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Abstract

We present an existence theorem for a large class of nonlinearly
elastic shells with low regularity in the framework of a two-dimensional
theory involving the mean and Gaussian curvatures. We restrict our
discussion to hyperelastic materials, that is to elastic materials pos-
sessing a stored energy function. Under some specific conditions of
polyconvexity, coerciveness and growth of the stored energy function,
we prove the existence of global minimizers. In addition, we define a
general class of polyconvex stored energy functions which satisfies a
coerciveness inequality.
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1 Introduction

A shell is a three-dimensional elastic body which occupies a volume contained
between two surfaces (in general parallel) close to each other. A natural way
to define a shell is to consider a surface S embedded in R? and to thicken
it on each side. In response to given loads, the displacement and the stress
arising in an elastic shell, viewed as a three-dimensional body, are predicted
by the equations of nonlinear three-dimensional elasticity. To this day, there



are two theories of existence of solutions for these equations: one based
on the implicit function theorem and the other, due to a seminal paper of
Ball [5], based on the minimization of functionals. This latter asserts that
if the constituting material is hyperelastic and the associated stored energy
function satisfies some specific conditions of convexity (called polyconvexity),
coerciveness and growth, the minimization problem has at least one solution.

As a shell is ”almost” a surface and may even be ultrathin such as polymer
films or biological membranes, shell modeling is part of a two-dimensional
theory involving only the deformation of the surface S. This approach yields
a variety of two-dimensional nonlinear shell models, which can be classified
into two categories.

A first category consists of two-dimensional nonlinear shell equations ob-
tained from the three-dimensional elasticity by means of an asymptotic anal-
ysis when the thickness goes to zero. The question of how to rigorously
identify and justify the nonlinear two-dimensional shell equations from the
three-dimensional elasticity was finally settled in two key contributions, one
by Le Dret & Raoult [15] and one by Friesecke, James, Mora & Miiller [12],
who respectively justified the equations of a nonlinearly elastic membrane
shell and those of a nonlinearly elastic flexural shell through the use of I'-
convergence theory. This theory automatically provides the existence of a
minimizer for the I'-limit functional. Specifically for the nonlinearly elastic
flexural shell equations, Ciarlet & Coutand [8] have established the existence
of a minimizer by direct methods in calculus of variations.

A second category consists of two-dimensional nonlinear shell models ob-
tained from the three-dimensional elasticity by restricting the range of ad-
missible deformations and stresses by means of specific a priori assumptions
such as Cosserat assumptions (Simo & Fox [16]) or Kirchhoff-Love assump-
tions (Koiter [14]). The topic of existence of solutions for these models has
been treated for various types of shells and with different techniques in the
literature (Antman [3, 4], Ciarlet & Gratie [10], Ciarlet, Gogu & Mardare
9], Birsan & Neff [6], Bunoiu, Ciarlet & Mardare [7] and Ciarlet & Mardare
[11]).

In Sect. 3, we present a general theorem of existence of global minimizers
for nonlinear shells in the framework of a two-dimensional theory involving
the mean and Gaussian curvatures. Inspired by the approach of Ball [5],
we define a notion of a polyconvex and orientation-preserving stored energy
function for shells. As an example, the Helfrich [13] density energy function
used by the mechanical community for modeling biological membranes, is



polyconvex but not orientation-preserving. In Sect. 4, we introduce a class of
polyconvex stored energy functions for G* shells which satisfies a coerciveness
inequality.

2 Notations

In all that follows, Greek indices and exponents range in the set {1,2} while
Latin indices and exponents range in the set {1, 2,3} (except when they are
used for indexing sequences). We use the Einstein summation convention
with respect to repeated indices and exponents.

The three-dimensional Euclidean space is identified with R? by choosing
an origin and a Euclidean basis. Vector and tensor fields are denoted by
boldface letters. The Euclidean norm, the inner product, the vector product
and the tensor product of two vectors w and v in R? are respectively denoted
lu|, u-v, u Av and u ® v. The sets of all m x n real matrices are denoted
M™*" For a real matrix A € M™*" the notation |A| := tr (A" A)'/? stands
for the Frobenius norm.

A domain w C R? is a bounded, connected, open set with a Lipschitz-
continuous boundary v := dw, the set w being locally on the same side of ~.
A generic point in the set @ is denoted by = = (z,) and partial derivatives,
in the classical or distributional sense, are denoted 0, := 0/0x,.

The notation LP(w;R3) with 1 < p < co designates the space of vector
fields € = (&) : w — R® with components &; in the usual Lebesgue space
LP(w). It is equipped with the norm

1/p
lell, = ( / |£<x>|pdx) for any € € L¥(w; B,

The space WP (w;R3) denotes the space of vector fields &€ = (&) : w — R3
with components & in the usual Sobolev space WP (w). It is equipped with
the norm

2 1/p
1€]]1,p = (H&Hi +) ||8a£|\§> for any & € WP (w; R?).
a=1

The space W™ (w;R3) consists of vector fields € = (&) : w — R3 with
components & in the usual Sobolev space W1 (w) of Lipschitz continuous
functions on w.

Strong and weak convergences are respectively denoted — and —.



3 An existence theorem

First, let us briefly recall the framework considered in the context of three-
dimensional elasticity. Let Q C R? be a domain considered as the reference
configuration of an elastic body. The admissible deformations © : Q — R3
satisfy

det VO > 0.

Now we consider a shell C with thickness 2¢ > 0 whose reference configuration
is the set

C={®(z,2) = p(x) + zas(z), (x,2) € Q:=wx (—¢c,¢e)}
where w C R? is a domain and

as(x) = Op(x) N rp(x
 0up(x) A Dap()]
(

is the unit normal vector to the midsurface S := ¢(w). We make the realistic
assumption that the deformations © : C — R? of the shell are of the form

O(®(z,2)) = Y(x) + zas(Y)(z), (z,2) € Q,

where

 01(x) A Oap(x)
as(Y)(z) = |01 () A Oxp(z))|

is the unit normal vector to the deformed midsurface S := 1(w). By letting
W (z,2) =00 ®(x,2) =Y(x) + za3(¢)(x),
it follows that
det VU (z,2) = det VO (®(z, 2)) det VP (z, z).
Hence, in order to satisfy the condition det VO(®(z, z)) > 0, we require that
detV® >0 and detVW¥ > 0.

Thus, since

det VI = (1 - Rjzb)) (1 - R;w)> 014 A Do)




where 1/R;(¢) and 1/Ry(%) are the principal curvatures of the deformed
midsurface, we impose the following conditions

0P N0y #0 and max

ae{l,2}

<1

€
Ra (1)

We denote by
a(¥) = [Oh A 0x9p|? = det(ans (),
where a,p(1) = 0u¢ - 051, and if a(ep) # 0, we denote by

1/ 1 1 1
H(y) =5 <Rl<w> ! R2<w>) YT R

the mean and Gaussian curvatures. The principal curvatures 1/R; (%) and
1/Ry(1p) are the two eigenvalues of the matrix (b2(v))) defined as b2 (1)) =

bap(¥)a”® () With bag(9p) := —0atp - pas(vp) and (a*’(¢)) = (aas(h)) "

Theorem 1. Let w be a domain in R? and let v be a non-empty relatively
open subset of v := Ow. Fore >0, p > 2 and q > 1, we define the functional
I:V® = RU{+oo} by letting

Ve = {¢p € WP(w;R?);  Va(y) € LY(w), a(y) #0 ae. inw,
as(p) € WP (wiR?), max{le/Ri(¢)],|e/Ra(¥)[} < 1 ae inw,
Pv=¢ and a3z(y)=azdy-a.e iny}

and for each 1 € V¢,

1(4) = / W (e, ) de — L(3, as(4h)),

where L is a continuous linear form over the space WP (w; R3) x WP (w; R3)
and W : w x V¢ = R is a function with the following properties:

(a) Polyconvexity: For almost all x € w, there exists a convex function
W(z,-): M — R where

M = {(A,B,a,b,c) € (M***)? xR a— [b| >0 and a — 2|b| + ¢ > 0}
such that for almost all v € w

W, ) = W (3, Vib(a), Vas () (@), (1 eH (), 2K (1)) VVa(@(2) ).
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(b) Measurability: The function W(-, A, B a,b,c) : w — R is measurable
for all (A, B,a,b,c) € M.
(c) Coerciveness: There exist constants C; > 0 and Cy such that

W (z, 1) = Ci{|V[” + |Vas () + a(yp)/?} + Cy

for all ¥ € V° and almost all x € w.
(d) Orientation-preserving condition.:

W(z,9) = +oo as {1 — 2eH (¢ (x)) + K (¢(2)) }/a(p(z)) — 0
and W (z, 1) — +ooas {1+ 2cH(p(z)) + K (¥ (z)) }a(p(x)) — 0F

for all ¥ € V¢ and almost all x € w.
Assume that infyeve I(¢) < 400, then there exists at least one function
n € V° such that

I(n) = inf I(%).

Proof. (i) The integrals [ W (z, 1) dx are well defined for all1p € V. First,
we note that the set M is a convex open subset of (M?*?)? xR®. Furthermore,
each 1 € V¢ satisfies a(y(x)) > 0 and |e/R. (¢ (2))| < 1, then for almost all

T Ew,

(Vip(2), Vas(4) (@), (1,eH (3(2)), e’ K (¢ (2))) v a(ip(z))) € M.

In addition, for almost all € w, the function W(x,-) : M — R is continuous
and for all (A, B,a,b,c) € M, the function W(-, A, B,a,b,c) : w — R is
measurable. Hence, W : w x M — R is a Carathéodory function, and thus
the function

r € w— W(e, Vip(x), Vas(4)(z), a(z), B(z), 1(x)) € R
with a(z) == \/a((@), B(z) = eH((x))a(z) and 7(z) = 2K (4(x))a(z)

is measurable for each 9 € V*. The function W being in addition bounded
from below (by the coerciveness inequality (c)), the integral

/W@ww:/W@vwwmmwwﬂ@ﬁmmme

is therefore a well-defined extended real number in the interval [Cy area w, +00]

for each v € V*.



(ii) We find a lower bound for I(1)) when 1 € V©.

From the assumed coerciveness (c) of the function W and the assumed
continuity of the linear form L, we infer that there exists a constant C3 > 0
such that

1) > C1 [ (V9P +[Vas®)P +a($)?}ds + Cs area

= Gs([[9ll1p + llas(¥)[1,) for all 4 € V.

Combining the boundary conditions ¥ = ¢ and a3(¥) = a3 on v, with the
generalized Poincaré inequality, we thus conclude that there exist constants
C4 > 0 and C5 such that

I(¥) =2 CHllP|T, + llas(P)[1, + [V a(¥) [} + Cs for all ¥ € V*.

(iii) We show that if (n*) is a sequence with n* € V< for all k for which
there exist ;1 € WIP(w;R?), k € WP (w; R?), (&,,&,,€&5) € (L9(w;R?))? and
(a1, a,a3) € (LY (w))? such that

n* —nin WP(w;R?), as3(n*) — Kk in WP (w; R?),

ont Aoom* — &, in LYw;R?),  +/a(n*) — a; in Li(w),

H(n!) o A oo — &, in T RY),  H(")v/a(b) — az in L1(w),

K(n"Mom® A oyn® — €5 in LY(w;R?), K(n")Va(n*) — az in LY(w),

then almost everywhere in w

k= ag(n), max{le/Ri(n)|, |e/R2(n)[} <1,
§ =0mAOm, &=HMnomAdn, & =K(n)omAomn,
ar=+a(n), a;=Hm)a(n) and a3 =K(n)/a(n).

To prove this assertion, we begin by showing that £ = a3(n). Using the

Rellich-Kondrasov compact imbedding theorem W' (w; R?) € L"(w;R?) for
all » with 1 < r < oo, we infer that
/ 1 1
as(n®) — k in L (w;R?), =+ — =1, and as(n®) — K in L*(w;R?),
p D

Hence d,m" - a3(n*) — 0,m-k in L*(w) and |az(n*)|> — |k|* in L*(w). Since
for all k, 9,m" - az(n*) = 0 and |az(n*)| = 1, it follows that 9,1 - k = 0 and
|k| = 1. In order to prove that kK = az(n), it remains to show that

OmNANdm- -k >0ae onw.
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To this end, we define for all ¢, € W'P(w;R?) and all ¢, € WP (w; R?)

1
[p1, s =5 (011 A Oapy + O1py N Do)

1
=1 101(P1 N 0oy + o N Oapy) + Da(01p1 Ny + D1pa N p1 ) } -

Hence, if (%, ©5) is a sequence of WHP(w; R?), p > 2, which converges weakly
to (I1,1:) € WhP(w; R?), then [of, 5] — [I1,15] in D'(w;R?). By applying
this result to the sequence (n*) which converges weakly to 17 in Wh?(w; R3),
it follows that
(", n"] = 010" A den® — [n,n] = din A O in D' (w; R?)
Hence &, = O1m A 0on and O,n* A don® — 01m A Oym in L9(w; R3). Then
Va(nt) = om* A own" - as(n®) = dmAdn -k in LY (w).

Since for all k, 01" A 9on* - az(n*) > 0 then O A dym -k > 0 ae. in w.
Combining the following three relations,

Oun-k=0, |g|=1 and OMA©N-k>=0ae inw,

we infer that

oim N\ Oym

= — = d — * - .
K D A O as(n) and o3 =0MAdn- Kk =+/a(n)

Similarly, since (n*, asz(n*)) — (n,as(n)) in WP(w;R?), it follows that

n", as(n")] = —H(n")om* A don®™ — [n,a3(n)] = —H(n)oin A dom,
las(n"), as(n®)] = K(n")oim" A oon® — [as(n), as(n)] = K(n)oim A dm

in D'(w;R?). Hence &, = H(n)0in A 0, €5 = K(n)0im A dyn and

H(n")oun" A dan* - asg(n®) — H(n)orm A dym - as(n) = H(n)v/a(n),
KEmMomn" Aom® - as(n®) = K(n)din Adym - as(n) = K(n)v/a(n)

in L'(w). Then ay = H(n)y/a(n) and az = K(n)\/a(n).



It remains to show that for all a € {1,2}, |e/R.(n)| < 1 a.e. in w. Com-

bining all the previous relations leads to the following weak convergence in
Li(w), for all d € {—1,1},

(1 —deH(n")\/a(n*) = (1 — deH(n))/a(n),
(1—2deH(n*) +’K(n*))\/a(n*) = (1 — 2deH(n) + K (n))/a(n).

Since for all k and all a € {1,2}, /a(n*) > 0 and |¢/R.(n")| < 1 a..
in w, then for all k and all d € {—1,1}, (1 — deH(n"))\/a(n*) > 0 and
(1—2deH(n*) +e2K(n*))\/a(n*) > 0 a.e. in w, then by passing to the weak
limit in L%(w), it follows that for all d € {—1,1}, (1 —deH(n))\/a(n) =0
and (1 — 2deH(n) + ¢*K(n))/a(n) = 0 a.e. in w. Hence for all a € {1,2}
le/Ro(n)] < 1 a.e. inw.

(iv) Let (p*) be an infimizing sequence for the functional I, i.e., a sequence
that satisfies

k € : k :
n" € Ve for all k, and klgg@[(n )= wlél\f/g[(’(b).

By assumption, infyeve I(%p) < 400, and thus, by part (ii), the sequence
(m*, az(n®)) is bounded in (W1P(w; R3))? and the sequence /a(n*) is bounded

in L9(w). Since

vam®) = om" Aoon® - as(n®) = |oin* A d.n"|

we infer that the sequence (9;n* A 99m*) is bounded in L7(w;R?). As the
sequences (1/R;(n")) and (1/Ry(n*)) are bounded in L>®(w), it follows that
the sequences (H(n*)oim* A 9yn*) and (K (n*)0in* A 0,m*) are bounded
in L9(w;R3) on the one hand and on the other hand that the sequences
H(n*)\/a(n*)) and (K(n*)\/a(n*)) are bounded in L(w).

Hence, there exists a subsequence (1, as(n’)) that converges weakly to
an element (n, k) in WP (w; R?). There exist also six other subsequences

(@m Aom'), (Hm"Yom Adm'), (K(n")om' A o)

which converge weakly to &, &,, €5 in L?(w; R?) respectively and

(Va(n®)), (H(n")Va(n)), (Kn)va(n)

which converge weakly to oy, as, ag in L9(w) respectively. Then, by (iii), we
infer that for all « € {1,2}, |e/Ra(n)| < 1 ae. in w, az(n) € WP (w;R?)
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and y/a(n) in LY(w). In order to prove that n € V¢, it remains to show that
N = @, az(n)]y, = as, dn A dem # 0 ae. in w and for all a € {1,2},
le/Ra(n)| # 1 a.e. in w. Since the trace operator from W'P(w) into LP(vy)
is continuous with respect to the strong topologies of both spaces, it remains
so with respect to the weak topologies of both spaces. Hence, we infer from
the weak convergence n° — m and asz(n’) — as(n) in WP(w;R3) that
Nl = Nl and a3(n°)l5, = as(n)l,, in LP(y0; R?) and thus n|,, = ¢ and
as(n)|,, = as since n‘|,, = ¢ and az(n’)|,, = a3 for all £.

In order to prove that d1m A 0em # 0 a.e. in w and for all @ € {1,2},
le/Ra(m)| # 1 a.e. in w, it suffices to show that for all d € {—1,1},

(1 —2deH(n) + 2K (n))va(n) £ 0 ae. in w.

Assume that (1 — 2eH(n) + e2K(n))\/a(n) = 0 on a subset A of w with
dz-meas A > 0. Since (1 — 2¢H(n*) + 2K (n°))y/a(n’) > 0 a.e. on A and

(1—2eH(n") +’K(n"))va(n’) = (1 —2cH(n) + 2K (n))\/a(n)

in L%(w), then

/(1—25H( )+e2K (1) al dx—>/1—25H )+e2K(n))va(n)dz
A

by the definition of weak convergence (the characteristic function of the set
A belongs to the dual space of L?(w)), hence

(1 —2eH(n") +2K(n")va(nt) — 0in L*(A).
Therefore there exists a subsequence (n™) of (n*) such that
(1 —2eH(n™(x)) + 2K (n™(z)))va(n™(z)) — 0 for almost all z € A.
Consider next the sequence of measurable functions (f™) defined by
ffreeA— f"(x) = W(x,n™).

Since f™ > (5 for all m, can apply Fatou’s lemma, which shows that
/ liminf f™(x) hrnmf/ f™(z
A m—r00 m—r0o0

10



on the one hand. On the other hand, the behavior of the function W as

(1 —2eH(n(x)) + €K (n(x)))V a(n(z)) — 0F
(assumption (d)) implies that liminf,, o f™(z) = limy, 0o W(z,n™) = +00
for almost all x € A and thus
lim [ f™(z)de = lim [ W(z,n™)dz = +oc.
A

m—r0o0 m—r0o0 A

But this last relation contradicts the relation

lim I(n™) = inf I(¢) < 400

m—00 PpeVe

and the inequalities

I(n™) > / W(z,n™)dz + Cy area (w — A)
A
= Cs(In™ [l + llas(n™) 1)

(a weakly convergent sequence is bounded). Hence

(1—2eH(n) +*K(m))Va(n) #0 ae. in w,

thus O1nAdem # 0 a.e. inw and for all a € {1, 2}, 5/R () #1 a e in w. We
proceed in the same manner to prove that (1+2¢H(n)+c*K(n))\/a(n) # 0
a.e. in w, thus we infer in addition that for all a € {1,2}, 5/R (17) 7é -1
a.e. in w. To sum up, we have proved that n € V°.

(v) Finally, we show that

/W(m,n) dz < lign inf [ W(z,n")dz.

w 0 w

By the definition of the limit inferior, we must show that, given any sub-
sequence (n™) of (n°) such that the sequence ([ W(x,n™)dx) converges,
then

/W(x,n) der < lim [ W(z,n™)dx.

m— 00 w

So, let us consider such a subsequence. Using the results of parts (iii), (iv)
and the Banach-Saks-Mazur theorem, we infer that for each m, there exist

11



integers j(m) > m and numbers u}*, m < t < j(m), such that

j(m)

t=m
j(m)
D™= 3"y (Vn', Vas(n'), (1,eHm'), 2K () Va(n"))
t=m

s (Vn,Vas(n),(178H(’7)752K(’7)> “(")>

m—o0

in (LP(w; M*?))2x (L49(w))3. Hence there exists a subsequence (D") of (D™)
such that, for almost all x € w,

i(n)

> ui (V' (), Vas(n'(2)), (1 eHn' (), 2K (' (2))) /a(n'(2)))

t=n

— (V). Vasn(@)), (1,2H(n(x)), 2K (n(x)) Va(n(z) ).

n—oo

Since the function W(z, -) is continuous on the set
M := {(A,B,a,b,c) € (M*?)? xR* a—|b| >0and a —2|b| + ¢ > 0}

for almost all x € w and since n € V*© by part (iv), it follows that for almost
all z e w

(Vn(a), Vas(n(@)), (1,eH(n(2)), £ K(n(2)) Valn(x))) € M
and

W(a,m) =W (2, Vn(a), Vas(n(x)). (L eH(n(x)), &K (n(x))) Valn() )

n—oo

in)
= lim W (:U,Z,u? (Vnt(x),Va3(77t(33))av(77t(37))))

where v(n'(z)) := (1,eH(n'(z)),e* K (n'(z)))\/a(nt(x)). Using this relation,
Fatou’s lemma, and the assumed convexity of the function W(z, -) for almost

12



all x € w, we next obtain, on the one hand,

j(n)
/W(x,n) dmgliminf/W x,ZM? (Vn'(z), Vas(n'(z)),v(n'(z))) | dz

n—oo

n—oo w

i(n)
. . n t R T n
< hﬂg}lf tE_ 1 /WW(x, n')dr = lim [ W(z,n")dx

= lim [ W(z,n™)dz.
m— 00 w

Since, on the other hand, L(n,a3(n)) = lim, L(n*, a3(n’)) by definition
of weak convergence, we have thus proved that I(n) < liminf,_. I(n%).

(vi) The function m is thus a solution of the minimization problem, since
n € V¢ by parts (iii) and (iv), and since

< Timi A . . _ s .
I(n) < liminfI(n) = inf I() implies I(n)= inf I(s))

]

As an example of polyconvex stored energy function , there is the Helfrich
energy (see Helfrich [13]) given by

W) = (L) + e + T W) + ) Va@)

used for modeling biomembranes, where k. > 0 and k& € R denote bending
rigidities, ¢g € R stands for the spontaneous curvature and A € R is the
surface tension.

4 Stored energy functions for G shells

Let us first define a G shell with thickness 2¢ > 0. This regularity has
been first introduced in Anicic [1, 2]. The term G' stands for First-Order
Geometric Continuity.
The midsurface of the reference configuration of a shell is denoted by
S := ¢p(w) where
@ € W (w; R?). (1)

13



The two vectors a, = O, € L®(w;R?) span the tangent plane to the
surface S. We suppose that ¢ satisfies the additional assumption

a; N\ as

ess inf |a; A ag| > 0 and a3 := € Whee(w; R%), (2)

\al A CL2|
where a3 is the unit normal vector to the surface S.

The covariant components a,p € L®(w), bas € L™®(w) and cap € L>(w)
of the first, second and third fundamental forms of S are respectively defined
by Qap = Qg - A3, baﬁ = —Q4 6[3a3 = —ag- 0aa3 and Cap = 8aa3 : 860,3.
The area element along S is y/a dx, whith

a = det(anp) = |a; A as*.

Since a is uniformly bounded from below on w, the inverse of the matrix
(aap), which we denote (a®?), belongs to L*(w). The contravariant basis
a® € L®(w;R?) is then defined by letting a® = a*’as and then satisfy
a® - ag = 03, where 03 is the Kronecker symbol. The mixed components
b2 € L>®(w) of the second fundamental form are defined by b2 := b,,a”’.
The mean curvature H € L*>(w) and the Gaussian curvature K € L>(w)
are respectively defined by

1

RiRy’

1 1/1 1
me=lbvn =1 (E i E) and K = bl — b2 —

where the invariants 1/R,, are the principal curvatures of S.
The reference configuration of a shell with thickness 2¢ > 0 is the set
{®(z,2) := p(x) + zaz(x); (xr,2) € Q:=w x (—¢,¢)}.

The tangent vectors are respectively defined by

9. (x,2) := 0,P(x,2) = an(x) + 20,a3(x).

det VO (z, 2) = (1 - RIZ(I)) (1 - R;(x)) a(z).

In addition to the hypotheses (1)-(2), we also impose that ¢ and e satisfy
the following assumption:

Then

eSSQinf det V@ > 0. (3)
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The contravariant basis g* € L>(Q;R?) is defined by g* - g5 = 65.

To sum up, equivalently to the hypotheses (1)-(2)-(3), we define a G* shell
with thickness 2¢ > 0 a shell whose midsurface S := ¢(w) satisfies ¢ € G!
where

G'i={p e W' (w;R?); (a1 Aay)/|a, A as| € WHe(w;R?),
ess inf |a; A as| >0, max |¢/Ry|eow < 1}
w ae{l,2}

This regularity allows us to take into account curvature discontinuities as well
as tangent plane continuity, even if the tangent vectors are not continuous.
Hence, if we consider a surface which is defined via smooth patches, we are
only led to match the unit normal vectors on the interfaces and not the
tangent vectors. This makes for great versatility in practice. Moreover, this
regularity does not involve any Christoffel symbols.

Let us now define a class of polyconvex stored energy functions for G*
shells which satisfies a coerciveness inequality.

Theorem 2. Let
N :={(a,b,c) €R® a—|b| >0 and a — 2|b| + ¢ > 0}

and I' : w x N = R be a function such that I'(x,-) : N — R is convex for
almost all x € w. Let W : w x V5 — R be a stored energy function defined

by
Wz, ) = Z {aitr (G(z, 9, u;, Ui)%/z) + b tr (G(z, v, —u;, wi)%’/Q)}
+D(x,Va(¥),eH()\/a(y), e K (¥)\/a(9))

where

G (7, %, u,v) = {aas(1) — 2ubas () + u’cas()} g%(z,v) @ g°(x,v)

and a; >0, b; >0, v; = 2, u; € R, (v;,w;) € [—¢,¢]?, 1 <i < R.
Then the function W is polyconvex and satisfies a coerciveness inequality

of the form
W(z, ) = C{|Vy

Yig

0 A Jugy Mo [Vag(9p)[ Mo }
+ (2, va(),eH () a(v), e K () a(1h))

with a constant C' > 0 and ;, = max; ;.
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Proof. Let D(z,v) := e,®g“(x,v) where (ey, e5) denotes the canonical basis
of R? and |v|] < e. Then

G(z,v,u,v) = D(x,v) (Vi +uVas(y)) (Vi +uVas(y))D(z,v).

As a composition of a linear function and a convex function, the function

F(z,u,v,-) : (M3*%)?2 — R defined by
F(x,u,v, A, B) := tr ({D(x, v)" (A +uB)' (A +uB)D(z, U)}W2>
is convex for all v > 2. By noting that
tr (G(:U, P, u, 0)7/2) = F(z,u,v, V¢, Vas(v)),

we infer that W is polyconvex.

It remains to prove the coerciveness inequality. By the equivalence of
norms on a finite-dimensional space, it follows that for each v > 1 there
exists a constant C, > 0 such that

tr (G, 1, u,0)"/?) = C, (tr G(z,4,u,v))""”.
Since tr G(z, %, u,v) = |(Veh + uVas(y))D(z, v)[? and
Vi + uVas() = (Vab + uVas(y)) D(x, v)(Ve + vVas),
we infer that
IVp +uVas(¥)| < [(V§ +uVas(¥))D(z,v)|([Vellww + el Vas|lww)

and that there exists a constant C' > 0 such that for all v € R and all
(v,w) S [_€75]27

tr (G(a:, P, u, U)7/2> + tr (G(x, P, —u, w)V/Q)
> C{|VY + uVas(¥))* + |V — uVaz()|* 172

The coerciveness inequality follows by noting that

[V +uVas(9)]” + [Vip — uVay () [* = 2| VY|* + 2u*|Vas ().
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