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AN ALGORITHM O CALCULATION

OF LOWER  SOLUTTONS OF

FUZZY  RELATIONAL  EQUATIONS

Antonito  Pi Nola
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Abslract. The paper deals with the problem of the
determination of lower solutions of fuzzy relational
equations. An algorithm of calculation of such a

solution is presented,
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1. INTRODUCTION

An extension of well known Boolean equations was
provided by Sanchez [4] by introduéing the fuzzy re-
lational equations in order to describe fuzzy systems
by meansxfuzzy relations,

In [4] and [5] the method of resolution of fuzzy
relational equations was given.

In [lj . (2] . [3] and [Bl]the authors cbtained
further theoretical results dealing e.g.with lower
sclutions cf the fuzzy equations and their algebraic
characterization. In this paper we present an algorithm

of calculation of lower solutions of fuzzy relational

equations.

2. BASIC DEFINITIONS AND NOTATIONS

Let L denote a fixed totally ordered lattice with
universal bounds O and 1. Let's denote by "A' and y"
the meet and join operations in L,by "£"' the ordering
of L.

Let X ?e a nonempty set and F(X) f{A: X-—’L} the
set of alllfuzzy sets of X [?]. F(X) is a complete
lattice with.reSpect to the following felation and ope-

rations defined for any x ¢ X:
A éB iff Alx) sB(x),

Alx)A B(x)

It}

{AAB)(x)

1

(AVvB)(x) = A(X)AB(x) ,

where A, B &€ F(X).
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Definition. A fuzzy relation R between two nonempty sets
X and Y is an element of F(X=xY). We define inverse of R

-1
the fuzzy relation R € F({(X«Y) as:
1
(y,x) = Rix,y) for any (x,y)e& (X=Y).

Definition. Let be N & F(X#Y) and Re& F(YxZ) two fuzzy
relations. We define the fuzzy relation TeF(X#Z), T=Rel

as

(ReQ)(x,z) = \/[Q sV A R(y,z)] \v/(x,z)s (XxZ2).

yey

Definition. We defihle the fuzzy relation U& F(XsZ) as:

Ulx,z) = {Q@R)(x,z) = /\[Q(x y) o R(y,z)] b/(x,z)J(XxZ)
ve Y
where
1 if Qix,y) £ Ry,z)
Q(x,y)o R(y,z)} = {
R(y,z) if Q(x,y}» Riy,z).

Let supposerthat X :{xl,....xn} Y rz{yl,...,ym}
::{zl,...,zpiar'e f'lnltG-: sets, we put In nil,...,n}.
the set of first n natural numbers and .TO = ff . Furthermore

we put: Y ier1 , jelI , kgl
n m P

H = t,

T(xi Zk) ik

R = .
irzd = Tk

Now let's consider the fuzzy relational equation

Lo

RON = T : (1)
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where R is an unknown fuzzy relation. lLet Gﬁ denote the
set of all solutions of Eq. 1, and let's suppose that
(h,# @, then the relation § = ddéi T is the greatest

element of G% (see [&J). From now on we suppose that

@L#@.

3. LOWER SOLUTIONS

We call lower solution any element Xg of 6% such that

the following propesition holds
" for any Reg @, y R = og implies R =.f "
Now we establish a theorem for determihing a lower

solution of Eg. 1,

lLet's consider for anyl1£Im and for anylc&lp the

sequences

th,k) = (j(w))we %1

of h elements of 1 such that, by defining the sets
m

B(j(w)'swk) ::ij"ln / qij(w)ﬁ\swk - tik é (2)

s = £
wi \/ ik (3)
"w

where

it must be UEB(j(w),swkﬂ: 1 (4)

1 . n
Wé-h

and

\/wc-lh q.., As &t Viern. (5)
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Let's denote by F(h,k) the set of the sequences X(h,k)
above defined for anylﬂe]?land for any ke hf

Theorem. For any k st, let h(k) & Hn be an index . such
that for any h'eh(k) it is T (h',k) = @ and [T(h(k),k)% @ .
Furthermore let

J(h(k).k)=(J(w))w
€ h(k)

and
Y (k) k) e [T (hik),K)

then we have that the fuzzy relalicn Rg F(YxZ) defined as:

\v/kﬁ'i I, s 5
3 Jlwlk wk VvV we Ih(k)

B . S C 2
r.. =20 VJ€1m gJ(W)jwé[ ,(6)
hik)

is a lower solution of Eq. 1 .
Proof. Let's prove that firstly R € 68 . Indeed for any

keI and for any 1 ¢ In from (4) it follows that there exists
p

an index w' €& Ih(k) such that

) ~
le B(j(w ),bw,k)
and then

A t , (7
Qiwr)” %wrk T Y1k (7)

Thus from (5) and (7) it follows that

\/[qu" Pj}J: VvV fqu(w) ~ Swg"' Y1k

Je 1 YeT k)

and this proves that R e 6&.
Now let's prove that R 1is a lower solution. Firstly we
observe that from the hypothesis it follows that for any k.@Ip

it must be, for any w,w'e€ Ih(k) such that w#w', the sets

37
iy

A



R

057

B(j(w),swk) and B(J(WI)'SW'R) are not confrontable with
respect to the inclusion relation and this implies the

following proposition )
" el J1(w’ 1 h that s lat
VW' el 31w el such tha ]_‘quw-)j(w)"“w;} T(w')k

N we Ih(k) and w £ w' . " (8)

Let's suppose that there exists a solution R' of Eqg. 1
such that

R'"< R, - {(9)

then from (6} and (9) it follows that for any k&l it is
‘ p

to= 0 | &€l - $3(1),...,j(h(Kk)} 1
o Viel - §i(1) ithkng (10)
and that there exists an index o e lh(k) such that
1 r = 8 11
RICH J(eik o k (11)
furthermore
-1 = I . 1z
itk T T (wk YYel ) (12)
By (8) then there exists 1{&)e ]n such that tl(q)k ® Se
thus we have that
r' & ot , 13)
qufm)j(q)A J(om:] 10k (
from t = s and from (3) and (5}, it follows.that
1(¢}k & K
: C 3 t 14
\p/ WCIh(k) such that w £ & ql(o&)‘j(w)/\bwl( < () K (14)

P
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From {(12) and (14) it follows

[ql(G)J(W)Arj(w)l_(],‘ Y ek Vwelh(k)‘{“.‘f . (15)

Furthermore from (10}, (11}, (12}, (13) and (15) it follows

1 . ! i . (16)
\/ [-ql(o()‘j/\r'lj}]" \V4 [ql(du(w) ~ PJ(w\g“ 1 (&) k
J elm weée . .o L

h{k)

But (16) is in contradiction with R' ¢ 6& ; then there mno

exists an index & & 1 satisfying (11) thus (9) deces

h(k)
not hold, and then R is a lower scluticn.

4. AN ALGORITHM OF CALCULATION OF A LOWER SOLUTL1ON
The above theorem justifies the following algorithm

of calculation of a lower solution R of the Eg. 1

Start
Put k:=1 (1)
Else hi(k):=1 (2) .

1f  [1(h(k),k)Z @ then b’(h(k),k)s 7 (h(k) k)

¥ (h(k) k) =(j(w))

wélh(k) and
= I
{Pj(w)k wk Y veT A
= i - i ]
T ik 0 V-J el ( {'](W)-g we T
if k ¢ p increase k:= k+l go te (1)

if k = p stop.

1f M (h{k),k) = ﬁ} increase hi{k), hi{k):=h{k)+1

go to (2)
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