N
N

N

HAL

open science

Explicit isomorphisms between a sub-class of expanding toral
endomorphisms and one-sided Bernoulli shifts.

Christophe Leuridan

» To cite this version:

Christophe Leuridan. Explicit isomorphisms between a sub-class of expanding toral endomorphisms and
one-sided Bernoulli shifts.. 2024. <hal-04556762v4)

HAL Id: hal-04556762
https://hal.science/hal-04556762v4

Preprint submitted on 13 Apr 2026

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Qoo

Distributed under a Creative Commons CC BY-NC-ND 4.0 - Attribution - Non-commercial use - No
Derivative Works - International License


https://hal.science/hal-04556762v4
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr

Explicit isomorphisms between a sub-class of expanding
toral endomorphisms and one-sided Bernoulli shifts.

Christophe Leuridan

April 8, 2026

Abstract

Let A be a d x d matrix with integer coeflicients such that r := | det A| > 2. The
endomorphism T4 of the torus T¢ := R¢/Z4 given by Ta(z) := Ax preserves the
Haar measure and is r-to-one, where r := | det A|. When A is expanding (i.e. when
p(A™1) < 1, where p denotes the spectral radius), Mihailescu [13] proved that T4 is
isomorphic to S,, the one-sided uniform Bernoulli shift on [0, — 1]%+. Using two
different approachs, we provide explicit isomorphisms under the stronger assumption
[A7Y|s < 1, where || - ||oo denotes the operator norm on M (R) associated to the
usual | - |, on R For arbitrary expanding endomorphisms of the torus, explicit
constant-to-one morphisms transforming S, into T4 were already known. By a
probabilistic method involving Markov chains, we provide explicit constant-to-one
morphisms transforming T4 into S,.

MSC Classification : 37A05, 60J05.
Keywords : endomorphisms of the torus, Bernoulli shifts, iterated function systems,
iterated random functions, self-affine tiles.

1 Introduction

Fix a positive integer d, and call 5 the Haar measure 7 on the torus T? := R¢/Z¢. Given
a d x d matrix with integer coefficients A € My(Z), the linear map x + Az from T¢
to T? is a surjective group morphism and preserves the measure 1. Furthermore, T is
r-to-one: given a uniform random variable Xy with values in R?/Z? and with law 7, the
distribution of T4(Xy) is still 5, and for n-almost every y € R?/Z¢, the conditional law
L(X0|Ta(Xo) = y) is uniform on the set T);*({y}), which has exactly r elements.

Is T4 isomorphic to S, where S, denotes the uniform one-sided Bernoulli shift on
[0, — 1]%+? Katznelson [8] proved in 1971 that if no eigenvalues of A is a root of unity,
then the natural extensions of T4 and S, are isomorphic. But this weaker property does
not ensure that the endomorphism T4 itself is Bernoulli.

The exactness of T4, i.e. the triviality of the tail o-field (1,5, 7y "B(R?), is a neces-
sary condition for T4 to be isomorphic to a one-sided Bernoulli shift. In [10], Krzyzewski
provides a necessary and sufficient for T4 to be exact: the only unimodular (i.e. monic,
with integral coefficients and with constant term +1) factor of the characteristic poly-
nomial x4 must be 1. Otherwise, Krzyzewski shows that T4 — viewed as a dynamical
system — is isomorphic to the direct product of a toral automorphism and an exact toral
endomorphism.



Expanding toral endomorphisms form an important class among all non-invertible
toral endomorphisms. By definition, A and T4 are expanding if the modulus of every
eigenvalue of A is strictly greater than 1. Little is known on toral endomorphisms which
are neither invertible nor expanding.

In 2013, Mihailescu [13] proved that every expanding toral endomorphism of the
torus is one-sided Bernoulli. More generally, he proves that smooth toral endomor-
phisms (possibly not linear) are one-sided Bernoulli with regard to their measure of
maximal entropy. This includes smooth perturbations of expanding linear endomor-
phisms. Mihailescu’s proof is not constructive and relies on a criterion called tree very
weak Bernoulli, introduced by Hoffman and Rudolph [6]. This criterion is a dynamic
version of Vershik’s standardness criterion [16, 17].

From now on, we assume that A is expanding. Equivalently, p(A~1) < 1, where p
denotes the spectral radius: for every M € My4(R),

p(M) := max{|a| : « eigenvalue of M}.
Recall that for any operator norm || - || on the linear space M (R),

— 7 n|l/n _ : nl/n
p(M) = lim [M"] inf [|M7

Given any basis u = (uy,...,u4) of R%, we note | - |00 the norm on R? defined by

d
|T| w00 1= jnax, |&i| where z = Z}&'Ui,
1=

and we note || - |u,00 the associated operator norm of My4(R).

In the present paper,

e we introduce constant-to-one factor maps transforming S, into T4, relying on radix
expansions and already considered by Hacon, Saldanha and Veerman in [5].

e we construct constant-to-one factor maps transforming 74 into S, using Markov
chains.

e under the stronger assumption ||A™!||y,c0 < 1 for some Z-basis u of Z¢, we prove
that both factor maps considered above are isomorphisms provided we choose the
right digit system or fundamental domain.

Before giving more details, let us comment our assumption. One can check that p(M)
is the infimum of || M||y 00 over all basis u of R%. Since || M||y.00 depends continuously on
the vectors ug,...,uq, one may restrict ourselves to vectors with rational coordinates,
or even with integer coordinates, by homogeneity. Yet, the determinant of (uq, ..., uq)
may be different from +1, so we may not assume that u is a Z-basis of Z? (i.e. that
Zuy @ --- @ Zug is the whole group Z%). This distinction is important in what follows
and explains why the condition ||A™!||y.co < 1 for some Z-basis u of Z¢ is a bit stronger
than the condition p(A~1!) < 1.

Given any Z-basis u of Z%, the condition p(A~!) < 1 yields ||A™"||u.c0 < 1 for every
large enough n. Since (T'4)" = Ta» for all n > 1, both methods above provide explicit
isomorphisms between (74)™ and the Bernoulli shift S,», for every large enough n.



Note also that our problem is preserved by unimodular change of coordinates: given
U € GL4(Z), the isomorphism z +— Uz transforms the measure-preserving map 74 into
the measure-preserving map Ty 47-1. Therefore, it will be sufficient to consider the case
where the Z-basis u of Z? is the canonical basis of R

1.1 The classical approach using radix expansions and self-affine tiles

A natural idea is to imitate the r-adic expansions of the real numbers: proving that
the measure-preserving map 7 : z +— rx — |rz] from [0, 1] (endowed with the Lebesgue
measure) is isomorphic to the uniform one-sided Bernoulli shift on [0, — 1]* is quite
simple. Indeed, if x is uniformly chosen on [0, 1], then in its r-adic expansion, its digits
in are i.i.d. and uniform on [0, — 1]. Moreover, if the r-adic expansion of z is 0.£1&2 . ..
the r-adic expansion of T).(z) is 0.£2&s . . ..

Now, let us replace the base r and the set [0, — 1] of possible digits by the matrix
A and by some fixed set I of representatives of Z%/AZ?, containing 0. The theory of
lattices shows that AZ? is a subgroup of index r in AZ, so |D| = r.

It is convenient to introduce Minkovski sums. Given two subsets B and C' of R¢,
their Minkovski sum is B+ C := {b+ ¢ : (b,c) € B x C}. When every point of B + C
has a unique decomposition b+ ¢ with (b, ¢) € B x C, we say that the sum is direct, and
we may use the notation B & C. Minkovski sums and direct sums are commutative and
associative.

The assumption that ID is a complete system of representatives modulo AZ?, i.e. a
system of representatives of Z?/AZ?, is equivalent to the equality Z? = D@ AZ?. There
is a natural way to produce systems of representatives of Z¢/AZ¢ from a fundamental
domain of R?/Z?, i.e. any Borel subset of R? containing exactly one element in each
equivalence class of R?/Z?. Indeed, if D is fundamental domain of R?/Z? then R? =
D@ 7% so R = AR? = AD @ AZ? and Z¢ = (AD N Z%) @ AZ?. As a result, AD N Z¢
is a set of representatives of Z¢/AZ4.

Given any complete system of representatives D modulo AZ¢, containing 0, we get
by induction
Vn>1, Z'=D®---d A" 'De A"Z%

so the set D, := D @ AD + --- & A" 'D is a system of representatives of Z¢/A"Z4.
Furthermore, the sequence (D,),>1 is increasing since we assumed that 0 € D. A
natural question is whether the increasing union

Dy = U D,,.

n>1

is the whole lattice Z% or not. If yes, one checks that any vector of Z¢ has a unique
expansion ‘in base A’ for the digit system DD, and any vector of R? has at least a fractional
expansion, not necessarily unique.

Such generalizations of r-adic expansions have been considered independently by
several authors for applications in various domains: computer science, wavelets analy-
sis,... Matula [12] considered expansions of integers and of real numbers in a given base
B € Z\{-1,0,1}. The system of digits D is assumed to contain 0 and to exactly one
representative in each equivalence class of Z/|3|Z. Knuth [9] fixed an integer n > 2 and
considered expansions of complex numbers in base v/—n with digits in [0,n — 1]. Later,
W. Penney [14] considered expansions of complex numbers in base —1 + i with digits



in {0,1}. More generally, Duda [3] considered complex bases z which are solutions of
some quadratic equation and have modulus > 1. Duda also briefly considered possible
generalisations in higher dimensions, replacing the base by some matrix with integer
coefficients, of the form pO, where p > 1 and O is an orthogonal matrix.

Expansions in which the base is replaced by any expansive matrix A with integer
entries have been studied more recently. One important object of interest are the sets

+oo
Kp = {Z A Ry (Vk)k>1 € DOO} )

k=1

where D is a set D of representatives of Z?/AZ?. Here, we omit the index A because the
expansive matrix A is fixed.

Since p(A™') < 1, we can - and we do - endow R? with some norm | - | such that
|A=1|| < 1, where ||-|| denotes the associated operator norm on Mg4(R). Hence the maps
(9v)vep defined on R? by g,(x) := A~ 'z + A~lv are contractions. Thus Hutchinson’s
theory on iterated function systems applies. The transformation 7p defined on Borel
subsets of R? by

w(B) = JgB) = JA'B+A ) =AT'B+A'D
veD veD

induces a contraction on the set of all non-empty compact subsets of R?, endowed with
the Hausdorff metric, and Kp is the only fixed point of this contraction.

We now reformulate some facts stated in Hacon, Saldanha, Veerman in [5]. Since
Kp+7Z% = R?, the compact set Kp has positive Lebesgue measure. Furthermore, Kp is
the union of the A= Kp + A~'v over all v € D, and this union is almost disjoint: given
v # v in D, the intersection of A~ Kp + A~'v and A~ Kp + A~10/ is a null set (for the
Lebesgue measure A). That is why the compact set Kp is called a self affine-tile.

Up to null sets, the subsets (Kp + v)yep form a partition of AKp. The map T4 k) :
Kp — Kp which sends each z € Kp on the almost surely unique y € Kp such that
Az — y € D preserves the uniform measure U(Kp) := A(:|Kp) on Kp, and the map
® : D*° — Kp defined by

+o0
O((0n)kz1) == > A oy
k=1

is an isomorphism transforming the uniform Bernoulli shift on D into the measure-
preserving map 1'A f; .

Call ppa the canonical projection from R? onto T¢ = ]Rd/Zd. By construction,
pTd{ Ko is a factor map transforming T4 ,, into T'4. Corollary 1.7 in [5] states that the

restriction pTd} K is m-to-one (up to null sets) for some positive integer m, and this
integer m necessarily equals the Lebesgue measure of Kp.

Hence, the endomorphism T is a factor of the uniform Bernoulli shift on D> (or,
equivalently, on [0,r — 1]%+) and the factor map pra| Kk, © @ is A(Kp)-to-one. In partic-
ular, A\(Kp) is always a positive integer and pra } K, © @ Is an isomorphism if and only if
the Lebesgue measure of Kp is 1.

Actually, the volume A(Kp) does depend on the choice of the set D of representatives
of Z4/AZ?. For example, when d = 1 and A = 2, the choice D = {0, 1} yields Kp = [0, 1],
whereas the choice D = {0, 3} yields Kp = [0, 3].



The results given by Matula in [12] in the one-dimensional case can be adapted to
our context and further pursued. This yields the theorem below.

Theorem 1. Fiz a norm |- | on R? such that the associated operator morm satisfies
A7) < 1. Set M = max{|A~ v| : v € D}. Then the statements below are equivalent:

1. Dy, = Z8.
2. Dy contains all vectors x € Z such that |x| < M/(1 — ||A~Y])).

8. ¥n>1, D, N (A" — ;)2 = {0}.
Moreover, if the equivalent properties above hold, then A\(Kp) = 1.

The equivalence between items 1,2,3 is a simple adaptation of Matula’s work. That
they imply A(Kp) = 1 was not written in Matula’s paper, but it follows easily from the
fact that AKp is the almost disjoint union of the sets Kp + v over all v € D.

Theorem 1 provides a sufficient (but not necessary) conditions on A and D to have
A(Kp) = 1. For example, in the one-dimensional case considered by Matula,

e If A=rand D = [0,r — 1], then for every n > 1, D,, = [0,7"™ — 1]. Therefore,
D, N (" — 1)Z = {0,7" — 1} and Dy = N. Yet, Kp = [0,1] so A(Kp) = 1.

o If A= —r and D = [0, — 1], then Do = Z and Kp = [—r/(r+1),1/(r + 1)], so
M Kp) = 1.

To get a less simple example, take d = 2, A = (% _21) so r = 5. One may choose D =
{(0,0),(0,1), (0, —1),(1,0),(—1,0)}. The endomorphism of R? canonically associated
to A is a direct similitude with ratio v/5. Thus theorem 1 applies with the canonical
Euclidean norm on R?, and M = ||A~|| =1/v/5,s0 M/(1 — |A7'|) =1/(vV5—1) < 1.
Since the only point = € Z? such that |z| < 1/(v/5 — 1) is 0, statement 2 holds trivially,
therefore statements 1 and 3 also hold and A\(Kp) = 1.

Let us mention more recent works which study the quantity \(Kp). In [4], Gabardo
and Yu give an algorithm to compute this Lebesgue measure. In [11], Lagarias and
Wang prove the existence of a lattice tiling with the tile Kp: there exists some lattice
A C Z% such that Kp + A = R? and such that the translated sets (Kp + v)yen do not
overlap. Thus, the volume A\(Kp) equals the index of A in Z?. Using this lattice tiling,
Lagarias and Wang establish a highly non-trivial necessary and sufficient condition for
A(Kp) to equal 1. This condition is involved and not very tractable, although it provides
many simple corollaries.

Hence, many questions arise:

e Is it always possible to choose D to have A\(Kp) to equal 1 and how?

e Given ¢ € R? and any Z-basis (u1, ..., uq) of Z%, one checks that the parallelotope
P=c+[0,1[ ug +---[0,1] ug is a fundamental domain of R?/Z9, so AP NZ% is
system of representatives of Z¢/AZ?. Does such a system of representatives always
work?

The example above suggests that choosing a norm on R? such that the associated
operator norm satisfies || A~!|| < 1 and choosing the vectors of D having norms as small
as possible could be a good strategy.



To answer these questions, we establish some remarkable consequences of Lagarias
and Wang’s condition in subsection 5.1. We provide counterexamples showing that the
answer to both question is negative. Yet, we have a positive result when d = 2.

Theorem 2. Ifd = 2, then it is always possible to choose the system D of representatives
so that \(Kp) = 1.

And still when d = 2, the answer to the second question is positive provided an extra
assumption of primitivity holds (see Corollary 41).

In subsection 4.4, we develop a variant of the approach followed by Hacon, Saldanha,
Veerman and mentionned above. Given a bounded fundamental domain D, the set (D)
is still a fundamental domain, since

RE=DaZ'=Da (Da AZY) = (D D) ¢ AZ = Amy(D) & AZC,

so R? = A7IR? = 7p(D) @ Z4. One checks that the sequence (Dy,),>1 of fundemantal
domains (Dy,)p>1 defined by

D, =m(D)=A"D+A""D+...+ A 'D.
is uniformly bounded. Thus, the set

L =limsup D,, := {z € R? : z € D, for infinitely many n > 0}
n

is bounded. One checks that L 4+ Z? = R? so 0 < A(L) < +o0, and that L is invariant
by the Hutchinson’s map my. Thus, its closure is compact and also invariant, so L = K.

Most of the arguments used for Kpy still work with L. Up to null sets, the subsets
(L + v)yep form a partition of AL. We will find a full-measure subset E C L such that
for every x € FE, Az has a unique decomposition y 4+ z with (y,z) € E x D. Calling
T'4,g(x) the vector y in this decomposition, we get a measure-preserving map T4 g on
(E,B(FE),U(F)). By definition, for every v € D,

Ar —Tap(r)=v <= Az —veEE < 2z A v+ AT'E.

Consider the map ¥ : E — D> defined by ¥(z) := (ATXE(:E) - TXE(:U))”N.
Concretely, the sequence W(z) begins with (v1,...,v,) if and only if 2 belongs to the
set A=lwy +...+ A", + A" E. We will check that U is an isomorphism transforming
T's,r into the uniform Bernoulli shift Sp on D°°.

Furthermore, we will see that pra|,, is a factor map transforming T4 g into T4, that

|k
the Lebesgue measure of E is a positive integer and the factor map pra ’ 18 A(E)-to-one.
Hence, when A\(E) equals 1, ¥ o pqa ‘;31 is an isomorphism transforming T4 into Sp.

Since L C L = Kp, we have A\(Kp) > A(L) > 1. Actually, we prove that A\(Kp) =
A(L). When ||A7}||y,00 < 1 for some Z-basis u = (ug, . . ., uq) of Z¢, we are able to choose
a fundamental set D and a system of representatives D) such that A(E) = A(L) = 1, so
pqrd{  1s an isomorphism.

Theorem 3. Assume that ||A™Y|uco < 1 for some Z-basis u = (u, ..., uq) of Z%. Let

d
ci=(1/A  (ur + - +uq), Di=c+ Y [-1/2,1/2{u;, D:=ADNZ"
i=1
Consider the fundamental domains (Dy)n>1 defined by D,, = A" Do+ A""D+... A~1D.
Then A\(limsup,, D,,) =1 and pTd‘E is an isomorphism.

6



The proof of Theorem 3 does not use the theorem of Lagarias and Wang. It relies
on the study of the external boundary of the sets D, = D@ --- @ A" 'D when Z¢ is
endowed with some graph structure on Z¢ related to the set D.

1.2 A new approach using a stationary Markov chain

An alternative approach relies on the study a stationary Markov chain on T¢, indexed
by Z, whose evolution at each time consists in chosing uniformly one of the r preimages
by T'a of the current position. This Markov chain arises naturally in the construction
of the natural extension of T4. We view it as the iteration of a random function.
Iterated random functions is a fruitful method having many applications, see for example
Diaconis and Freedman’s paper [2].

Concretely, the idea is to fix r Borel maps Fy, ..., F,_; from T¢ to T¢ such that for
every y € T, Ty ' ({y}) = {Fo(y), ..., Fr—1(y)}, and to use a stationary Markov chain
(Xn)nez on T4, indexed by Z, whose evolution is governed by an i.i.d. sequence (I,)nez
of uniform random variables in [0, 7 — 1] through the recursion relation X,, = Fr, (X,—1),
with I,, independent of ((Xp, Ix))k<n—1. Then for every n € Z and ¢ € [0,r — 1], I,, = ¢
if and only if X,, = F;(X,,—1). Moreover, X, _1 = Ta(X;). Hence I,, and also (Ij)x<n
are Borel functions of X,,. Those functions does not depend on n. By time reversal, the
latter provides a factor map ¥ transforming T4 into the uniform shift S, on [0, r —1]%+.

The choice of the maps Fy, ..., F,_1 has a crucial importance. By coupling methods,
we give a general construction of Fy, ..., F,._1 such that the conditional distribution of
Xo given (Ij)r<o is almost surely uniform on some random finite set with constant size
s. Equivalently, the factor map W is s-to-one. The integer s does depend on the choice of
Fo, ..., F—1. Under the assumption ||A™!|ly00 < 1 for some Z-basis u = (uy, ..., uq) of
7%, we provide an explicit choice of Fy, ..., F._; such that s = 1, so ¥ is an isomorphism
transforming 74 into the uniform shift S, on [0,r — 1]%+.

Let us now explain how we build the maps Fp, ..., F,_1 and state the main results.
First, it is convenient to fix a set I of representatives of Z%/AZ? and to use indexes
vaying in D instead of [0, — 1]. Next, since the coefficients of A~! are rational but not
integral, one cannot apply A~! to elements of T¢. Therefore, to give a description of
the preimages by T of elements of T¢, it is convenient to fix a bounded fundamental
domain D. The theory of lattices ensures that \(D) = 1.

For every x € Z%, call pp(x) the unique element of D in the coset = + Z?. We call
projection on D the map pp : R — D thus defined. One checks that the discontinuity
set of pp is Ap := dD + Z%. Moreover, if B is a Borel subset of R?, then

pp(B)= | J(B-k)ND
kezd

is still a Borel subset.

Instead of T4, we study the map T4 p : = — pp(Azx) from D to D. One checks
that T4 p preserves the uniform measure Up := A(-|D) on D. Moreover, the restriction
pra|p, of the canonical projection from R? to T? is an isomorphism transforming the
dynamical system (D,B(D),Up,Tap) into (R?/Z% B(R?/Z%),n,T4). Hence, we will
frequently omit the subscript D in T4 p.



For each v € D, call f, : D — D the map given by f,(y) := pp(A~'y + A~1v) and
set P, := f,(D). Note that the maps (fy,)yep and the subsets (P,)yep thus defined do
not depend on the choice of ID. Indeed, if one replaces some vector v € D by a vector
v’ belonging to the same class of Z?/AZ?, then for every y € R f,(y) = f,(y) since
(A7ly + A7) — (A ly + A=) € Z4.

The maps (fy)vep and the subsets (P,),ep have interesting properties.

Proposition 4. Call Ap = 0D + Z% the discontinuity set of pp.

e For eachy € D, the vectors (f,(y))ven are pairwise distinct and are the preimages
of y by Ta. Therefore, ™ := (P,)yep 5 a partition m of D. Moreover, for each
v € D, the map f, induces a bijection from D to P,, whose inverse map is TA‘P .

e For eachv € D, the map y — f,(y) — A~'y is constant on each subset AD —v+ Ak
with k € Z% and takes only finitely many values on D. Its discontinuity set is
contained in A\, .= AAp —v.

e The sets (P,)yen are Borel and with Lebesgue measure 1/r each.

o The partitions (T,"(7))n>0 are independent.

For every z € D, call 7(z) € D the index of the only block of the partition © =
(Py)vep which contains x, ie. x € Pr(z)- By construction, the factor map ¥ : z —
(W(TX(%)))R>O from D to D%+ transforms 74 into the uniform Bernoulli shift S on D%+,

We would like the factor map ¥ to be an isomorphism, i.e. the partition 7 to be
an independent generator of T'4. It is not always true. The discontinuities of the maps
(fv)vep cause difficulties. A strategy to avoid them is to look for a self-affine fundamental
domain, as we saw in the previous subsection.

In the present approach, we do accept discontinuities, and we prove that ¥ is
constant-to-one when D is bounded with ‘small’” boundary. To clarify this assump-
tion, we need a few notations. Given a subset S of RY, the upper box dimension of S is
defined by

i

dimupper box S = lim sup M =d — lim inf W
e—0 |Inel 50 Ine|

where Ng(e) is the minimal number of open balls with radius e required to cover S, and
S, is the e-neighbourhood of S, namely S. = {z € R¢ : dist(z, S) < €}.

Theorem 5. Assume D is bounded and that dimypper box(0D) < d. Then the factor
map ¥ : x — (ﬂ(TZ($)))n>O from D to D%+ is s-to-one for some integer s > 1.

In other words, if X is a uniform random variable taking values in D, the conditional
law of X given ¥(Xp) is almost surely uniform on some random subset with constant
size s. Equivalently, one can construct a uniform random variable U taking values in D
and independent of W(Xy) such that o(Xy) = o(¥(Xp)) V o(U). The partition 7 is a
generator if and only if s = 1.

Theorem 5 is very general, but it does not give indications on the value of s. We
will be more specific in Theorems 7 and 8.

To illustrate that s does depend on the fundamental set D, we consider the matrix

A= (1)



Figure 1: The partitions w, T ;17@ TXQTI' when D = [0, 1[2. The shaded areas represent
P, TN (P, T2 (Py).

Figure 2: The partitions 7, T 'm, T;*r when D = [~1/2,1/2[?. The shaded areas
represent the blocks Py, T (P1), T %(P1).

Then A=! = (1/2)A. The linear map = + Az from R? to R? is the composition
of v/21d with the reflexion with regard to the line R(cosn/8,sin7/8). Call (e, e2)
the canonical basis of R? and take D = {0,e1}. Given a fundamental domain D, the
corresponding maps fo and f; := f., from D to D are given by fo(y) = pp(A~1y)
and f1(y) = pp(A~ty + (e1 + e2)/2). The associated partition is 7 = {Py, P} where
Py = fo(D) and P, := fi(D). We consider three fundamental domains, all of which
are parallelograms. In the first two cases, we get s > 1, because of the symmetries
preserving the partitions (77, "m),>0, which prevent them from separating the points.
See figures 1, 2, 3.

Example 6. Let

1. If D =[0,1[%, then s = 2.
2. If D=1[-1/2,1/2[%, then s = 8.

3. If D=[0,1[e1 + [0,1[(e1 + e2), then s = 1.

Figure 3: The partitions m, Ty '7, T *7 when D = [0, 1[e; + [0, 1[(e1 + e2). The shaded
areas represent Py, Ty *(P1), T 2(P1).



We now introduce an additional assumption which ensures that 7 is an independent
generator of T4. Observe that for every fundamental domain D and every v, v_1,v_2, ...
in D, the sets (fy, o---0 fy_,,,)(D) form a decreasing sequence. Here, we use negative
indexes because we couple from the past.

Theorem 7. Keep the assumptions of Theorem 5. Fiz any norm |-| on R?, and denote
the associated open balls by the letter B. Set Q := [0,1[%. Assume that D = ¢ + UQ
for some ¢ € Z¢ and U € GL4(Z). Assume furthermore that there exist xg € D which
is a continuity point of all functions of the form f,, o ---o f, and some sequence
Vo, V_1,V_2,... of elements of D such that for every § > 0,

(fop 0 -0 fo_,1)(D) C B(xo,6) for every large enough n.

o . . . .

Then the factor map ¥ : D — D%" is an isomorphism. Moreover, U is continuous
— . . +

almost everywhere on D and U~ is continuous almost everywhere on D% .

Actually, Theorem 7 applies in a lot of situations.

Theorem 8. Assume that | A~ |uoo < 1 for some Z-basis u = (u1,...,uq) of Z%.
Endow R with the norm | - |uco, and consider the fundamental domain

Z —1/2,1/2[u;

S

Let c € RY and D = ¢+ P,. Assume that 0 € D.

1. If (¢ =0 and r is odd), or if the real numbers 1,c1,...,cq are linearly independent
over Q, the point 0 is a continuity point of all functions of the form f, o---o f,, .

2. If c is small enough, then A~'D C D, so the map fo coincides with y — A™ly,
and for every 6 > 0, f(D) C B(0,9) for every large enough n.

3. If conditions 1 and 2 hold, then Theorem 7 applies, so the factor map ¥V : D — DZ*
is an isomorphism, U is continuous almost everywhere on D and V™1 is continuous
almost everywhere on DZ*,

1.3 Plan of the paper

Sections 2 and 3 are devoted to our new approach relying on Markov chains whereas
Sections 4 and 5 are devoted to the classical approach via radix expansions.

In section 2, we prove preliminary results: the exactness of T4, Proposition 4 and
properties of maps f,, o---o f,,. We also establish a general result on Markov chains,
Theorem 13. Given a (possibly non-stationary) Markov chain (X,,),ez governed by a
recursion relation of the form X,, 11 = f(X,, Vj,+1), this theorem compares the natural
filtration of ((X,, Vi))nez with the smaller natural filtration of (V,,)nez.

In section 3, we use Theorem 13 to prove Theorems 5, 7 and 8. We also set out the
proof for Example 6.

In subsection 4.1, by adapting Matula’s approach, we prove Theorem 1 which yields
a sufficient condition to have A(Kp) = 1. Independently of this, we study the iteration
of Hutchinson’s map on a bounded fundamental domain (subsection 4.2), we adapt the
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results of Hacon, Saldanha, Veerman to this context (subsection 4.3), and we introduce
a graph structure on Z? to prove Theorem 8 (subsection 4.4). Last, when A\(Kp) = 1, we

show that the inverse of the isomorphism prd ‘ Ky © ® can be computed (subsection 4.5).

In subsection 5.1, we state Lagarias-Wang theorem about A\(Kp) and derive many
direct consequences. In particuliar, if A is Z-similar to a companion matrix, we can
choose D so that A\(Kp) = 1. In subsection 5.2, we give a self-contained proof of a corol-
lary of Latimer-MacDuffee theorem, which ensures that A is Z-similar to a companion
matrix whenever the integral domain Z[X]/xaZ[X] is principal. In subsection 5.3, we
apply this corollary and the results viewed at subsection 5.1 to establish results in low
dimension, including Theorem 2 (if d = 2, one can always choose D so that A(Kp) = 1)
and an example of a 4 x 4 matrix A such that \(Kp) > 2 for every choice of D.

2 Proof of preliminary facts

2.1 Exactness of T4

In this section, we use the assumption p(A~1) < 1 to prove directly in a straightforward
manner the exactness of T4, without using the necessary and sufficient condition of
exactness established by Krzyzewski in [10]. We begin with a simple observation.

Lemma 9. The subgroup Unzo A~"7% is dense in R?.

Proof. Let us endow R? with the usual norm |- |, and My(R) with the associated
operator norm. For every z = (z1,...,74) € RY set || = (|21],..., |7a]), where |]
denotes the integral part. Then, for every n > 0,

‘m — A" A"z ‘OO = ‘A‘”(A”:r — LA”;UJ)!OO <A™ 0o-
Since HA_"HC%” — p(A71) <1 as n — +oo, we derive A" A"x| — x asn — +oo. [
Proposition 10. The transformation Tx is ezact.

Proof. Let B be in ﬂnzo T,"B(D). Call f =1popp the Z%periodic extension of 15.

Fix n > 1 and v € A™"Z%. Let us check that v is a period of f. Since B € T;"B(D),
there exists C' € B(D) such that B = T,"B(C). For every z € R?,

Flo+v) = 1p(pp(z +0) = (T pn(z +v)).

Since AZ?* C Z% and A™ € Z%, we have

TH(pp (o +v)) = A(pp(z +v)) = A™(w +v) = A" = A(ppz) = Th(ppz) mod 72,

so T (pp(x +v)) = T (ppx) since both sides of the equality belong to D. Thus
f(x+v) =1c(Ti(pp(z +v))) = 1c(T4(pp(2))) = f(2),

which shows that v is a period of f.

Hence, the set of all periods of f contains UnZO A~"Z4% which it is dense in R<.
Therefore, the continuous map v — f(- + )| p from R? to LY(D) is constant. Thus f is
constant almost everywhere, namely A\(B) € {0, 1}. O

11



2.2 Study of the maps (f,)ven

In this section, we establish useful properties of the maps (f,)yen.

Let us prove Proposition 4.

Proof. Let x and y in D. Since Ta(z) = pp(Ax), A7'Z% = A7'D @ Z? and f,(y) =
pp(A~ty + A1) for every v € D, we have

Az e y+ 74

re Ay 4+ A7lzd
veD:xe A ly+ A+ 78
veD:z=f,(y).

Ta(z) =1y

1o

Item 1 follows.

Fix v € D. For every k € Z% and y € D,
foy) =AY+ A -k —= A ly+ A w—keD < yec AD — v + Ak.

Hence the map y +— f,(y) — A~y is constant on (AD — v + Ak) N D.

Furthermore, if y is a discontinuity point of A, then A=ty + A~'v is a discontinuity
point of pp, so A~y + A~'v € Ap and y € A, = AAp — v. Item 2 follows.

Fix v € D and B € B(D). Then

P,NT " (B)=fu(B)= |J fo(BN(AD —v+Ak)) = | J(A'B+ A" 'v = k)N D.
kezd kezd

This is a Borel subset, and since we have a disjoint union, we get

AP, NTN(B) = Y AA'B+Aw—k)ND)
kezd
= Y _MA'B+A )N (D+k)
kezd

= MA'B+ A7) =r"'\(B).

In particular, \(P,) = A(P, N T (D)) = r~', so we get that 7 is independent of T; 5.
A recursion yields the independence of W,Tglﬂ, .. .,TZ"W,TK"‘IB for every n > 0.
Items 3 and 4 follow. O

Before studying the discontinuity set of iterates f,, o---o f,,, we prove a simple
lemma.

Lemma 11. Let v € D. For every B € B(D), f,Y(B) C AB —v+ AZ% C AB + 7.
Proof. Since f, viewed from D to P, is the inverse of the bijection T'4|p,, one has
foY(B)=Ta(BNP,) =pp(ABN APR,).

By definition of P,,

AP, = App(A™'D + A7) c App(A™'D+ A~ v — 2% = D 4 v — AZ%.
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On each set D + v — Ak with k € Z%, the projection pp coincides with the translation
of —v + Ak. Hence

£1(B) C pp(ABN (D +v — AZ%) = AB — v + AZ".

This yields the first inclusion. The second one is immediate. O

From Proposition 4 and Lemma 11, we get by recursion the next result.

Corollary 12. Letn >1 and (v1,...,v,) € D".

1. One has (fu, 00 fo,) N (Ay) C A"Ap + Z°.

2. The discontinuity set of f,, o---o fy, is contained in

Avl U ffu_ll(Aw) U---u (fvn—l ©---0 fvl)_l(Avn)’
which is contained in (AAp +Z4)U--- U (A"Ap + Z9).

3. If 0D is a null set, all those sets are null sets.

2.3 General results on Markov chains

In the proof of Theorem 5, a key argument is the general theorem below, which is very
close to Theorem 3 and Corollary 4 in [1] (paper written in French).

Theorem 13. Let (E,E) be a Polish space endowed with its Borel o-field, (F, F) be any
measurable space, and f : E X F — E be any measurable map. On probability space
(Q,A,P), consider a (possibly non-stationary) Markov chain X = (X,)nez indezed by
the set of all integers, taking values in (E, &), whose evolution is governed by some se-
quence V- = (Vi )nez of independent random variables taking values in (F, F) as follows:
for everyn € Z,

e V11 is independent of }'i(’v = a((Xk, Vk)kgn);
° Xn+1 = f(XTH Vn+1)‘

Assume that the tail o-field fﬁ’g = ez FiV s trivial. Then for every n € Z,
there exists some random variable U, which is uniform on [0,1] or some finite set (not
depending on n), independent of Y, and such that Fp' = FV V o(Uy).

Note X<, = (Xk)r<n and V<, := (Vi)k<n. Assuming that E is a Polish space
ensures the existence of the conditional law v, := L(X<,|V<,) and the possibility to
order in a measurable way the atoms of v, (when v, has many atoms). Another way to
state the conclusion is to say that the conditional laws v, are almost surely continuous
(for all n simulaneously) or uniform on some random finite set with constant size (not
depending on n). To keep the present paper self-contained, we give a proof now.

Proof. Let Y be a copy of X, such that X and Y are i.i.d. conditionally on V', namely
L(X,Y)|V)=LX|V)® LX|V).

Then the recursion relations Y;, 11 = f(Y,, V1) hold almost surely; by restricting the
probability space, we assume that they hold on the whole space €2. Therefore, the event
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[Xgn = an] does not depend on the integer n, so it equals the event X = Y. By
Lemma 14 below, for each n € Z, V,41 is independent of (X<, Y<p, V<y,).
P[X<ni1 = Yenur| Fi1] = P[X<n =Yeu| F
— P[Xgn = an‘f"i{’v V O'(Vn+1)]
= P[X<, =Y<,|FY] as..
Thus, the random variable P[ X<, = Y§n|]:,)f ’V] does not depend on n (almost surely),
so it is Fi(og -measurable, hence almost surely constant, since }"fog is trivial.

Call p this constant (not depending on n). The random variables X<, and Y<,
are i.i.d. conditionally on V', and also i.i.d. conditionally on V<,, since the additional
information given by V>,41 is independent of (X<, Y<n, V<y) (by Lemma 14 again).
Thus L(Y<p|(X<p, V<pn)) = L(Y<n|V<pn) = vy, almost surely and

p= E[l[Xgn:an} ‘}—g,v] = Vn{Xgn} a.s..

Therefore, v, is almost surely continuous if p = 0, and almost surely purely atomic if
p > 0. In the latter case, v, is almost surely uniform on some random finite set with
size 1/p since all atoms have the same mass p. O

Lemma 14. Keep the notations and the assumptions of Theorem 13. Let Y = (Yn)nez

be a copy of X such that X andY are i.i.d. conditionally to V. Then for every n € Z,
I XY,V

Vg1 is independent of Fr, .

Moreover, if the process (Xn, Vi )nez is stationary, (X, Yy, Vi)nez is also stationary.

Proof. Fix v € D and consider an event of the form AN BNC, where A, B, C belong to
FX, FY FY respectively. Since X and Y are independent conditionally on o(V), and
since o(V) = FY V 0 (Vii1, Vnsa,...) where 0(Vyi1, Vigo,...) is independent of FXV
and of }-n,V’ one has
E[1alplelpy,, —||c(V)] = E@alo(V)E1s|o(V)1cly,, =
= E[a|FYEQ|1FY 1elpy,, —y

Taking expectations and using that Vj, ;1 is independent of F, we get
P(ANBNCA[Vpi1=1]) = E [E[1A|IX]E[1B|fX]1C}P[VnH _)

Summation over all v € D yields P(AN BN C) = E[E[14|FY]E[15|F)]1¢]. Hence
P(ANBNCN [Voy1 =v]) =P(ANBNC)P[Vypy =),

which proves that V,,; is independent of ]-})L( YV

Now, assume that the process (X, V,)nez is stationary. Its law Px i is invariant by
the shift S on (E x F)%. With an abuse of notation, call also S the shifts on the factors
E% and FZ. Fix a regular version (v,),cpz of the conditional law of Y given V. For

every A e E¥Z B e E%L (C e FOL.
P[(S(X),S(Y),S(V)) € Ax B x C| PIX € ST A);Y € STHB);V € S71(C)]

= [ (ST A (B APy (o)
$-1(0)

- /C V1 (S (A)) 1) (S (B)) APy (1),
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since S preserves Py. The probability measures defined by v/,(A) := Vs—l(u)(S_l(A))
still form a regular version of the conditional laws, since for every A € £%% and C' € F%Z,

/ V (A)dPy (u) = / Vo(S~1(A))dPy (v)
c S-1(C)

= ]P)X7v[S71(A) X Sil(C)]
= IP)X7\/[A X C]

Hence v/, = v, for Py-almost every u € FZ, so the previous calculation yields
P[(S(X),S(Y),S(Z)) e AxBxC] = / vy (A) vy (B)dPy (u)
C
= P[(X,Y,Z) e Ax Bx(].

We are done. ]

3 Utilisation of Theorem 13

In this section, we prove Theorems 5, 7, 8 and Example 6.

3.1 Proof of Theorem 5

On some suitable probability space (€2, .4,P), we consider a stationary Markov chain
X = (X,)nez taking values in D, whose evolution is governed by some sequence V =
(Vi)nez of independent uniform random variables taking values in D as follows. For
every n € 7,

e X, is uniform on D;

e V), is independent of .F,i(’v = U((Xk, Vk))

L4 n+l = fvn+1(Xn)’

kgn;

The last equality implies T4(Xp4+1) = X, and 7(X,41) = Viq1 by definition of the
maps (fy)o<i<r—1. Hence for every n € Z, FoV = o(Xy). Moreover,

‘;[I(XO) = (W(TZ(XO)))HZO = (W(X—n)))nz() = (V—n)nzo-

Hence, to prove that ¥ is almost surely s-to one for some positive integer s, it suffices to
prove that £(Xo|Fy) is almost surely uniform on some random set with constant size.
Note that £(Xo|FY) = L£(Xo|V) almost surely since (V;,),>1 is independent of ]_-5<,V.

First, we prove that the tail o-field fi(O’X is trivial. Let E € ]:ii;l/ For every n <0,
E e o(Xy),s0 E=[X, € B, =[XyeT,"(B,)] for some B, € B(D). Hence

E = [Xo € B] where B = liminf T',"(B,,)
n——oo

Since T4 is exact (Proposition 10) , we derive P(E) = A\(B) € {0,1}.

Therefore, Theorem 13 applies and shows that the conditional law £(X|V') is almost
surely continuous or almost surely uniform on some finite set with constant size. It
remains to rule out the first possibility. We do that by using a coupling argument.
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Figure 4: Example where A = (2 3'), D =[0,1[%, V4 = (—1,0) and V5 = (0,0). The
first square represents the partition ¥y = ay; V f;l 1(aV2). The second square represents
the subset fy; (D) and the partition ay,. The third square represents the subset fy, (D)
when V5 = (1,0). The arrows represent the effect of fy, o fy; on each block of Y.

Consider another Markov chain Y = (Y},),ez taking values in D such that X and YV
are i.i.d. conditionally on V, namely £((X,Y)|V) = L(X|V) ® L(X]|V). In particular,
the recursion relations Y, 41 = fy, ., (Y,) hold almost surely. By restricting the proba-
bility space, we may - and we do - assume that they hold on the whole space 2. For
each v € D, the map y — f,(y) — A~ly takes finitely many values on D. Call o, the
partition of D associated to this map.

For every n > 0, let X, be the random partition of D defined by

Yo =ay V fi (aw) VeV (fr,_ 0o fu) T a,)
View figure 4. For every y € D, call ¥,,(y) the unique block of ¥,, which contains y.

On each block of Xy, the maps y — fv; (y) =A™y, y = (fiu 0 fur) () =A™ frr (1),
Y (frn 00 fit)(y) — A (fr, , 0 -0 fir)(y) are constant, hence the map y
(fv, oo fyy)(y) — A~y is constant. And since (fy;, o---o fi;)(Xo) = X,, we derive

(fvi 0+ 0 fir)(Bn(Xo0)) = Xn + A7 (3n(Xo) — Xo).

We have ¥, (Xo) # Xn+1(Xo) if and only if ¥,,(Xo) is not contained in some block
of the partition (fy, o---o fi,) Havy,,,), ie. (fy, oo fi,)(En(Xo)) is not contained
in some block of of the partition ay,, ;.

Let us endow R? with some norm |-| and M4(R) with the associated operator norm.
(fv,, o -+ 0 f1,)(Zn(Xp)) is contained in the closed ball B(X,,||A~"|/diam(D)), where
diam stands for diameter. We derive the implications

Y0 (X0) # Znt1(Xo) = fv,,, is not constant on B(Xp, ||A™"||diam(D))
=  B(Xy, ||A7"||diam(D)) N Ay, ,, # 0
= dist(X,,,Ay,,,) < [|[AT"||diam(D).

But X,, and V,, 41 are independent, X, is uniform on D and V41 is uniform on D, so

P[S,(X0) # Znt1(Xo)] < %Z A{z € D : dist(z,A,) < [|[A7"||diam(D)}).
veD

For every subset S of R?, and every € > 0, we note S. := {z € R? : dist(z, 9) < &}
and S, := {z € R?: dist(x, S) < e}. Given v € D, by proposition 4,

A, = AAp —v = U ADD + Ak —v.
kezd
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Since A, is closed, the lower bound defining dist(z, A,) is achieved, so for every £ > 0,

(Av)er = |J (40D — v+ Ak)oy
kezd

and
AD N (Ay)ey) € > MDN(AID — v + Ak).y)).
kezd
Since D and 9D are bounded, the fundamental domain D intersects only finitely many,
m; say, subsets (A0D — v + k); with k € Z9. Hence, for € € ]0, 1],

AD N (Ay)er) < mA((AID)..).

Let a > 0 such that dimypper box(0D) < d—a. Since AOD and 0D have the same upper
box dimension,

lim inf [In A((AOD)-+) — liminf M
=0 |Ine| e=0 [Ine]

s0 A((A0D).) < e* as ¢ — 0.

Putting things together yields
P[S,(X0) # Ent1(Xo)] < Zm ((ADD) | a=n||diam(D)+) < |[A™"|* as n — +oo.

Since ||A~"||Y" — p(A™') < 1 as n — +oo, the series > nP[En(X0) # Znt1(Xo)]
converges, so Borel-Cantelli Lemma applies. Almost surely, the sequence (3,(Xo))n>0
is eventually constant.

Let Yoo be the random partition \/, -, X, and I be the collection of all blocs of
positive measure in Yo, Then A(Zoo(Xp)) > 0 ie. X(Xo) € XL almost surely. Con-
ditionally on V, the random variables Xy and Yy are independent and equidistributed.
Since Y is a function of (V},)n>1, we have almost surely

P[Sx(Xo) = E(Y0)[V] = ) P[S Soo(Y0) = B|V]
Bexd,
= Y PXoeBYoeBlV]= Y P[XoeB|V],
Bes Bezh
whereas
Y P[XoeB|V]= Y P[Se(Xo) =B|V] =P[Se(Xg) € SL|V] = 1.
Bexd, BexL,

Thus P[2oc(X0) = S (Y0)|V] > 0 almost surely.
On the event [Yoo(Xo) = oo (Y0)], we have for every n > 0,
Y — Xn| < [[A|T"Yo — Xo| < ||A|T"diam(D).
By stationarity, we derive
B[[Yo — Xo| < A "diam(D)] = P[|Y, — X,| < [ A]|"diam(D)]
> P[Zeo(Xo) = oo (Y0)]

Letting n go to infinity yields P[Yy = Xg] > P[Xo(X0) = Xoo(Yy)] > 0. Therefore,
IF’[YO = XO‘V] > 0 with positive probability, so the conditional law £(Xp|V') has atoms
with positive probability. The proof is complete.
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3.2 Proof of Theorem 7

Set @ = [0,1[%. We now assume that D = ¢ + UQ for some ¢ € R? and some matrix
U € My(Z) with determinant +1.

For each v € D, call «, the partition of D associated to this map y — f,(y) — A~ 1y.
Let (V)n>1 be a sequence of independent uniform random varables on D. For every
n > 0, let X, be the random partition of D defined by

Yp = ay, V fV1 (an) (an 1 * 0 fV1) (avn)

In the proof of Theorem 5, we viewed that given a random variable Xy uniform on D
and independent of (V},)n>1, the sequence (£,,(Xo))n>0 is stationary. Thus for almost
every xog € D, the sequence (X,(x0))n>0 is stationary. We are going to prove that the
restriction ‘almost’ can be removed.

Lemma 15. For every xg € D, the sequence (£,(x0))n>0 s stationary.

Proof. Replacing A and D with U~'AU and U~'D preserves the assumptions, so we
may and we do assume (without loss of generality) that D = ¢+ Q. Then 9D is the set
of all z € R such that 2 — ¢ has at least one coordinate in Z.

_ Since A has integer entries, its adjugate matrix A also has integer entries. Call
A, .. Ad, the rows of A. Using that A~' = (det A)~'A = +r~'A, we get that for
every v € D,

A, = AOD+AZ' —v
= {yeR¥:3ie[1,d], (A _l(y—{—v—c))l.GZ}
= {yeR?:3ie[Ld], (A (y+vfc))i€rZ}
c {yeR?:3ie[l,d, A.(y—c) e}

For every n > 0, (fv, oo fi;)(Zn(wo)) = Zy + A" (En(z0) — x0), where Z,
(fv, o---o fy;)(xp). Adaptating the arguments given in the proof of Theorem 5, we get

Yn(20) # Bny1(z0) <= fv,,, is not constant on ¥, (xo)
= Z,+ A" (En($0) — 330) N Avn+1 75 0]
—  Jie[1,d], A (Zy+v—c+ AT(Su(z0) — Xo)) NrZ # 0.

Let us endow R? with the usual norm | - |s. The associated operator norm || - ||oc on
My (R) is given by

M lloe = xmaoe [ M, |1, where
7

Z\M,g\
J=1

The diameter of ¥, (x¢) is at most diam(D) = 1. Since for every i € [1,d],
14, A7 1 = [[(det A) (AT )i [l < 7Aoo,
the diameter of A; (Zn—c+ A (Zn(20) — m0)) in R is at most r||A~""!||. Therefore
So(20) # Spy1(zo) = i € [1,d], dist(A;.(Z, — ), Z) < 7[|[A7" |

For every x € R? (respectively = € R), call T its equivalence class in R4 Yy 7% (respectively
R/Z). Since the matrix A has integer entries, the linear forms ¢; : z + A; .z on R? yield
group morphisms ¢; : R?/Z? — R/Z by taking quotients.

By proposition 4,
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the random variable Z,, is uniform on the set 77, ";,({z0}),

the random variable Z,, is uniform on 7,"({ZTo}) = A~"zo + (A™"Z%) /27,

the random variable Z,, — A~"x is uniform on the finite group (A~"Z%)/Z.

the random variable ¢;(Z, — A="zy) = @(ZnA*”xo) is uniform on the finite
group 3 ((A"24)/2%) = 6,(A-"ZA)

The set ¢;(Z?) is subgroup of Z, and also a subgroup of ¢;(A™"Z%), with index
< r", since Z% is a subgroup of A~"Z% with index r™. Moreover, since A~ is invertible,
¢i(A"e;) # 0 for at least one j € [1,d], where (eq,...,eq) is the canonical basis of R
As |p;(A7"ej)| < HﬁlA_”Hl < r||A7 1| s, we derive that

$i(A™"Z%) = a, ;7 for some positive rational number oy, ; < 7|47 oo
Set i = Pn,i/qn;; where p,; and gy ; are positive and relatively prime integers. Then
¢i(A~"24) = (q,,2)/Z.

Note that any interval with length 27| A=""!||o contains at most |gn,;:2r(|A™" o] +1
points of 4y, }Z. Putting things together, we derive

d
PX,(x0) # Epti1(xo)] < ZIP’[dist(A@.(Zn - c),Z) < rHA‘”_IHOO]
=1
. —n—1
< dqm2rHA loo +1
dn,i
< d2r|AT" oo + ani)
< 3dr||A’”’1||oo.

The series ), P[X,(z0) # Xnt1(z0)] converges and Borel - Cantelli lemma yields the
result. ]

The geometric decay of P[X,,(zo) # Xn+1(x0)] as n — +oo leads us to conjecture a
stronger result.

Conjecture 16. For every xg € D, the sequence (£,),>0 is stationary.

Now, let us prove Theorem 7. Fix a sequence vg,v_1,v_o,... and xp as in the
assumptions, and keep the notations of the proof of Theorem 5.

For every n > 0, the random map fy;, o--- o fy, is continuous at zg, so z¢ is in
the interior (in D) of the block ¥,(Xp). By lemma 15, almost surely, the sequence
(3n(x0))n>1 is eventually constant equal to Xoo(xg). Thus the random variable Ry :=
dist(xg, D\ Yoo (20)) is positive, and the the open ball B(zg, Ro) is contained in ¥ (o).

Fix § > 0 such that P[Ry > d] > 0. Thus, on the event [Ry > 4], the maps
y — fy, 0.0 fy,(y) — A”"y are constant on the ball B(xo,d). By assumption, one can
fix ng > 1 such that fy,0---of, , ., (D) C B(xo,0). Since the event [Ro > ] depends
only on (V)g>1, one has

PRo>d; (Vo,.--, Venet1) = (vo, -« -, v_pgt1)] =77 "°P[Ry > 6] > 0.
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Moreover, on the event [Ry > 6§ ; (Vo,...,Vope+1) = (vo, .., V_ng+1)], one has

Vk >0, [Xp— fu oo fu(zo)| < JJATF|| x |Xo —zo| < |ATF|0.

For each n € Z, one can define in a same way a random variable R,, depending only
on (Viyk)k>1: Ry is the largest radius such that the open ball B(zg, R;,) is contained
in the block containing x( in the partition

V s 00 fr) ™ Haw, )-

k>1

The ergodicity of the uniform Bernoulli shift on D% shows that almost surely, the event
E,:=[Ry>0; (Va,...,Vacng+1) = (v0, - .., U_ny+1)] occurs for infinitely many n < 0.

To prove that the process (V,,)n<o can be recovered as an almost everywhere contin-
uous fonction of (X,,)n<o, fix a time interval [—L, 0] and a precision level € > 0. In the
construction above, one may fix ¢ > 0 such that é max{||A™"| : n > 0} < e and choose
no accordingly. Then the random variable —M := sup{n < —L : E, occurs} is almost
surely finite, and the knowlege of (V},)_ar—ny,<n<o suffices to recover (X,)_r<n<o with
an error whose norm is at most €. Theorem 7 follows.

3.3 Proof of Theorem 8

Assume that [[A7!|lyeo < 1 for some Z-basis u = (ug,...,uq) of Z4. Call u* =
(uf,...,u}) its dual basis. Take ¢ € R? and set D = ¢ + P,. Then one checks that
for every z € R%,

pp(z) =c+ Zd: (u’;(a: —c)— Luf(w —c)+ 1/2J)ui.
i=1

The discontinuity set of pp is Ap = {z € R?: Ji € [1,d], u}(z —¢) +1/2 € Z}.
By Corollary 12, for every n > 1 and (v1,...,v,) in [0, — 1], the discontinuity set
of fy, 00 f,, is contained in (AAp +Z4)U---U(A"Ap +Z%). Thus for every y € D,

y € Disc(fy, 0---0fy) = 3je[l,n],3kecZ?: A (y—k) e Ap

— Jie[l,d],3jel,n],3k ez (A (y—k)—c)€1/24+Z. (1)
Since A has integer entries, its adjugate matrix A also has integer entries. The equality
A7t = (det A)™'A = £r~LA, shows that uf(A~7k) € r~IZ for every i € [1,d] and
j € [1,n]. Hence implication (1) shows that 0 cannot be a discontinuity of f,,, o---o fi,

when (¢ = 0 and r is odd) neither when 1,¢y, ..., ¢4 are linearly independent over Q.
This proves item 1.

For every y € D, we have y — ¢ € Py, s0 |y — ¢lu,co0 < 1/2 and

||A_1||u,00|y|u,oo + |elu,00

||A_1”u,oo X (|C|u,oo + 1/2) + |¢|u,00

(1/2)||A_1||u,oo + 2‘C|u,<>0~

If [cluoco < (1 = |47 |u,00)/4, we derive that for every y € D, |[A7ly — cluc < 1/2,
so A7y € D and fo(y) = A~ly. By recursion, for every n > 1, fi{(y) = A ™"y, so
(D) € B(0,|[|JA™"||R) where R = sup{|y| : y € D}. Item 2 follows.

Item 3 is a direct consequence of items 1 and 2 and of Theorem 7.

A7y — Clueo

VAN VAR VAN
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3.4 Proof of Example 6

Let
1 1
(1)

Then A~ = (1/2)A. The linear map z +— Az from R? to R? is the composition of v/21d
with the reflexion with regard to the line R(cos /8, sinm/8).

Call (e1,eq) the canonical basis of R?2. Take D = {0,e1}. Given a fundamental
domain D, the corresponding maps fy and f1 := fe, from D to D are given by fo(y) =
pp(A~Yy) and fo(y) = pp(A~'y+ (e1 +e2)/2). The associated partition is m = { Py, P; }
where Py = fo(D) and P, := f1(D). We want to describe the partitions (Tgkﬂ)kzg.
Given = = (x1,x2) € D, we debote by m(z) the index of the block of the partition =
containing x. Since 7(z) € {0,1}, congruences modulo 2 suffice to determine it.

Case where D = [0,1[>. Onehas T(z) = (v1+x9—k, 1 —22—F), where k := |21+ ]
and £ := |z1 — x2]. One checks that m(z) = |1 + 22| + |x1 — 22] mod 2.

Given an integer n > 0, if 7(T3%(x)) = |2"(x1 + z2)| + [2"(21 — 22)| mod 2, then

Tr(Ti"H(x)) = L2n((x1 +xo— k) + (21 — 20 — 5)”

+|2" (@1 + 22 — k) — (z1 — 22 — 0)|
127 gy | — 27 (k 4 ) + (2" g ] — 27(k — £)
|27 2y | + |27 2| mod 2,

since the integers 2" (k + ¢) and 2"(k — ¢) have the same parity. Thus

(T3 2(2) = |2 a1+ 22 — k)| + [2"T (@1 — 22 — £)
= L2n+1(£€1 -+ $2)J —ontlg + \_2n+1(1‘1 — acg)J —ontly
= [2" (@1 +a)] + |27 (21 — 22)] mod 2,

By recursion, those formulas hold for every n > 0. See figure 1 in the introduction.

As a result, for every n > 1, the partition 7V -V Tg(n_l)w has 2™ blocks, and
each block is the union of two isosceles right triangles with small side 27"/2, which
are symmetric with regard to (1/2,1/2) (up to the boundaries). Hence, the missing
information in the partitions (T;kﬂ)kzo can be coded by a uniform random variable
having two possible values.

Case where D = [~1/2,1/2[?. This time, one has Ty (z) = (z1 +z2 — k, 21 — 20 — £),
where k := |21 + 22+ 1/2] and £ := |x; — x2 + 1/2|. One checks that for every n > 0,

(T3 (z)) |27 (z1 + 22) +1/2] + [2"T (21 — 20) +1/2] mod 2,
(T3 z)) = [2"M2 +1/2] + [2" 2 +1/2] mod 2.

See figure 2 in the introduction.

As a result, for every n > 1, the partition 7V ---V Tg(nfl)w has 2" blocks, and each

block is the union of eight isosceles right triangles with small side 2=/2-1. The eight
isometries of the square [—1/2,1/2]? preserves each block, up to the boundaries. Hence,
the missing information in the partitions (T Xkﬂ) k>0 can be coded by a uniform random
variable having eight possible values. See figure 5.
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Figure 5: Refinement of the partitions w, 7 V Tglﬂ, TV Tglﬂ' \Y ngﬂ' when D =
[~1/2,1/2[?. The shaded areas represent Py, P1 N T (P1), PN T (P) N T 2(Py).
Each one of this block is a union of eight isosceles right triangles.

Case where D = [0, 1[e; +[0, 1[(e1 +e2). This parallelogram is a fundamental domain
because the couple (u1,uz) := (e1,e1 + €2) is a Z-basis of Z2.

If x € D, then = & ui+&ug with & and & in [0, 1]. Since Au; = ug and Aug = 2uy,
we get Ta(z) = (26— [2&2])ur +&ug and T(x) = (261 — 261 ] )ur + (262 — [2&2] Juz. The
parallelograms A™'D = [0, 1[uy + [0,1/2[us and A™'D + A7 uy = [0, 1[ug + [1/2, 1[uz
are contained in D, so those parallelograms are exactly the sets Py and P;.

One checks that for every n > 1, the partition 7V ---V Tg(%fl)ﬁ has 4™ blocks,
namely the subsets 27"(D + kyu; + koug) where k; and ko vary in [0,2" —1]. Hence, the
partitions (T gkw) k>0 provide the whole information. See figure 3 in the introduction.

4 The approach using radix expansions

In this section, we fix a subset D of Z% containing exactly one element in each equivalence
class modulo AZ?, i.e. such that Z¢ = D@ AZ¢. A recursion yields that for every n > 1,

Z°=Deo- - o A" 'De A"Z-.
By analogy with the decimal numeration system, we will view D as the set of all possible

digits. By convenience, we assume that 0 € D.

4.1 Proof of Theorem 1

We define a map ¢ : Z¢ — Z< as follows: for every x € Z%, call v(z) the only element of
D such that  — v(z) € AZ?, and set ¢(x) = A~ (x — v,). The vectors ¢(x) and v(x)
can be viewed as the quotient and the remainder in the Euclidean division of x by A.
Note that ¢(0) = 0 and

TEDyw <= In>0, ¢"(x) =0 <= ¢(x) € Deo.

Furthermore, for every = € Z%, |¢p(z)| < |[A7 2| + A" v, | < [JA7Y| |z| + M. Since
0 < ||A7Y] < 1, we can set Ry := M/(1 — ||[A7!||) and we get

|p(z)| < |z| whenever |z| > Ry,
|p(x)| < Ry whenever |z| < Ry.

Since every ball of R? contains only finitely many vectors of Z%, for every z € R%, the
sequence (¢"(z))n>0 eventually reaches the absorbing set {y € Z? : |y| < Ro}. The
equivalence (1) <= (2) follows.
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Given x € Z%, the points (¢"(z))n>0 cannot be all different since the absorbing set
{y € Z%: |y| < Ry} is finite. Let ¢ > 0 be the least integer such that the value ¢4(z) is
reached twice and p > 1 the least integer such that ¢??(z) = ¢?(x). Since

¢l(z) = v(d(x)) + A¢T(z)

= (@) o+ AT @) + AP (@),

we derive (I — A9)¢9(x) = v(¢(z)) + - - - + AP~ Lo(¢9tP~1(x)). If statement 3 holds, this
vector is null, so ¢4(z) is null (because the matrix I — A? is invertible) and z € Dy.
This shows the implication (3) = (2).

Conversely, if Do, = Z9, then for every z € Z9, the sequence (¢™(x)),>0 is eventually
null. Therefore, for each n > 1, the only fixed point of ¢™ is 0. If y is an element of
D,N(I—A™Z%, then y = vg+-- -+ A" lv,_1 with (vo,...,v,_1) € D" and y = 2 — A"z
for some z € Z%. The equality © = vg + --- + A" lv,_; + A"z yields ¢"(z) = z, so
x =0, so y = 0. This shows the implication (2) = (3).

Last, assume that Dy, = Z? and fix a cube [~ R, R]? containing the compact set Kp.
For every integer N > 1,

U &p+z2) c[-N-RN+R] (2)
2€[—N,N]4

and the finite set [-N, N]¢ is contained in I, for every large enough n. Since AKp
is the almost disjoint union of the sets Kp + v over all v € D, a recursion shows that
for every n > 1, A"Kp is the almost disjoint union of the sets Kp + z over all z € D,,.
Thus the union in equation (2) is almost disjoint. Taking Lebesgue measures yields
(2N + 1)¥\(Kp) < (2N + 2R)4. Dividing by (2N)? and letting N go to infinity yields
A Kp) <1, s0 AM(Kp) = 1. The proof is complete.

4.2 Complements on Hutchinson’s map

As in the introduction, we endow R? with a norm |- | such that ||A~%|| < 1, we consider
the contraction maps (g, )vep defined on R? by g, (z) := A~z + A~ and Hutchinson’s
map 7p defined on the Borel subsets B of R? by

m(B):=JgB)=JA B+ A4 v)=A"'B+A'D.
veD veD

The map 7 preserves the inclusion order, and many properties: if B is bounded, open,
closed, compact then map mp(B) is still bounded, open, closed, compact. Since D is
finite, 7p commutes with the closure operator. Moreover, 7 also preserves the almost
everywhere equality (for the Lebesgue measure).

We viewed that Kp is the only non-empty compact which is invariant by my. Figure 6
represents Kp when A = (% 31), and D = {(0,0),(0,1),(0,-1),(1,0),(—1,0)}.

For every sequence (By,)n>0 of Borel subsets of R?, we set

limsup B, := {x € R? : € B, for infinitely many n},

n—-+o0o

liminf B, := {z € R?: 2 € B, for every large enough n}.
n—-+oo
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Figure 6: The square [—1/2,1/2]? and the compact set Kp when A = (7 7!) and
D = {(0,0),(0,1),(0,—1),(1,0),(=1,0)}. The partial sums A~tv;, A= v + A~ 29 and
A~y + A0y + A73v3 where (vy,v9,v3) € D3 are drawn.

Lemma 17. For any Borel set B of R?, the set lim SUDP,, s 1 oo Ty (B) 48 invariant by mp.

Proof. Let L = limsup,,_, ., 75 (B). We prove that my(L) = L by double inclusion.

If v € m(L), then Az = y+ z with y € L and z € D. For infinitely many n,
y € T8(B), so x € A~Y(1(B) + D) = 727(B). Thus z € L.

Conversely, if x € L, then Az belongs to Arjj(B) = T]]T)f*l(B) + D for infinitely many
n > 1. For those n, let Ax =y, + 2z, with y, € TS_I(B) and z, € D. Since D is finite,
the sequence (zp)n>1 achieves some value z infinitely many times. Hence y,, = Az — 2
for infinitely many n, so Az — z belongs to L and x belongs to m(L). O

When D is a bounded fundamental domain D, the successive images
Dpy=m(D)=AT"D+A""D+...A7'D

are still bounded fundamental domains. Figure 7 represents Dy, D1, Ds when d = 2,
r=5 A= (27'), D={(0,0),(0,1),(0,-1),(1,0),(=1,0)} and D = [-1/2,1/2[2.

Proposition 18. (First properties)

1. The fundamental domains (Dy)n>0 are contained in a same closed ball B(0, R).
The Borel set limsup,, Dy, is invariant.
Ky is the closure of limsup,, D,,.

The set liminf,, D,, contains at most one point in each equivalence class of Rd/Zd.

AT

The set limsup,, D,, contains at least one point in each equivalence class of R%/Z7.

6. M(liminf, D)) <1 < A(limsup,, Dy,).

24



Figure 7: The fundamental domains Dy, Dy, D2, D3 when A = (% _21) and D =
{(0,0),(0,1), (0, —1),(1,0),(—1,0)}. The set Dg is the square [~1/2,1/2[%, the set D;
is a the big cross. The set D5 is the union of five small copies of D;. The set Ds is the
union of five small copies of Ds.

Proof. 1. Endow R? with the usual Euclidean metric. Let M = max{|v| : v € D}.
For every n > 0, A™"D C B(0,||A™"||M) and A="D < B(0,||A~"||v/d/2). Since
D, =A"D + A™"D + ... A~'DD, the triangle inequality yields

Dy, C B(0,Ry,), where Ry, :=[|[A™"|[Vd/2+ ) " |[A7%| M.
k=1
Since ||A~"||Y/" = p(A~') < 1 as n — +oo, the quantity R := sup,,>( Iy is finite,
and the ball B(0, R) contains D,, for every n > 0.

2. This item follows from Lemma 17.

3. Since limsup,, D,, is a non-empty bounded invariant subset, its closure is a non-
empty compact invariant subset, hence it equals Kp.

4. Let x and y be in liminf,, D,,. Assume that x and y belong to the same equivalence
class modulo Z%. Since z and y belong to D,, for every large enough n and since
D,, is a fundamental domain, we derive that x = y. Item 4 follows.

5. Let 2 € Z%. The sequence (pp, (x)),, varies in the finite set (z + 7% N Bp(0, R),
hence achieves infinitely many times some value a. This value a belongs to
lim sup,, D, and to = + Z%. Ttem 5 follows.

6. Inequality A(liminf, D,) < 1 follows from Fatou’s Lemma applied to the functions
(1p,,)n>1. Inequality A(limsup,, D,,) > 1 follows from Proposition 22.

The proof is complete. O

4.3 Adaptating some results of Hacon, Saldanha, Veerman

The results and the arguments given in this subsection are very similar to those given
by Hacon, Saldanha, Veerman in [5]. Yet, our presentation differs slightly since we focus
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on the measure-preserving map 7T4. Moreover, we show that many properties of the
self-affine tile Kp also hold for sets of the form limsup 7 (D), where D is a bounded
fundamental domain.

Proposition 19. Let L = Kp or L = limsup 7 (D), where D is a bounded fundamental
domain. Then

v o e

One has L = K.

One has R4 = L + 72,

One has 0 < A\(L) < 4oo0.

The set L is the almost disjoint union of the sets (A™'L + A7) yep.

The subsets Eg:={z € L : N(y,2) € LxD, z = A~y + A1z}, (7"(Ep))n>0 and
E = ﬂ 7" (Ep) have full measure.

n>0

For every x € E, the vector Ax has unique decomposition y+ z with (y,z) € LxD,
and the vector Ta g(x) ==y actually belongs to E.

Proof. 1. Since L is non-empty bounded and invariant by 7, its closure is non-empty,

2.

compact and invariant by mp, so L = Kp.
Since Kp is compact, the set Kp + Z% is closed. But for all n > 1
Kp+Zi>A™"D@--- @ A 'D+ 24 = A"z°.

By Lemma 9, we derive R? = Ky + Z<.

Now assume that L = limsup 77} (D), where D is a bounded fundamental domain.
We have to check that R? C L+Z%. Fix x € R%. For every n > 1, the set 72(D) is
a fundamental domain, so = y,, + 2, for some (unique) y,, € 7 (D) and z, € Ze.
Since D and D are bounded, one checks that the sequence (y,)n>1 is bounded, so
the sequence (2,)n>1 varies in some finite set. It achieves some value z infinitely
many times, so y, = « — z for infinitely many n, so ¢ —z € L and = € L + Z¢.

. Ttem 2 shows that R? is the union of the translated sets L + z over all z € Z<.

Thus A(L) > 0. Morevoer, 0 < A\(L) < 400 since L is bounded.

By Lemma 17, L = (L) is the union of the sets (A~'L 4+ A~'v),cp. This union
is almost disjoint since

SAMATL+ AT = rINL) = ML)

veD veD

. Item 5 directly follows from item 4.

. Let € F and (y,2) € L x D be the unique couple such that Ax = y + z. Then

for infinitely many n > 0, we have Az € 7"1(Ey) = 7%(Ep) +D, so y € 7" (Ey) by
uniqueness of the decomposition above, since 7" (Ey) C 7"(L) = L. Thus y € E.

The proof is complete. ]
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Last item of Proposition 19 provides a measurable map T4 g : £ — E. Let us view
some of its properties.

Proposition 20. Let L, E, Ty g be like in proposition 19, define ® : D> — Kp and
U:FE — D® by

+oo
U((vn)nz1) = Y A0, and W(z) = (AT} () = T4 £(2)) 5,

n=1

Then

1. The map Ta g preserves Ug := A(-|E), the uniform measure on E.
2. For everyx € E, U(Ty g(x)) = S(¥(x)), where S is the shift operator on D*>.

3. Givenn >1 and (vy,...,v,) € D", the sequence ¥ (x) begins by (v1,...,v,) if and
only if  belongs to A~"E + A™"v,, +---+ A" ;. As a result, ¥ is Borel and the
image of Ug by ¥ is the uniform measure USOO on D>,

4. For every x € E, ®(V(x)) = x. Therefore, the factor map V¥ is injective and the
set W(E) ={z € V"YE):z=®(¥(x)} is Borel.

5. The image of US> by ® is A(:|Kp). As a result, A\(E) = A\(L) = \(Kp).

Hence, ¥ is an isomorphism transforming the measure-preserving map Ta g into the
uniform Bernoulli shift S.

Proof. For every Borel subset B C E,

T p(B)=A"BoA'D=] (A'B+A "),
veD

and the union above is almost disjoint since B C Kp. Thus A(T;L(B)) = A(B).
Dividing by A\(E) yields item 1.
Items 2 and 3 are immediate.

Let € E. Then A™"T} p(x) — 0 as n — 400, because E is bounded. Thus

o(¥(z)) = ZA (AT} g () — T4 (=)

+o0
= Z(A*<n*1>Tg;E1(x)—A*"T;;E(x)) = 7.

n=1
Item 4 follows.

Set v := ®,U5>°. Then v =13 1 (gy).v since for every (vy)n>1 € D>,

(I)((Un)nzl) = A7 + Ail@((vn—&-l)nzl) = 9u (‘b((vnﬂ-l)nzl)))'

The measure U, satisfies the same equation since D is the almost disjoint union of the
sets (gy(KDp))ven. By Hutchinson’s results (Theorem 1 in subsection 4.4 of [7]), we have
v = Ug,. By the last two items, we have also v := ®,(V,.(Ug)) = Ug. Hence Up = Uk,
Since £ C L C Kp, we derive A(E) = A(L) = A(Kp), which proves item 5. O
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Let us recall a general lemma.

Lemma 21. Let T be a measurable map from some measurable space (E,E) to itself and
n, v be two probability measures on (E,E). Assume that n is T-ergodic, v is T-invariant
and that v is absolutely continuous with regard to n. Then v =1.

Proof. For every A € £, v(T~1A) = v(A). Subtracting v(T~'AN A) to both sides yields
v(T-1A\ A) = v(A\ T~ !A), and the same equality holds for 7.

Call f the density of v with regard to n and let A := [f < 1]. Then n(4) < 1
(otherwise, we would have v(E) < n(E) = 1). If we had n(A) > 0, then the quantity
n(T1A\ A) = n(A\ T7'A) would be positive by ergodicity of 1. Since f < 1 on
A\T 1A whereas f > 1 on T71A\ A, we would have

v(A\T1A) = /

fdn < p(A\T~1A) = n(T1A\A4) < / fdn = v(T~1A\A),
A\T-1A

T-1A\A

which yields a contradiction. Hence n[f < 1] = 0, and in the same way, n[f > 1] = 0.
As a result, f = 1 np-almost everywhere on E. The conclusion follows. O

Recall that for every € E, Ty g(x) is the only element of y € E (and also the only
element of y € L) such that Az —y € D. Calling pra the canonical projection from R?
onto T? = R4/Z4, we derive Ta(pra(z)) = pra(Az) = pra(Ta p(z)). Thus

pTd}EOTA,E :TAOpTd|E7

so the measure p := pra(Ug) is invariant by Ty.

Call 7 is the Haar measure on R%/Z¢. For every z € R?/Z¢, denote by N(z) the
size of p%dl{z}) N E. Then a computation yields pra(Ur) = (N/A(E)) - n, In particular,
pra(Ug) is absolutely continuous with regard to 7.

Since 7 is ergodic for T4, lemma 21 yields ppa(Ug) = 1, i.e. N/A(E) = 1 n-almost
everywhere. This shows the next result.

Proposition 22. Let L, E and T'a g be like in proposition 19. Then

1. The measure A(E) = A\(L) = A(Kp) is a positive integer m.

2. The transformation T is a factor of T's g, hence a factor of the uniform Bernoulli

shift on D*°.

3. The factor map pTd‘E is m-to-one almost everywhere.

’E o (E{\I/(E) is a A(L)-to-one
factor map transforming the uniform Bernoulli shift on D> into T4. If A(L) = 1, we
have thus an explicit isomorphism. When L equals Kp, this fact was already observed

by Hacon, Saldanha, Veerman at the end of the first section of [5].

Propositions 20 and 22 show that, up to null sets, pyd

Hence, we look for sufficient conditions A and D to ensure that A(Kp) 1, or
)

(equivalently) conditions on A and DD and D to ensure that A(limsup 73 (D)) =

— |l
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4.4 A symmetric graph structure on Z¢

Fix a bounded fundamental domain D. For every n > 0, set
D, =m(D)=A"D+A""D+---+ A'D.

A strategy to prove - under appropriate assumptions - that A\(limsup D,) = 1 is to
show that the sequence ()\(DnADn+1))n>0 decays exponentially fast, so the sequence

of indicator functions (1p, ),>o converges almost everywhere and in L'()). To do this,
we use the equalities
A"D, = Do +D+---+ A" D,

A"Dpi1 =Di +D+ -+ A™ID,

and we prove that the subset D, ;=D @ ---® A" 'D of Z", whose size is 7", has a small
boundary when n is large.

It is convenient to endow Z¢ with a graph structure, possibly different from the usual
one. We fix a finite subset E of Z?, containing 0, such that —E = E. The set E provides
a symmetric graph structure on Z% as follows: given z and y in Z¢, we say that (z,y) is
an edge if and only if y — z € [E. We define the internal and external boundaries of any
subset S of Z% by

OntS:={veS:Jeck, v+ed¢S}

OextS :={veS°:3eeck, v+eecS}

To simplify the notations, we de not indicate the dependence on E. Observe that
OextS = (S—E)\S=(S+E)\S.

We can now state sufficient conditions to have A(limsup D,,) = 1.

Theorem 23. Assume that there exists £ > 1 such that

1. D1 C Dy +E,
2. Ec D —Dy,
3. Dy, +EcCDy,+ A'E.

Then A(limsup D,) = 1. Hence, the map pTd‘E o ®|y(p) provided by propositions 19,
20 and 22 is an isomorphism transforming T4 into the uniform Bernoulli shift on D°°.

Before proving Theorem 23, observe that the assumptions are fulfilled when A =
(235') and D = E = {(0,0),(0,1),(0,-1),(1,0),(—1,0)} and ¢ = 1. In this case, the
graph structure on Z¢ is derived from the usual one by adding a loop at each vertex. More
generally, under the assumption ||A™!||y,c0 < 1 for some Z-basis u of Z?, Proposition 28
below provides an explicit choice of D, D and E such that conditions 1, 2, 3 hold.

Let us comment those assumptions. First, the set [E must be sufficiently large for
Dy + E to cover D1, but not too large (because of condition 2). Next, if conditions 2
and 3 hold for some integer ¢, they still hold for any larger integer, because Dy C Dy
and Dyy; = Dy + AD.

Let n > 1, z € Dy, and ey € E. Since Dy, = Dy ® ADy - @Aé("fl)Dg, the vector
x has a unique decomposition

r=uvy+ Alvy + -+ (Ag)nflvn_l with (vo,...,vp—1) € Dy.
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By applying repeatedly assumption 3, we get the existence of v, € Dy, e; € E, ... ,

v _o €Dy, e,—1 € E such that

t4+e = (vo+ep)+Av 4+ (A" Lo,y
= v+ A te)+ o+ (A
= v6 + AZ’Ui 4+ .- 4 (A£>TL—QU;L_2 + (Aﬁ)n—l(vn_l + en—l)-

By assumption 2, there exist vectors fo, ..., fn—1 in Dy such that fo+eqg,..., fn_1+en—1
are still in D,,. Hence, most of the time, the sum x + eg belongs to Dy,,. Indeed,

x4+ ey ¢ Dy, = (’UO # foand --- and v, # fn,l).
As a result, |Dg, \ (Dgn, + €9)| < (r* —1)™. The next lemma follows.
Lemma 24. If the assumptions 2 and 38 hold, then for every n > 1 and every e € E,
D \ D + €)] = | (D + €) \ De| < (r° = )",
|0t Den| < |E[(r" — 1) and |OextDen| < [E|(r — 1)™

Proof. The equality and the first inequality follow from the equality |Dg, + e| = |]D)gn‘
and the discussion above. The last two inequalities follow by taking an union bound. [

Lemma 25. Let S be any subset of Z%. If D1 C D + E, then
(S4+ D1)\ (S+ D) C OextS + D,

AM(S+D1)\ (S+ D)) < |0extS|-
and provided S is finite,

A(S+D)\ (S+ D1)) < |9extS|-

Proof. Note that for every finite subset S of Z%, and any fundamental domain D, the
sum S + D is direct, so A(S' + D) = |S|A(D) = |S|. Since

(S4+D)\(S+D)Cc(S+E+D)\(S+D)C ((S+E)\S) + D = 0extS + D,

we derive A((S+ D)\ (S + D)) < [0ext S|

If S is finite, then A(S + D) = A(S+ D1) = |S| is finite, thus (S+ D)\ (S+ D) and
(S+ D)\ (S+ D) have the same Lebesgue measure. The proof is complete. O

Lemma 26. For every Borel subsets B and C of R?,
)\(TD(B)ATD(C)) < )\(BAC).
Proof. Tt follows from the inclusion

m(B)Am(C) C | (A7H(BAC) + A1),
ved

by taking an union bound. O
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Proposition 27. If the assumptions 1, 2, 3 hold with £ > 1, then

M Dp+1ADy) =0((1 — r_é)"/ﬁ) as n — +00.

Proof. By lemma 26, the sequence (A(Dn+1ADn)n
enough to bound above A(Dyy,+1ADyg,) for n > 0.

o I8 non-increasing. Hence, it is

We observe that for every n > 0,
A"Dpy =D+ D+ -+ A™ID = D + Dy,
and
A"Dppi1 =AT'D+ ATID 4D+ -+ A™ID = Dy + Dy,
Hence, by Lemmas 25 and 24,

ANA Dy \ A™Dy,) < |OextDen| < |E|(r" — 1)™
Since | det A| = 7, we derive
A Dy 1ADg) = 2XM(Dpy1 \ Dy) < 2[E|(1 — 4.

We are done. O

Theorem 23 directly follows. Indeed, the last proposition ensures that the series

Y>ullp, —1p,llt = >0, A(Dny1AD,) converges, so the series ) (1p,., — 1p,)
converges almost everywhere and in L!()). As a result, the sequence (1p, ),>0 converges
almost everywhere and in L'()\). In particular, A(limsup D,,) = lim A\(D,,) = 1.

We viewed in the introduction that if D is any fundamental domain, then AD N Z¢
is a system of representatives of Z%/AZ?. Hence Theorem 3 follows from Theorem 23
and the Proposition below.

Proposition 28. Assume that ||A™Y|uoo < 1 for some Z-basis u = (u1, ..., uq) of Z%.

Let
d

ci=(1/2) A (ur + - +uq), Di=c+ Yy [-1/2,1/2[u;,
=1
d
D:=ADNZ?, E:=)» {-1,0,1}u,.
i=1
Then conditions of Theorem 23 apply with { = 1.

Proof. By an unimodular change of coordinates, we may and we do assume that u is
the canonical basis. Thus we omit the index u in the norms.

First, we observe that
cloo < (1/2)|A oo x |(1,..., )]0 < 1/2.

By the triangle inequality, D C] — 1,1[¢, so A7'D ] — 1,1[¢ since [|[A " |ly00 < 1.
Moreover, Since D C AD,
Di=A""D+A'D ¢ D+A4A'D
C c+[-1/2,1/2[% + ] —1,1[¢
C c+[-3/2,3/2
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whereas
D+E=c+[-1/2,1/2[4+{-1,0,1}% = ¢ + [-3/2,3/2[*.

Thus, condition 1 holds.
Next, by the definition of ¢ and since ||[A™!||o < 1, we have

A0, N = e+ A7 =1/2,1/2] € ¢+ [-1/2,1/2[%= D.
Thus, [0,1]? € AD soD := ADNZ? contains {0, 1} and D—D contains E := {—1,0,1}4.
Thus, condition 2 holds.

Last, since [|A™!|oo < 1, we have A™'E C [~1,1]%, so
D+ AT'ECc+[-1/2,1/2[%4][-1,1] = ¢+ [-3/2,3/2[%= D + E.

Thus
D+EC AD+E C AD + AE.

Since D 4+ E and AE contain only integer points, we derive
D+EcZin(AD 4 AR) = (Z9 N AD) + AE = D + ARE.

Thus, condition 3 holds. O

4.5 Remarks on the explicitness of the isomorphism

In this subsection, we assume that A(Kp) = 1 and we keep the notations of subsec-
tions 4.2 and 4.3. For every n > 1, wenote D,, =D @ --- @& A" 1DD.

Proposition 20 applied to the set L = Kp shows that ppa o ® : D*° — T is an
isomorphism transforming the uniform Bernoulli shift on D into T4. Although this
map is simple and explicit, its inverse is much more involved. To make it explicit, we
have to answer the following questions: given an element of R?/Z¢, how to find its (-
almost surely unique) representative in Kp? given an element of Kp, how to find its
U(Kp)-almost surely unique (A, D) expansion (in base A for the system of digits D)?

These questions can be answered for almost every point, once we effectively know two
Borel bounded subsets By, Bs with positive Lebesgue measure such that By C Kp C Bs.
Indeed, each element of R?/Z? has only finitely many representatives in Bs, and the
representative in Kp should be searched among them. Hence, the questions above can
be reformulated as follows: given z € R?, and v1,vs,... in D prove or disprove that x
belongs to Kp, to A~ vy + A" Kp, to A~ vy + A %0y + A72Kyp... Equivalently, prove
or disprove that the vectors x, Az — vy, A%z — Av; — vs... belong to Kp.

Fix a norm |- | on R? and denote by || - || the associated operator norm on Mgy(R).
For every z € R? and n > 0, since the assumption 0 € D yields A~"D,, C Kp, we have

dist(z, Kp) < dist(z, A7"D,,) < [|[A7"||dist(A"z, Dy,).
Since Kp is closed and [|[A™"|| — 0 as n — +o00, we derive
x ¢ Kp = dist(z, Kp) >0 = dist(A"z,D,,) — oo as n — +o0.

Thus, if x ¢ Kp, provided the integer n is sufficiently large, all differences A"z — s with
s € Dy, are outside Bs. This gives us the certainty that x does not belong to Kpp.
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Indeed, when z € Kp, ie. =) -4 A~Fy;, for some sequence (vg)k>1 € D™, we
have for every n > 1,

n

Ay — Z Anikvk = Z Af(kin)’l)k € Kp C Bs.
k=1 k>n+1

Moreover, if € F, the (A,D)-expansion of z is unique, and for every n > 0,

Ax — Z ARy, = T} p().
k=1

The ergodicity of Ty g for U(E) entails that for almost every € E (hence for almost
every z € Kp), the orbit (T} (7))n>0 Visits By infinitely many times. Thus, by com-
puting finitely many differences A"z — (A" 1oy +--- 4+ v,), we get at the same time the
certainty that = belongs to Kp and the first digits of its (A, D)-expansion.

Finding explicit bounded Borel subsets with positive Lebesgue measure such that
B; C Kp C By is less simple for By than for By. Indeed, let M = max{|v| : v € D},
R =3, |A7*|M and Ry := dist(0,Z% \ {0}). Then Kp C B(0,R) by the triangle
inequality. If R < Ry, we derive B(0, Ry — R) C Kp, since

Kf ¢ |J (Ep+z) ¢ |J B(s,R) c{zeR:|z| > R — R}.
ze€Z\{0} 2€Z4\{0}

When R > Ry, sharper estimates are necessary.

Example 29. When A = (273!) and D = {(0,0),(0,1),(0,-1),(1,0),(-1,0)} and
when | - | is the usual Fuclidean metric, we get M = Ry =1 and

ot 1-1/v/5 V6-1 4

pe S 1 i

<1,

so our simple method applies.

5 Using Lagarias-Wang and Latimer-MacDuffee theorems

This section uses even more sophisticated tools.

In subsection 5.1, we view a theorem of Lagarias and Wang which provides a neces-
sary and sufficient condition to have A(Kp) = 1. This theorem is profound but not easy
to apply. We give corollaries which are easier to handle. In particuliar, if A is Z-similar
to a companion matrix, we view how we can choose D so that A(Kp) = 1.

This brings us to the question: when can we be sure that A is Z-similar to a com-
panion matrix? In subsection 5.2, we state Latimer-MacDuffee theorem and give a
self-contained proof of one of its corollaries: the matrix A is Z-similar to a companion
matrix whenever the integral domain Z[X]/x4Z[X] is principal.

In subsection 5.3, we apply this corollary and the results viewed at subsection 5.1 to
establish results in low dimension, including Theorem 2 (if d = 2, one can always choose
D so that A(Kp) = 1) and an example of a 4 x 4 matrix A such that A\(Kp) > 2 for
every choice of D.
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5.1 Lagarias-Wang theorem and direct consequences

Call Z[A, D] the smallest sublattice which contains D — D and is stable under A. By
Cayley - Hamilton theorem, A? is a linear combination of I, A, ..., A% ! with integer
coefficients. Thus Z[A,D] is also the sublattice of Z¢ generated by DU AD - -- U AT"'D
since we assumed that 0 € D.

Lemma 30. The set Z[A,D)] is a lattice of R?, i.e. its rank is d.

Proof. We argue by contradiction. Call dy the rank of Z[A, D], assume that d; < d, and
set do = d — dy. By the theory of lattices, there exist a Z-basis (u1,...,uq) of Z¢ and

positive integers ay,...,aq, such that (aqui,...,aquq, ) is a Z-basis of Z[A,D]. Call
U € GLy4(Z) the matrix whose columns are ug, . .., uq. Then B := U1 AU is the matrix
of the endomorphism x +— Ax in the basis (ui,...,uq). Since Z[A, D] is the linear space
spanned by (u1,...,uq,) and is stable by the endomorphism = — Az, one has

(B C
=4 %)
with By € My, (Z), By € Mg,(Z), C € Mg, q,(Z). Denoting by x the characteristic

polynomial, we get x4 = XB = XB; XB,, S0 the matrices By and By are expanding. In
particular, the lattice BoZ% is strictly contained in Z%. Furthermore, on the one hand,

UAz? = BU7'2? = B2 € 2% x ByZ®.
On the other hand, D C Z[A,D] C Zuy & - - - ® Zug, = U(Z% x {0g,}), s0
U™ID c 24 x {04,}.

By addition
78 = U724 = U Y (D & AZY) € Z% x Byz®,

which yields a contradiction. O
Definition 31. One says that (A,D) is primitive when Z[A, D] = Z4.
Remark 32. When r = 2, the set D has exactly two elements, 0 and v, say. Then
(A, D) is primitive if and only if (v, Av, ..., A ) is a Z-base of Z.°.

The next result enlights the interest of the notion of primitivity.
Proposition 33. (Lagarias-Wang) A necessary condition to have A\(Kp) = 1 is that
(A, D) is primitive.

Here is a proof of this fact which is more elementary than Lagarias and Wang’s one.

Proof. By lemma 30 and by the theory of lattices, there exist a Z-basis (u1, ..., uq) of Z%
and positive integers aq, ..., aq such that (ajuq, ..., aqug) is a Z-basis of Z[A,D]. Call
Q € My(Z) the matrix whose columns are ajuq, ..., aqug. ThendetQ = +aq -+ ag #0
and D C Z[A,D] = QZ%, so D = QI for some D' C Z%. Since AQZ? = AZ[A,D] C QZ7,
there exists some matrix A’ € My(Z) such that AQ = QA’. The matrix A’ = Q7 1AQ
has the same characteristic polynomial as A, hence it is expansive. Moreover,

RI=Q'R'=Q (D@ AZY) = Q" 'Da Q7 'AZ* =D' & A'Z4,
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since Z¢ = QZ¢. Thus I is a system of representatives of Z¢/A’Z?. By proposition 22,
the Lebesgue measure of the self-affine tile

Ky o= { D (A0 s (o € D

k>1

is a positive integer. The equalities D = QD' and A=*Q = Q(A")~* yield Kp = QK},,
so A(Kp) = |det(Q)|N(Kp) is a multiple of |det(Q)|. Hence, if A\(Kp) = 1, then
|det(Q)| = 1, so Z[A, D] = Z4. O

Proposition 33 enables us to show that choosing I :== AP N Z¢ where P is a funda-
mental parallelotope (containing 0) does not guarantee that A\(Kp) equals 1.

2 -1
4 —1
X2 — X +2, the matriz A is expanding, and APNZ = {0,v} where v = (1 2)". Since
Av=(02)T, one has Z[A,D] C Z x 27Z. Hence (A,D) is not primitive, so A\(Kp) > 1.

Example 34. Let A := < ), P :=[0,1% and D := APNZ% Then x4 =

Actually, assuming that (A,D) is primitive does not guarantee that A\(Kp) = 1.
Some other obstructions may occur, although they are quite rare. Lagarias and Wang
give a necessary and sufficient condition to have A(Kp) > 1 when (A, D) is primitive.
This condition provides the existence of a unimodular matrix P such that PAP~! is
block-trigonalisable while PD (which is a complete system of representatives modulo
PAP_lzd) has a ‘skew-product structure’. Hence the condition is rarely satisfied, al-
though in some situations, it may be difficult to disprove it.

Theorem 35. (Theorem 6.1 of [11]). Assume that (A, D) is primitive.
Then N(Kp) > 1 if and only if there exist
e an unimodular matrizc P € GL4(Z),

e two positive integers dy, ds with sum d,

o four matrices By € My, (Z), By € My,(Z), C € Mg, .4,(Z), Q € My,(Z),

It bl BE

where 71 = |det(B1)| and ry := | det(B2)].

such that

4 (B 0
1. PAP _<C B, )

2. |detQ| > 2 and Q7 'B2Q € My, (Z),

a;

= 1< < <j<
N

4. The family (a;)i1<i<r, is a complete system of representatives modulo BZ%.

5. For each i € [1,|det(By)]], the family (Qc;j)i<j<r, i a complete system of rep-
resentatives modulo ByZ.%.
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In this statement, proving the ‘if’ part is rather simple and uses the same kind of
arguments as Proposition 33, together with Fubini’s theorem. Actually, the case where
(A,D) is not primitive could be viewed as the case where d; = 0 in the conditions above.
Yet, the ‘only if’ part is highly non-trivial, and relies on the existence of some lattice
A C Z% which is a tiling set for Kp, i.e. such that R? is the almost disjoint union of the
translated tiles (Kp + $)ses-

Note that condition 1 above implies x4 = xB,XB, and r = rira. Thus, the matrices
B and By must also be expansive, and the integers r; = |det(B1)|, 72 = | det(Bsz)| must
be larger than or equal to 2. Such a situation cannot occur when r is a prime number,
or when the characteristic polynomial x4 is irreducible in Z[X].

When r1 > 2 and ro > 2, conditions 3, 4, 5 prevent the set D from being contained
in some line. This remark provides a notable consequence.

Corollary 36. Assume that for some vector vi € Z%, the family (vi, Avy, ..., A% 1vy)
is a Z-basis of Z¢. Then D := {0,vq,...,(r — )v1} is a system of representatives of
72 JAZ2. Furthermore, for this choice of D, one has \(Kp) = 1.

Proof. By assumption, (vy, Avy, ..., A% ;) is a Z-basis of Z%, so (Avy, A%vy, ..., A%y)
is a Z-basis of AZ4. Let X?—(ap+a1 X+ --+ag_1 X% 1) be the characteristic polynomial
of A. Then ag = (—1)%tdet A = £r, and A%; = agvy + a1 Avy + -+ + ag_1 Ay,
As a result, (Avy,...,, A% vy, rvy) is a Z-basis of AZY and D := {0,v1,...,(r — 1)v1}
is a system of representatives of Z?/AZ4.

The subgroup Z[A, D] contains Zv; + ZAvy + - - - + ZA¥ v, = Z?. Hence (A, D) is
primitive. Moreover, for every P € GL4(Z), the subset PD is contained in ZPwvy, so the
conditions of Theorem 35 cannot be fulfilled. Thus A(Kp) = 1. O

Corollary 37. If A is similar in My(Z) to some block-diagonal matriz in which all
diagonal blocks are companion matrices, then one can find a system D of representatives
of Z¢JAZ? such that \(Kp) = 1.

Proof. By an unimodular change of coordinates, we may - and we do - assume that
A = Diag(Cy,...,C,) where Ci,...,C, are companion matrices. Call di,...,d, the
sizes of C'1,...,C, and ry,...,r, the absolute value of their determinants.

For each k € [1,n], the set Dy := [0, 7, —1](1,0,...,0) is a system of representatives
of Z% /Cy,Z% . The Cartesian product D := Dy x --- x D,, is a system of representatives
of Z%/AZ? and Kp is the Cartesian product of the compact sets K¢y p,,---, Ko, b,
associated to (C1,D1),...,(Cy,Dy). Hence A(Kp) = A(Kcy p,) - AMKe,p,) =1. O

5.2 Latimer-MacDuffee theorem and a corollary

Unfortunately, Corollary 37 does not cover all cases, since Frobenius reduction applies
only to square matrices with entries in a field. Actually, the classification of all matrices
of M4(Z) up to Z-similarity is a difficult and still open problem: no complete system of
invariants is known. We now state an important result in this topic. Given any integral
domain D, we define an equivalence relation on all non-zero ideals by

I~J < da,be D\ {0}, al=>0J.

The equivalence classes for this relation are called ideal classes. For example, the ideal
class of the ideal D is precisely the collection of all principal ideals.
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Theorem 38. (Latimer-MacDuffee theorem) Let f € Z[X] be a monic irreducible
polynomial with integer coefficients and degree d. Then, among the matrices of My(Z)
whose characteristic polynomial is f, the number of Z-similarity classes equals the num-
ber of ideal classes in the integral domain Z[X]/fZ[X].

Taussky’s paper [15] provides a simple proof via an explicit correspondence between
the similarity classes and the ideal classes. We will only use the following corollary.

Corollary 39. Let f € Z[X] be a monic irreducible polynomial with integer coefficients
and degree d. Then, the two statements below are equivalent:

1. All matrices of My(Z) whose characteristic polynomial is f are Z-similar.

2. The integral domain Z[X|/fZ[X] is principal.
To keep the paper self-contained, we give a proof of Corollary 39.

Proof. Fix a complex root o of f. Then « is a simple root of f. Indeed, f is irreducible
in Z[X] and also in Q[X]. Hence the greatest common divisor of f and f’ in Q[X], and
also in C[X] (by Bezout’s identity) equals 1. Hence (X — a)? cannot divide f.

The evaluation map g — g(«) from Z[X] to C is a morphism of integral domains with
range Z[a] and with kernel fZ[X]. Thus the integral domain Z[X|]/fZ[X] is isomorphic
to Z[a]. Moreover, since f is irreducible, it is the minimal polynomial of «. Therefore,
(1,a,...,a%71) is a Z-basis of Za).

Assume that condition 1 holds. Let I be a non-zero ideal of Z[a]. Then I is a
subgroup of Z[a], with same rank as Z[a]. Indeed, given a non-zero element x € I, the
elements x, ax, . ..,a% lz are Z-linearly independent, since for every g € Z[X],

g(@)z =0 < g(a) =0 < flg. (3)

Thanks to equation (3), the minimal polynomial, and also the characteristic polynomial
of the endomorphism x — «ax on I is f. By condition 1, the matrix of this endomorphism
in some Z-basis (v1,...,v4) is a companion matrix. Hence vo = awvy,...,vq = avg_1, SO

Zialvy C I =2Zv1 @ --- @ Zvg C Zla]v,
i.e. I = Z[a]v; is principal.

Conversely, assume that condition 2 holds. Let A € M (Z) be any matrix whose
minimal polynomial is f. Since « is a simple root of f, the matrix A — aly has rank
d — 1 and its adjugate matrix M has at least one non-zero entry M (ig, jo), say. Since
M(A — aly) = xa(a)Iy = 0, the row w := M(ig, ) is a row eigenvector of A associated
to a, whose coordinates belong to Z[a].

Let I = wyZ+- - -+wyZ. Since the entries of A belong to Z and since for all j € [1,d],

d
ow; = (wA); =) JwiA(i, j), (4)

j=1
one has af C I. Thus I is an ideal of Z[a]. By condition 2, one can find u € I such that
I = uZla). Then (u,au,...,a% ) is a Z-basis of I. In this basis, the matrix of the
endomorphism z +— ax on [ is a companion matrix. But (wi,...,wy) is also a Z-basis
of I and in this basis, the matrix on this endomorphism is A, thanks to equation (4).
As a result, A is Z-similar to a companion matrix. The proof is complete. O
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5.3 Applications to the low-dimensional case

In this subsection, we apply consequences of Lagarias-Wang theorem viewed at subsec-
tion 5.1 and Corollary 39 to get precise results in low dimension. We also introduce a
notion of convexity in Z%, which will help us when d = 2.

Definition 40. Let S be a subset S of Z%. One says that S is convex in Z% if the
intersection of Z with the convex hull of S in R® is contained in S. Equivalently, S is
convex in Z% if and only if S is the intersection of Z% with some convex subset of RY.

When d = 2, the conditions 1-5 of Theorem Lagarias and Wang condition imply
di =dy =1, s0 By =711, Bo =1y and (Q must be an integer relatively prime with 7o,
such that |Q| > 2. Moreover, the first components of PD can take ry different values
and, when the first component a; is known, the second can take r9 different values, all
of them belonging to the same coset b; + QZ. Since ro > 2, this prevents P and D
from being convex in Z¢. We derive the following corollary.

Corollary 41. Assume that d = 2. If D is convex in Z* (in particular if D := AD N 7?2
where D be a fundamental parallelogramm containing 0), and if (A, D) is primitive, then
AMKp) =1.

Remark 42. The argument above does not work anymore when d > 3. Indeed, Lagarias

and Wang conditions may hold with do = 2, By = ( g ; ) and QQ = ( 1 _11 ),

since Q1 BoQ has integer coefficients. Then {(0,0), (1,1)} is contained in QZ* and is
a system of representatives of 7.2 BoZ2. Yet, it is convex in 72.

We are now able to prove Theorem 2.

Proof. Assume that d = 2. We have to show that it is always possible to choose the
system D of representatives so that A(Kp) = 1. We distinguish two cases. Both of them
split into subcases.

Case where r > 3. Since AZ? is a lattice contained in Z?2, one can find a Z-basis
(u1,uz) of Z? and two positive integers a1, ap such that (ayu, agus) is a Z-basis of AZ2.
One has ajas = r. Moreover, the set D := [0, a1 — 1Jus & [0, g — 1]us is a system of
representatives modulo AZ? and is convex in Z2.

If 1 > 2 and ay > 2, then (A, D) is primitive since D — D contains u; and ug.

Otherwise, by symmetry, one may assume that ap = 1 and a1 = r > 3, so ug € AZ>.
Then D' := [0,y — 2]ug U {(a1 — 1)ug + ug} is also a system of representatives modulo
AZ?, and is also convex in Z2. Moreover (A, D) is primitive since D — D contains u; and
u1 + uz (here we use the assumption r > 3).

Hence Corollary 41 applies in both subscases.
Case where r = 2. Call ¢ the trace of A. Then x4 = X? — tX + det A.

If det A = —2, the eigenvalues of A are (—t £+ v/t2 4 8)/2. Since A is expanding, one
has V12 + 8 > |t| + 2. Squaring both sides and simplifying yields [¢t| < 1, namely ¢ = 0.

If det A = 2, the discriminant of x4 is t? — 8. If we had [t| > 3, we would have
[t] —2 < Vt2 —8 < |t|, which would contradict the assumption that A is expansive.
Thus |¢| < 2, the discriminant of 4 is negative, and both eigenvalues have modulus /2.
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As a result, x4 is one of the polynomials X% —2, X2 +2, X2+ X +2, X24+2X +2.
One checks that the integral domain Z[X]/x4Z[X] is is Euclidean hence principal. By
Corollary 39, x4 is similar to a companion matrix. Equivalently, one can find a vector
v1 € Z? such that (vi, Av1) is a Z-basis of Z2. Thus Corollary 36 applies.

The proof is complete. O

Remark 43. The coefficients of the polynomial X% x(1/X) are those of xa written in
the reverse order, and its roots (i.e. the eigenvalues of A=') belong to the open unit disk.
Thus the relations between the the coefficients and the roots show that the coefficients of
XA have only finitely many possible values when d and |detA| = r are fized.

For example, when d = 3 and r = 2, the possible characteristic polynomials are
X3 X2 - X+2, X3 -2X+2, X3 -X+2, X342 X3+ X2+2, X3+ X?+X+2,
X3 +2X2% +2X + 2, and the polynomials deduced from them by the transformation
P +— —P(—X). One can check that the integer domain Z|X|/xaZ|X] is principal, and
the same proof as in the two-dimensional case shows that it is possible to choose the
system D of representative such that \(Kp) = 1.

Unfortunately, it is not always possible to choose a system of representatives such
that A\(Kp) = 1. Here is a counterexample.

Example 44. If z is a complex number such that |z| < 1, then |2z* 4 22| < |z|*+z|? < 2,
and equality can hold only when z* = 22 and |z| = 1, namely when z = +1. Thus the
polynomial f := X* + X2 + 2 has no root in the closed unit disk. One checks that the
integer domain Z[X]/fZ[X] is not principal. By corollary 39, there exists some matriz
A € My(Z) with characteristic polynomial f which is not Z-similar to a companion
matriz. By Remark 32 and Proposition 33, we derive that A\(Kp) > 1 for every system
D of representatives of Z*/AZ*. An example of such a matriz is

0 00 —1
100 O
A= 011 —1
0 0 2 -1

Indeed, for every vector v = (x y z t)" € Z4, the determinant

x —t —2z+t —2y+t
det(v, Av, A%v, A%v) = y v -t 22+t

z y+z—t z+y—2 x—-y—=z

t 22—t 20—t 2x—2z—1

is always even, since the last two columns have the same parity. Hence (v, Av, A%v, A3v)
cannot be a Z-basis of 7.

Remark 45. Similar arguments provide a counterexample whenever d = 4n for some
integer n > 1. The polynomial f, := X4 + X?" 42 = f o X™ has no root in the closed
unit disk and is irreducible in Z[X|. Indeed, if f, = PQ with P and Q in Z[X], then
up to a switch and a multiplication by —1, the polynomials P and Q) are monic, with
constant terms £1 and +2. The product of the roots of P have modulus 1, so it is an
empty product since the modulus of every root of P is larger that 1. Hence P must be
constant (equal to 1).
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Let o be a root of fn, and set f := a™. The integral domain Z|c] is isomorphic
to Z[X]/foZ]|X]. By construction, the number v := (32 — B2)/2 belongs to the field of
fractions of Z[a], but not to Z|a] itself. Yet

=8 B-1)° = —(B+2)(8-28+1)
= —p'+28°—38% +45 -2
= 283 —-282+48
= 4y +48,
s0 v2 —~ = B is a root of X* 4+ X% + 2 and v is a root of the monic polynomial

(X2 — X)* 4+ (X2 — X)2 4 2, which belongs to Z|X], therefore to Z[a][X]. Hence, the
integral domain Z|a] is not integrally closed, therefore it cannot be principal.
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