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ONE-BUBBLE NODAL BLOW-UP FOR ASYMPTOTICALLY
CRITICAL STATIONARY SCHRODINGER-TYPE EQUATIONS

BRUNO PREMOSELLI AND FREDERIC ROBERT

ABSTRACT. We investigate in this work families (u¢)e>0 of sign-changing blowing-
up solutions of asymptotically critical stationary nonlinear Schrédinger equa-
tions of the following type:

Agus + heue = |U5|p€_2“5

in a closed manifold (M, g), where he converges in C1(M). Assuming that
(ue)e>0 blows-up as a single sign-changing bubble, we obtain necessary condi-
tions for blow-up that constrain the localisation of blow-up points and exhibit
a strong interaction between h, the geometry of (M, g) and the bubble itself.
These conditions are new and are a consequence of the sign-changing nature
of ue.

1. INTRODUCTION

1.1. Statement of the main results. Let (M™,g),n > 3 be a smooth, connected
and closed manifold, where closed means compact without boundary. We study in
this paper sign-changing solutions u € C?(M) of the equation

(1.1) Agu+ hu = |u[P~?u in M

where A, = —div,(V-) is the Laplace-Beltrami operator, h € C'(M) and 2 <
p < 2% with 2% = 2%, When h = ;7=%;5,, where Sy is the scalar curvature
of (M,g), p = 2" and u > 0, is the celebrated Yamabe equation. We let
HY(M) be the completion of C>°(M) for u ~ |lullg: := ||Jullz + [|[Vul2. It has
been known since the seminal work of Struwe [36] that families of solutions to
that are uniformly bounded in H'(M) may develop concentration phenomena in
the form of “bubbles” (see also Druet-Hebey-Robert [12] for the case of a compact
Riemannian manifold). These “bubbles” correspond to a loss of compactness of the
solutions, and understanding the conditions in which they may appear and their
mutual interactions has been the subject of many works in the last decades.

Despite the abundance of contributions for positive solutions of , the literature
for sign-changing solutions is less developed. In the present work we take a step in
this direction and study sign-changing solutions of that blow-up as a single
sign-changing bubble. In the sequel, we fix r4 € (0,i4(M)) where i,(M) > 0 is
the injectivity radius of (M, g). Throughout this paper x € C*(R™) will denote a
cutoff function such that x(t) = 1 if |t| < ry/2 and x(t) = 0 if [t| > r4. We say
that a family (B.)cso of functions in H*(M) is a family of bubbles if there exists
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a non-zero solution V' to
(1.2) AV =|V]¥ 2V in R", V e DY3(R"),

where D1'2(R") is the completion of C2°(R™) for the norm u + || Vul|2, and families
of points (x¢)e>o in M and of positive real numbers (uc)->0 such that

n—2 -1 .
Butw) g v (222 o an
€
as € — 0. Here exp,_ is the exponential chart at z. and § is the Euclidean metric,
so that Ag = —>°" | 2. We will say that such a family (B. ). is centered at z.
and of radius p. and modeled on V', and V itself will sometimes be referred to as
the bubble. A more precise definition is given in Definition and properties of
such families are investigated in Section [3| below. All the solutions considered in
this paper are allowed to change sign unless mentioned otherwise.

Our main results establish a necessary condition for the existence of blowing-up
solutions of that blow-up with a single sign-changing bubble. We introduce
one last notation as follows: if B = (B¢)<>0 is a family of bubbles centered at .,
of radius p. and modeled on V, we define

4n o -t
Weylg X B = m (/n |V| df[') X

n—2
Weyly (20)iajs / 1 <
R’!‘L

2

where g = lim._,o z.. We first state a result when n > 5.

V+ mlalV> dx

Theorem 1.1. Let (M"™,g),n > 5 be a smooth, connected and closed manifold, let
h, (he)o<e<1 € CH(M) such that lim._o he = h in CY(M) and Ay + h is coercive.
Let (pe)o<e<1 € (2,2*] be such that lime_op. = 2*. Let (ue)o<e<1 be a family of
solutions of

(1.3) Agus + houe = |ue|Pe2u.  in M.
We assume that (ue)o<e<1 satisfies
(1.4) u. = cB. +o(1) in H (M)

for some ¢ > 0, where B = (B.)c>0 is a bubble centered at (x.)e € M and with
radius (p1c)e € (0,+00) and modeled on V € DY2(R™) as in Deﬁm'tion below.

Then ¢ =1, lim._g ug*_ps =1, the following limit exists:

*

2 — Pe

A= lim 5 2> 0,
e—0 uE
and h satisfies:
n—2 (n—2)% [pn V¥ da
1. - s - A— B
(L5) - hwo) = g gy So(m0) = = Vg (8- Weyl, @ B).

where we have let xg := limg_, .

The new term Weyl, ® B appearing in (L.5) is well-defined when n > 5 and
we prove in Section [3] that it does not depend on the representative chosen for the

family (B:)<>0 appearing in (|1.4)) (see Proposition below).
In dimensions 3 and 4 we prove the following analogue of Theorem
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Theorem 1.2. Let (M™,g),n = 3,4 be a smooth, connected and closed manifold,
let h, (he)o<e<t, (De)o<e<1 € (2,2%] be as in the statement of Theorem . Let
(ue)o<e<1 be a family of solutions of satisfying again for some ¢ > 0,
where B = (B:)eso @5 a bubble centered at (x.). € M and with radius () €
(0,+00) and modeled on V € DY2(R™) as in Definition below.

Then ¢ =1, lim._,o ug*_ps =1, the following limits exist:

6—pe n=3
A = lim 4'uj >0,
e—0 De
ST = 4
Hz IHI
and h satisfies
2
(Jpa VPV da) 1
1.6 ~—= < | h - =5 = A wh =4
(16) T (o)~ () ) = A whenn

(fRS 14dn% dx)Z
fR3 |V|6 dx

where as before we have let xg := lim._0x.. In (1.6) w3 is the area of the 3-sphere
and in (L.7) mp(xo) € R is the mass of the Green’s function of Ay + h at xg € M

(see Definition below).

A few comments on Theorems and are in order. Assumption implies
that (uc)eso blows-up as a single, possibly sign-changing bubble. In other words,
is a Struwe decomposition with a single bubbling profile. No assumption is
made on the energy of V' (except that it is finite) and V' is not assumed to be non-
degenerate in the sense of Duyckaerts-Kenig-Merle [13]. Assumption should
be regarded, insofar as sign-changing solutions are considered, as the analogue
of the classical notion of isolated and simple blow-up point for positive solutions
introduced in Schoen .

Theorems [I.1] and are not new for positive solutions. It has been known since
Obata and Struwe that when (ug).>o is a family of positive solutions of
the bubble V is positive and radial and given by below. In this case, and
when n > 5, the additional term Weyl, @ B in vanishes by the symmetries of
Weyl, (see Proposition [3.3| below), and condition becomes

n—2 . .2 —pe
—_— = > =
h(zo) I(n = 1)Sg(x0) C(n)A >0, with A:=lim

e—0 ,ug
for some dimensional constant C'(n) > 0. When n = 3,4, (1.6) and (1.7) show that

(1.7) —6 mp(zo) = A when n = 3,

1
h(zxo) — gSg(xo) =C4)A whenn=4 and my(xg) =—C(3)A when n =3,

where A is as in the statement of the Theorem. When p. = 2* for all ¢, and for
positive finite-energy solutions, these conditions have been known since the work
of Li-Zhu and Druet [10/[11].

If (uc)eso is a blowing-up family of sign-changing solutions of with a single
bubbling profile as in , however, the bubble V is sign-changing in general and

(1.5), (1.6) and (1.7) display new phenomena. When n > 5 the additional term
Weyl, @ B cannot be expected to vanish a priori. We construct indeed in Section
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examples of manifolds (M, g) and of solutions V' of such that Weyl, ® B # 0
(see Proposition below). The term Weyl, ® B is thus a striking new feature of
sign-changing blow-up that does not appear for positive solutions. When n > 5,
condition is entirely new and highlights a strong interaction between h, the
geometry of (M, g) and the limiting bubble V itself. When n = 3,4, and
involve fRn V|2*_2de. But if V' is a sign-changing solution of (|1.2)) for n > 3, the
latter integral may vanish if V' decays strongly at infinity (see (2.9) below). When
this is the case conditions and indicate that, in dimensions 3 and 4, the
interaction between B, and the geometry of (M, g) takes place at a higher-order
than it did for positive solutions.

1.2. Consequences of Theorem on the blow-up picture of . Theo-
rems and shed new light on the stability of the set of sign-changing solutions
of (1.3). We say that equation , with p = 2% is stable if for every family
(he)eso converging to h, every energy-bounded family of solutions (ue)eso of
converges in C2(M), up to a subsequence. Druet [10] proved that, for positive
solutions, stability holds provided h # 4&7_721)59 everywhere in M (with a caveat
in dimensions 3 and 6, see [10]). This result was generalised to the case of sign-
changing solutions, when n > 7 and when (M,g) is locally conformally flat, in
Premoselli-Vétois [31]. When (M, g) is not locally conformally flat, and at least
when n > 5, however, shows that necessary conditions for a one bubble blow-
up involve h, the geometry of (M, g) and the possible limiting bubble V" itself. The
set of sign-changing solutions of is still poorly understood and no classifica-
tion result is known, but examples of large-energy sequences of solutions have been
constructed by Del Pino-Musso-Pacard-Pistoia [7], Ding [9], Medina-Musso [22],
Medina-Musso-Wei [23]. The wealth of solutions of is the main obstacle to
understanding the term Weyl, ® B in . It seems therefore highly unlikely, even
in the single-bubble case, that stability for sign-changing solutions of can be
enforced solely by a global assumption on h, as was the case for positive solutions.

Theorems [I.1] and [T.2] however, allow us to rule out limiting bubbles V' that may
appear in the blow-up in some cases. We start with an example in dimensions 3
and 4. If V' is a solution of (|1.2)) it satisfies

A
Vi(x) = |33|(7‘L/—)2 O (Jz|"™™)  as |z| = 400,
where (n — 2)w,—1A(V) = [pn |V|?"2Vdz (see (2.4) and (2.9) below). Bubbles
decaying at infinity as |z|>~™ satisfy A(V) > 0: this is the case for the positive bub-
bles given by (2.2) and for the bubbles of [7]. An immediate corollary of Theorem
[[2is as follows:

Corollary 1.3. Let (M™,g), n = 3,4, be a smooth, closed, connected Riemannian
manifold and h,(h:)o<ce<1 € CH(M) be such that lim.,ohe = h in C'(M) and
Ay + h is coercive. Let (pe)o<e<1i € (2,2*] be such that lim._,op. = 2*. Let
(ue)o<e<1 be a family of solutions of satisfying , where B is a family of
bubbles centered at x., of radius p. and modeled on V. Assume that

o the mass of Ay + h is positive at every point of M if n =3

e h < %S’g everywhere in M if n = 4.
Then [g., |V|* ~2Vdx = 0. In particular, V(z) = O(|z|'™") as || = +o0 and V
is neither positive nor one of the bubbles of [7].
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In dimensions n > 5 does not provide any information on the decay of V'
at infinity, but we can still rule out the existence of symmetric bubbles in some
cases. We recall that Ding [9] constructed a family of solutions of , possessing
O(p) x O(n — p) symmetry for 2 < p < n — 1. We show that Ding solutions cannot
appear as bubbles in a single-bubble blow-up on symmetric manifolds:

Corollary 1.4. Let (M",g) = (SP x S%, ¢, x gq), where g, and g, are the round
metrics on SP and S, p,q > 2 and n = p+q > 5. Let h,(h:)o<ce<1 € CH(M) be
such that lim._o he = h in C*(M) and A,+h is coercive. Let (pc)o<e<i1 € (2,2*] be
such that lim._,o p. = 2*. Let (uc)o<e<1 be a family of solutions of satisfying
, where B. is a family of bubbles centered at x., of radius p., modeled on V.
Assume that h < ( S everywhere. Then

Weyl, @ B > 0.
As a consequence, V' cannot be a Ding solution.

Proof. Since h < #_721)5’9 everywhere, (1.5) shows that Weyl, @ B > 0. But as
shown in Corollary below, Weyl, ® B < 0 if V' is a Ding solution. O

Corollaries (when n = 3) and both apply to one-bubble sign-changing
blow-up for the sign-changing Yamabe equation:

n—2 .
Agu + msqu = |u|2 _2’U,.
Solutions of this equation naturally appear as minimisers for the second conformal
eigenvalue (see Ammann-Humbert |1]), and their stability properties shed new light
on the set of possible minimisers (see Premoselli-Vétois [30]). Other stability results
for sign-changing solutions are in Premoselli-Vétois [29,31]. Examples of sign-
changing families of solutions of have been constructed in Bonheure-Casteras-
Premoselli [5], Micheletti-Pistoia-Vétois [25], Pistoia-Vétois [27] and Robert-Vétois
[33,34]. Deng-Musso-Wei [8] have considered an innovative construction of a family
of sign-changing solutions (ue)c>o to the with h, = h and p. := 2* — ¢ that
blows-up like a single bubble as in . We discuss similar constructions in Section

G

The structure of the paper is as follows. In Section [2] we introduce a few properties
of sign-changing solutions of and highlight the main differences with respect
to the positive case. Section [3| contains the formal definition and properties of the
families of bubbles that we investigate here. We also investigate the term Weyl @ B
there and construct examples of manifolds and bubbles where Weyl, ® B ;é 0.
Section [f] is the core of the analysis of this paper and we prove there that relation
(1.4) can be improved into optimal pointwise bounds on u.. This is the content of
Proposition [{.1] and is the main ingredient in the proof of Theorems [I.1] and [L.2}
Finally, Theorems [ 1 and [T.2] are proven in Section [5}

Acknowledgements: the authors would like to thank P.-D. Thizy and J. Vétois
for many fruitful discussions in the early version of this work.
2. FINITE-ENERGY NODAL SOLUTIONS OF THE YAMABE EQUATION IN R"”
We let ¥ be the set of non-zero finite-energy solutions of (1.2):
(2.1) S ={V e DM R\{0}, AV =[V]* 2V}
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Regularity theory for critical equations (see eg Trudinger [37]) together with stan-
dard elliptic theory, shows that there exists «, > 0 such that V & 013 Do (R™) for

all Ve X. If V € ¥ is positive it is equal by Obata [26], up to translations and
rescalings, to

z|2 —z
(2.2) Bf (z) = (1 + n(ll|_2)) , z€R™

By Caffarelli-Gidas-Spruck [6] this result remains true for all positive solutions of
, without the assumption that they belong to D1:2(R™). Note also that, up to
dilation, By is the only non-zero radial solution of which belongs to D2(R")
by a simple application of Pohozaev’s identity.

If V € DY2(R") we define its Kelvin transform as
It is well-known (see for instance Duyckaerts-Kenig-Merle [13, Proposition 3.1])
that V + V* defines an isometry of D"2(R™) and of L?" (R") and that
1 x
AV (z) = ——=AV | —5
o) = e ()

in R™\{0}, provided V is of class C2. As a consequence we have V* € 3 whenever
V € ¥ (see again [13]) and the regularity theory for shows that V* € C3(R"™)
when V' € ¥. The following result provides a precise description of the behavior at
infinity of the elements in X:

Lemma 2.1. Let V € ¥. There exist A(V) € R and a(V) € R™ such that the
following asymptotic expansion holds as |x| — +oo and can be differentiated:

(2.4) V(z) = AWV) | {alV), ) +0<1>.

o || [

When we say that expansion (2.4) can be differentiated we mean that the fol-
lowing holds as |z| — +o00: for any 1 <4 <n,

OV (z) =—(n—2)A(V) |§|zn L aV)ile] |;|:JS§¢(V)’1‘>$1

1
+OQH“J'

Proof. Let V* be, as before, the Kelvin transform of V. It is of class C% in R" and
we can consider its Taylor expansion at 0: there exist A(V) € R and a(V) € R”
such that, as y — 0, and for 1 < i < mn,

Vi (y) = AV) +{a(V),y) + O(lyl*)
9iV*(y) = a(V)i + O(ly])

hold. Since for any x # 0 we have V(x) = M%V* (ﬁ), 2.4]) follows from (2.6)).
To prove ([2.5) we write that by the chain rule, for x # 0,

x5 x = 1 0ij ;T x
L _ - [ _ 9 I Vol I
rad (u2>+;;mwh2<mw o (5m)

(2.5)

(2.6)

(2.7) O;V(z) = —(n—2)



holds, and we conclude using again (2.6]). d

As a consequence of (2.4) and (2.5), there exists C = C(n, V') such that

(28) V(@) + A +[2))|VV(@)[ + (1 + [2)*[V?V(2)] < O+ [a])*™"

for all x € R™. This can also be shown by the conformal invariance of (|1.2)), see
e.g. Premoselli |28, Lemma 2.2]. As shown in Premoselli [28, Lemma 2.1], we have
B
(n —2)wp_1
If By is as in (2:2)) we have A\(B7) = (n(fan))T%2 The solutions constructed in |7]
also satisfy A(V) # 0. As proven in Lemma A(V) =V*(0). As a consequence,

examples where A(V') = 0 are easily obtained by Kelvin-transforming sign-changing
solutions of ¥ at a point where they vanish.

(2.9) AV) = / VP 2Vdz forall V € 3.

Remark 2.2. An accurate inspection of the proof of Lemma shows that we can
state a slightly more precise result. Let V' € X.

e Assume that n = 3,4. Then there exists k£ € N and a non-zero homogeneous
polynomial P of degree k such that

V) = 2@ (1) as |z| — +oo.

= |z[n—2+2k [Tk

e Assume that n = 5. Then there exists k € {0,...,4} and a homogeneous
polynomial P of degree k such that

1
0] if k<3
_ P <x|4+k> nre
- |$|3+2k + 1 )
0] ifk=4
2+

e Assume finally that n > 6. Let 0 < a<lifn=6and 0 < a < ﬁif
n > 7. Then there exists k € {0,...,3} and a homogeneous polynomial P
of degree k such that V satisfies

V(x) as x| — +oo.

P(z 1
All these expansions can be differentiated. In dimensions n = 3,4, P is the first
non-zero homogeneous polynomial in the Taylor expansion of V* at 0, which always
exists by classical finite continuation results (see e.g. Aronszajn [2]) since V €
DY2(R™)\{0}. In dimensions n > 5, P may vanish. Examples of solutions in any
dimension n > 3 for which the degree of P is larger or equal than 2 are still unknown
and the question of their existence was raised in Duyckaerts-Kenig-Merle[13].

3. RIEMANNIAN PRELIMINARIES

3.1. Sign-changing families of bubbles in M. We define the notion of Rie-
mannian bubble that we will consider in this work:

Definition 3.1. Let (zc)es0 € M and (ue)eso € Rso be families of points in M
and positive real numbers, with p. — 0 as € — 0. We let xy := lim._gx.. Let
V € X be fived and let B = (B:)->0 be a family of functions in H*(M). We say
that B is a family of bubbles centered at x. with radius p. and modeled on V' if
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there exists a family of charts (¢e)e>0 such that @, : Bg(xo,rg) — R™ is normal at
x. for all e > 0, lim._o . = o in C* for all k and such that

B By Ty (U Lo

as e — 0.

Here X is as in (2.1). As the following simple result shows, Definition is
independent of the choice of the local chart up to an isometry. In the sequel, we
let O(n) be the group of isometries of the Euclidean space R™:

Proposition 3.1. Let (7.)es0 € M and (pie)eso € Rxo be families of points in M
and positive real numbers, with p. — 0 ase — 0, and let B = (B:)e and B = (B:).

be families of bubbles centered al x. with radius p. and respectively modeled on
V.,V € ¥ as in Definition (3.1). Then

B.—B.—»0imH'(M)ase -0 <<= V=VoO
for some orthogonal mapping O € O(n).

Families of bubbles (B.).»o and (B:)eso centered at x. with radius u. and
satisfying B. — B. — 0 in H'(M) as ¢ — 0 will be called equivalent families.

Proof. Let ., Pe Bg(zo,74) — R™ be normal coordinate charts for ¢ at x. asso-
ciated to B and B as in definition If x € R™ we have

(3'2) Pe O @a_l(@a(xa) + $) = 905('735) +Ocx + O(|$|2) asx — 0,

where we have let O, = Dy (z:)0 (D@8 (xa))_l. Since ¢, and @, are normal charts
at xe, O € O(n). Straightforward computations using (2.8 and (3.2) show that

(3.3)
NCHOTS) <¢<>M¢<>> oy (os @)= sas(xmﬂ Ly

in H1(M) as e — 0. Since B. — B. — 0 in H'(M) by assumption we obtain

dy(rz) [u;"fv (05 (7.() - %(%))) e (@()-MM) _] o

e He

in HY(M) as e — 0. A simple scaling argument then shows that V o O = V where
O := lim,_, O.. .

Equations and show that, up to composing V with an euclidean
isometry, we can always assume that . is an exponential chart at x. in Definition
Choose, for any p € By(xo,74), an identification of T, M with R™. This defines
an exponential map at p, that we will denote by exp,, : R" — M in all of this paper.
Mimicking the arguments in and we similarly have, for V € X

uensz(W) —u T (Vo 0) <6Xp/j_1<))] —0

for some O € O(n). We have thus shown that B = (B:).>0 is a family of bubbles
centered at x. with radius p. and modeled on V € X if and only if

(84)  Be—x(dy(2))uz T (Vo O) (Xpu()

NCACESD)

> —0 in HY(M)
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as € — 0, for some O € O(n). Any two exponential charts at x. are related by an
isometry of R™. A consequence of is that Definition is independent of the
choice of the exponential chart at . up to composing V' with an isometry. The
classical example of a family of bubbles is the so-called family of standard bubbles:

Be(x) := x(dy(x,2.)) B (x), where

n=2
(3.5) n2 ~1
[ - exp,, ()
B;_(.%‘) = 2 dga(wwg)"’ =pe * BSF ( ) )
pe + n(n;Z) He

where BS‘ is given by . This example is peculiar: since Bgr is radially symmet-
rical (as a consequence of positivity), any exponential chart at z. yields the same
family of bubbles, and the function B thus obtained is well-defined on the whole
of M. Naively composing with an exponential chart does not, however, allow to
globally pull-back a sign-changing element V' € ¥ in M without losing regularity
at the cut-locus, hence the need for Definition [3.1}

The following proposition is straightforward:

Proposition 3.2. Let (B:)c>o be a family of bubble as in Definition . Then

There exists C > 0 such that ||Be||gr < C for alle >0
hmE‘)O HBEHLZ =0

B. — 0 weakly in H'(M) ase — 0

lime o [|[VB:|3 = [g. [VV|* da.

3.2. The product Weyl, @ B. We now investigate the properties of the term
Weyl, ® B appearing in the Statement of Theorem

Definition 3.2. Assume that n > 5. Let B = (B:)eso be a family of bubbles

centered at x. with radius pe and modeled on 'V € 3 as in Definition . We
define

4n o -t

n—2
Weyly (z0)iajp / 7
R’V

(3.6)

x*a’ 5V ( V+ xlalv> dx

where xo = lim._,g x. and where the coordinates of the Weyl tensor are taken with
respect to the chart exp,, .

It is intended in that repeated indices are summed over. That the second
integral in is finite follows from since n > 5. Note that the term Weyl ® B
depends on zg since the family B = (B:). > 0 does. We recall the symmetries of
the Weyl tensor of g at any point z € M:

Weylg(it)ijkz = —Weylg(x)jikg = —Weylg(x)ijgk = Weylg(x)kgij
Weyl, (7);jie = 0 and Weyl, ()i ke + Weyly () jrie + Weyly (2)xije = 0
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for any 4,7, k,¢ € {1,...,n}, where repeated indices are summed over. As a con-
sequence of these symmetries, simple integration by parts (see for instance Hebey-
Vaugon [17] or Lemma 3.2 in Mesmar-Robert [24]) show that

4n * -1
Weyl @ B= —— V| d
vl © 3<n2>2(/w" ) .

(3.7)
Weylg(xo)mjg/ 2P0,V 9,V dx.
Rn
Again the integral on the right is finite when n > 5 by (2.8). A consequence of
(3.7) and of the tensorial nature of Weyl (zo) is that Weyl, ® B does not change if
V' is replaced by V o O for some O € O(n), provided the coordinates of Weyl, (o)
are now computed in the chart O o exp;ol. Hence Weyl, ® B does not depend on
the choice of the exponential chart at zg and only depends on the equivalence class
of families of bubbles at z in the sense of Proposition [3.1]
We describe two simple cases where Weyl, @ B vanishes globally:

Proposition 3.3. Assume that n > 5 and let B be a family of bubbles centered at
(2:)e € M, with radius (ue)e € Rsg and modeled on V € X, and x¢ = lim._,0 ze.
Then Weyl, ® B = 0 in the following (non-evhaustive) situations:

o Weyl,(z9) =0
e V is radial (and hence V = By given by )

Proof. By (3.6) the first point is trivial. If V = B{)" is radial, the second point
follows from the radiality of B{)" , from the equivalent expression (3.7)) and from the
total antisymmetry of the Weyl tensor. O

The next two results shows that Weyl, ® B cannot be expected to vanish in
general:

Proposition 3.4. Let (S?, g,) and (S, gq) be the unit spheres of dimensions p,q >
2 endowed with their round metrics. Assume that n = p+q > 5 and that V €
DY2(R™)\{0} solves and is invariant under the action of O(p) x O(q) but not
under the action of O(n). Let M = SP x S9 endowed with the metric g = g, ® gq-
Let B = (B:)eso be a family of bubbles in (M, g) modeled on V' as in Definition
centered at (z)eso € M and with radius (pe)e>o € Rso and xp = lim._,¢ ..
Then Weyl, ® B < 0.

Proof. We let M :=SP x S? where p,¢ >2and p+¢g=n>5and g := g, ® gq be
the product metric of the round metrics g, and g, respectively on SP and S?. We
follow the geometric notations of Besse |[4] and Hebey [15]. The Riemann tensors
for each metric are

1 1
Rmy, = §gp © gp and Rm,, = §gq ® 9q»

where © is the Kulkarni-Nomizu product, given in coordinates by (I' ® S);ju =
TirSj1 — TiSjr + TjiSir, — TSy Standard results on product manifolds give that,
after the necessary projections, Rmg, = %ng)gp—l—%gq@gq, Ricg = (p—1)gp+(g—1)gq
and Sy = p(p — 1) + ¢q(g — 1). The Weyl tensor of g is defined as

1 S,
Weylg = ng — mRICg O] g + mg © g-
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If zg = (2(,2§) € SP x S? we compute the coordinates of Weyl,(zo) in the chart
obtained from the exponential chart on S? at zf and the exponential chart on S?
at xd: this yields a normal chart on S? x S?. The Latin letters i, j, k... refer to
coordinates in SP, the Greek letter «, 3, ... refer to S. The previous observations
show that, at any point around xy we have

(Weyly) iy = C1(girgi — girgir)
(Weyly) g5 = C2(9ar985 — gasgsy)

(Weylg)mjﬁ = —C39ij9ap
(Weylg)ijaﬁ =0,
; _ _2q(¢—1) _ _2p(p—1) _ 2(p=1)(¢—1) ;
with C; = (n_qlslw,CQ = (n—plfw and C3 = m. The mixed terms

(Weylg)ijka and (Weylg)iaﬁ'y
symmetries of the Weyl tensor. We denote the coordinates in R™ by (X,Y"), where
X e RPand Y € R9. Let V € ¥ be O(p) x O(q) invariant and let Cpy =

3(714%2)2 (f LVIZ da?)_l. Using (3.7) and the explicit expression of Weyl (zo) we

have

are null, and the other terms are obtained via the

C, yWeyl, ® B = Cl/ [ X2 V1V]? = (X, V1V)?] dXdY

n

+C2/ [[YP[V2V]? = (Y, V2V)?] dXdY

]Rn

—Cg/ [|X|2|V2V\2+\Y|2\V1V|2—2(X,V1V)(y7v2v) dxX dy
Rn

where V1V and VoV denote respectively the gradient of V' with respect to X € R?
and Y € R%. The O(p) x O(q) invariance of V' implies that V(X,Y) = V(| X, |Y)),
and as a consequence we have V,V(X,Y) = 5‘1V(X,Y)% and VoV (X)Y) =
OV (X, Y)% where 01V and 92V are the partial derivatives of (r1,72) — V(r1,72).
We obtain in the end

n,
n

C,yWeyl, ® B = 703/ [\XF(@QV)? + Y20 V)? — 2|X||Y|81V82V} dX dy
R
2
- fog,/ <|X|62V - |Y|81V) dX dY < 0.
]Rn

If Weyl, ® B = 0, then 720,V — 7105V for all ry = | X| > 0 and 7o = [Y| > 0. This
shows that V = V(r), for 2 = r? + 72 when 71,75 > 0, and this equality extends
continuously to R™\{0}. We then get that V is radially symmetrical, contradicting
our assumption. Therefore Weyl, ® B < 0. O

Corollary 3.5. There are manifolds (M, g) of dimension n > 5 and families of
bubbles B = (B:)e>0 as in Deﬁnition such that Weyl, ® B < 0.

Proof. We choose p,q > 2 such that n := p+ ¢ > 5. As before we denote by
gn the round metric in S™. It follows from the result of Ding [9] that for all
L > 0, there exists V € C2(S™) that solves Ay, V + %f/ = |V|¥" 2V, satisfies
Jsn \V[*" dv,, > L and is O(p) x O(q + 1)-invariant, that is V(z,y) = V(|z,|y|)
for (z,y) € RP x RITL = R Let 7y : S"\{N} — R" be the stereographic
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projection from the North pole. Let, for x € R”,

V) = (10w = e @)

Then V € C*(R")NDY2(R™) solves AV = |V[*' =2V in R", satisfies [p, |[V]? dz >
L and using the coordinate expression of the stereographic projection it is easily seen
that it is O(p) x O(g)-invariant, that is V(2/,2”) = V(|2'|, |2”]) for (z/,2") € RP x
R? = R™. Up to taking L large enough, we get that V' is not O(n)-invariant since by
Obata [26] finite-energy radial solutions of are translations and rescalings of
By given by and all have fixed minimal Dirichlet energy. Let now M := SPxS4
and g := g, ® g, be the product metric of the round metrics on SP and S9. Let
B = (B:)e>0 be any family of bubbles in (M, g) modeled on V as in Definition [3.1]
centered at (z:)e € M and with radius (ue)e € Ry and xp = lim._g x., where
xo € M is any point. For L large enough Proposition [3.4] applies and shows that
Weyl, ® B < 0. O

3.3. The mass of the Green’s function in 3D. We conclude this section by
recalling the definition of the mass when n = 3, following Li-Zhu [20]:

Definition 3.3. Let (M,g) be a smooth, closed, connected 3—dimensional Rie-
mannian manifold. Let h € C'(M) be such that Ay + h is coercive. Let Gy, be
the Green’s function for Ay + h. Then for all xo € M, there exists mp(zo) € R,
denoted as the mass, such that

1
Gr(z,z9) = m + mp(xo) +0(1) as x — xg.

When n =3, A, + h is coercive and zg € M, It follows from the construction of
the Green’s function (see Aubin [3], Robert [32]) that there exists 8., € C°(M) N
HE(M) for all p < 3 such that
(3.8) Gl zo) = —X T 45 (2) for all € M\ {zo}

’ drdy(x, z0) 0 ’
where x € C*(M) is a cutoff function with x(z) = 1 in By(zo, %) and x(z) =
0 in M\By(zo,7y). We have (A, + h)Bz, = —(Ay + h)((47) " Ixdy(-,20)7t) =
O(dy(-,0)~") and standard elliptic theory then shows that
(3.9)

Bao ()] < € [V (@)] < C(1+ |ndy(wo,2)]) for all 2 € B, (w0, ) \{0}.
It now follows from Definition [3.3] that
mp(x0) = Bao (T0)-
4. A PRIORI POINTWISE ESTIMATES FOR FAMILIES OF BUBBLES

4.1. Statement of the results. In this section we will assume, as in the introduc-
tion, that (u.)o<e<1 is a family of possibly sign-changing solutions of satisfying
[T4):

ue = cB. +o(1) in HY(M),
for some ¢ > 0, where B. is a family of bubbles as in Definition [3.1] centered at x.
with radius p.. Here (2¢)o<e<1 and (e)o<e<1 are families of points in M and of
positive numbers with y. — 0 as e — 0. We let V' € ¥, where X is as in , be
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the function that appears in (3.4). Under this assumption (u.)o<-<1 blows-up with
only one possibly sign-changing bubble and a zero weak limit. Throughout this
paper we will adopt the following conventions: for nonnegative families (ac)o<e<1
and (bs)o<e<1 of functions in M (or real numbers), we will write a. < be, or
equivalently a. = O(b.), when there exists a positive constant C' such that

ac(z) < Cb.(z) forall0<e<1andanyaxe M.

Since Ay + h. is coercive we let, for any 0 < ¢ < 1, G},_ be the positive Green’s
function of A, + h. (see Robert [32]). Since he — hin C'(M) ase — 0 and A, +h
is coercive there exists C' > 0 such that

(4.1) dy(z,y)" G (2,y) —

holds true for any (x,y) € M x M\D(M) and for any 0 < ¢ < 1, where D(M) =
{(z,x),x € M} and where w, 1 is the area of the standard sphere S"~!. Define,
for x € M,

— 1 <
(n—2)wn_1 —Cd9($7y)

F.(ze,z) = (n — 2)wp_1dy(ze, 2)"2Gh_ (2c, 7).
We define, for any z € M and any 0 <e < 1:

n—2 1
Bl (x) = x (dg(we, @) Fe(e,x)pe >V (M exp;; (x))

n—2

+ (1 = x (dg(2e,2))) (n = 2)wn 1 A(V ) e ®
where A\(V') is as in (2.9) and for x € C°(R) with x = 1 in [0, i-"(élM)] and xy =0
in [w, +00), and where i4(M) is the injectivity radius of (M, g). By {.1)) and
properties of the Green’s function (see |32]) we have

F.(z.,2) =14 O(dg(ze,x)) and  |VuF.(zc,2)|=0(1) forx € M.
It is therefore easily seen with (3.4]) that
BFe®s = B, +0(1) in H (M),

(4.2)

so that (B#="¢)g<.<1 is a family of bubbles which is equivalent to (B;)o<e<1 in the
sense of Proposition The original assumption (|1.4)) implies that u. still satisfies

(4.3) u. = cB'%s 4 o(1) in H'(M)

for some ¢ > 0. We will thus, in the subsequent analysis, work with the family
(BFe")oce<1- If (ye)e is a family of points in M satisfying p. << dg(ze,y:) <

w we also have, by (2.4), (4.1) and (4.2)),

_n-2 1
B#ete (ya) = Fe<x57 ys)ﬂe 2V </L eXp;:(y::))
€

(4.4)

= (n— Duwn_1p2? G, (xe,ye) (A(V) +0 (dg(;:yg)>) .

The function B*=*¢ thus interpolates the (rescaled) pull-back of V in M to its
first-order expansion at infinity.

In this section we prove that (4.3) still holds true globally pointwise in M, up
to an error term that is of the order of the positive standard bubble B} given by
(3.5). The main result of this section is the following;:
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Proposition 4.1. Let (M"™,g),n > 3 be a smooth, connected and closed manifold,
let (he)o<e<1 be a family of Ct functions in M converging in C*(M) towards h and
let (pe)o<e<1 be a family of real numbers satisfying 2 < pe < 2* for all0 < e <1
and such that lim._,o p. = 2*. Assume that Ay, + h is coercive. Let (uc)o<c<1 be a

family of solutions of (1.3)) satisfying (1.4) for some ¢ > 0.
Then ¢ =1 in (1.4)) and there exists a family (oc)o<e<1 of positive real numbers
with lim._,g 0. = 0 such that,

Ue — BHerTe
Ber— < oe
Be Lo (M)
for any 0 < e < 1, where B*<* is as in ({4.2)) and B is as in (3.5)).
The function V' € X that appears in the definition of B*='®< is the one that

defines the family (B:)o<e<i and is given by (3.4). In particular, for any « € M
and any 0 < £ < 1 Proposition [A.1] shows that

|u€(;v) — BHee (:r)’ < JgBj(x).

(4.5)

As a consequence, if (y:)o<e<1 is any family of points in M we have

ue(ye) = B (ye) + o0 (B;'(ye))
as € — 0.

Proposition is sharp if A(V) # 0 which, by , corresponds to a bubble
that decays to infinity in R™ as |z|2~™. This is the case for the positive bubble By
given by and for the sign-changing solutions of constructed in DelPino-
Musso-Pacard-Pistoia [7]. Proposition for positive solutions has been known
since the work of Li-Zhu [20] and Druet |10] and Druet-Hebey-Robert [12]] (see
also |16]). In this section we prove Proposition by following the approach in
Ghoussoub-Mazumdar-Robert [14], that draws inspiration from the techniques in
[12,/16]. Since we consider sign-changing solutions and bubbles we have to adapt the
existing techniques that have been developed for positive solutions. In the exactly
critical case p. = 2*, Proposition has already been proven in Premoselli 28] in
the more general case where multiple sign-changing bubbles may appear.

4.2. Proof of Proposition As a preliminary observation we claim that

_ (n;z)? (2*

T —pe)
(4.6) c= 31_1% e € [1,4+00).

~ n—2 .
We set U (z) := e > uc(exp,_(per)) for x € B(0 M) It follows from (|1.4)) and

7 2pe

(34) that U. — ¢V in H} (R"). With a change of variable, equation (L.3) writes
ig(M ))

2ue /)’
where we have let g.(z) = exp;_g(uex). Passing to the limit ¢ — 0 yields

~ ~ n—2 g% __ )i * o~ .
Ay U + pi2he(exp, (pex))Ue = pe? @ 779|012 =200, mB(o,

n—2 * * *

A¢(eV) = (lim u?(z 7%))02 VI 72V weakly in R™.
e—0

Since g — 0 as ¢ — 0 and p. < 2* we have ug*_pf < 1 for € small enough. Since

n—2 *
V € DY2(R™)\{0} it cannot be harmonic, which shows that lim._q s 2 (27=pe) ¢

(0,1]. Finally, V solves (L.2)), which proves the claim.
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As already remarked, we can assume that (4.3]) holds. This implies that the family
(te)o<e<1 blows-up, that is

1. oo =
EILI})H%HL (M) = +00

By (4.6) it is also easily seen that

n—2 2

(4.7) pe® % —>c ase—0.

Decomposition (4.3 with (4.2)) shows in particular that u. — 0in H*(M\By(z.,9))
as € — 0, for any 6 > 0 fixed. The regularity theory of Trudinger 7 together
with standard elliptic theory, then shows that

(4.8) ue =0 in Cf (M\{zo})

as € — 0, where we have let zy = lim._,o .. We prove Proposition [I.1] in several
steps.

ig(M))
’ 2HE 9
_2

Ue(a) = pd* " ue (exp,, (pez)) -

Step 1: Let, for any « € B(0

We claim that
(4.9) U.—V inC?.(R")

as € — 0.

Proof of (4.9). Let, for x € B(0, i";}i\j)), ge(7) = exp;_g(pew). By (L.3)) U, satisfies

. o (M
(4.10) Ay U. + p2h U, = |U|P="%U. in B (0, ZQQ(M )) ,

where we have let h.(z) = h. (exp,,_ (pex)). Equation (4.3) together with (4.7)
shows that, for any compact set K CC R", we have

2p§2
\U. — V|Pedvg, = pd=~
K €XPg, /U’EK)
_2pe
— lLé’s"2 J/f
eXst(usK)

< / ”
exp,_ (ke K)

=o(1)

as ¢ — 0, where the second line follows from (4.7]) and in the third line we used that

2?52
uee < 1 since

n—2

47;——-;425— LT Pe
_/1’8 e B esle d’Ug

pE
— (c+o0(1))B" =" | du,

Pe
dvg

— (c + 0(1))3#57%

2ps

=5 —Nn = 0 The local regularity theory of Trudinger [37] and
standard elliptic theory using (4.10]) then show that the convergence of U, towards

V takes place in C?(R"), Wthh concludes the proof of O
By (4.3), (4.9) and Sobolev’s inequality, we get
(411) thiloo hl;:ﬂSélp HUEHLZ* (M\By(xc,Ruc)) = =0.

Step 2: Let 0 < 6 < iy(M) be fixed. We claim that

2
4.12 lim limsu max dg(xe,x)Pe=2|us(x)] = 0.
(4.12) Rrtoo 050 T By(ae 0\ By (re Ri) o (@e, @)% ue ()]
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Proof. To prove (4.12)) we will prove more generally that

(4.13) lim sup max (pe + dg(e, x))ﬁ ]ue — cB#eTe
S

e—=0 T

It is easily seen using (4.2)) that (4.12) follows from (4.13). To prove (4.13)) we

proceed by contradiction and assume that, up to passing to a subsequence (ex)r>0
with limy_, o € = 0, there exists 79 > 0 and a sequence (yx)r>0 of points of M
such that

(z) = 0.

2
(fep +dg(xey, yn))Per =2 ’U’Ek — cBHerer

(yr)
(4.14)

2
= gne%ﬁ[( (lu’sk + dg(xEkvx))pEk - |u5;C — cBHeko ek
By (4.7) and (4.9) we get that

(4.15)

(z) > no-

dg(x5k7yk))
/LLEK-

as k — +oo. By (4.2) and since pgkz_ — 222 > () we thus have

— +00

2

2
(e, + ey, 1)) 70 B2

(Y)

. L 2 2 _n=2
(4.16) S (,LM) (e +dg(we,,yp)) o2 2
€ g\"EE

=o(1)
as k — +oo. Using (4.2) and (4.8)), (4.14) also shows that dy(z.,,yx) — 0, and

Pey, —2
hence, with (&.16)), that |u., (yx)| — +0c as k — +oo. We let v = |ue, (ye)|~ 7,
so that v, — 0, and for z € B(0, 192(5\/1)

—) we let

wi(z) = Vﬁusk (exp,, (vkz)) .

By (1.3) wy satisfies

7 Lo (M
(417) Agkwk + V}?hkwk = |wk|pak *ka in B (0, 7’9( )> ,

2Vk

where we have let iy, () = he, (expyk (ka)) and gy = exp;, g(vr). Independently,
by (4.14)), (4.15) and (4.16)) we see that

(418) dg (xEk ) yk) Z V.

With the latter, (4.14]) shows that there exists 79 > 0 small enough such that

llwk|| oo (B(0,2r0)) < 2

for any k large enough. With (4.17) and standard elliptic theory, and since |wy (0)| =
1, wy, converges in C?(B(0,7¢)) as k — 400, up to a subsequence, to a non-zero
solution wq of

Agwy = |w0|2*_2w0 in B(0,79),
that thus satisfies

(4.19) / lwo|*" dz > 0.
B(O,T‘g)
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Independently, (4.15) and (4.18) show that, up to assuming that rg is small enough,

we have

(4.20)

dg (ng,Bg(yk,Tol/k)) — +00
Hey,

as k — +oo. We let qx = §p., —n. As is easily seen, it satisfies g, < 2* (since
Dy, < 2%), g — 2% as k — 400 and

QQk _
DPey, — 2
We then have, by the C? convergence of wy, towards wy and by Hélder’s inequality,

/ lwo|? dz = lim sup/ |wg| 7 dvg,,
B(0,70) k=400 JB(0,r0)

= lim sup/ [te, | % dug
k=00 J By (yk,rovk)

a
2
. 2*
< lim sup / |ue, |~ dvg
k=00 By (yk,rovk)

where the last equality follows from (4.11)) and (4.20)). This is a contradiction with

(4.19). Hence (4.14]) cannot occur, which proves (4.13)). O
For 0 < § < iy(M) we let

(4.21) 1e(6) = l|tellLo s\ B, (2..,6))-

By (4.8), n-(6) = 0 ase — 0 for any 0 < § < i4(M) fixed.

Step 3: We claim that for any 0 < a < 1 there exists 0 < d, < iy(M) and

Cq > 0 such that, for any © € M\By(z., i) and any 0 < e <1

—2 (1— 11—« o
422) )] £ Co (W7 o) B )y 0) )
holds.
Proof of ([#.22). Let 0 < a < i. For € M\By(x-, j1c) we let
« ez (1-20) Aoy 40
02 (@) = uF VG, (00, 2) I 4 1. ()G, (e, ) T

where G},_ is the Green’s function of A, + h.. It follows from properties of the
Green’s function that there exists §/, > 0 such that

2 | ;xGhE (1'571')|2 (n 2)2 /
Yehe ey /1 > 7 .
dg(x7x8) ( Ghs (xsvx)Q hg(x) 4 for dg($7x6) < 6@

Let 4, € (0,6.,) be such that
2||hl| Lo (ar) 0z < (0= 2)%a(1 — @)

and let 0 < § < J, be fixed. We claim that there exists C' > 0 such that, for any
0<e<,

Ue

<C
oz

(4.23) <
Lo (M\ By (e pic)
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holds. By (4.1) it is easily seen that (4.22) follows from (4.23). We thus prove
(4.23). We let, for any 0 < ¢ <1, y. € M\Bgy(z-, ftc) be such that

ue(ye) ue(z)
D2 (ye) o2 ()
We proceed by contradiction and assume that, up to passing to a subsequence

(er)k>0 with limy_, 4o € = 0, and up to replacing u., by —u., (which still solves
(1.3)), we have

zEMN\Bg (2e, 1)

Uey, (Yey)
(4.24) kL oo
@?k (yfk)
as k — 4o00. We first assume that, up to a subsequence,
(425) Hey = O(dg(yamxak)) and dg(xamyé‘k) < da

as k — +oo. By definition of y., we have
AQUEk (yak) > AQ(P?k (yEk) ]
usk (ysk) - (p?k (yf‘:k)
On the one side, straightforward computations show that
2 qu)?k (Yer) S (n— 2)2

(4.26)

dg(xe, ,Ye > a(l —a) >0 for d,(z,z.) < s
g( k k) @?k (ysk) 2 ( ) g( )
as k — +00. On the other side, (1.3]) and (4.25) show that
2 Bgtic, (¥e,)

dg(Teys Yey,) < dg<x5k7y5k)2|u5k (Yey, ) [Pox 24 2||hHL°°(M)6i

Uey, (yak)
as k — +o00. With (4.12)), (4.26]) and the choice of d, this yields a contradiction for
k large enough, and shows that (4.25)) cannot happen. Thus we either have, up to
a subsequence, % — D € [1,+00) or dg(xc,,Ye,) > 0o as k — +o00. Using

k
4.9) in the first case and (4.21] in the second case we obtain a contradiction with
4.24)). This proves (4.23)) and thus (4.22]). [

Step 4: We claim that
(4.27) |uc(z)| < BX(z) for any x € M.
where B is defined in ([3.5)).

Proof of (4.27). We first prove a weaker statement. Let 0 < § < i,(M) be fixed.
We claim that there exists Cs > 0 such that, for any 0 < e <1 and z € M,
(4'28) |ua($)‘ < Cs (B: (1‘) + 776(5))

holds, where B is as in (3.5). Let (y:)o<c<1 be any family of points in M. First, if

dg(Ye, ze) > 9, (4.28) follows from (4.21)). We can thus assume that y. € By(x., )
for all 0 < e < 1. A representation formula for u. at y. gives, with (1.3,

e (y) = / G (e ) uc ()P~ 2us (y)dy

(429) Bg(zevlls)

+ / G (e 9) e () P2 () dy.
M\Bgy(zc,pe)
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Straightforward computations with (4.7)), (4.9) and (4.1]) show that

A X L
By(ajsyll«s)

(see e.g. Proposition 6.1]). Straightforward computations using (4.7), (4.22)
and (4.1]) show that

/ G (9e. 9)ue ()P e () dy
M\Bg (fs »#5)

Plugging (4.30) and (4.31) in (4.29) and since n.(d) — 0 as € — 0 proves (4.28).

We now claim that, for any 0 < ¢ < i,(M) fixed,

(4.30) < B (ye)

(4.31) S B;(ye) + 775(5)192_1-

n—2
(4.32) N:(0) < pe®
holds for € small enough. With (3.5)), (4.28) and (4.32) this will conclude the proof
of (4.27). We prove (4.32) by contradiction: we fix 0 < § < i4(M) and, up to

passing to a subsequence (e)r>0 with limy_, 4o €5 = 0 we assume that

Nex ()

n—2
e,
as k — +o0o. We let, for k£ > 0 and for any x € M,

. ue,, (2)
Up\T) = 5
NG
and let y, € M\By(zc,,0) be such that |4k (yx)| = 1. By (3.5)), (4.28) and (4.33)

the family (@x)g>0 is uniformly bounded in compact subsets of M\{zo}, where
ro = lim._,qz.. By , standard elliptic theory and since 7., (0) — 0 as k —
+00, 4y, thus converges in C7 _(M\{zo}), up to a subsequence, to some function
g € C?(M\{zo}) that satisfies Ayt +hiio = 0 in M\{zo} and |io(yo)| = 1, where
Yo = limg— 400 Yyt € M\By(xo,0). Passing to the limit pointwise shows in
addition that we have

(4.33) — +00

lio(z)] < Cs  for all x € M\{zo}.

Classical arguments thus show that the singularity of 4y at zy is removable and
that g satisfies Agtg + hitlp = 0 in M in a strong sense. This implies 4y = 0 since
Ag + h is coercive, which is a contradiction with |tg(yo)] = 1. Thus (4.32)) holds

true and (4.27) is proven. ]
A consequence of (4.27)), (1.3])) and standard elliptic theory is the following esti-
mate on the first and second derivatives of u.: for 0 < k < 2,

n—2

e ®
(e + dg (-, 2))
Estimate ([4.34]) follows from a scaling argument and from standard elliptic theory.

(4.34) [VFu. (2)| < forallz € M and 0 < e < 1.

n—2+k

Step 5: we now claim that
O(ue) ifn=3
1
(4.35) 2 —p. = O(,@ln) ifn=4.
He
O(1?) ifn>5
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as € — 0. In particular lim._,o 2 ~Ps = 1.

Proof of (4.35). Let 0 < § < i4(M) be fixed and let
Q. = By(ze,0).

We write a Pohozaev identity for u. on Q.: let X be any smooth vector field in M.
Integrating ([1.3)) by parts against (X, Vu.) classically shows that

/ hEuE<X,VuE>dvg+/
Q. Qe

(4.36) Jr/ 1<X, 1/>|Vu5|2 — (X, Vue)o,u. — i<X, v)|uclPe | dog
a0, \2 g De

1
<VX — 2dingg> (Vue, Vu)du,

1
=—— divy X|u. [P dvg
De Qe

(see e.g. |16, Proposition 6.2]). Let now X. be the smooth vector field whose
coordinates in the exponential chart at z. are (X.(x))" = z*. For z € Q. and any
1 <i,j <n we have V;X?(z) = 07 + O(dy(z,2)?). As a consequence,

1
/ (vx - dngXg> (Vue, Vi )dv, = / (1 — 2 o(dy(x., .)2)) V. |2dv,
Qe 2 Qe 2
and

1
——/ divg X|ucPedv, = / (_n + O(dg(z., )2) [ue [Pe duy.
Pe Ja. Q. Pe

Integrating (|1.3)) by parts shows independently that

/ |Vu5|§dvg :/ |ue|Pedug —/ hsugdvg —|—/ U0y ucdog,
Qe Q. Q. a0,
so that (4.36]) becomes

1 1
n{—-—-— ug|Pedv
(3-5) [ wepeas,
—2
:/Q <”2 u?+h€uE<X,Vu5>)dvg

+0 (/ dg(z., -)2|Vu6\3dvg —|—/ dg(z-, -)2|u5|p5dvg)
Qe Qe

1 -2
+/ <<Xa V>|vus|3 - <X7 vu€>8l/u6 - Lueauus
0. \2 2

1
—p—(X7 l/>|ug|p5> dog.

€

Straightforward computations using and show that
| datoe PVl + [ dyGoePlucldo,
E E O(p2) ifn =3
+/Q |heue (X, Vue)|do, +/Q |he|uidv, = O(u? lni) ifn=4.

e
O(1?) ifn>5
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By (4.27)) and (4.34]) we have

1 —2 1
/BQ <2<Xa V>‘VU5|§ - <X7 vus>auu6 - nTusauus - ]75<X, V>u€ps) dUg = O(ME_Q)'

Plugging the latter computations in (4.36) thus shows that

O(pte) ifn=3
(4.37) n (1 — 1) / uz[Pedvy = { O(pZ In i) ifn=4.
2* pe Qe He
O(p?) if n > 5

Finally, using (4.7)) and (4.9)), Fatou’s lemma shows that

/ |ue|Pedug > co

€

for some positive ¢y > 0 independent of e. Going back to (4.37) thus proves
(E37). O

Step 6: End of the proof of Proposition We are now in position to con-

clude the proof of Proposition The equality ¢ = 1 follows from (4.6 and (|4.35|)
and we thus only need to prove (4.5). We proceed by contradiction and assume

that (4.5) is false: up to passing to a subsequence (ex)r>0 with limg_, 4o € = 0,
there exists a sequence (yx)r>o of points of M such that

(4.38) e, (y) — B*<r <k (y3,)] = no B (yx)

for some 79 > 0, where B#<*s and B are as in (4.2) and (3.5). Since by (4.35) we
have ¢ = 1, (4.9) shows with (4.38)) that

dg(Ter Yer)

4.39
( ) Hey,

— 400

as k — 4o00. We write a representation formula for u., in M: if G__again denotes
the Green’s function for Ay + h.,, we have with (L.3)):

@A) ) = [ G e ()P () (o).
Let R > 1 be fixed and let € B(0, R). By (4.1) and (4.39)) we have

(n— Q)Wn—ldg(xsk;yk)nithsk (eXpmsk (pe, ), yk)) -1 if dg(xﬁkvyk) =0

uniformly in B(0, R) as k — +oc. Since h., — h in C'(M) we also have

G, (9 €xDs, () ) = Gilwey i) +0(1) if dy(wey, e) 70



22 BRUNO PREMOSELLI AND FREDERIC ROBERT

as k — +oo. Since yj satisfies (4.39), and by (4.1), the dominated convergence
{.4)

theorem gives with the definition

/ Ghsk (yka ')|u8k|p€k72u5kdvg
Bg(xsk 1R;Ufsk

n—2 *
= (1+0(1))Gh. xs,yku,T/ VI 2Vdx
(4.41) ( (1)Gh., (e yr) e B(O,R)I |

= (14 0(1))Gh., (Ter, ye)(n — w1107 (A(V) + O(R™2))

<k
= Brerx (y,) + o(Be, (yk)) + O(R™2Be, (yr))
where A(V) is as in (2.4), where the third line follows from (2.8]) and (2.9)) and the

last one from (4.2)) and (4.39). Independently, straightforward computations show
with (4.27)) that

’ / Gh.,, (Yr» ) |uey ‘pgk_?UEkdvg‘ S R72BZ (k) + 0 (B2, (uk))
M\Bg(weleNEk)

holds. Plugging the latter and (4.41)) in (4.40) shows that, for any fixed R > 0 and
for any k large enough we have

ue, (yx) = B*w " (y) + o (BZ (yr)) + O (R™*BZ () -

By choosing R large enough and passing to a subsequence we get a contradiction
with (4.38). This concludes the proof of Proposition O

We conclude this section by showing an improvement of when k£ = 1 that
will be needed in the next section. Let (he)o<e<1, (Pc)o<e<1 be as in the statement
of Proposition and let (ue)o<e<1 be a family of solutions of satisfying
for some ¢ > 0. In particular Proposition applies to (ue)o<e<1 and holds.
We claim that there exists a family of positive real numbers (0. )o<e<1, with 0. — 0
as € — 0, and a positive constant C' such that for any x € M and any 0 < e <1
we have

MEQ n—2

+Cpe®
(e + dy(ze, )yt

(142)  |Vue(@) - VB (a)| <o

where B#<%¢ is as in (4.2).

Proof of (£42). Let 0 < 20 < ig(M) be fixed. We define we(z) = u.(exp,_(z))
for x € B(0,24). We first prove that there exists a family (o.)o<e<1, with . — 0
as € — 0, and a constant C' > 0 such that for any = € B(0,20) and any 0 < e <1

we have
n—2

2 n—2

(4.43) +Cus7 .

dae(e) — OV ()| < oo

Let € B(0,20). The representation formula (4.40) can be differentiated with
respect to x: this gives, for 1 <i <mn,

é&u&(m)::./;{e%<;h5(exng(x),y>|ua(ynpf—2ua(y>dvg<ym

where we have let 8;Gj,, (exp,,_(z),y) = 52- (Gh. (exp,_(-),y))(x). Standard results
on the Green’s functions (see e.g. [32]) show that there exists C' > 0 such that for
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all € small enough and all z,y € B(0,26),

L (z—y)
Wn—1 |$ - y|n

(4.44) |9,Gh. (exp,_(z),exp,_(y))+ < Cla—yl " +Cla|-|z—y/' "

. _n-2
holds. Let now, for x € R", V.(z) = pe 2 V(i) Let (2¢)o<e<1 be any family of

points in B(0,20). Straightforward computations using (4.35)) and (4.5)) show that

n—2
1 (2 = Y)i o po—27 He n—2
Diwe (2 =—/ e T Vg e gy 4o —HE ) £ O
E( E) B(0,25) Wn—1 |Z€ — y|n| 5| ey (/,Lg + |Z€‘)n71 (//[/E )
n—2
1 (’ZE B y)’b 7 12% —217 e 2 n—2
= — |V Vidy +o| —25 | - O(u.2
/3(0,25) Wn1 |2e — :U|"| g = (e + |ze)) 1 (ne®)
1 — )i (1m0 - -
+/‘ Ei—Q*O%F‘Q—HH“J)m@L
B(0,26) Wn—1 |ze —y|™

Let us estimate the last term. Using the control (4.6)) , we get that

/ 1 (2 —y)i (“75‘2*_2 _ |‘7€|p5—2) V.dy
B(0,26) Wn—1 |22 — y|™

<[ e
B(0,26)

S/ - n—2 |Z€_y|1_n
B(0,28)n{[Ve|<pz % }

+/ _ n-2 ‘Zs 7y|17n
B(0,25)ﬁ{|Va\ZMe 2 }

n=2(, —1 _
<Cpe? @ )+/ s eyt
B(0,20)N{|Ve|>pe 2 }

The control (2.8)) and (4.6) yield
_ n=2 -
Vel > pe® } = ‘IVEI2 —Pe 1‘ = o(1)

Vel =P = 1] - Ve~ ay

Vol =0 = 1] - Ve ~dy

e A

“7E|2*7ps —1l. |f/€‘prldy

as € — 0, so that we get

1 e — Y)i Y7 12*—27 :;2 2
3iw5(z€):—/ Mmﬁ 2V8dy+0<u> FO(ue?)
R

n Wp—1 |Z€ - y|n (,us + ‘zeDn_l

= 9;V.(z o _ B 2

where the last equality follows from a representation formula for (1.2)) in R™, since

V € X. This proves (4.43). Estimate (4.42)) now follows from (4.1)), (4.43), (4.44)
([l

and the explicit expression of B#=*< in (4.2)).

Remark 4.2. We assumed for simplicity here that Ay + h is coercive. If Aj+h had
a kernel and, more generally, if (u:)o<c<1 was a finite-energy family of solutions
of (without the one-bubble assumption ), an analogue of Proposition
would still hold. We refer for instance to Premoselli [28] where a generalisation
of Proposition [4.1] was proven when p. = 2* for all 0 < ¢ < 1, in the general
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multi-bubble case and when Ay + h is allowed to have a kernel. The proof of [28]
allows to deal with any multi-bubble configuration and would still adapt to the
asymptotically critical setting p. < 2*, p. — 2* as a careful inspection of the proof
shows. In the one-bubble case that we consider here, the proof of Proposition
that we gave in this section is shorter and more direct.

5. PROOF OF THEOREMS [[.1] AND

Throughout this section we let (M™, g),n > 3 be a smooth, connected and
closed manifold, (h:)p<e<1 be a family of C! functions in M converging in C'*(M)
towards h and let (p:)o<e<1 be a family of real numbers satisfying 2 < p. < 2* for
all 0 < € < 1 and such that lim._,o p. = 2*. We assume that Ay +h is coercive. We
assume again, as in Section 4] that (u.)o<e<1 is a family of possibly sign-changing
solutions of satisfying

ue = cB. +0(1) in HY(M),

for some ¢ > 0, where B, is a family of bubbles as in Definition centered at
. with radius p. and modeled on V 6 Y. In particular the analysis of Section [4]
applies: Proposition[d.1} (4.34) and (4.42) show that there exists a family (0.)o<c<1
with 0. -+ 0ase —0 and a pos1t1ve constant C such that, for any z € M and any
e >0,

|ue(z) — B'="* ()| < 0. B (x),

n—2

5.1 () — VBF ()| < 0. pe T and
6D |Vuele) - VB )| <o + O o

(pe + dy(z,2))* |VFuc(2)] < CBF(z)  for k=1,2

hold, where B and B*=®= are as in (3.5) and (4.2). Equation (4.35)) also applies
and shows that 2* — p. = O(u.). In this section we will prove Theorem using

(5.1). We first recall the classical conformal normal coordinates result of Lee-Parker

[18]. It states the existence of a positive function A € C'°°(M x M) such that, letting
Ay(z) = Ay, z) for any y,2 € M and g, := Aﬁg we have
Ay(@) =1+ 0 (dg, (y,2)) ,
Ricy, (z) = O (dy, (y, 7))
Sy, = O (dg,(y,2)*)  and

VIg,(@) = 140 (dy, (9.2)) ™

as dg, (y,z) — 0, for a fixed N large enough, where Ricy, denotes the Ricci tensor

(5.2)

of g, and where it is understood that /|g,| is computed with respect to the ex-
4

ponential map of g, at y. For ¢ > 0 we let g,. = A7 ”g and we let exp?"° be the
exponential chart of g,  at z.. Let 0 > 0 be such that 2§ < infeepsig (M). We
define g. and v. in B(0,20) C R™ as follows:

ge = (eng?) 9., and
5.3
(5:3) ve(x) = Au—xs 0 expi’e .
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First, (5.2)) shows that, for any fixed © € M, we have
(5.4) dy, (z,y) = dyg(z,y) + O (dg(z,y)*) as dy(z,y) — 0.
The latter with (2.8)), (4.2]) and (5.1)) implies that
~ ~ n—2
ve(x) — Va(x)’ <o.Bf (z)+Cus?

n—2

2 n—2
H +Cu:? and

(5.5) Vo.(z) — VVi(2)| < oot
[Voela) = Vo) < oo L
(e + dga(aig,a:))k |VFu.(z)] < CBF (z) for k=1,2

for any x € B(0,26), where C' > 0 is independent of £ and where we have let

n—2

~+ IJ’E 2 ~ _n—2 x
BE (x) = n—2 a'nd ‘/;:(x) = l’l’E : V o :
2 || z He
pe + n(n—2)
Moreover, it follows from (4.9) that
n—2
(5.6) li_r>r(1) v. =V in C3.(R™), where 0.(2) := p1c > ve(pez).
€

Using (|1.3)) and the conformal invariance property of the conformal Laplacian it is
easily seen that v, satisfies

(5.7) Acve + Ac(v) 4 hove = AP~ o [P="2,  in B(0,20),
where A, := A,_ o expy’®, ¢ denotes the Euclidean metric and where we have let
Ag=— Z?:l 81‘2’
(5.8) he(z) = |27 (he - "2 5 ) | (exps ()

’ c e T o4n-1"0 e
and

n—2

(59) AE(UE) = (Ags — AE) Ve + msge'l}g.

Integrating (5.7) against (z, Vv.) + “52v, in B(0, ) with respect to the Euclidean
metric yields the following Pohozaev identity (see Marques [21, Lemma 2.1]):

—2 ) 1 .
/ (”vgayus — S|Vuf + 6(0yve)? + —AR? 5|UE|PE> do
aB(0,5) \ 2 2 Pe

]. *
= ]T B0 6)(]78 - 2*)xk8kAsAgzili2 v [P dz
€ k)
1 1 pe—2" De
(510) +n pfe - ? 50.5) As |’UE| dx

-2
—|—/ (xkakvs + n v5> Ac(ve)dx
B(0,6) 2

_9 .
—|—/ (.’L‘kakvg + o Us) hevedz.
B(0,6)

In all the computations of this section it is intended that all the terms involving
pe — 2* disappear in the case where p. = 2* for any ¢ > 0. We now estimate all the
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integrals appearing in (5.10). First, straightforward computations using (5.2)) and
(5.5) show that

— (pe — 2%) 2" O A AP 2 0 |P= d

1 1 N
(511) +n (p — 2*> /B(O . Ags_2 ‘1}8|p6d$
~ 0 [ VP e to(p. - 27)

and that

/) Cgam@%—gvmﬁ+dmwf+1A?*N%“)M
(5.12) 8B(0,5) De

He O(u?) ifn=4

€

ZO(WQZ{OWS ifn>5

as € — 0. A simple integration by parts shows that

_9 .
/ <xk8kvg + n 5 ’UE) hevedx
B(0,5)

1 . L1 R
:7/ 5mﬁm7/‘ (M+ﬁ@m)@m,
2 JaB(0,5) B(0,5) 2

so that with (5.5)), we get that

/ (xkakva + 2
B(0,5)

o A TR o(u?) ifn>5
(5.14) = /]3(0,5) <h€ + 5% Qkhg) vadx—k{ 0(x2) ifn—4

_ ) o(u?) ifn>5

(5.13)

2 ~
UE> hev.dx

Let now w € C*°(B(0,20)) be a smooth function. We have, for any € > 0 and by

62,
Ag.w — Aew = — (g7 — 67 afjw — 9;(9=)90;w + O (Jz|NHVwle)

where repeated indices are summed over. By (5.2]) we have Ricy_(z.) = 0. Cartan’s
expansion of g. and the symmetries of the Riemann tensor show that for any 1 <
j<n

@@J%0=—%m%@%ﬁ“HMﬂ%=OWW~

By (5.2) again we also have S,(x.) = 0, so that Rm, (z.) = Weyl,_(z.), where
Weyl,_ is the (4,0) Weyl tensor of g.. Using again Cartan’s expansion of g. we find
that for any smooth function w in B(0, 26), we have

1 .
(5.15) Ay w—Agw = gVVeylgE (:cs)iquxpxqafjw + O (|z]*|V?w]) + O (|z|*|Vw]) .
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Applying the latter to v and using (5.5)) shows that
7

n—2
e
Weyl  (z:); 'xpxqaf-vg—i—O —_— .
ygg( )pqa J <(Me+|$|)"_3>

_ 1

Ae(ve) 3

Integrating the latter against zF0,v. + %‘21}5 thus gives, using again ([5.5)), that

-2
/ <xk8kv5 + i 5 115) Ac(ve)dx
B(0,5)

1
= —Weyl, (z.); /
3 ge( 8) Prqj B(O,&)
n o(u?) ifn>5
O(n?) ifn=4

where again repeated indices are summed over. We now separate between the cases
n=3,n=4and n > 5 and prove Theorems and

(5.16)

-2
xpxqafjvg (xkakvg + L 5 118) dx

5.1. The case n > 5. With 9. and h. as in (5.6) and (5.8) a change of variables

gives
/ hedr = u?/ fzg(,uex)ﬁgda:.
B(0,6) B(0,uz ')

It follows from (5.5) that |6.(z)] < C(1 + |z[)>~™ € L?(R") for n > 5. Therefore,
using (5.6) and Lebesgue’s convergence theorem, we get that (5.14) yields

_9 R
/ <xk8kvs + n v€> hevedx
B(0,5) 2

= (Moo = - Salan) ) [ Ve o)

(5.17)

as € — 0, where z¢p = lim._,¢ .. This limit exists up to passing to a subsequence
as € — 0, which will be implicit from now on. Note that the integral fR" VZ2de is
finite by since n > 5.

We now deal with (5.16)), still for n > 5. By construction g. converges towards
(expgﬁo)* e in C1(B(0,6)) as € — 0, so that Weyl, (< )ipg; — Weyly (T0)ipg; as
€ — 0, where the components of VVeylgI0 are measured in the exponential chart of
Jzo At xg. Since g, is conformal to g and since A,,(z9) = 1 we have g, (xo) =
g(xo), and by the conformal invariance of the Weyl tensor we also have

Weylgmo (Io)iqu = Weylg (mo)iqu7

where the components of Weylg(xo) in the right-hand side are measured in the
exponential chart of g at zo. By (5.5) and the dominated convergence theorem we
therefore obtain, with (5.16)), that

-2
/ <xk6kv5 + n ’UE) A (ve)dx
B(0,8) 2

1 n—2
(5.18) = §Weylg(xo)iqu /R xpxqafjv <xk8kV + 2V> dz - pu2 + o(u?)

—9)2 *
@/)</|w2m>wwg®B¢é+dﬁ)

4n
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as ¢ — 0, where we used the Definition [3.2{of Weyl, @ B. Using (4.35) and plugging
(5.11), (5.12), (5.14), (5.17), (5.18) in (5.10) proves (L.5) and concludes the proof
of Theorem [[.1]

5.2. The case n = 4. It follows from (2.4), (4.4), (5.2) and (5.5) that

2
lim limsup sup 2lfvel@) _ A(V)| and
(5.19) R—=+00 650 zeB(0,R-1)\B(0,Rpu.) He
: 3
lim limsup sup a"Vve () + 2>\(V)£ =0.
R—=+00 e50 zeB(0,R-1)\B(0,Ru.) He |z
For any fixed R > 0 we have, by (5.5)) and (5.19)),
- - A(V)?
/ hevZdr = O(R*u2) + (he(0) + ER);@/ ( 2 dx
B(0,6) B(O,R-")\B(0,Ru.) |7

where eg — 0 as R — +o00. As a consequence,

/ hev?de = (A(V)she(0) 4 o(1) ) 2 n L
B(0,6) H

€

as € = 0. By (5.8)) and going back to (5.14)) we therefore have, when n = 4,

/ (zkﬁkvs + vs) fzsvsda:
(5.20) B(0.0)

= AV <h<xo> - éSg(iﬂo)) 2 to(2m L)

€ e

as ¢ — 0, where as before we have let g = lim._,gz.. We are left with the term
(5.16)). Integrating by parts and using (5.5 shows that

-2
/ a:pzqﬁfjve (mkakve + n ve) dx
B(0,5) 2

= / 2P x10;,v:05v, dz + O(1?).
B(0,5)

(5.21)

Arguing as above we get by (5.5) and (5.19) that

Weylg(xo)iqu/ 2P270;v:0;5v, dx
B(0,6)

= O(R4:Ug) + Weylg(:EO)iqu / xpzqﬁivsajvedm
B(0,R~1)\B(0,Ru.)
T Ty

= ANV 2 Weyl (20); / aPad — —-
‘ g P B(0,R—1)\B(0,Rpu.) |z[* |2|*

+O(R'2) + O (erpn Mi)
= O(R"42) + O (a2 In Mi)

where as before limg_, o eg = 0 and where the last term involving Weylg(xo)
vanishes by antisymmetry of Weyl (zo). Going back to (5.16]) with (5.21) we have
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proven that

-2 1
(5.22) / <xk8kvg ) Ac(ve)dx = o(ue In —)
B(0,9) He
as ¢ — 0. Remark that by (2.9) we have 2wsA(V) f 4 |V|2Vdac With this
observation, using and plugglng 5.11), (5.12), 5.20) and ([5.22) in

(5.10)), we get (1.6]), Wthh proves Theorem 1.2| for n =

5.3. The case n = 3. We are left with the case n = 3. Using (5.11)) and ( - ) the
Pohozaev identity - ) writes as

1 1
[ (et = v+ 60 + Laztspup ) do
(5.23) 12(6 Pe) / V|%dx + o (|p- — 6])

1 -
+ / (xkﬁkvg + fvE)AE(x) dx
B(0,5) 2

with

- 1 .

Ac(@) = (A, = D)o + (S5, +he o,
where h. is given by (5.8) and where v, is defined in (5.3). First, by using (5.5)
together with (5.15]), we see that

1

i pé
A < for z € B(0,6).
@) $ o fora € B0,9)

As a consequence, straightforward computations show that

1 ..
(5.24) / (mkﬁkva + fvg)AE(z) dx| = O(5u5)
B(0,6) 2
as € — 0. Independently, (5.5)) shows that
(5.25) / Ap5_65|v [Pedo| = o(ue)
2B(0,5) Pe

as € — 0. We now compute the remaining boundary term. It follows from (4.4]),
(5-2), (5.9)), (5.7) and standard elliptic theory that

Ve () A

(5.26) lim == = AG(z)  in Cj.(B2s(0)\{0}),
e— b1
e
where we have let
(5.27) Ai=4rA(V)

and

~ gTO
Gla) = Gh(xo,engo (2))
Agy (expa,’ (7))
Here we recall that A(V') is the first term in the expansion at infinity of V' (see
(2.4)), G}, is the Green’s function for the operator Ay + h in M, A, is as in (5.2)

for all z € Bos(0)\{0}.
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g,
and expz,’

(£:20) that

is the exponential map at zo with respect to g,,. It first follows from

1 1)
limp ! 00,0 — = |V |? +6(8,v:)% ) d
Sholte /33(0,5) <2U6 ve T g IVele 00 ) o

1o - 0.~ R
:)\2/ <GaVG - SIVGE + 5(8,G)Q> do.
9B(0,5) \ 2 2

By (5.2) and (5.4)), and since Gp (o, -) satisfies the expansion (3.8)), there exists a
continuous function S : B(0,26) — R such that
A 1

G(z) = prpel + B(z) for all z € Bys(0)\{0}.

It follows from Deﬁnitionthat B (0) = mp(x0) and (3.9) and (5.4]) show that we
have

(5.28)

1B(x) < C; |[VB(z)] < C(1+|In|z||) for all z € Bys(0)\{0}.
Straightforward computations then show that

1.~ 6, A 1
(5.29) / (203,,(; — §|VG|§ + (5(61,G)2> do = _imh(x()) +es,
9B(0,5)

where lims_,ges = 0. Using (4.35), plugging (5.24)), (5.25), (5.28) and (5.29)) in
(5.23) and using (5.27) finally shows that
_ _op-2 2
(5.30) lim 6 — pe _ 967> A (V) 2my, (o)
=0 g Jrs [V [0dx

This proves (1.7) and concludes the proof of Theorem [1.2] (]

6. A NON-BLOWUP SITUATION

In this last Section we show how Theorem [L1] can be used to rule out the
existence of one-bubble blowing-up solutions of equations like:

(6.1) Ague + hue = luc | 2% u,

at a given point, in some cases. In [8], Deng-Musso-Wei have proposed a creative
approach to construct families of sign-changing solutions (uc)->o to the equation
that blow-up like a single bubble as in . The bubble that the authors
choose in [8] is one of the symmetric bubbles constructed in [7]. In their arguments,
Deng-Musso-Wei have introduced the function

n—4
QOE = h — Cn(]. —+ Wﬁ)Sg,
where £ is a parameter associated to the familie of bubbles in [7]. The function ¢,
plays a crucial role in the results of [8]. We show below how, under some conditions,

it is possible to use ¢y to rule out one-bubble blow-up.

We let (M, g) be a smooth, closed, connected Riemannian manifold of dimension
n > 5 that is locally conformally flat and has constant scalar curvature equal to —1.
This is for instance satisfied if (M, g) is a closed hyperbolic manifold. We define
n—2 n—4
n = ——— and letl<t<l4+——.
c i —1) and we le + n

Let £y € M be any point.
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Step [6]1: We claim that there exists h € C°°(M) such that
h(&o) = —ten

Vh(&) =0

V2h(zg) is positive-definite

A, + h is coercive in H'(M).

(6.2)

Under (6.2)), & is in particular a local strict minimum point of A.
We prove the Claim. Let for instance xy € C°(R™) be a cutoff function with

0<x <1, x(z)=1in B(0,1) and x(z) = 0 in R"\B(0,2). Let, for 0 < § < 7~

and x € M,

hs(z) =1— X(%(f;,x)) + X(%(?,x)) ( —te, + dg(go,x)2>.

We claim that hs satisfies (6.2)) for 6 small enough (but fixed). Indeed, in By(&o, 6),
we have hs(x) = —tc, + dg(&o, )2, and straightforward computations show that

||h’5_1| §0527

L3 (M)
so that Ay + hs is coercive for § small enough. This proves the claim.
Step @2: We now let h € C°(M) satisty (6.2]). For £ > 1 and £ € M we define

—4 —4
@e(§) = h(§) = eu (14 T5=) S,(&) = h(&) + ea (1 + 1),
We claim that

Ay + h is coercive;
(6.3) we(§) >0 for all [ > 1;
& is a C't—stable critical point of , uniformly in £ > 1.

We prove the claim. We have that
n—4 n—4
— (1 7€—t)>n<1 7—t)>0
pe(o) = ea 1+ o > e (14 7

for any ¢ > 1. It is easily seen with that, for any ¢ > 1, & is a critical
point of ¢y satisfying ¢y(&y) > 0 and (o) — +o00 as £ — +oo. Since & has
non-zero degree, it is a Cl-stable critical point of h (following the terminology of
[19]). That is, there is 7o > 0 that satisfies the following: for any 0 < r < rq there
exists & > 0 such that any h € C1(B,(&,r)) satisfying ||h — hllor@am) < @
has at least one critical point in By (§o,). By definition of ¢, we observe that &
then remains a C'-stable critical point of , uniformly in ¢ > 1: that is, for any

0 < r <7 and « as above, and for any ¢ > 1, any function ¢ € C'(B,(&,))
satisfying ||@ — (pg”cl(m) < § has at least one critical point in B,(&g,r). This
g 3

proves ([6.3)).

Step |§|.3: We claim that there is no family (uc)o<e<1 € C?(M) of solutions of
(6.1) such that

(6.4) u. = B +o(1) in H(M),

where B = (B:)e>0 is a bubble centered at (&), € M, lim.0& = & as in
Definition B.11
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We prove the claim by contradiction. Since (M, g) is locally conformally flat, then
the Weyl tensor vanishes. It then follows from Theorem of the present paper
that if there is blow-up like in (6.4)), then equation (|1.5) in particular tells us that
(65) h(&)) +cp = h(fO) - CnSg(ﬁo) > 0.

But this is an obvious contradiction with (6.2)) since h(§y) = —tc, and ¢ > 1. This
proves the claim.
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