pn´ 1q
aj1pfq

n
ÿ

k‰`“1,l1“1

E
”

rY
pjq
k

rY
pjq
`

rY
pj1q
`1

ı

“
2

n2pn´ 1q
aj1pfq

¨

˝

n
ÿ

k‰`“1,`1“1,`“`1

E
”

rY
pjq
k

rY
pjq
`

rY
pj1q
`1

ı

`

n
ÿ

k‰`“1,`1“1,`‰`1

E
”

rY
pjq
k

rY
pjq
`

rY
pj1q
`1

ı

˛

‚“ 0.

We have

ErT2,jT2,j1s “
4

n2
ajpfqaj1pfq

n
ÿ

k“1,`“1

E
”

rY
pjq
k

rY
pj1q
`

ı

“
4

n2
ajpfqaj1pfq

n
ÿ

k“1

E
”

rY
pjq
k

rY
pj1q
k

ı

“
4

n
ajpfqaj1pfqE

”´

U˚ϕj pY1q ´ ErU˚ϕj pY1qs

¯´

U˚ϕj1 pY1q ´ ErU˚ϕj1 pY1qs

¯ı

“
4

n
ajpfqaj1pfqCovpU˚ϕj pY1q, U

˚
ϕj1
pY1qq.

Lemma 7.1 is therefore proved.

A.2. Proof of Lemma 3.1. Let us begin by Part (ii). By Plancherel-Parseval Equality, we have

Er|U˚fmpY1q|
2s “

ż

|U˚fmpzq|
2fY pzqdy ď }fY }8

1

2π

ż

|f˚mp´uq|
2

|f˚ε puq|
2
du

“ }fY }8

˜

1

2π

ż

|u|ď
?
ρm

|f˚mp´uq|
2

|f˚ε puq|
2
du`

1

2π

ż

|u|ą
?
ρm

|f˚mp´uq|
2

|f˚ε puq|
2
du

¸

.(A1)

Using the Cauchy Schwarz inequality on the sum, (5) and as }f}2 ď }f}8, we have for the second integral
ż

|u|ą
?
ρm

|f˚mp´uq|
2

|f˚ε puq|
2
du ď 2π

m´1
ÿ

j“0

a2
j pfq

m´1
ÿ

j“0

ż

|u|ą
?
ρm

|ϕjpuq|
2

|f˚ε puq|
2
du ď 2π}f}8Λpmq.(A2)

Parseval’s equality and }f}2 ď }f}8 imply that
ż

|u|ď
?
ρm

|f˚mp´uq|
2

|f˚ε puq|
2
du ď 2π∆p1qpmq}f}8.

It follows that

Er|U˚fmpY1q|
2s ď }f}8}fY }8

´

∆p1qpmq ` Λpmq
¯

“ C 10

´

∆p1qpmq ` Λpmq
¯

,

where C 10 “ }f}8}fY }8. This gives Part (ii).
Now, we demonstrate Part (i). The difference with Part (i) is related to the study of the first integral
given in (A1). We have

ż

|u|ď
?
ρm

|f˚mp´uq|
2

|f˚ε puq|
2
du ď 2

ż

|u|ď
?
ρm

|pfm ´ fq
˚p´uq|2

|f˚ε puq|
2

du` 2

ż

|u|ď
?
ρm

|f˚p´uq|2

|f˚ε puq|
2
du

ď 4π∆p1qpmq}f ´ fm}
2 ` 2

ż

|u|ď
?
ρm

|f˚p´uq|2

|f˚ε puq|
2
du.

Injecting this and (A2) in (A1), we get Part (i) and then the announced result.

A.3. Proof of Proposition 7.2.
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A.3.1. Proof of Part (i). We use the following Lemma, which is proved in the sequel.

Lemma A.1. Let UnpImq be defined in (36). Assume that }f}8 ă 8, Assumption pH5q hold and fε is
square integrable. There exists a constant C‹ ą 0 depending on }f}8, }fY }8, and fε such that for any
x ą 0,

P
"

|UnpImq| ą
C‹
n´ 1

ˆ

b

∆p1qpmq∆pmqx`

ˆ

b

∆p1qpmq∆pmq `∆p1qpmq

˙

x`
∆pmqx2

n

˙*

ď 5.54 expp´xq,(A3)

where ∆pmq is defined in (12) and ∆p1qpmq in (13).

Choose x “ 4 logpnq and set

Ω1pmq :“

#

|UnpImq| ď
C‹
n´ 1

˜
a

∆p1qpmq∆pmq4 logpnq `
´

a

∆p1qpmq∆pmq `∆p1qpmq
¯

4 logpnq

`
∆pmq16 log2pnq

n

+

.

Let us write that

E
„

sup
mPMn

"

´

U2
npImq ´

κ1

36
V pmq

¯

`

*

ď E
„

sup
mPMn

"

´

U2
npImq ´

κ1

36
V1pmq

¯

`

*

1Ω1pmq



“ E1

` E
„

sup
mPMn

"

´

U2
npImq ´

κ1

36
V1pmq

¯

`

*

1Ωc1pmq



“ E2 .

On Ω1pmq and as m PMn, we have for C 1‹ ą 0 a numerical constant U2
npImq ď C 1‹V1pmq, where V1pmq is

defined in (18). Indeed, it is easy to check @m PMn

∆pmq2 log4pnq

n2pn´ 1q2
ď 4ρm

∆p1qpmq2 log4pnq

n2pn´ 1q2
À

log2pnq

npn´ 1q
,

and
ˆ

b

∆p1qpmq∆pmq4 logpnq `

ˆ

b

∆p1qpmq∆pmq `∆p1qpmq

˙

4 logpnq

˙2 1

pn´ 1q2

À ∆p1qpmq∆pmq
log2pnq

npn´ 1q
.

Thus, for κ1 ě 36C 1‹, it yields
`

U2
npImq ´

κ1
36V1pmq

˘

ď 0 and E1 is equal to zero.
For the other term, it holds

E2 ď
ÿ

mPMn

E
”

U2
npImq1Ωc1pmq

ı

.(A4)

Moreover, by definition of UnpImq given in (36) and the Cauchy-Schwarz inequality, we have

|UnpImq| ď
1

npn´ 1q

n
ÿ

k‰`“1

g

f

f

e

m´1
ÿ

j“0

|vϕj pYkq ´ Ervϕj pYkqs|2

g

f

f

e

m´1
ÿ

j“0

|vϕj pY`q ´ Ervϕj pY`qs|2,

where vt is given in (34) for t P Sm. It yields by Bessel’s inequality

m´1
ÿ

j“0

ˇ

ˇvϕj pYkq
ˇ

ˇ

2
ď

∆pmq

2π
,(A5)
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by (5) and as }f}8 ă 8:
ˇ

ˇErvϕj pYkqs
ˇ

ˇ

2
ď }f}8. It comes that

|UnpImq| ď 2

ˆ

∆pmq

2π
` }f}8

˙

ď p1_ 4}f}8q∆pmq.

Injecting this in (A4), using ∆pmq ď 2
?
ρm∆p1qpmq and by taking x “ 4 logpnq in (A3), we deduce that

E2 ď 4ρp1_ 4}f}8q
2 n2

log2pnq

ÿ

mPMn

mP pΩc
1pmqq ď 4ρ

p1_ 4}f}8q
2

n
,

since m ď
?
n by assumption on Mn. This gives Part (i) of Proposition 7.2.

A.3.2. Proof of Part (ii). We start by the centered process νn,1pϕjq defined in (32). By the Cauchy-
Schwarz inequality, it holds

E
„

sup
mPMn

ν2
n,1pϕjq



ď
ÿ

mPMn

Varpνn,1pϕjqq

“
4

n2pn´ 1q2

ÿ

mPMn

n
ÿ

k‰`“1

Var

˜

m´1
ÿ

j“0

pvϕj pYkq ´ Ervϕj pYkqsqΨϕj pY`q

¸

“
1

n2pn´ 1q2

ÿ

mPMn

n
ÿ

k‰`“1

E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

m´1
ÿ

j“0

pvϕj pYkq ´ Ervϕj pYkqsqΨϕj pY`q

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl

ď
1

n2pn´ 1q2

ÿ

mPMn

n
ÿ

k‰`“1

m´1
ÿ

j“0

E
”

ˇ

ˇvϕj pYkq ´ Ervϕj pYkqs
ˇ

ˇ

2
ı

m´1
ÿ

j“0

E
”

ˇ

ˇΨϕj pY`q
ˇ

ˇ

2
ı

.

Thanks to (A5), it yields

m´1
ÿ

j“0

E
”

ˇ

ˇvϕj pYkq ´ Ervϕj pYkqs
ˇ

ˇ

2
ı

ď

m´1
ÿ

j“0

E
“

|vϕj pYkq|
2
‰

ď
∆pmq

2π
.

As the integral
ş

|u|ą
?
ρm

e´ξu
2

|f˚ε puq|2
du is convergent if fε is ordinary smooth or super smooth if δ ă 2 or δ “ 2

with µ ď ξ and, by definition of Ψϕj pY`q given (35) and (4), it follows that

E
”

ˇ

ˇΨϕj pY`q
ˇ

ˇ

2
ı

ď E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ż

|u|ą
?
ρm
eiuY`

ϕjpuq

f˚ε puq
du

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl

ď C8 E

«

ż

|u|ą
?
ρm

e´ξu
2

|f˚ε puq|
2
du

ż

|u|ą
?
ρm
e´ξu

2
du

ff

À e´ξm
ż

|u|ą
?
ρm

e´ξu
2

|f˚ε puq|
2
du À e´ξm.(A6)

Consequently, we get,

E
„

sup
mPMn

ν2
n,1pϕjq



À
1

npn´ 1q

ÿ

mPMn

m2∆pmqe´ξm À
1

n

`8
ÿ

m“1

e´
ξm
2 À

1

n
,

because ∆pmq ď 2
?
ρm∆p1qpmq ď

2
?
ρm
n by definition of Mn.
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Let us now turn to the control of E
“

supmPMn
ν2
n,2pϕjq

‰

ď
ř

mPMn
Varpνn,2pϕjqq with νn,2pϕjq defined in

(38). Similarly to the study of νn,1pϕjq, we have

E
„

sup
mPMn

ν2
n,1pϕjq



ď
1

n2pn´ 1q2

ÿ

mPMn

n
ÿ

k‰`“1

m´1
ÿ

j“0

E
”

ˇ

ˇΨϕj pYkq
ˇ

ˇ

2
ı

m´1
ÿ

j“0

E
”

ˇ

ˇΨϕj pY`q
ˇ

ˇ

2
ı

.

Equation (A6) imply that

E
„

sup
mPMn

ν2
n,1pϕjq



ď
1

n2pn´ 1q2
À

1

npn´ 1q

`8
ÿ

m“1

e´ξm À
1

npn´ 1q
,

which ends the proof of Part (ii).

A.4. Proof of Lemma A.1. In order to prove this result, we use an exponential inequality for U-statistic
of order 2. Let x ą 0. Applying Theorem 3.4.8 given in Giné and Nickl (2016) (see Section B.2), we have
for C an absolute constant

P
!

npn´ 1q|UnpImq| ą C
´

A1

?
x`A2x`A3x

3
2 `A4x

2
¯)

ď 5.54e´x,

where the constants pAiqiP1,...,4 are given by:

A2
1 “

n
ÿ

j“2

j´1
ÿ

i“1

E
“

I2
mpYi, Yjq

‰

A2 “ sup

#

E

«

n
ÿ

j“2

j´1
ÿ

i“1

ImpYi, YjqαipYiqβjpYjq

ff

,Er
n´1
ÿ

i“1

α2
i pYiqs ď 1,Er

n
ÿ

j“2

β2
j pYjqs ď 1

+

,

A2
3 “ max

˜

max
j

sup
x

#

j´1
ÿ

i“1

EYirI
2
mpYi, xqs

+

,max
i

sup
x

#

n
ÿ

j“i`1

EYj rI
2
mpx, Yjqs

+

,

¸

A4 “ sup
x,y
|Impx, yq|,

with Im is given in (36). As the map px, yq ÞÑ Impx, yq is symetric in its entries (that is Impx, yq “
Impy, xqq) and the random variables Y1, . . . , Yn are i.i.d, the first three constants becomes (see also Giné
and Nickl (2016), Section 3.4.3, pp. 176):

A2
1 “

npn´ 1q

2
Er|ImpY1, Y2q|

2s,

A2 “
n

2
sup

 

E rImpY1, Y2qαpY1qβpY2qs ,Erα2pY1qs ď 1,Erβ2pY2qs ď 1
(

A2
3 “ pn´ 1q sup

x

 

EY1rI2
mpY1, xqs

(

“ pn´ 1q sup
x

 

EY2rI2
mpx, Y2qs

(

.

Let us now compute these terms.

‚ Computing of A1. Notice that for any real-valued function t, the function x ÞÑ vtpxq (defined
in (34)) is also real-valued. We have

E
“

|ImpY1, Y2q|
2
‰

“

m´1
ÿ

j,k“0

!

E
”

`

vϕj pY1q ´ Ervϕj pY1qs
˘

´

vϕkpY1q ´ ErvϕkpY1qs

¯ı)2

ď 2
m´1
ÿ

j,k“0

ˇ

ˇE
“

vϕj pY1qvϕkpY1q
‰ˇ

ˇ

2
` 2

m´1
ÿ

j,k“0

ˇ

ˇErvϕj pY1qsErvϕkpY1qs
ˇ

ˇ

2
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Using the definition of vt given in (34), as ϕ˚j “
?

2πpijqϕj (see (5)) and Bessel’s inequality

(applied twice), it yields

m´1
ÿ

j,k“0

ˇ

ˇE
“

vϕj pY1qvϕkpY1q
‰ˇ

ˇ

2
“

1

2π

m´1
ÿ

j,k“0

ˇ

ˇ

ˇ

ˇ

ż ż

EreiuY1`ivY1s
ϕjpuq

f˚ε puq

ϕjpvq

f˚ε pvq
1|u,v|ď

?
ρmdudv

ˇ

ˇ

ˇ

ˇ

2

ď
1

2π

ż ż

|f˚Y pu` vq|
2

|f˚ε puqf
˚
ε pvq|

2
1|u,v|ď

?
ρmdudv.

Since
ş

|f˚Y puq|du ď 2π}f}}fε} and |f˚Y puq| ď 1, we get

m´1
ÿ

j,k“0

ˇ

ˇE
“

vϕj pY1qvϕkpY1q
‰
ˇ

ˇ

2
ď }f}

1
2
8}fε}∆pmq∆

p1qpmq.

Again, with the Bessel inequality and (5), we have

m´1
ÿ

j“0

|Ervϕj pY1qs|
2 “

1

2π

m´1
ÿ

j“0

|

ż

|u|ď
?
ρm
f˚p´uqϕjpuqdu|

2 ď
}f˚}2

2π
ď }f}8.

Therefore, we deduce E
“

|ImpY1, Y2q|
2
‰

ď 2}f}
1
2
8}fε}∆pmq∆

p1qpmq ` 2}f}28 and

A1 ď 2np}f}8 _ }f}
1
4
8}fε}

1
2 q

b

∆pmq∆p1qpmq.

‚ Computing of A2. We have by the Cauchy Schwarz inequatily, Erα2
i pY1qs ď 1 and Erβ2

j pY2qs ď 1

E rImpY1, Y2qαipY1qβjpY2qs “

ĳ

Impu, vqαipuqβjpvqfY puqfY pvqdudv

ď

d

ĳ

|Impu, vq|2fY puqfY pvqdudv

d

ĳ

α2
i puqβ

2
j pvqfY puqfY pvqdudv

ď
a

E r|ImpY1, Y2q|
2s.

Following the computation of A1, we derive

A2 ď np}f}8 _ }f}
1
4
8}fε}

1
2 q

b

∆pmq∆p1qpmq.

‚ Computing of A3. Let fixed x. Set raj “
1

2π

ş

|u|ď
?
ρm f

˚puqϕ˚j p´uqdu. By remarking that vt is

real-value and raj is a real number, we have

EY2r|Impx, Y2q|
2s “

m´1
ÿ

j,k“0

pvϕj pxq ´ rajqpvϕkpxq ´ rakqEY2
”

pvϕj pY2q ´ rajqpvϕkpY2q ´ rakq
ı

“

m´1
ÿ

j,k“0

pvϕj pxq ´ rajqpvϕkpxq ´ rakq

ˆ
ż

vϕjvϕkfY ´ rak

ż

vϕjfY ´ raj

ż

vϕkfY ` rajrak

˙

.
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Let us recall that Ervϕj pY1qs “ raj by definition of vt given in (34). Thus, Plancherel Equality and
the orthogonality of pϕjq imply

EY2r|Impx, Y2q|
2s ď

m´1
ÿ

j,k“0

pvϕj pxq ´ rajqpvϕkpxq ´ rakq

ż

vϕjvϕkfY “

ż

ˇ

ˇ

ˇ

ˇ

ˇ

m´1
ÿ

j“0

pvϕj pxq ´ rajqvϕj pyq

ˇ

ˇ

ˇ

ˇ

ˇ

2

fY pyqdy

ď }fY }8

ż

ˇ

ˇ

ˇ

ˇ

ˇ

m´1
ÿ

j“0

pvϕj pxq ´ rajqvϕj pyq

ˇ

ˇ

ˇ

ˇ

ˇ

2

dy

“ }fY }8

ż

ˇ

ˇ

ˇ

ˇ

ˇ

˜

z ÞÑ
m´1
ÿ

j“0

pvϕj pxq ´ rajq
1

2π

ϕ˚j p´zq

f˚ε pzq
1|z|ď

?
ρm

¸˚

pyq

ˇ

ˇ

ˇ

ˇ

ˇ

2

dy

“ }fY }8

ż

|z|ď
?
ρm

ˇ

ˇ

ˇ

ˇ

ˇ

m´1
ÿ

j“0

pvϕj pxq ´ rajq
ϕjpzq

f˚ε pzq

ˇ

ˇ

ˇ

ˇ

ˇ

2

dz “ }fY }8∆p1qpmq
m´1
ÿ

j“0

pvϕj pxq ´ rajq
2.

It comes that

EY2r|Impx, Y2q|
2s ď }fY }8∆p1qpmq

m´1
ÿ

j“0

pvϕj pxq ´ rajq
2.

The Bessel and Plancherel equalities give (see (A5))

m´1
ÿ

j“0

|vϕj pxq ´ raj |
2 ď 2

˜

m´1
ÿ

j“0

|vϕj pxq|
2 `

m´1
ÿ

j“0

ra2
j

¸

ď 4p}f}8 _ 1q∆pmq.

We derive that

EY2r|Impx, Y2q|
2s ď 4p}f}8 _ 1q}fY }8∆pmq∆p1qpmq,

and

A3 ď 2
a

p}f}8 _ 1q}fY }8

b

n∆pmq∆p1qpmq.

‚ Computing of A4. Note that

|Impx, yq| ď
m´1
ÿ

j“0

|pvϕj pxq ´ rajqpvϕj pyq ´ rajq|.

We bound successively the terms. By the Cauchy Schwarz inequality and (A5), it holds

m´1
ÿ

j“0

|vϕj pxqvϕj pyq| ď

g

f

f

e

m´1
ÿ

j“0

|vϕj pxq|
2

g

f

f

e

m´1
ÿ

j“0

|vϕj pyq|
2 ď

∆pmq

2π
,

and

m´1
ÿ

j“0

|vϕj pxqraj | ď

g

f

f

e

m´1
ÿ

j“0

|vϕj pxq|
2

g

f

f

e

m´1
ÿ

j“0

ra2
j ď

c

}f}8
2

∆pmq,
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since
řm´1
j“0 ra2

j ď }f}8. This implies |Impx, yq| ď 4p 1
2π _

b

}f}8
2 _ }f}8q∆pmq and

A4 ď 12

˜

1

2π
_

c

}f}8
2

_ }f}8

¸

∆pmq.

Collecting the above evaluations, it yields @x ą 0

P

#

|UnpImq| ą
C‹
n´ 1

˜

b

∆p1qpmq∆pmqx`

b

∆p1qpmq∆pmqx`

a

∆pmq∆p1qpmqx
3
2

?
n

`
∆pmqx2

n

¸+

ď 5.54 expp´xq,

where C‹ ą 0 depending on fε, }f}8 and }fY }8. Since 2

?
∆pmq∆p1qpmqx

3
2

?
n

ď x∆p1qpmq ` ∆pmqx2

n , it follows

that

P
"

|UnpImq| ą
C‹
n´ 1

ˆ

b

∆p1qpmq∆pmqx`

ˆ

b

∆p1qpmq∆pmq `∆p1qpmq

˙

x`
∆pmqx2

n

˙*

ď 5.54 expp´xq.

Hence the announced result.

A.5. Proof of Proposition 7.3. We only proof Part (i). The proof of Part (ii) can be found in Sacko
(2020) (see Proof of Lemma 7.3, p. 23). Let us recall that Pn,1ptq “

1
n

řn
k“1 pvtpYkq ´ E rvtpYkqsq , with vt

is given (34). Notice that

E
„

sup
mPMn

"

´

P 2
n,1p2fmq ´

κ1

24
V pmq

¯

`

*

ď
ÿ

mPMn

ż

R`
P
"

´

P 2
n,1p2fmq ´

κ1

24
V pmq

¯

`
ą x

*

dx

ď
ÿ

mPMn

ż

R`
P
"

|Pn,1p2fmq| ě

c

κ1

24
V pmq ` x

*

dx.

Now, we apply Bernstein inequality given in Appendix B.1. We need to evaluate two quantities b and v.
We distinguish two cases.
The ordinary smooth case. By the Cauchy-Schwarz inequality, it holds

|v2fmpYkq| “
1

2π

ˇ

ˇ

ˇ

ˇ

ˇ

ż

|u|ď
?
ρm
eiuYk

p2fmq
˚p´uq

f˚ε puq
du

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

π

d

}f˚m}
2

ż

|u|ď
?
ρm

1

|fεpuq|2
du

ď
a

2}f}8∆pmq “ b.

By the Plancherel theorem and under pH5q, we take (see (19))

E
“

|v2fmpYkq|
2
‰

ď 4}fY }8

ż

|u|ď
?
ρm

|fmpuq|
2

|f˚ε puq|
2
du “ 4}fY }8V2pmq

n

logpnq
“ v.

Applying Bernstein inequality leads to have for any α Pq0, 1p

P
"

|Pn,1p2fmq| ě

c

κ1

24
V pmq ` x

*

ď 2

"

exp
´

´
n

4v

´κ1

24
V pmq ` x

¯¯

_ exp

ˆ

´
n

4b

c

κ1

24
V pmq ` x

˙*

ď 2

"

exp
´

´
n

4v

´κ1

24
V pmq ` x

¯¯

_ exp

ˆ

´
nα

4b

c

κ1

24
V pmq

˙

exp

ˆ

´
np1´ αq

4b

?
x

˙*

.
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Moreover, for any κ1 ě 384}fY }8p, we have

n

4v

κ1

24
V pmq ě

V2pmq

384}fY }8V2pmq
logpnq ě p logpnq,

where p is an integer which shall be specified in the sequel. It also holds for any m P Mn and κ1 ě

384}f}8p
2{pα2c11q

nα

4b

c

κ1

24
V pmq ě

nα

4b

c

κ1

24
V1pmq

nα

4
a

2}f}8∆pmq

d

κ1

24
∆pmq∆p1qpmq

log2pnq

n2
ě p logpnq,

since V pmq “ V1pmq ` V2pmq ě V1pmq “ ∆p1qpmq∆pmq log2pnq
n2 and ∆p1qpmq ě c11 (see (7)). Therefore, we

obtain for κ1 large enough

P
"

|Pn,1p2fmq| ě

c

κ1

24
V pmq ` x

*

ď 2n´p
"

exp
´

´
n

4v
x
¯

_ exp

ˆ

´
np1´ αq

4b

?
x

˙*

.(A7)

The super smooth case. We take an upper bound of
ş

|u|ď
?
ρm

|fmpuq|2

|f˚ε puq|2
du in such a way as to set

v “ 4}f}8}fY }8∆p1qpmq and b does not change. Again with V pmq “ V1pmq ` V2pmq ě V2pmq “

∆p1qpmq logpnq{n, it holds for κ1 ě 384}f}8}fY }8 that n
4v
κ1
24V pmq ě p logpnq. Thanks to V pmq ě

∆p1qpmq∆pmq log2pnq
n2 and κ1 ě 384}f}8p

2{pα2c11q, we get nα
4b

a

κ1
24V pmq ě p log n. We derive that (A7)

holds for the super smooth case.
By choosing p “ 3 with some changes variables, we deduce that

E
„

sup
mPMn

"

´

P 2
n,1p2fmq ´

κ1

24
V pmq

¯

`

*

ď 2n´p
ÿ

mPMn

ż

R`

"

exp
´

´
n

4v
x
¯

_ exp

ˆ

´
np1´ αq

4b

?
x

˙*

dx

ď 2n´p
ÿ

mPMn

˜

4}fY }8}f}8∆p1qpmq

n
_ 32}f}8

∆pmq

n2p1´ αq2

¸

ď
C˚1
n
,

where C˚1 is a constant depending on }f}8, }fY }8 and fε via (7). This concludes the proof.

Appendix B. Concentration inequalities

B.1. Bernstein inequality. Let Y1, . . . , Yn be n independent real random variables and Sn “
řn
i“1pYi´

ErYisq. Assume there exist two constants s2 and b, such that VarpYiq ď s2 and |Yi| ď b. Then, for all
x ą 0, we have

P p|Sn| ě nxq ď 2 max

ˆ

exp
´

´
nx

4v2

¯

, exp

ˆ

´
nx2

4b

˙˙

.

Moreover, it holds

P
ˆ

|Sn| ě
?

2ns2x`
bx

3

˙

ď 2e´x.

A proof of Bernstein inequality can be found in Birgé and Massart (1998), p. 366.



10 O. SACKO

B.2. Exponential inequalities for U-statistics of order two. Let Y1, . . . , Yn be n independent ran-
dom variables defined on a Polish space S and let us consider the degenerate (or canonical) U-statistic of
order 2: Unphq “

řn
i‰j“1 hpYi, Yjq, where the function h : S2 ÞÑ R is such that Er|hpYi, Yjq|s ă 8 for any

1 ď i, j ď n. Let A1, A2, A3 and A4 be defined as follows:

A2
1 “

n
ÿ

j“2

j´1
ÿ

i“1

E
“

h2pYi, Yjq
‰

A2 “ sup

#

E

«

n
ÿ

j“2

j´1
ÿ

i“1

hpYi, YjqαipYiqβjpYjq

ff

,Er
n´1
ÿ

i“1

α2
i pYiqs ď 1,Er

n
ÿ

j“2

β2
j pYjqs ď 1

+

,

A2
3 “ max

˜

max
j

sup
x

#

j´1
ÿ

i“1

EYirh
2pYi, xqs

+

,max
i

sup
x

#

n
ÿ

j“i`1

EYj rh
2px, Yjqs

+

,

¸

A4 “ sup
x,y
|hpx, yq|,

where EY rXs denotes the conditional expectation of X given Y . Then, there exists an absolute constant
C ą 0 such that for any x ą 0,

P
!

|Unphq| ě C
´

A1

?
x`A2x`A3x

3
2 `A4x

2
¯)

ď 5.54e´x.

The Bernstein-type inequality for canonical U-statistics of order 2 is proven in Houdré and Reynaud-
Bouret (2003) for real variables. The above result is a simplified version of Theorem 3.4.8 given in Giné
and Nickl (2016).
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