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A 2D axisymmetric finite element multiphysics model is proposed to study magnetoelectric composite disks. This modeling approach
includes a nonlinear magneto-elastic model to replicate the behavior of magnetostrictive materials under static conditions. Additionally,
it offers a harmonic regime resolution that considers frequency dependence, including the implicit inclusion of eddy currents in the
formulation, as well as electrical load. To validate the model, simulation results regarding the dependence of the static magnetic field
and frequency are presented and compared with experimental measurements from literature.

Index Terms—Piezoelectric, magnetostriction, magnetoelectric composite, eddy current, energy harvesting, finite element modeling,
nonlinearity, edge element, multiphysics model.

I. INTRODUCTION

AMINATED magnetoelectric composites (MECs) are engineered multifunctional materials composed of

layers of piezoelectric and magnetostrictive materials. These materials indirectly couple electric and
magnetic polarizations through the elastic phase. Unlike piezoelectric materials, magnetostrictive materials
exhibit nonlinear behavior. Therefore, the preferred operational mode involves the application of an external
magnetic field H = H,,. + h,., whereH ;. is a stable static bias, and h,. is a small harmonic component.
This magnetic field excitation induces substantial elastic stress within the magnetostrictive layers, resulting
in strain across the piezoelectric layer and generating a harmonic electrical voltage V across its electrodes.
Under resonance conditions, this harmonic electrical voltage V can be significant in MECs.

The performance of MECs is assessed using the magnetoelectric voltage coefficient &, = 8V /§h,,. or the
magnetoelectric electric field coefficient @z = 8V / (tp6hac) , where t;, represents the thickness of the
piezoelectric layer. The effectiveness of MECs depends on the orientation of the external magnetic field H
concerning the longitudinal (L) or transverse (T) magnetization and polarization directions of the
magnetostrictive and piezoelectric layers, resulting in different modes like LT, LL, TT, TL modes [1]. Due
to their compact size and high-power efficiency, MECs have gained significant attention in various
engineering applications, including magnetic sensors, energy transducers [2-4], and potential biomedical
solutions [5]. Among the most promising structures, composites based on Terfenol-D and PZT layers [6-7]
have demonstrated excellent performance. However, Terfenol-D/PZT composites suffer from losses caused
by mechanical losses due to the epoxy adhesive used to bond the material layers and the presence of eddy
currents, particularly given the high conductivity of Terfenol-D ~ 610° S/m [8]. Moreover, there's an
environmental concern as Terfenol-D and PZT materials are known to be environmentally toxic, which raises
questions about their extensive use. In this context, while there has been a preference for environmentally
friendly alternatives such as magnetostrictive FeGa alloys (Galfenol) or piezoelectric materials like BaTiO3
(barium titanate, called BTO here) [9-11], it's essential to critically evaluate and explore these alternatives
considering their environmental impact and performance characteristics.

To achieve innovative and optimized designs for future MECs while reducing costs and development time,
it is crucial to employ multiphysics modeling that considers all physical coupling phenomena, including
losses, regardless of the structural form under investigation. While analytical methods like equivalent
electrical circuits and numerical codes such as the Finite Element Method (FEM) based on multiphysics
constitutive laws are valuable tools, analytical methods relying on equivalent electrical circuits are limited to
1D assumptions and fail to accurately represent the complex interactions within ME composites or account
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for the electrical impact on the magneto-elastic phase when the structure is subjected to electrical impedance.
Recently, a 3D FEM model [12], utilizing a complete 4-F formulation (combining mixed magnetic vector
potential A and electric scalar potential V) along with nodal and edge Whitney elements, has been effectively
employed to study laminated magnetoelectric composite (LMEC) disks under the TT and LT modes while
considering the electrical load impedance and eddy current effects. Although the simulation results have
shown good concordances with the measurement concerning a Galfenol/BTO/Galfenol disk, the
computational time can be excessive in harmonic regime. To overcome this challenge, this paper proposes
transposing the A-V formulation into a 2D axisymmetric case, as depicted in Figure 1.
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Figure 1: Illustration of the magnetoelectric composite disk in both 3D and
2D axisymmetric cases, represented in cylindrical coordinates{er, €y, eZ}.
The composite disk consists of one piezoelectric layer (P) and two
magnetostrictive layers (M), with the radius denoted as R. The thicknesses
of the magnetostrictive and piezoelectric layers are denoted as t,,, and t,,
respectively.

The paper is structured into five sections. In Section II, we introduce the nonlinear model of the
magnetostrictive material, which includes comparisons between Galfenol and Terfenol-D, along with
experimental results for validation. Section III elaborates on the complete finite element formulation of the
2D axisymmetric multiphysics magnetoelectric problem. In Section IV, we compare the simulation results
in the TT-mode with experimental data from the literature. Finally, Section V offers the study's conclusion.

II. THE NONLINEAR MAGNETO-ELASTIC MODEL

To introduce this section, it's important to highlight that in problems involving MECs, the ferroelectric
properties of the piezoelectric material, such as permittivity and piezoelectric coefficients, are typically
considered linear. In contrast, the ferromagnetic properties of the magnetostrictive material, which include
permeability and piezomagnetic coefficients, demonstrate nonlinearity concerning magnetization and
magnetostriction. This nonlinearity stems from the fact that the properties of the magnetostrictive material at
a specific location are influenced by the state variables at that location. As a result of spatial variations in
stress and magnetic field, these material coefficients exhibit spatial non-uniformity and are influenced by the
applied static field.

Hence, when evaluating the magnetoelectric response, it is imperative to account for the non-uniformity
within the composite stemming from material's nonlinearity. To address this challenge, the applied magnetic
excitation H (A/m) in the field problem is split into a small harmonic component h,, while maintaining an
optimal static bias H ;.. This approach necessitates a two-step solution within the modeling framework. In
the initial phase, which pertains to the static regime, incremental piezomagnetic and permeability coefficients
of the magnetostrictive material are computed for each material zone at the chosen static bias point. Typically,
this phase employs a nonlinear model based on a magneto-elastic framework [13-19].



The second step pertains to the harmonic regime, where the frequency-dependent magnetoelectric voltage
coefficient & is determined using a small signal linear approximation around the optimal static bias H 4.
This is accomplished through a nonlinear process, such as the Newton-Raphson method or a piecewise linear
decomposition [19] applied in this context. Here, we utilize the piecewise linear decomposition proposed in
[19].

A. The magnetization model.

In the existing literature, several magneto-elastic multiscale anhysteretic models, based on Gibbs free energy,
have been put forward for integration into the finite element modeling framework [19-23]. These models
offer diverse approaches, including the utilization of an analytical expansion with higher-order terms in the
Taylor series [14], the application of the Discrete Energy-Averaged Model (DEAM) [15-16], or the adoption
of simplified magneto-elastic Gibbs free energy relations where bulk magnetization and strain are derived as
expected values from a large number of potential moment orientations, using an energy-based probability
density function [19][24-26]. Each approach has its own merits and limitations, and the choice is contingent
upon the specific requirements of the analysis.

Regardless of the chosen model, the primary focus remains on two crucial coefficients: the incremental
piezomagnetic coefficient tensor and the permeability coefficient tensor. These coefficients play a vital role
in characterizing the nonlinear behavior of the magnetostrictive material within the magnetoelectric
composite structure.

Here, we propose a simplified method for the direct determination of these tensors. This approach is based

on a model that relies on the following magnetoelastic constitutive law for the magnetic induction B
(Wb/m?):

B(H,T) = uH + dT 1)
where u (H/m) and d (nA/m) represent the permeability and the piezomagnetic coefficients of the material.
T represents the stress inside the material such as dT = u,M(T).

In considering uH = p, (H + M(H )) the constitutive law can be rewritten as follows:
B(H,T) = u,(H + M(H,T)) )
where 1, is the vaccum permeability (H/m).

When a magnetostrictive material is exposed to both stress and a magnetic field, specifically along the easy
axis direction (z-direction), its magnetization and magnetostriction anhysteretic behaviors under pre-stresses
can be determined by averaging across all potential directions, as outlined by [26]. Despite recent proposals
for analytical solutions to magnetization and magnetostriction anhysteretic behaviors [19], their expressions
pose a numerical challenge due to the utilization of the Dawson function, resulting in a divergence issue,
particularly concerning the coupling value between magnetic field and mechanical stress [19]. Preceding this,
a simplified model (3-a) from [27] has been proposed by accounting for only six domains as possible
directions and an equivalent stress T, equivalent to the magnitude of the total stress T. The detailed
demonstration is provided in Appendix A.

sinh(xH)
cosh(kH)+

M(H,T)= M 3)

2
exp(a.T)
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where, k = A;u, M, a = EASAS, M, and A, are the magnetization and magnetostriction saturations. The
2
parameter A, (mJ/m?) can be related to the initial anhysteretic y,= a,M),_, susceptibility such as [26-27]:

3x0
A, = =2 “)

- 2
UoMs

In practical terms, when subjected to a pre-stress, the initial anhysteretic susceptibility undergoes changes.
Therefore, we suggest incorporating the pre-stress effect into the k parameter by considering k(T) =
Ag(T)p,Mg where Ag(T) is a function of the stress T. Figure 2 illustrates the extraction of A4(T) using the
analytical solution proposed in [19] for a Terfenol-D material under various pre-stresses T.

0.2

——From analytical solution
0.18 --e--1.13AS(O)/Tn

-45 -40 -35 -30 -25 20 -15 -10 -5 0

T(MPa)

Figure 2: Evolution of the A;(T) parameter under pre-stresses T with the
analytical solution from [19]

We can notice that the parameter Ag(T) can be expressed such as:
A (T) = —1.134s(0)/T, )

with T, = T/[1 MPa] and the coefficient 1.13 can vary depending on the material under study.

Equation (2) can be viewed as the combined contribution of the ferromagnetic component with tanh(xH)

and the magnetostriction component with . Therefore, we can adopt the following simplified

exp(a.T)
approach:

M(H,T) = M;tanh(k(T)H) 6)

An alternative method, suggested by [28] has introduced the same expression. Drawing inspiration from
Curie's Law M(H,60) = Mstanh(k(6)H) , which reveals the correlation between magnetization and
temperature 8 by k(6) = H/(n6) with n = kg/m , where m is the magnetic moment and kg is the
Boltzmann's constant, we propose a comparable form of k(T) = 1/(mT) as recommended in [28] to associate
the connection between magnetization and the magnitude of the total equivalent stress T. Additionally,
during the manufacturing of the disks, they undergo annealing under strong uniaxial compressive loads
exceeding 200 MPa. Therefore, it is necessary to consider an intrinsic stress T, [29], in addition to the
externally applied stress T. Thus, the total stress T must be substituted by (T + T,), in this way «(T) =

1T +T,).



Through identification, the n parameter can be expressed by the relation:

N = ™

Furthermore, the annealing process can induce a kinking phenomenon [28-30] due to the higher
magnetocrystalline anisotropy of the sample. In this scenario, sharp regions in magnetization arise from the
rapid growth of domains aligned parallel to the field at the expense of domains oriented perpendicular to it;
this occurs through the motion of domain walls [31]. In such cases, as proposed by [29] for a material like
Galfenol, the magnetization can be further modeled by incorporating a fractional fourth-order function term,

as follows:

M(H,T) = A + M tanh( H{(T)) (8)

8 :
D §andt represent constant parameters depending on the measurement data.

where A = W.

In this context, for materials exhibiting a kinking phenomenon the 1 ,x and t parameters must be determined
through curve fitting.

B. The incremental piezomagnetic and permeability coefficients

If the magnetoelastic excitation aligned with the easy axis magnetization, specifically in the z-direction

(designated as the 3rd index), the piezomagnetic coefficient ds;" and the permeability coefficient pi357 are
defined as follows:

ds3" = 0rBly = 0pM|,(H,T) ©)
Hss" = 0yBlr = p, + 0yMIr(H,T) (10)
By substituting 8 = H{(T), we obtain:
(91:'15)

das" = o [0r Al — T sech (6)?] an
2
Hss' = o [aHAlT +1 + Glecn &) ] (12)

The expressions of d;A|y and dyA|r given in Appendix B represent the derivative forms of the fractional
fourth-order function term A.

The permeability and piezomagnetic matrices can be expressed as follows, respectively:

T
H11 0 0
wt =w,| 0 mpt 0 (13)
T
0 0 Usz



0 0 dy"
0 0 dg"
d"=| 0 0 dy.” (14)
0 d24H 0
dis”" 0 0
0 0 0
Where d31H == d32H = _d33H/2 and d14H == dlSH

To complete the piezomagnetic tensor, it is necessary to express the shear coefficient d; s". As mentioned in
[31], determining the shear coefficient dy5” is not straightforward. Here, we present an approach to
approximate it by considering the relationship between the shear direction and m; = M;/M; the direction
cosines of the magnetization. For an isotropic magnetoelastic material, this relationship is expressed as [32]:

S13 = 3.A;mym, (1%5)

M3(T,H) _ M(TH)
Mg Mg -

where A is the magnetostriction saturation and m; =

The differential form of the shear direction according H; is given by :

dsyz = (ZS_;:) : (2_1171111) + (Z:ri) ' ((2%13) (16

ds . . . . am am
Where | —=—) = 3. A;m; and for a magnetically isotropic material, the cross-term —= = 0 and — =
dmi=q3 dH, dH,
aM; X1

= 2= with y; is the magnetic susceptibility expressed as :
M¢dH, Mg

—
="--1 (17
The piezomagnetic coefficient d,s” can be expressed as follows:
d d M(T,H T
dis" = 20,515], = 2(£2).(52) = 6. Am 2 = 6.4, )("%— 1) (18)

dmq dHq Mg S M2

. . . . . H

In our nonlinear process, the incremental coefficients of interest are instead g; jH = Cg,ddi ; and ,uijs =
T 2

wi (1 —k2).

where ch’-kl represents the elastics constants and k is the magneto-elastic coupling factor of the material such

as 0.3<k <0.7 for Galfenol [34-35] or 0.7< k< 0.75 for Terfenol-D [36]. Here, we considered k = 0.34 and
k = 0.54 for Galfenol and Terfenol-D respectively.

C. Validation of the nonlinear model

Figures 3 and 4 demonstrate the good agreement between the proposed model (solid lines) and the
measurements conducted on cylindrical rods of Galfenol and Terfenol-D (indicated by diamond markers) as
reported in [30] and [37]. These measurements were performed while considering the respective annealed
built-in stresses, T, =-50 MPa and T,= -12 MPa. Consistent with the methodology outlined in reference [30],
the -50 MPa value for Galfenol is established by initially considering the model with applied pre-stresses,
specifically -5.5 MPa. Upon analyzing the Terfenol-D curves, adjustments were made, considering the -12
MPa value determined.
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Figure 3: Magnetization curves under different uniaxial pre-stress T. Solid lines:
proposed model @ T, = -50 MPa with k =-898640, t =0.8415, n= -1.1555¢-04.
Diamond markers: measurements from [30]
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Figure 4: Magnetic induction curves under different uniaxial pre-stress T. Solid
lines: proposed model @ T, = -12 MPa with k = 0, T =0, n= -0.0020. Diamond
markers: measurements from [37]

Figures 5 to 10 illustrate the model's predictions for the incremental coefficients das" and pss” = pas” /u,

as well as dlSH for both Galfenol and Terfenol-D. The values are consistent with those found in the literature
[38-39]. These results illustrate the model's ability to capture the behavior of these coefficients. This
consistency with prior research findings reinforces the accuracy of the model's predictions, highlighting its
potential as a valuable tool for analyzing and understanding the piezomagnetic behavior of Galfenol and
Terfenol-D.
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Figure 5: Prediction of incremental coefficient ds3” @ T, =- 50 MPa with x =-
898640, T =0.8415, n= -1.1555e-04and under different applied stresses [30] for the
Galfenol

300
—Proposed model @ -5.5 MP
250 —Proposed model @ -21.1 MPa B
—Proposed model @ -42.1 MPa
— Proposed model @ -68.2 MPa
200 - i
3
<& 150 - B
100 - i
50 - B
0 . L L L .
-50 -40 -30 -20 -10 0 10 20 30 40 50

H_ (kA/m)

ext

Figure 6: Prediction of incremental coefficient pi 337 @ T, =- 50 MPa with k =-898640,
7 =0.8415, n=-1.1555¢-04 and under different applied stresses [30] for the Galfenol
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Figure 7: Prediction of incremental coefficients ds5" @ T, =- 50 MPa with k = 0, 7 =0,
1= -0.0020and under different applied stresses [37] for the Tefernol-D
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Figure 8: Prediction of incremental coefficient u 337 @ T, =- 50 MPa with k = 0, T =0,
1= -0.0020and under different applied stresses [37] for the Tefernol-D
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Figure 9: Prediction of incremental coefficients d;5" @ T, = 50 MPa with k& =-898640,
=0.8415, n="-1.1555e-04 and under different applied stresses [30] for the Galfenol
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Figure 10: Prediction of incremental coefficients d15H @T,=-12MPawithk =0,7=0,n=
-0.0020 and under different applied stresses [37] for the Terfenol-D

III. FINITE ELEMENT FORMULATION

The finite element formulation of MECs coupled problem is derived by combining the equilibrium
equations of elasticity (Newton's laws), magnetism (Ampére's law), and electricity (Gauss's law).

divT + f = p,0fu (19)
curlH =] (20)
divD =p 21
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where T (N/m?) represents the mechanical stress tensor, u the mechanical displacement, p,, the mass density
of the material, f (N/m?®) the external applied volume force, H (A/m) denotes the magnetic field, J (A/m?)
represents the current density, D (C/m?) represents the displacement field, and p (C/m?) is volume density of
the free electric charge. In our case, the source terms (f, p) set to zero due to the absence of external applied
volume force, and the piezoelectric layer is treated as a perfect dielectric without any free electric charge.

The constitutive relations under the small signal linear approximation are a combination of the magneto-
elastic and electro-elastic constitutive laws:

T =cEB.S—e'E—h'B (22)
H=v5B—hS (23)
D= ¢&5E—eS (24)

where S(-) denotes the mechanical strain, E(V/m) represents the electric field, v5 (m/H) and 5 (F/m) are the
reluctivity and permittivity tensors under strain § constant, respectively. The coefficients h (A/m) and e
(C/m?) represent the incremental piezomagnetic and piezoelectric tensors around the bias point. The tensors
cEand cB correspond to the piezoelectric and magnetostrictive elastic stiffness constants under constant
electric field, E, and magnetic field, B, respectively. The symbol ()* signifies the transpose operator.

It is important to note that, hin = q;;"vy;%, and cflyy = ¢l + (qi].”)tvijsqi}.", where q;;" = c{fjd,;" is the
piezomagnetic (N/Am) tensor coefficients and c¢* is the magnetostrictive elastic stiffness constant material
tensor under constant magnetic field, H. The matrices and tensors involved in these relations can be found in

. . -1 .
Appendix C and the coefficients d;;" and vijs = (yijs ) are extracted from the nonlinear model as proposed
in section II.

The incremental coefficients are derived through the utilization of the nonlinear model outlined in the
preceding section B. Integrating them into the FEM process is achieved through a nonlinear piecewise linear
procedure.

By substituting equations (22),(23),(24) into equations (19), (20) and (21) , the resulting system of
equations is as follows:

div (cEB:S — e'E —h'B) —p diu =0 (25)
curl(vB — hS) =] (26)
div(eSE—eS) =0 (27)

In the static regime, the current term J corresponds to the current source J;. However, in the harmonic regime,
it is a combination of the eddy current J, and the current source J¢, with J, expressed as follows:

Je = —0(0A/0t + grad®,,) (28)
where o (S/m) is the electrical conductivity, A (Wb/m) the magnetic vector potential and @,,(V) is an
electric scalar potential.

For the axisymmetric case in cylindrical coordinates {er, €y, ez}, only the ¢ components in the magnetic
problem need to be considered. Consequently, the electric potential variable @,, disappears, and in the
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harmonic regime, the current density is expressed as J, = —0 0A/0t = jwoA [38]. In the mechanical
problem, the symmetry about the z-axis implies that the stresses are independent of the ¢ resulting in all

derivatives with respect to ¢ vanishing.

The finite element formulation is performed in employing the weighted residuals method:

Jo, wi-(div(c®P:S — e'E — h'B) + jw’p,u)dQ = 0 (29)
fﬂ w,. (curl(vcurlA) + curl(—hS) — jwcA)dQ =0 (30)
J, ws.div(—egrad@ — es)dQ = 0 (31

where w;-, ; 3 are the associated test functions and () is the problem domain.
Here, the unknown variables of the 2D axisymmetric coupled problem are:

- The new variable A = rA, component of A

- The radial u, (r direction) and axial u, (z direction) components of the displacement u.
- The electric scalar potential @ due to piezoelectric effect according to the r and z directions.

The fields S, E and B can be expressed in terms of the state variables with the mechanical displacement u,
the magnetic vector potential A and the electric scalar potential @.
In 2D coordinates, the relations are given by:

The strain § = Du in the mechanical domain is given by:

S, a/or 0
_ S _ | 1/r 0 (o
S=1g =Du="0" .5, {u} = G,(w) (32)
S, 9/0z a/or

where ¢, =D = sym(grad) = 1 (grad + gradt).

The magnetic induction B = curl(4) in the magnetic domain is given by:

0A

1 % (B _ 1)zl _1,. (7

B=§gradA(p =F§gradA ={BZ}=;{ 6?12} —;GA (A) (33)
or

where G; = égrad, withé =[0 1,—1 0]"represents a rotation matrix in cylindrical coordinates.

The electric field E = —grad® in the piezoelectric domain is given by:

99

E, I

E={p}=- {3_0)} = Go(®) (34)
0z

where Gg = —grad

After applying the classical mechanical, magnetic and electrical Neumann conditions | aqW-n.Tdl' =0,
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w.nAHdl' =0, [, w. e2ar=o0 ,in each boundary domain 9} problem, the general finite element
20 2oV €5, Ty p

formulation derived from equations (22-a-b-c) is simplified as:,

Jy (’DWI: cBB: Du + Dw;,: etgrad(®) — Dw;: gt curl(A) —ju)zwlp,,u) da=0 3%
Jy (curl(wz).vr—s. curl(4) — curl(w,). h. Du —jwwz.g.A) Q=0 (36)
J,, (grad@. e°grad(w;) + Duegrad(w;) ) dQ =0 (37

When employing the Galerkin approach, namely w; = u*, w, =r4,” = A* and w; = 0", along with the 2D
relations (35), (36), and (37), we obtain finally:

t —
/, (Gu* w PP G+ G, wet Gy — G, u' s G4A +joo2u*pvu) dn =0 (38)
A * S 1 A * h . A * n
fﬂ(.GAA.:—Z.GAA—GAA.;.Guu—]wA.%A)dﬂzo (39)
[, (Go®". £5. Gy + Gy 0*. €. G,u)d2 = 0 (40)

A remark regarding formulation (26-e). In the case of a magnetic-only problem, the choice of the test function
would have been w, = A* (not rA(p*) with G4 = é&grad A =1.G;, leading to the well-known following
formulation [, ( GAA*.”TS. GzA — ij*.%A) d0 = 0[40]. In the context of a magnetoelectric problem, it is crucial to
maintain symmetry in the expression of the magneto-elastic and elasto-electric coupling matrices. As for the
expression of the elasto-electric coupling, symmetry is preserved (38) and (40), namely Gy 0*.e.G,u=
sym(G, u'etG,0) ; however, to maintain that of the magneto-elastic coupling GAA*.% G,u = sym (Gu u gt GAA)
between (38) and (39) , it is essential to use the test function w, = r4,," = A",

4. Boundary conditions

The elastic, electric and magnetic boundary conditions of the solution domain associated in the resolution of
the system in 2D axisymmetric are, respectively, illustrated in Figure 11.

Let, Q,, Qgand Q, denote the mechanical, the electrical and magnetic domains respectively, with boundaries
denoted as I's, Iy and Iy. The Dirichlet boundary condition for the electrical field is given by:

®=0onTy 41)

In the magnetic problem, the external magnetic source J¢ is implicitly incorporated by imposing the
following Dirichlet conditions at ), [42-43]:

A=0onT,(r =0)and A = a, on Ty(r = yay) (42)

As a result, by imposing these Dirichlet conditions, a uniform axial magnetic flux B, (depicted by green
arrows in Figure 11) is guaranteed along the transverse direction z of the composite, serving as the magnetic
source. In a 2D context, the magnetic flux is defined as a, = ByA, with A,= (Tyax — Tmin)- Consequently, the
small signal field h,, or the static bias H,, is defined as:

h'ac or Hy. = By/uy = ao/(Arpo) (43)

For example, in considering h,. = 79.57 kA/m, i.e. 1 Oe, it is necessary to impose a; = 1.6 Wb/m.
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Figure 11: Illustration of the magnetic, electric, and elastic boundary conditions

B. Discretization procedure

In this proposed FEM analysis, the linear triangular element <ijm> is utilized for nodal discretization of all
fields. The shape functions for this element are defined as follows:

Ni 0 N 0 Ny 0

(44-a)

Nyg =N =I[Ni N; Np] (44-b)

where Ny—; jm = i (ay + Bxr + yiz). Here, A represents the cross-sectional area of a triangular element.

Expressions of descriptions of ay, ) and y;, are given in Appendix D.

The unknown variables of the problem are discretized using nodal degrees of freedom (DoF), represented as
A, = NA, u, = Nyuand @, = N, @, where A,, u, and @, are unknown variables in each finite element.
Following the finite element discretization of the weak forms (38),(39) and (40), the resulting system equation
in the harmonic regime (d/dt — jw) is given by:

OF[MI{X} + 0, [CI{X} + [KI{X} = {F} (45)
[K — w*M + jwCl{X} = {F} (46)
Kuu Ku@ Kua My, 0 O Cou O 0 U,
with [K] = |Kus" —Kgg O |, [M] = [ 0 0 0f,I[C]l= [ 0 0 0] {X}= {@e} and {F} =
Kot 0 Kyu 0 0 0 0 0 Cyu A,

2

in reduced form:
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j(uu Ku(D KuA U, 0
Kyt —Kgg O @e} =10 } (47
Kua' 0 Kaa A Qo

where, in static regime (d/9t = 0) Ky, = Kyu»> Kaa = Kqa and a,impose the static bias H ;. magnetic
field, whereas in dynamic regime ¥, = Ky + jwCpy — @ My, Kgg = Kyp + jwCyy and a,impose the
small harmonic h .

Here, the resolution is carried out using the centroidal point method [41] defined by (7,Z), where 7 =
ri+rj+rm Zl'+Z]'+Zm

and z = . By employing this method, the integral domain is transformed to [, do=

2n f, Tdrdz. The expressions of G, = égrad[N,], G, = sym(grad[N,]), and Gy = grad[Ny] are given in
Appendix E.

In this way, the sub-matrices are defined as:
cEB ifm=u
(K] = X6 27 [, [Gn][A][G|Tdrdz, A=< &5 ifm=0 (48)

vS/r fm=A

(K] = Ze 27 [, [G1' 1] 6] Fardz, 0 = {5 10 ™ = 0= (49)
[My] = Te 2m [, [N] py [N ]Fdlrdz (50)

[Caal = Ze 27 [, (2) [N)* [NFdrdz = 5, 27 [, ofN) [N]drdz ~ (52)

Ca4 denotes the eddy current losses, and C,,, is the mechanical damping matrix, where ¢ is a modal damping
parameter, and w,, = K,,;,/M,,, is the natural angular frequency. The parameter ¢ can be represented by the

Rayleigh damping coefficients a and 3, given as ¢ = % + % The a and £ multiplier terms lack physical

significance; they are simply required to define a general damping proportional to the linear combination of
the mass and stiffness matrices.

Typically, in a mechanical oscillation system, for weak to moderate Rayleigh damping the parameter ¢ is
correlated with the mechanical quality factor Q,,cp, €xpressed as:

Qmech = 1/(2 C) (53)

The value of Q,,,..;, cannot be directly calculated; instead, it needs to be measured at resonance using the

formula Qecn = Z)—(:. Here, w, = wp4/1 —¢? is the angular frequency resonance and A, represents the

bandwidth of the amplitude resonance of the magnetoelectric coefficient &, = 8V /8h,, measured at 1//2
of its peak.

As mentioned in [44], typically in piezoelectric transducer vibration occurs the viscous damping, namely
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a = 0. This assumption holds true for a magnetoelectric composite. In this context:

1

R (54)

Qmech®r

C. Electrodes effect and impedance load implementation

The formulation has incorporated distinct degrees of freedom (DoFs) for the upper and lower electrodes of
the piezoelectric layer. This inclusion guarantees a clear equipotential connection at both the top and bottom
of the layer, ensuring continuity for the unknown electric scalar potential @.

In the harmonic regime, an electrical load impedance Z can be introduced to simulate the input impedance
of an electronic device connected between the electrodes. This impedance can be integrated into the solution
system through the application of Ohm's law:

$Kpo—Z1 =10 (55)

d ) - ) . . . .
where [ = d—f = jwQ and Z = 2nZ is the reduced impedance to consider the transformation domain f, do =
2n [, Tdrdz.

where Q represents the total electrical charge across the electrodes and becomes an additional unknown in
the resolution system. Ky is an incidence matrix where the elements are set to 1 or -1 depending on whether

the related node is associated with the top electrode or the bottom electrode, while the remaining elements
are set to 0 [43].

The matrix elements of the final system in harmonic regime (30) are:

Uu
My, 0 0 0 Cw 0 0 0O Ky Kup 0 Kug @e 0
_|o oo of;q|0 0 00 _|kt Kyp Kpg Ofgyn _ |% o
M=o 00 ofl=]0 o 7z o KI=| " [ 7y X} =|g|{F}=|o (56)
0 0 0 O 0 0 0 CAA Kia 0 0 Kug Ae a,
In reduced form:
%uu Kup 0 Kua U 0
Kip Kpp Ky, O De| _ 8 (57)
Kt Kyp —jZw O AQ a
ua 0 0 jcaa e 0

D. The nonlinear static piecewise procedure

The piecewise nonlinear process is applied in the static regime under a bias point (H,, T,)), leveraging the
proposed nonlinear model outlined in the preceding sections A and B. The steps of the piecewise linear
solution are outlined in Figure 11 and can be summarized as follows:

Initially, the nonlinear model is employed to determine the incremental coefficients q;;”, vi]_s and Ci]-le for
each finite element of the magnetostrictive material. Following this, the incremental magnetostrictive

constitutive equations are systematically solved using the Jacobian matrix jac under the bias point (H,, T,)
[12].
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B _oT —h = or
. 051 (H,,10) 9Bl (H,,15)
]aC—_t_a_H s_on (58)
951 (H,,T,) 9Bl(H,,T,)

After that, the system in static regime (d; = 0) the magnetoelectric problem [K]{X} = {F} can be solved

such as:
U, 0
(Z)e}={ 0 } (59)
Ae aO

Finally, the incremental solutions AS and AB, obtained from equations (23) and (24), are utilized to update
the incremental set bias points (AH, AT) as follows:

[aral =seeag) =[5 #1025 (60)

The process is iterated until the maximum step condition is reached. At the end of the process, the obtained
incremental coefficients at the desired excitation static magnetic bias point H ;. are stored and utilized for
harmonic analysis.

Kuu Ku® KuA
Ku' —Kgp O
KuA ¢ 0 KAA

Hext=Hmin...Hmax

(nvalues) =1, Hi=Hea(1), T1=To

i=2..n
— H; T;

|

Multiscale model Calculation
ds;", " ;™ "

~
Computation of Calculation
l—|

= e

l

S ——
FEM resolution:

[K1{x} = {1}

—

s B
ij » Cijkl

Aa;, Au;,

|AH,|

AH;, AT; |AT,-|
1+1‘ +|AH| |e——
H-l_ +IAT |

Figure 11: Flowchart of piecewise linear solution process to compute the magnetostrictive coefficient for simulation of magnetoelectric material.
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IV. NUMERICAL EXAMPLES

This section presents two numerical examples comparing the proposed FEM multiphysics model (solid lines)
implemented with Matlab® with measurement data (dotted lines) obtained from MEC disks in TT mode, as
documented in the literature [7], [9-10]. The first numerical example centers on a Galfenol/BTO/Galfenol
composite disk, as outlined in [9-10]. This disk features a Imm thickness for each layer, with Galfenol having
a 6mm radius and BTO a Smm radius. Detailed material properties and parameter values are available in
Appendix F. The meshing and the field distributions are given in Figure 12.

The magnitude of the induced
Meshing, 3214 finite elements The magnetic potential A source displacement inside the
composite u
Figure 12: Illustration of the meshing of problem and field distributions from simulation results

The induced electric scalar
potential @

Figures 13 and 14 show the comparison between simulation results and measurements for the
Galfenol/BTO/Galfenol disk. In Figure 13, simulation results are attained by assuming identical incremental
coefficient values for each finite element that is a common a regrettably practice in the literature. In Figure
14, the incremental coefficients are calculated using the nonlinear piecewise procedure, guaranteeing
accurate values through an adequate number of iterations. It is evident that both cases exhibit strong
agreement between simulations and measurements. Nevertheless, the results obtained through the piecewise
nonlinear procedure provide a more accurate consideration of folding effects namely the edge effects on the
structure. This underscores the significance of employing a nonlinear approach to effectively capture the non-
uniform distribution of incremental coefficients within the material.
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13: (a) Uniform distribution of an incremental coefficient g33 values for each finite element, (b) A Magnetoelectric voltage of
Galfenol/BTO/Galfenol ME disk as a function of the static bias H z.under various electrical resistance load values for h,. =1
Oe @ 1 kHz. Data measurement from [10] and FEM simulations are performed without the nonlinear piecewise procedure.

LN —open circuit
—50kQ FEM |
—20 k2 FEM
—10 kQ FEM
—1kQ FEM
== -open circuit
A —a-50 k2
—a-20 k2
—a-10 kQ

o, (mv /Oe)
o

433 @ 100 Oe %3@

700 Oe 00 200 400 600 800 1000 1200 1400

(a) (b)

Figure 14: (a) Distributions of incremental coefficient g35 calculated with the nonlinear piecewise procedure in each finite
element for both cases @ 100 Oe and 700 Oe, (b) Magnetoelectric voltage of Galfenol/BTO/Galfenol ME disk as a function of
the static bias H z.under various electrical resistance load values for h,. =1 Oe @ 1 kHz. Data measurement from [10] and FEM
simulations are performed with the nonlinear piecewise procedure.

Figure 15 illustrates the frequency dependence of the ME voltage coefficient & for h,, =1 Oe under H,,=1000 Oe.
The solid lines represent the results obtained from the proposed FEM multiphysics model, while the dot lines
represent the measurement data. Notably, a good agreement is observed between the simulation results and
the measurements.
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Figure 15: &, in function of frequency. Data measurement from [9] and FEM
simulations performed for h,. =1 Oe under H ;,=1000 Oe.

The second numerical example centers on the Terfenol-D/PZT/Terfenol-D composite disk discussed in [7].
In contrast to the first example, the radius of each layer sample is now equal, measuring 4 mm, while the
thicknesses vary. The PZT layer has a thickness of 0.8 mm, and the Terfenol-D layer has the same thickness
of 0.8 mm. For this example, the piecewise nonlinear procedure was employed, built upon the Terfenol-D
model depicted in section C. Detailed material properties and parameter values can be found in Appendix F.

Figure 16 presents the frequency-dependent behavior of the ME electric coefficient &g for h,. =1 Oe under
H,.=120Oe. €. A comparison between the proposed FEM multiphysics model (solid lines) and the measurement
data (dotted lines) from [7] reveals an excellent agreement.

14 == Measurement data |
—FEM model

121
— 10F
3
9
£
L 8r
2

1]

S
s 6l

4

ol

0

-50 0 50 100 150 200 250 300

Freq (kHz)

Figure 16: @ in function of frequency. Data measurement from [7] and FEM
simulations performed for h,. =1 Oe under H;,=120 Oe.

Figures 17 and 18 illustrate the frequency-dependent behavior of the magnetoelectric coefficient & under
various resistance load values and the accompanying shift in resonance frequency. The simulation results
generated by our proposed FEM multiphysics model (solid lines) closely match the measurements [7],
displaying a comparable trend as the electric load diminishes. This alignment underscores the importance of
our model's conclusions, as impedance matching plays a pivotal role in the design and utilization of MECs
devices.
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Figure 17: @ in function of frequency under different resistive loads
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Figure 18: The resonance frequency under different resistive loads

V. CONCLUSION

This study introduced a 2D axisymmetric finite element multiphysics analysis to assess the performance
of laminated ME disks. The analysis encompassed two key phases: a static magnetic biasing analysis that
considered the non-linear behavior of the magnetostrictive material using a magneto-elastic approach, and a
harmonic performance analysis built on the assumption of small signal behavior through a linear model. The
numerical investigations of tri-layer laminated ME disks demonstrated strong agreement with experimental
results. The 2D analysis emerged as a valuable tool for evaluating the performance of ME composite disks
in the context of energy conversion.

Additionally, the study explored a nonlinear magnetostrictive model integrated with a 2D axisymmetric finite
element method. It introduced a nonlinear piecewise process, which offers advantages in terms of
computational efficiency and straightforward incorporation of nonlinearity. Future extensions of this research
could encompass the application of the proposed solver to more extensive nonlinear multi-physics problems,
the integration of parallel computing, and enhancements in computational efficiency and convergence rate.
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APPENDIX

Appendix A
Magnetization for an isotropic magnetic material subjected to a magnetic field H the direction z (H=Hz) in an orthonormal coordinate system
(0,x,y,z) by considering only six domains as possible directions [27].

M(H,T) = M,

A,sinh(xH) sinh(kH) sinh(kH)

Ajcosh(kH) + A, + A, = cosh(kH) + Ayt 4, -

: h(xcH 2
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Appendix E

G, = ¢grad[Ny], G, = sym(grad[N,]), Gy = grad[N].

oy
aN or
- N /7 0
B = GA[A} = { aNkZ {A}as = Gu{u} = 0 ONgw {u}
or ONw aZ,Zcu
0z -
or

It is notice that:

N _ o
o = B, = Ve andi:ak/r+:8k+ykZ/r

N,
E=Gol0) =~ oy ()
0z

Appendix F

Galfenol:

Density (p) = 9200 kg.m

Elastic constants (pm?/N): st} =220, s = 190, st =-82.5
Magnetization saturation Ms=1.65/u, = 1316 kA/m
Electrical conductivity: ¢ = 1.67e6 S/m

.. -1, . . .
Reluctivity: vijs = (ﬂijs ) is extracted from the nonlinear model proposed in section II

Piezomagnetic coefficients (N/Am): q; jH = cgkldi jH , where d; ]-H is extracted from the nonlinear model proposed in section II

Terfenol-D:

Density (p) = 9200 kg.m

Elastic constants(pm*/N): st} =27, sif = 42, st =19
Magnetization saturation Ms=1.125/u, = 895.25 kA/m
Electrical conductivity: o = 1.1765e6 S/m

.. -1, . . .
Reluctivity: vijs = (ﬂijs ) is extracted from the nonlinear model proposed in section II

Piezomagnetic coefficients (N/Am): q; jH = cgkldi jH , where d; ]-H is extracted from the nonlinear model proposed in section II

BTO:

Density (p) = 6020 kg.m

Elastic constants (pm?/N): s¥; =8.6, s£;, = 8.93, s£, =-2.86
Piezoelectric coefficients (C.m?): e5;=-4.4, e35=18.6, e33=1.5
Permittivity: €5, = €33 = 1582¢,

Electrical conductivity: 0 = 1e — 7 S/m

PZT-5A:

Density (p) = 7750 kg.m?

Elastic constants pm?/N: s, =16.4, s£; = 18.8, s& =-7.22
Piezoelectric coefficients (C.m?): e5,=-7.2, e53=15.12, e;5=13.2
Permittivity: €5, = £33 = 1750¢,

Electrical conductivity: ¢ = 1le — 7 S/m



