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Abstract

Controllability and stabilization of coupled reaction-diffusion systems has been widely studied in
the last decades. In recent years, coupling reaction-diffusion systems to elliptic equations has been
dragging attention. These systems arise as a simplified model for coupled reaction-diffusion systems
when at least one diffusion coefficient is high. In this article, we study the eigenvalues of a coupled
reaction-diffusion system with one high diffusion. As a consequence, when this system is unstable we
are able to build a Backstepping-based controller to stabilize it. This is achieved due to the singular
perturbation method (SPM), which provides a methodology to study the behaviour of the eigenvalues
with respect to the singular perturbation parameter. Additionally, the SPM helps in building controller
based on the reduced models, which are used to stabilize the coupled system when one diffusion is high

enough.

1 Introduction

In this article, we consider the following 2 x 2 reaction-diffusion system in singularly perturbed form

(11 — e + A(E)u = ale)v, (1) € (0, L) x (0, 00),

eVt — Vg + Y(€)v = B(e)u, (x,t) € (0,L) x (0,00),

u(0,t) =0, u(L,t) =0, t € (0,00), (1)
v(0,t) =0, v(L,t) =0, t € (0,00),

u(z,0) = up(z), v(z,0)=v9(z), =€ (0,L),

i.e., € > 0 is small enough, and the parameters «, 5,7, A are considered as smooth functions of €. The
topic of stabilization and observer design for coupled reaction-diffusion systems has been widely studied,

see for instance [4, 28] and the references therein.
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Dividing by ¢ in (1) yields that the diffusion coefficient can be large for small values of €. In [14,19] we
can see many phenomena arising by considering a coupled system of reaction-diffusion PDEs when one of
the components has a high diffusion coefficient term. The authors use an approximated system obtained
by letting the diffusion parameter to go to infinity (i.e., € goes to zero from the right). This limit system
is referred to as the shadow system. The controllability of the shadow system has been recently studied
in [11,12]. On the other hand, letting € — 07 in (1) yields a reaction-diffusion PDE coupled to a elliptic
PDE.

Recently, there has been growing attention on the controllability of systems coupling parabolic and
elliptic equations. In [7,8], null controllability is addressed for a linear system of this type. In [8,9,13], local
null controllability is discussed when considering nonlinear parabolic-elliptic systems. In [10], boundary
controllability is analyzed for a reaction-diffusion coupled to an elliptic equation with Dirichlet boundary
conditions. However, stabilization and observer design remain relatively underexplored areas. We can
mention the work [20] where the authors build a Backstepping-based controller and observer design to
stabilize a parabolic-elliptic system with Dirichlet boundary conditions. They also study the stabilization
with a finite-dimensional controller with input delay in [20,21]. Additionally, in [1], a Backstepping-based
controller and observer design are developed for a parabolic-elliptic system with Neumann boundary
conditions.

Since we are supposing that ¢ is small enough, we are tempted to use the singular perturbation
method (SPM). The SPM, roughly speaking, aims to decouple a singularly perturbed full system into
two approximated subsystems. These approximated subsystems are called the reduced order system and
the boundary-layer system. The SPM was first developed in context of singularly perturbed ODEs. We
encourage the reader to look at [15,16] for an overview of the SPM in a finite-dimensional setting and its
connections with control theory.

As it will be explained in Section 2, we present the reduced order system corresponding to (1), which

is given by
Uy — Uy + MU = g0,  (z,t) € (0,L) x (0,00),
—Ugg + Y00 = Pol, (z,t) € (0,L) x (0,00),
v(0,t) =0, 9(L,t) =0, te(0,00), (2)
u(0,t) =0, a(L,t)=0, te(0,00),
u(z,0) = ug(x), xz € (0,L).

On the other hand, the boundary-layer system obtained through the SPM is

Uy — Uz + Y00 =0, (z,7) € (0,L) x (0,00),
v(0,t) =0, v(L,t) =0, te(0,00), (3)
v(x,0) = vo(x), xz € (0,L).

Here, 7 := ﬁ is known as the stretched time-scale. When one have a singularly perturbed system like (1),
it is said that the constituents live in different time scales. Thus, the variables u,v are called the slow

dynamic and fast dynamic, respectively.



The main results of this article are as follows

Theorem 1. Suppose that vy # —”252 for anyn € N. If o, 3,7, A € C([0,00)) are such that
7'(0) =0, 7(e) =+ O0(%), Ae) =X +O0(e), ale) =ag+0(e), Ble)=po+O0(c), a,bo#0.
(4)
Then, for sufficiently small € the family of eigenvalues { s n(€), i n(€)tnen of (1) satisfies

pen() = o+ OE), igale) = = (60 + O(E)

where o, and 6, are the eigenvalues of (2) and (3), respectively. As a consequence, for € > 0 small

enough system (1) is exponentially stable if and only if oy, 0, <0 for any n € N.

The SPM for infinite-dimensional coupled singularly perturbed systems has been receiving a lot of
attention in recent years. Works concerning the SPM include [3,5,6,22] for systems coupling an ODE
with either a hyperbolic system or a wave equation, [23-25] for hyperbolic systems with different time
scales, [2] for the stability of a linear coupled heat-wave system with different time-scales and [18] for
systems coupling a KdV equation with an ODE. However, as shown in [5,22,24], this technique may fail
for some infinite-dimensional systems.

A direct consequence of Theorem 1 is that if either (2) or (3) have at least one unstable eigenvalue,

then (1) is also unstable. Thus, we are concerned with the following boundary stabilization problem

(10 — e + A(E)u = ale)v, (1) € (0, L) x (0, 00),

eVt — gz + y(€)v = B(e)u, (x,t) € (0,L) x (0,00),

u(0,t) =0, u(L,t) = h(t), t € (0,00), (5)
v(0,t) =0, v(L,t) =0, t € (0,00),

u(z,0) = up(z), v(z,0)=wvo(x), =€ (0,L).

Here, the boundary control h acts on the right Dirichlet boundary condition of the u equation. In [20],
a Backstepping controller is proposed to stabilize system (2) provided that there are some unstable
eigenvalues. For instance, in the problem of stabilizing finite-dimensional singularly perturbed systems,
[16, Corollary 2.1] states that if one is able to stabilize the reduced order system with a feedback law,
then one should stabilize the full system with the same feedback law. Using singular perturbation and
Backstepping methods to address this kind of problems is very useful but still not widely developed. We
can mention [26,27] where the authors stabilize the reduced order system given by the SPM. However,
they did not build an explicit controller to stabilize its full system. In this work we use the SPM to build
a single controller to stabilize system (1), whenever is unstable.

The following theorem gives a positive answer to this issue

Theorem 2. Suppose that vy > _L—EQ, a,B,7, A € CY[0,00)) satisfies (4) and o, > 0 for some n €
N. Then, for € small enough there exists a feedback law F.(u) such that (5) with h(t;e) = Fe(u) is

exponentially stable.

The paper is organized as follows. In Section 2, we derive the approximated subsystems (2), (3),



and we provide the proof of Theorem 1. In Section 3.1, we improve the results of [20] concerning the
stabilization of (2). In Section 3.2, we give the prove of Theorem 2, which is based on the SPM. Finally,
in Appendix A we prove some technical results regarding the backstepping transformation that will be

useful throughout the paper.

2 Eigenvalue approximation

To start this section, we first define the operator F, ) = (—0z: + y(e)Isz(OvL))_l with homogeneous
Dirichlet boundary conditions. For a function g € L?(0,L), z = F,(g) is the unique solution to the

following Sturm-Liouville problem

—2zw +Y(€)2 =g, 2(0)=2z(L)=0.

This operator is linear and continuous provided that v(¢) # —(km)? for any k € N. We set F,, when
e=0.
Now we are able to derive the subsystems of (1) given by the SPM. Setting ¢ = 0 in (1) we have to solve

Up — Ugy + ot = v,  (x,t) € (0,L) x (0,00),

—Vge + Y00 = Pot, (z,t) € (0, L) x (0,00),

0(0,t) =0, o(L,t) =0, te(0,00), (6)
u(0,t) =0, a(L,t)=0, te(0,00),

u(z,0) = up(x), z € (0,L).

By solving the Sturm-Liouville problem in (6), whose solution is given by © = o F, 4, we get the following

reduced order system

Up — Ugg + )\Oﬁ = aOBOFWO(a)v (ZL‘,t) € (07 L) X (07 OO),
u(0,t) =0, @(L,t) =0, te (0,00), (7)
a(x,0) = up(x), x € (0,L).

On the other hand, defining the stretched time scale 7 = é we define

o(x,7) = v(x,7) = B(e) Fyeyu(r, 7) = v(x,7) — Be)2(, T),

where z(-,t) € H?(0, L) N H}(0, L) solves —z.(z,t) + y02(x,t) = u(z,t). We can see that

U (2, 7) = vr (2, 7) — eB(e) Fyeywe(w, 7),

thus, taking € = 0 we have that v, = v;. Clearly, Dirichlet boundary conditions are null as well. Taking

the derivatives respect to space we have

Vg (2, T) = Vg(, 7) — (&) 2 (2, T) = Vaz (2, 7) — Be)(v(€)2(2, 7) — w(z, T)),



where z = F.

S(e)u- It follows that

Vpw (2, 7) = Vg, 7) — y()B(e)2(, T) + B(e)u(z, T)
= Uwc(‘rv T) + 7(5)77(‘737 T) - ’y(z’f)v(.%', T) + /B(E)u(x7 T)'
Now note that

(2, 7) = v (2, 7) = Vg (2, 7) — y(e)v(2, 7) + B(e)u(z, 7),

therefore, taking ¢ = 0 we get the following boundary-layer system

Uy — Vgz + 700 =0, (x,7) € (0,L) x (0,00),
9(0,t) =0, ¥(L,t) =0, te(0,00), (8)
v(x,0) = vo(x), xz € (0,L).

Proposition 3. The eigenvalues of (7) are o, = (nf‘)ﬁ — Ao — (72—")2 While, the eigenvalues of (8)
=z 0

n?r?

are 0, = —

Proof. The computation of the eigenvalues of (8) is straightforward. The eigenvalues of (7) are derived
in [20, Chapter 2]. O

Corollary 4. For any vy € L*(0, L) it holds that the unique mild solution v(x,T) to (8) satisfies
_ 7<L§+'yo>7 _
19(,7)llL20,0) < Ce \E 190ll£2(0,), V7 =0,
for a constant C > 1. Equivalently, in the t time-scale we have that

22\t
190, )22 0,2) < ce(521m): 1ol z2(0,0), VE>0, Ve > 0.

Proof. The proof is a direct consequence of Proposition 3 and the definition of 7. 0

Now our aim is to prove Theorem 1. To this end we recall the following fact about the Dirichlet
Laplacian operator. Let A : H(0, L)NH?(0, L) — L?(0, L) be the Laplacian with homogeneous boundary
conditions, i.e., Af = —0;,f. We know that this operator has A, = % as eigenvalues with correspondent

eigenfunctions w,, = sin (%x), n > 1.

Proof of Theorem 1. Let o be an eigenvalue of the spatial operator associated to (1), i.e., we have to solve

a:xqzz)1 _( —0)¢1+0ﬂ/}2 =0,
Zoatts— (L) un+ Zun =0,

with homogeneous Dirichlet boundary conditions. Suppose that

(Y1, 42) = ZSIH a1 5 42,n)-



Therefore the coefficients (ai ,, a2 ) must satisfy

2.2
n-mw
5 = A —a ain| - ain
6 TL27I'2 - ¥n
- — =1 |az2n azn

=Ly

that is (a1, a2,,) is an eigenvector associated to the eigenvalue o,, of the matrix L,,. The characteristic

polynomial of L,, is given therefore by

2,2 22 2,2 22
9 nem 1n*m= v nem n“me v\ of
Palo) = +< L? +)\+5 L? +£>U+[< L? +)\><€L2 +z~:> a}

For the ease on the notation we set k,, = % > 0, then p, (o) becomes

pn(o) =0 + é (Kn + 7+ e(kin +A) 0 + ((kn +X)(52 + 1) = Lap)

= 0%+ (i 7+ (k0 + N) 7 2 (5 + V)0 +9) — )

Since we are interested in the zeroes of p we multiply by € and we look at its discriminant

A(pn) = (kn + 7+ e(in + A))? = de((kn + X) (K +7) — a).

The roots of p, are given by

—(kn + 7 +e(hn+ ) £ \/(Hn + v 4 e(kin + N)? — de((kn +7) (Fn + A) — aB)
2e
_ —(kn + v+ e(bn +A) £/ (kn + 7 — e(kn + N))2 + 4eaf
2 '

O+ n =

Using a Taylor approximation and supposing that vg > _L—f we have that

—(kn+7v+elkn+N)+ (/in +90 — (Kn + Ao)e + 220008 0(52)>

o o Kn=+Y0
+n = 2%
Is easy to show that
Boavo
Psp =04 p = —Kp — Ao + + O(e),
Kn 40
and that
2e0_ , = —2(kn +70) + O(e).
We conclude the proof of Theorem 1 by setting py, == o_ 5. O
_ g2

Remark 5. In the proof of Theorem 1 we have supposed that ~g > in the end of the proof. In

2 2.2
the case where v9 < %, but v # —"%

difference is that the roles of o ,, and o_ ,, are exchanged. o

2
for any n € N the proof follows the same path. The unique




3 Boundary stabilization

In this part, we analyse the boundary stabilization of (5). Using the Backstepping technique we built a

feedback controller stabilizing the reduced system (11) which allow us to stabilize the full system.
We define 7. : L?(0,L) — L?(0, L) through

Top(z) = plz) - /0 "k, s () dy, (9)

where k(z,y; ) is the unique solution to (35). This operator is linear and bounded, as well as its inverse
T-':L?(0,L) — L?(0, L), which is given by

T 'q(z) = q(x) + /m Uz, y;€)q(y)dy, (10)
0

where [ is the unique solution to (36).

3.1 Stabilization of the reduced system (11)

Recalling that the reduced order system with input control is given by

Ut = gz + Aot = aofoFry (a),  (2,1) € (0, L) x (0, 00),
u(0,t) =0, a(L,t) =hst), te(0,00), (11)
(z,0) = up(z), z € (0,L),

where hg(t) = h(t;0). From Proposition 3, we know that if

aoBoL? 2n?
~ m2n2 4+ v L2 L2’

for some n € N, then (11) is unstable if hs = 0. From [20] we know that w(z,t) = Tou(z,t) satisfies the

following target system

Wy — Wag + Ao = agTyD, (x,t) € (0,L) x (0,00),
—Oge + 00 = BTy '@, (x,t) € (0,L) x (0,00),
5(0,t) =0, 9(L,t) =0, te(0,00), (12)
w(0,t) =0, w(L,t)=0, te€(0,00),
w(x,0) = Toug(x), z e (0,L),
provided that the controller is chosen as
L
bt = [ ke 0ty (13)

In particular, we have the following result.



Theorem 6. Let ag, 5y # 0, v > — Li and Xg > N\o. If

2
~ T
= Ao + 73 — laofol 15 ll 2z 0,.0)) (L + IR 55 0) |2y ) (1 4 UG, 5 0) [ 22(7) > 0, (14)

then (11) with controller (13) is exponentially stable with decay rate given by p.

Proof. First we define E(t) = 3||w|| £2(0,r,) for any mild solution of (12). Taking the derivative of E along
the strong solutions of (12) we get

d

ZE®

L L L
/ W dx —/ WWypdr — )\0/ |w|? + ao(w, T0) 2(0,1)
0 0 0
2 Lo
< - <)\0+L2>/ |w|” + ao(w, T0) 20,1

Using the fact that o = 8y F,, (T ~'w) we obtain

d . L 1
G50 <~ (3o 35) [ ol +aosa(a. 7B, T 0
0
2
2

< - <>\o + =5 — lewBolll Fyo ll 222 0,0)) (L + [16Cy )l p2¢m) (1 + 12( ')||L2(T))) E(t),

where the last inequality is justified by the definition of 7" and T~!. Thus, if

2
Mo+ 5 73— laoBolllF | czz(0,0)) (1 + k(s )llzzem) (L 412G )l zzer) > 0,

then the exponential stability yields with decay rate (14). We conclude the result by noting that u =
Ty 'w O

We end this section with the following corollary
Corollary 7. Let u defined by (14). Then, we have that
[t 12(0,) < Ce™ || woll g2(0,1)-
Proof. Is enough to notice that taking ug € H2(0, L) we have that (w0, 7;) satisfies (12) with
2 Toiio — NoToio + o BoToFyy o,
as initial condition. O

3.2 Stabilization of the full system

Thanks to Theorem 1 we know that (1) is unstable if for some n € N

N < aoBoL? _ 2n2
0=T22 12 L2




provided that € > 0 is small enough. Thus, we consider the following controlled system

Ut — Ugg + AE)u = afe)v, (x,t) € (0,L) x (0,00),
evy — Uge + y(e)v = B(e)u, (x,t) € (0,L) x (0,00),
uw(0,t) =0, u(L,t) = h(t), t € (0,00), (15)
v(0,t) =0, v(L,t) =0, t € (0,00),
u(z,0) = up(z), v(z,0)=vo(z), =€ (0,L).
Set w(z,t) = Teu(z,t). Let us note that
“ d
Wez (T, 1) = Ugg (2, 1) —/0 bz (x,y;€)u(y, t)dy —ky (2, x5 €)u(z, t) — %(k(x,x;s))u(x,t) —k(z, x;e)ug(z, ).

On the other hand

'wt(l'; t) == ut(x, t) - /Ox kyy(x7 Y; €>(u(y7 t) - A(@)u(y, t) + a(s)v(y, t))dy

— k(z,x;e)ug(z,t) + ky(x, x5 )u(x, t).
It follows that w; — way + A(€)w = a(e)Tov. Moreover, taking the feedback law to be defined by
L
o) = [ KLaseulyitie)dy (16)
0

we end up with the following target system

Wy — Wy + Ne)w = ae)Tov(z,t),  (x,t) € (0,L) x (0,00),

v — vz + () = B(e) T w(x,t), (2,t) € (0,L) x (0,00),

w(0,t) =0, w(L,t) =0, t € (0,00), (17)
v(0,t) =0, v(L,t) =0, t € (0,00),

\u(:r,()) = ug(x), v(x,0)=vy(x), x € (0,L).

Now we are able to prove Theorem 2.

Proof of Theorem 2. To show that the closed loop system (15) is exponentially stable let us consider the

following energy

1 L
@@:2A(mﬂ+mmm,ee@u



Taking its derivative along the strong solutions of (15) yields

L
iEg(w,v) :/ (wwy + evvy)de,
dt )
L L 3 L
—/ (WWgy + VUzg) — ’y(a)/ |v|dx — )\(5)/ w?dzx + a(e)(w, Tzv) r2(0,1)
0 0 0
+ 5(6)(T_1w V) 12(0,L)
2
< — ﬁ (\v|2 + ]w| )dx — / |v| dx — / w?dx + a(e)(w,TEv)Lz(QL)
+ 5(5)(T§1w7 v)12(0,L)-

Now, for the crossed terms we have the following estimation

afe)(w, Tev) 20,y <l Tl 220, lw V]|

1BENT N 2200,
<la@)IT:ll z(z2(0,1)) < 26 : I

Lo lle2o.ny lwl?

n 4 o]l
21BE)ITE N eerz0,0)) 1@l ez 0.2))
and
Be)(TE  w, v) 20,y <IBENT M 2crzo.on lwlllvl,

] oIl ez
<IENT ooy (g O

N g [o]]?
2l Tl 2ez20,)) 1Py lcz2o,ny) )

which are obtained by using suitable Young’s inequality and are valid for any § > 0. Therefore,

d
%Eg(w,v)
- (5\( >+Zz E @ lleao,nylee)Be)] (1 + \k(; Wrzery) @+ 1G5l )) ol
— [ ~(e L d a(e 1 vl
<7< )+ L2 |Eye)llz2o,n) ( )+ a(€)>> Il
where

a(e) = l( )N T=N 2z 0,0 Fye) | 2(22(0,L))

— >0
1BE)NT M 2er2(0,1))

Note that if 6 > 0 is chosen as

5 <IEoleuom (g +10) (10 + o)

10



then (15) is exponentially stable whenever

Ae) + ? - 1Fyo)llcczz0.0plal@)BE)| (L + 1k, s e)llzqm) (1+ ¢ -;€)HL2(T))_

L? o (19)

Since ag, Bg # 0 we have that

Tt F.
@) laol[|Toll 2cz20,20) [ F5o L 2(22(0,1) 50, ase— O,

8ol T5 Ml £ez2(0,1))

This guarantees that (18) is non-zero and therefore (19) is fulfilled. To show the exponential stability, let
us note that under (18) and (19) we have

d
%Es(wa U)

__ <~ 7_[.2 ‘Oé(&“)ﬁ(g)‘HF'y(s)HE(LQ(O,L)) (1 -+ Hk(, 75)”L2(T)) (1 + ||l(, ,E)HLQ(T))> HwHQ
=~ L2 6

1 w2 ) ( 1 5
—— v+ = — ae)—l—) ellv||*,
: ( Ot B Eelaron \“© @ ) vl

thus we have that

d

%Ea(w’v) < —2min{r;(e), %V2(5)}E€(t)’

where

2 |a(e)BENFyellerzo,ny 1+ I1EC, 5e)lle2em) (T4 1G5 e)l2em)
L2 5 )

and

r? 5 ( ! )
Vole) = ’)/ & + o ate + a(e) ‘
2(€) (e) L2 |1Eyeolle2o,n) )

Since v1(g),v2(e) > 0 we can choose € € (0 VQ(E)}, which implies that

’ 141 (8)

d
aEa(u% U) S _2V1 (E)EE(’U), 7)).

Therefore our target system (12) is exponentially stable. The exponential stability of (15) with feedback
law (16) follows from the invertibility of the Backstepping transformation used. O

We end up this section with the following remark.

Remark 8. Note that we can always select ¢ in (18) such that ¢ € (0,1]. This is due to the fact, that if

2 1 \!
”Fy(s)”E(LQ(QL)) <LQ + 7(5)> <a(5) + a(e)) > 1,

then we can select d to be 1. Otherwise, we would already have § < 1. o

11



4 Tikhonov approximation

In this section we provide an analogue to [16, Theorem 2.1], which roughly speaking give us an approxi-
mation of order O(e) of the solution (u.,v.) of (15) by the solutions to (11) and (8). That is, we aim to

prove the following theorem

Theorem 9. Suppose that vy > _ng’ a,B,7, A € CY([0,00)) satisfies (4) and o, > 0 for some n € N.
Let ug,vo, v € (L2(0, L)% and iy € H?(0, L) be such that

[uo — wollr2(0,) = O(e), [lvo — vo — BoFrevollz2(0,2) = O(€), Yol z2(0,0) = O(e)- (20)

Then, for e small enough the solution (us,ve) to (15) with control h(t,e) (16) and initial condition (ug, vo)
satisfies that

lue(,t) = a(, )20,y = O(e), v t) =0, 2) = BoFo (-, t)ll22(0,) = O(e). (21)

Here @ is the solution to (11) with controller hs(t) (13) and initial condition ug. Also, v is the solution

to (8) with initial condition vy.
In order to prove Theorem 9, let us consider the following error variables
f(fL‘,t) :w(x,t) —’LD(I‘,t), C(‘T’t) :U(a:,t)—ﬁ(az,é)—ﬁoF%(Tglw) (22)

Is easy to note that &, ( satisfy homogeneous Dirichlet boundary conditions. Now we are tempted to

derive the error system. To this end, let us compute

& = wy — Wy = Wag — AE)w + ()Tt — (Waz — Ao + a0 ToFry (T ')
= aw — 5\<€)§ + O(E)?D + a(‘g)Ta'U - @OﬁoTOF”/o (To_lw)7

therefore & solves
& = Exw — ME)E + ae)TeC + O()w + ae) Tt + a(e) BoTFog (T ) — aoBoToFye (Ty *w).  (23)

On the other hand, let us note that

Ct = V¢ — %’ET - BOF’Yo(T()_llDt)a

thus

€€t = (Vgg — Uza + Y00) — NE)v + B(s)T;lw — efoFy, (T(;lu‘;t). (24)

For the space derivatives note that

Cza: = VUgz — Ugz — (50F'yo (TQ_lw))xm

or equivalently
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Coz = (Vaz — Vgz) — BO(VOF”/O (To_lw) - To_lw)- (25)

Using (23), (25) and (24), it follows that the error system is given by

(& —&px + ANE)E = a(e)TC+ O(e)w + f(v,w,e), (z,t) € (0,L) x (0,00),
£Gt — Cox +7(2)C = B(E)TE + O(2) (Bo Py (T 'wr) +0) + g(w,€), (w,1) € (0, L) x (0,00),
£(0,t) =0, &(L,t) =0, t € (0, 00), (26)
¢(0,t) =0, ¢(L,t) =0, t € (0,00),
f(xa 0) = TEUO(QS) - Toao(ﬂf), T e (O,L),
((2,0) = vo(x) — Do(x) — BoFy, Ty Mo (), z € (0,L),
where f, g are given by
f(@,10,¢) = ae) Tt + ae) BoTe oo (Ty t0)) — anBoToFyy (Ty i), (27)
and
g(w,e) = B(e)T: Mo — BoTy . (28)
Proposition 10. Let f,g be defined by (27) and (28), respectively. Then, we have that
2 t
1 fllz2(0,z) < 0(1)€7<ﬁ+w>E 170/l L2 (0,) + O(e)e ™ [[woll L2(0, 1) (29)
and
9]l 220,y < O(e)e*|lwoll r2(0,1.) (30)

where p is given by (11).

Proof. We start by analyzing f,

1 z20,) = (&) Te0 + ale) BT (T ') — cwofoToFag (T ')l 20,1y
< Jla(e)Te0l 120, + (a(e) — a0) BoTFrg (T ')l 2o,y + lloBol[T= — TolFao (T '0) | r2 (0,1

For the first term, we use (4) and Corollary 4 to obtain
_ —(Lz—i-’yo)é _
a(e)Te0] 20,0y < O(1)e \E ool z2(0,1)-

For the second one, it is enough to remember that a(e) = ag + O(e). Therefore using Theorem 6 we

deduce
I(e(e) — o) BoTe Fyo (Ty ")) | 120,y < O(e)e™* [ @0l 20,1,

where p is the decay rate of (11) with (13). Finally, by Proposition 13 we get
| o= — TO]F’YO(T()_lw)”LQ(O,L) < O(5>67utHw0HL2(O,L)-
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Joining all these estimates we conclude (29). For the estimate on g, observe that using (4) and Proposi-

tion 13 we see
1 _ —1 -
H9HL2(0,L) = ||B(e)T: b — BoTy, w||L2(0,L)

< |1(B(e) — Bo) T @l 20,1y + 1[I — TO_leLQ(O,L)
< O(e)e Mol r2(0,1.)-

That finishes the proof of Proposition 10. O
We state the following proposition before proving Theorem 9.
Proposition 11. Let [|{]|z2(0,z) be O(¢). Then, we have that [Juc(-,t) — u(-,t)||p2(0,z) is O(€).
Proof. Note that
lue (- 8) =@ )l 20,0y = 175w () = Ty o O S T = Ty w(t) = Ty 'l 2 o.n)-
The proof follows by the fact that ||£]| 2o, 1) and | T, — To_ch(L2(o,L)) are O(e). O
Now we are able to give the proof of Theorem 9.

Proof of Theorem 9. Let us consider the following energy for our system

L
P66 =5 [ IeP+el

Taking the time derivative of E. along the strong solutions to (26) we get

L0
- (wwﬁ ' e@BENE o (1+Hk§,; iz )(1+||1<~,-;s>||Lzm)> o
7'('2 5 2 _ o
— — — d
<'7(5) + 12 HFw(s)HE(L?(O,L)) ) 1<I= + (O(e)w + f(v,w,e))édx

/0 O(e)(BoFyy (T H0t) + ) + g(w, ))(da.

2 ) o ) - )
(5\(5) N %  2a(@)BEIF @ oo 1+ W}( i) l2ery) (LG, 59l (7'))) e

Y G 2 (a(5)+1> 1612+ —2— (O 011220 + £ 120 1)
2 L2 |Fyelleo.n) a(e) N+ Ly : ,

+0(e?) —— (llwll3 + |17 +
’Y(E)Jr% ( L2(0,L) L2 OL)) 'Y(€> +

2 HQH%Q(O,L)'

Ny



We recall that p defined by (14) is the decay rate of (11). Using Theorem 6, Corollary 7 and Proposition
10 we get

d
—F
SEL(6,0)
1 (< 72 2a(e)BE)Fy@llerzo.ny (L4 11K se)llzeem) (L + 11, )l 2
SRR TR 1@ ez, (1+ I ) ) g2
2 L )
—— v+ = - a(e) + — ClIF+O(E)e ™ +0(1)e “llo .
2 ( ( ) 2 ”ny(e)”ﬁ(L2(O7L)) ( ) G(E) ) H H ( ) ( ) ” OHLz(O,L)

Let us choose ¢ > 0 as

5 < % (ZZ + 7(6)) <a(€) - a(le)) - : (31)

which can be chosen such that § € (0, 1]. This follows the same argument as in Remark 8. On the other
hand, we ask A(¢) to fulfill

2

T 2
Ae) + 72 > g\a(g)ﬁ(f)’”Fy(s)Hﬁ(L2(0,L)) (1 + [[k(, ‘;€)||L2(T)) (1 + [11(, ';€)HL2(T)) . (32)

Satisfying conditions (31) and (32) yields that A(¢) and ~(¢) still satisfies (18) and (19). Thus, guaranteeing
the exponential stability of (15) with the controller designed in Section 3. Let us define

71() = Me) + 7 2a(@)BENFy e llewro.0) O+ IR 5 0)lzm) (L4 11C 58l )

L2 5 ’
and ) 5
us 2 1
ale) =)+ — — <a5+ >
=1 R e T @
Choosing ¢ € (O, min { ng;, Zi 8 }] we have that
w2 t
d _ —2{ 2tz
9B (6.0) < ~m(E(€.0) + OE)e ™ + O(1)e (E)

In order to apply (14) we need to know the sign of 7;(¢) — 2u. To this end, notice that

lim oy (e) — 2

e—0t

~ 72 5—1
=— (Ao t1s 2T|O‘OBO|HF’YO||E(L2(0,L)) (L4 11kC, I pzem) X+, ')||L2(T))) :

For § € (0,1] we have that the right-hand side is negative. Therefore, we have that 1 (¢) — 2u < 0 for

small enough €. Thus, using Lemma 14 and Corollary 15 we get the following estimate

E(£(,1),¢( 1) < e M EOUEL(E(,0),¢(,0)) + O(?) + OE) [0l 12(0,1)-

By Proposition 11 together with (20) we conclude (21). The control convergence is trivial in this case. In
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fact, let us note that
|h(t, ) = hs(t)] < [[K(L, - €) = k(L 5 0)l[ 20,0 lu(, D)l 22(0,2) + 1E(L, 5 0) I 220, (- 8) — @, )|l 20,1y -

As in the proof of Proposition 13 and the approximation for the slow variable we get the desired conver-
O

gence on the controls.

5 Numerical simulations

In this section we want to give some illustrations of Theorem 1, Theorem 2 and Theorem 9. All the

simulations used the value L = 1 for the spatial domain and
up=z(l —z), vo=—10(1 — z)sin(z),

as initial condition. The simulation code is provided !. First to illustrate Theorem 1 we used the following
set of parameters

ale) =2, p(e) =25, ~(¢)=0.1, and A(e) = 3. (33)
Under this choice of parameters we can check that all the eigenvalues of (7) and (8) have negative real
part. Thus, by Theorem 1 we know that (1) is exponentially stable for ¢ > 0 small enough. This is

illustrated as follows

Solution of the PDE with £=0.05

0.25
0.20

0.15

e, )

0.10
0.05
0.00

1.0

t 4 t 4
5 0.0 5 0.0

Figure 1: Solution to (1) for e = 0.05 with parameters given by (33).

1Simulations were done in Python, with center finite difference to approximate second order derivatives, and an explicit
Euler scheme in time. The time step was adapted according to the value of € and the space step was chosen in order
to satisfy stability conditions for the numerical schemes. The simulation code is available in https://github.com/5nzalo/

Boundary-stabilization-of-a-class-of-coupled-reaction-diffusion-system-with-one-control.
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On the other hand, by choosing
and A\(e) = —10, (34)

we get from Theorem 1 that (1) is unstable. This is shown in the next figure

Solution of the PDE with £=0.05

leb

u(-,

t 4
5 0.0

Figure 2: Solution to (1) for ¢ = 0.05 with parameters given by (34).

However, using the control law (16) with parameter design A(¢) = 60 in (15) we achieve the exponential
stabilization of the closed loop system (15) with (16) is illustrated as follows

Solution of the controlled PDE with £=0.05

v,

Figure 3: Solution to (15) for ¢ = 0.05, parameters (34) and control law (16).

Moreover, as stated in Theorem 9 we get the following behaviour of the error obtained by approximate

17



the solution (ue,v:) of (15) with control law (16) by @ and v = BoFy,u(-,t). Here @ is the solution to (11)
with (13). We dropped the term coming from the solution to (8), since its only important for a short

period of time.

Error of Tikhonov approximation

3500 - ! === £=0.03
| £=0.05
== =01
3000 A meeme £=0.125
2500 A
2000 A
5 \
1500 - \
\
1000 - \
500 4 \\
%
‘\\#‘/’ il --..-4._.'_‘::;_:: .....
0- o ~ s P R——

0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
Time ¢

Figure 4: Sum of the errors given by Theorem 9 with varying e.

6 Conclusions

In this paper we have studied the eigenvalue behaviour of a singularly perturbed 2 x 2 reaction-diffusion
system in terms of the singular perturbation parameter. As a consequence, we know whenever (1) is
exponentially stable or not, by only looking at system parameters. Whenever (1) is unstable, we can
build a feedback controller based on a suitable Backstepping transformation, which is inspired by the
controller (13) designed to stabilize (11). This is achieved by using the SPM. This is the first time that
a controller is built to stabilize singularly perturbed system through the SPM. Moreover, we gave an
approximation result that, roughly speaking, approximates the state and control in (15) in terms of (11),

(13) and (8). Numerical simulations are provided to illustrate the results obtained along the article.

A Backstepping transformation and Gronwall type inequality

In this appendix we collect some results regarding the Backstepping transformations (9) and (10). We
first define 7 := {(z,y) € R? : 0 <y <z < L} and v(e) := A(e) — A(€). So that, the kernel of (9) is given
by the solution of

18



k(z,0) =0 z e (0,L), (35)
k(x,x) = @x z e (0,L),
and the kernel of (10) is the solution to
log —v(E)l =1y =0 (z,y) €T,
I(z,0) = z € (0,L), (36)
l(z,x) = V(;):z: z € (0,L).
As it was shown in [17, Chapter 4], the solutions to (35) and (36) are given respectively by
I(\/v(e)(y? — x2 J1(\v(e)(y? — a2
v(e)(y? — a?) v(e)(y? — ?)
where I1, J; are Bessel Functions given by
0 (x/2)1+2m o0 (x/2)1+2m
I = A A— = — N
! Z_:Om!(m—i-l)!’ 1 Z_:Om!(m—l-l)!
We have the following bound for the L?(7)—norm of the kernels
Proposition 12. The L*(T)—norm of the kernels (37)
V(E)Tr v(e) v(e) 1/2
k(- '55)”L2(T) < ] erf 5 erfi 5 )
& 12 (38)
v\e)mw v v
(58l 2 < 8(mf0/2?>mﬁ<w§?>> :
Proof. The proof is straightforward and it follows the same steps as in the proof of [1, Lemma 7]. O

Proposition 13. The Backstepping transformations (9) and (10) satisfies
1T = Toll ez, 1Tt = Ty Hlecrz(o,ny) = O(e)-
Proof. Note that
(1. =1 = (pta) = [ Ko eiohay) - (vlo) = [ bl 50 ).
:—Anﬂawd—M%%®M@My

so it is easy to note that

|Te = Tollzcz2(0,0)) < 1B, 58) = k(55 0) || oo (1)

We are going to show that ||7. — Tollz(z2(0,1)) provided that v(e) = vg 4+ O(e) and /(0) # 0 with vy # 0.
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Let us note that

Y

v(e)(y? — 2?) Vwo(y? — 2?) v(e)(y? — ?)

using an approximation of second order we have that

k(x,y; ) — k(z,y;0) = voy (I VO~ o) Lyl - x2)> + O(g)yh( V()" = 27)

Ooygx2_2m Ooyx2_2m & 1.2_2m
Z(()( y))' _Z(O( y)) :Z ( y) (I/(E)m—l/(())m),

= 4mm!l(m + 1)! ! 4mm!l(m + 1)!
2

> 4&.}3 j T AV ()= + O()),

therefore ||T: — Tol|£(z2(0,2)) = O(€). By following the same steps, we can conclude also that |17t —
T0_1H£(L2(0’L)) = O(e). So the statement is proved. O

Lemma 14. Let V : R™ — R* be a Lyapunov function. Suppose that there exists k > 0 and k #n > 0

such that
d

dSV( s)+kKV(s) <e ™, Vs>N0.

Then, we have that
V(t) < e ™V (0) + Ce™mindemit g >,

for some constant C' > 0 that can be large whenever |k —n| is small.

Proof. Multiplying by e"® and integrating over [0, t] we get

K i n (e(“—’?)t B 1) ’

V(t)e" —V(0) <

If K > n, then we have that
V(t) < e "V(0) +

On the other hand, if Kk < n we get

V(t) < e "V (0) +

n—K
This lead us to our desired result. O

Corollary 15. Let V : RT — R™ be a Lyapunov function. Suppose that there exists k > 0 and k # 1 > 0

such that
d

TV (s) + KV (5) < e, Ws >0,
S

for e > 0. Then, we have that

V(t) < e ™V(0) + O(e)e ™, vt >0,
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for any € € (0,n/kK).
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