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Fuzzy Sets - The Approximation of Semisets ., Part2 ,
Vilém Novék

3.3. Up approximation
The relations (1) or (3) respectively will be dealt
with now. The class of all the set formulas Yn from the

relation (1) will be denoted

I),,:{-yn; ¢ Y, knerNky eFL.}.

é? will be supposed to be at most countable,

Proposition 7: Let An"-"{‘yie @r i 1 & n} and Ynz{y;
Yoly)& ... 2y (y)} . Then X?g & is dense

in an\ a with respect to ~én .
C

Proof: Fig(Xe) = {y; (IxeXp)(VYypea )(y(x)= w(y))}= ¥,
f sl Xg is dense in Y and Xge Yynacg Yn= 'X'r, iee. Xg

ia dense in an\ a.
Q.ElD'

Proposition 8: Put Py =N {Y ; ne FN& a_¢ Pp} . Then

X?g a is dense in P?n a with respect to ~é?
C

Proof: Let xe Fy . Then (¥n)( w,(x)& ooky (x)) and
o(x, n) = {y; "fo(x)ﬂ ook Yy (x)= ‘,po(y)& o ook vn(y)} =
{y; ’lro(y)fr R 'svn(y)} . Since each xe X? fulfils every
conjunction of formulas from @? , o{x, n)n X? £ @ for

. "
each n. Hence X? & P? € £ and X?SP‘?“E - X? ' QB0

Proposition S: Tet [ ={¢pn; ne *N¢ be a countable class of

set formulas of FL, and let (¥m)@n>m)@x, y)
(gom(x)Qfﬂm(y)&ion()c)&qun(y)). Then there does
not exist set formulayof FLC such that ~' = '\1{1”.
Proof: Let x, y fulfiling the condition exist for nym
and put Qn(x, y) = (g (x) = ¢,(¥)). Then "l(ﬂm(x, y)—)ﬂn(x, ¥y)).
Put g (x, y) =B (x, Y% uu% (%, ¥). Then g (x, y) # 2.(x, ¥),
iv8. {Xn; ne FN} for X = {(x, 'y>;;¢n(x, y)} is decreasing
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sequence, FEach X, is closed and open (clopen) figure and
A =0{Xn; ne FN} since there is only countably many of

clopen figures.
Q. E. D,

Proposition 10: Let Ker(Xr) be the kernel of the semiset
XT' Then Scér(Ker(X?)) is set theoretical-
ly definable & =-class.

Proof: We shall write SC(c) instead of SC§r(ker(XP ).
5C(e) ={x; (Ju)(@ye c)( Yo(X) o0 Vo(x)s Yo(y)& ...
Y.y} ={x; @n)¢ Yo(x)& ...k :rn(x))} since yé€ ¢ ful-
fils any conjunction of formulas 'wb& . ¥, - If we pqt
1= {x; yb(x)& oo ok yhﬁx)} then Yn'a Y41 and SC(c) = .

=U{Y ; neFN} = L M
QoEaDo

The following definition can be stated on the basis of

the Propositions 7 - 10 .

Definition: Let Ker(XP) be the kernel of the proper real
semiset X,fz{x,' 'P(x)}_c_ a. Let @P ={-1rn; ?--—D‘VIM}

be at most countable sequence of set formulas of

the language FL,. Put a = Y a a where Y ={vy;

Yoyt ...Qﬂyn(y)} . Then the set SCQ% (Ker(X?))fa

Na aLJ{an; ne‘FN} = 843 Up _approximates the

semiset XP (in this case X 1is up approximable).
This set will be denoted Fuz(XP) and it will be
called fuzzy set up approximating the semiset
XP .

Since {an; ne-FH} is a descending sequence, the semiset

X? is dense in Fuz(X?) according to «ﬁva}and in (\{an; ne FN}
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according to fvg? « IT @F is countable then Fuz(X?) =

C
Ufayisgarl where a, > 8441 8nd 84 = Ker(Xp). In the
case it is finite having n elements, Fuz(Xr)=L){ai; i & n}

and a,= Ker(X?).

Prorosition 11: Every proper real semiset is up approxi-
mable,

Proof: There exists éfﬁcontaining at least the formula

“r(x, a) = x& a of the language FLia} .

Q-E.D-

Proposition 12: If the semiset X? is completely approxi-
mable, i.e. Xg =0 fa ; neFN} then it
is uncountable.

Proof: X is a T=-class and no HN-class is countable.
Q.E.D,

z€a - 8

Let n> nm, x€ Ker(Xy,) and yea - &8 . .
¢ m o m+ n n+1

Then x~4"'y and x A9 3 andA_s A., 1.6, z 18 "more
c C m n
similar" to x than y. The indiscernibility equivalence

~2n is a natural base for the defintion of the grade of
C
membership of y into Fuz(X?).

Definition: The grade of membership of y into Fuz(X?)

is the ordinal number of the set ay such
that ye g, - By 1 _

We shall also write x e, Fuz(X?). It can be seen that
the grade of membership identifies the "number" of for-
mulas ¥y which are fulfiled by y. If §y is not known it
gives restricted information only,

The grades of membership can be transformed on the

interval {0; 1) . Define the membership function
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F: V= {0; 1)

- “ + 1 3 -
F(x) = T if xe 8y 841 *

1 if x€ a,, = Ker(Xr)

(for @Y, finite having n formulas ¥;» w 1is replaced by
n). From [10] it follows that every two neighbouring
grades of membership «/W+ 1) and K+ 1)/@+ 1) are
indiscernible, i.e. their difference is infinitely small
(1t does not hold for @? finite).

There is a question now, how the operations on fuzzy
cets can be realized., If X? and X?’ are two semisets then
€.g. the approximati ng fuzzy set Fuz(XPn X?l) for X",n X,,r
cannot be generally constructed from Fuz(X?) and Fuz(X,,' ) e
It is, however, possible to find tolerably sound defini-
tions for membership functions,

Proposition 13: Let Fuz(X?), Fuz(X9,a) be fuzzy sets up

approximating X‘f! X?' according to 2,
a) X?n X’,- is dense in Fuz(X?)n Fuz(X,f!) according
to N{v""ﬁ:}
&)
b) X?u X?' is dense in Fuz(}(?,)u Fuz(X?n) according
to gf{Y"f%'}

c) Xy = X is dense in Puz(X,) according to ~LVe}
14 7 4 o

Proof: a) Evidently, Xy n x?nﬁmz(x?)an(x?') F
Let x ¢ F‘uz(X?)n F'U.Z(Xsp,). Then yo(x)ﬂc ‘yé(x)
and each ye X?n X?, also fulfils these
formulas, i.e. x ~{?"’%’}y

C
b) X?u X?r S-.FLuz(X,,) v F‘uz(X?n) o Y?u Xp- = X?u X?I
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c) Let xe Fuz(X?). Then . (x) and every g6 X, = Xgp
fulfils Tb(y)’ too. Hence X? - Xr;s.Fuz(X?) €
SX?" X?,.

QeEeDs
The definition of the operations on fuzzy sets can be

introduced on the base of the above proposition.

Definition: Let Fuz(X?), Fuz(X?') be fuzzy sets up appro-
ximating semisets XV’ Xgr, and let x ‘pFuZ(XP)

a) intersection

x e, Fuz(Xy) A Fuz(Xer) s q= pAp ,
b) union
X e_qF‘uz(X?) (& Fuz(Xi,x).-'-: Q= pvp ,

¢) difference

X e Fuz(Xg) * Fuz(Xgr) E q= Ov (p- p) .

The definitions a), b)follow the common definitions
of the intersection and union. The definition ¢) is wea-~
ker than the common definition of the difference. The
reason is that it would "lose" many elements from Fuz(X?).
¢) makes sure only that no element from the kernel

Ker(Xg1) belongs to Fuz(Xp) * Fuz (X)),

3+4. Down apprroximation

This notion is dual to the notion of up approximation
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in a certain sense, We shall start from the kernel, The
farther from it the less is our certainty of the belon-
geness of an element to the semiset given, since we get
Closer to its edge. Therefore all the definitions are
reversed.,

Proposition 14: Let @‘,--{'\yn; W, ¢k ne PN} be a class

of set formulas FL, and X =o{ x; ?(x)}
& real proper semiset. Then the classes
Y ={y; qrn(y)} are sets., If theyare fi-
nite then Y =L}{Yn; ne FN}  is countable
G¢-class,

Proof: Yng X?Q &, i.e, a_= Ynna is a set. The rest

n

is obvious.
Q.E.D,

Proposition 15: The class X is countable iff X=U{an; ne FN}

and a, are finite sets,.
Proof: The part "only if" follows from [10], page 42,
"If": there exists the ordering & in such a way that
(X,¢)» 1is ordering of type wr. Let Xy€ X, Put z,= {v;
ye Xk yéxO} and By ¥ Byt {y; YEX, 1k X, & nH&x £ x

The sets z, are finite and X=V{z_; ne FN} .

n+1;
QReE.D,
Let c= Ker(XP) be the kernel of the semiset X?. With-
out loss of generslity, the first formula Yoe é?’ can

be suprposed to have the form xé c. Let the class @; be

constructed

(5) Bp = { vy Yo =¥V Vo v}
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Definition: Let A’n={'lfi'; i3 n} . Then the elements x,
\l
y are P-similar if there exists a’n such

that

A}

A ]
Ifm& nand x ~>y and x ~% y then 4 ¢4
o c n m
and y is "more similar" to x than z. Evidently, x ~9%ny
C

iff i (x)= i (y) .

Proposition 16: Let SC@%(C) ={y; (In) (Ixe e)(y ,5,4:- x)}.
Then SC¢;'(0) is a @-class U{an; neFN}
for a, € a.
Proof: Since (Vn)(‘ly;l(x)), it follows that SC@"(C) =
= {y; (In)( W) (y))}=U{Y ; neFN} where Y ={v; v, (1)},
The “proposition follows from the Proposition 14, '
ReE.D.
Evidently, Scé?;(c) c XP » The following definition can
be stated now,
Delfinition: Let XP € o bz a reel oropar semiset,
Ker(Xp) he its kernel and
Q‘?’@;’ the classes of formulas from (2) and
(5) respectively. Then Xy is down approxima-
ted by the ®-class sc@(xer(xs‘,)) =VU{a;
nefN} where a ={y; W) (y)&yea} is
ascending sequence of subsets of a and ay=
= Ker(X?).
The Proposition 15 follows:

Proposition 17: Every countable class is completely down

aprroximable,
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Proof: It will do to start with Zg= C and to define

‘\Fn(x) = Xe z, for Z, being sets from the Proposition 15,

Q .EODD
?

Proposition 18: Every real proper semiset is down appro=-

Ximable,

Definition: Let X? be down approximated by a 6~ class
sc@(xer(xf))zu{an; ne FN} . Then the grade
of membership of y into X? is the ordinal
number « such that ye 84 4+1" 8o¢ + The lower
is oo the higher is the grade of membership,

In this case, the ordering of the grades of membership
is reversed to the ordering of ordinal numbers. The mem-

bership function can be defined:
F: V—=2><0; 1) ,

1 if xe ao
P(x) ={

o +1
ToET A xen - &y

The grades of membership for the operations can be

defined analogically to the up approximation,

4. OQutline of the practical use

In the preceeding chapter, the notion of approximation
of a semiset by a class of sets was introduced., The ana-
logy with representation theorem of the fuzzy sets theory
is evident. The approximating class of sets is always
immersed one into other and they are determined by one

of the relations (1) or (2). It is a certain concretiza-~
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tion of the semiset property ? sy either by the definiti-~
on or by an examcle. From it follows the real basks for
tne application of the Fheory presented here. The set a 2
2 X? repregents the context in the frame of which the
semiset is defined. F.g. "warm" in the subtropical area
is quite different from the "warm" near the pole. From
the mathematical point of view, we are working in the
witnessed universe (see [10]).

The sequence of definitions (examples) can he construc-
ted each of which being more exact than the preceeding
one., We must realize that we work with finite numbers
¢nly, in the practice, Hence, the infinity presumption
of @? is rather theoretical. It assures only that the
number of definitions can unlimitedly increase., The abo-
ve grades of membership become quite "exact" and "tangible",

The kernel determination represents a bit of problem.
Every class contains a set, If the indiscernibility re=
lation % is not known every "reasonably" defined set
c & K¢ can he considered to become the kernel., This is
the way of introducing the theory into the practice.

There are many coniroversis concerning orerations

witih fuzzy sets. This paper shows the reason for it. The
classes Pn, Py, #. such that

whe'—2 W, aped,

Prvot >Ny e d

593:1?‘-"-’??“ ? ";"ne@-

cannot be generaly found from the classes of formulas @?,Qén.
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Therefore we must help ourselves by introducing appro-

¥imate operations only, as are e.g. fornulated in J«ds

5. Coneclusion

This paper deals with the relation of two mathemati-
cal notions - semiset and fuzzy set which model the same
problem, I argue that semiset expresses the basss of va-
gueness better, From this point of view, fuzzy sets theo-
ry is reduced to the discirline being a technical means
for the concrete work with semisets, and their elements,
Fuzzy sets are introduced in the frame of AST serving
for the semiset approximation, Two kinds of approximation
are defined: up and down approximation. The basic proper-
ties of them are shown and the operations of intersection
nnion and difference are defined. In the last part, the
problems of the-application of the theory are shortly
discusgsed,

The grade of membershirp (membership function respecti-
vely) seems to be a very natural means for the characte-

rization of the membershir of an element in the gemiset

-
W

|
0

roximated, It si given by a number of formulas making

i)
{D

N

P AL

ot
]

semiset rroperty more exact. Without knowing these

1

formulas, itself, it is a loss of information., An im-
cortant featﬁr@ of the theory presented is the fact that
;ion, and the membershir function following
from it are formulated in the frame of AST,.

‘he definition of the intersection and difference of

roximating fuzzy sets remains a problem. A stron-
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ger prescripfion assuring X?n X?: to be dense in
Fuz(X?)n Fuz(X?’) according to the finer indiscernibili-
ty equivalence must be looked for. It reminds the "bald
conjunction(context)" formulated in [7). Similarly for
the difference.

The relation between both types of the approximation
and the possibility of the imaginary semisets approxi-

mation must be further examined.
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