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Abstract

A birth-death-move process with mutations is a Markov model for
a system of marked particles in interaction, that move over time, with
births and deaths. In addition the mark of each particle may also
change, which constitutes a mutation. Assuming a parametric form
for this model, we derive its likelihood expression and prove its local
asymptotic normality. The efficiency and asymptotic distribution of
the maximum likelihood estimator, with an explicit expression of its
covariance matrix, is deduced. The underlying technical assumptions
are showed to be satisfied by several natural parametric specifications.
As an application, we leverage this model to analyse the joint dynam-
ics of two types of proteins in a living cell, that are involved in the
exocytosis process. Our approach enables to quantify the so-called
colocalization phenomenon, answering an important question in mi-
crobiology.

Keywords: Likelihood estimation, Jump move process, Colocalization,
Microbiology.

1 Introduction

We address the parametric inference of birth-death-move processes with mu-
tations, in short BDMM. These processes model the dynamics of a system



of particles in R? that move through time, while some new particles may
appear and existing ones may disappear. In addition, each particle may be
marked by a label, that can change over time, which we call a mutation.
This type of dynamics is observed in epidemiology [21], in ecology [26, 24]
and in microbiology [15, 2]. For example, the application we will consider
later concerns the dynamics of proteins in a living cell, involved in the ex-
ocytosis process and observed near the plasma membrane of the cell: these
proteins move within the cell, and for biological and photochemical reasons,
some of them disappear while others appear. Moreover the motion of each
protein can be of three types, the regime of which constitutes its label, and
this regime may change over time, in line with what we call a mutation.
Formally, a BDMM process is defined through several characteristics:
first, the intensity of births, of deaths, and of mutations, that are functions
of the particle configurations and rule the waiting time before the next birth
(or death, or mutation, respectively); second, the transition kernels that
specify how a birth (or a death or a mutation) occurs when it happens;
third, a continuous Markov process that drives the motion of the system
of particles between two jumps, whether this jump is a birth, a death, or
a mutation. Assuming a parametric form for each of these characteristics,
we are interested by their inference given a single realisation of the process
on a finite time interval. In this contribution, we address this question by
maximum likelihood and we provide theoretical guarantees by proving the
local asymptotic normality (LAN) property of the model, when the time
interval increases, under some regularity conditions. The latter implies the
efficiency and asymptotic normality of the maximum likelihood estimator,
with an explicit and estimable asymptotic covariance matrix.
Birth-death-move processes (without mutations) have been introduced
in [15] and further studied in [14], with a particular focus on their ergodic
properties. These processes share close similarities with Markovian particle
systems with killing and jumps as studied in [18, 17], branching processes [1]
and spatially structured population models [3]. The introduction of possi-
ble mutations does not change much the probabilistic properties of a birth-
death-move process, as we will justify it when needed in the paper. From a
statistical point of view, non-parametric estimation of their intensity func-
tions has been considered in [15]. When there is no move and no mutation,
the process boils down to a spatial birth-death process, as introduced in [25].
Parametric maximum likelihood inference of a spatial birth-death process
when d = 1 has been considered in [22], with an applications to the analy-
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sis of the displacement of dunes. The same method has been employed in
[27] for particular cases of a spatial birth-death process in d = 2, in a view
to model openings and closures of shops in Tokyo. In these references, no
theoretical study is provided and by definition the particles do not move. In
[17], the LAN property of the closely related Markovian model of particle
systems with killing and jumps is established, under a very general, quite
abstract, setting. In our contribution, we specify the likelihood expression of
the general birth-death-move process with mutations and we similarly show
the LAN property under mild assumptions, that we prove to be satisfied for
standard parametric specifications of the model.

The article is organised as followed. In Section 2, the formal definition
of the BDMM process is provided, along with some specific examples for
each of its characteristics. In Section 3, we derive the likelihood expression
of the model and we prove its LAN property. We in particular show that
the associated technical hypotheses are satisfied for the natural examples
presented in Section 2, under mild assumptions. In Section 4, a simulation
study is carried out, showing the performances of the maximum likelihood
estimator of some parameters of the model, along with the estimation of
the associated confidence region. The setting is close to that of the dataset
analysed subsequently, in order to provide certain assurances regarding the
reliability of the conclusions concerning it. This dataset is a video sequence
showing Langerin proteins and Rab-11 proteins in a living cell, acquired by
fluorescence microscopy [4]. As detailed in Section 4.2, their dynamics are
consistent with the realisation of BDMM process. Leveraging on this model
and its estimation, we prove that Langerin proteins are colocalized with
Rab-11 proteins, and we quantify this phenomenon, answering an important
biological question. Finally, an appendix gathers the proofs of our theoretical
results.

The data, the Python code concerning the simulation study and the code
for processing the data are available in our online GitHub repository at
https://github.com/balsollier-lisa/Parametric-estimation-of-the-BDMM-process.
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2 Definition of the BDMM process

2.1 State space

We denote by (X4);>0 the BDMM process. At each time ¢ > 0, X; describes
the configuration of a set of marked particles. Each particle x € X, reads
x = (z,m) where z € A C RP*? encodes the spatial location of the particle in
R?P, p > 1, along with its possible continuous mark in R?, ¢ > 0, and where
m € M is a discrete mark (or label), M being the finite set of possible labels.
In the following, we set d = p + ¢, so that A C R%.

At each time t, X, represents the set of all alive particles, where the
ordering does not matter and the cardinality may change over time. For this
reason, for any n > 1, we introduce the natural projection

I, : (z1,...,2,) € (AXM)" = {21,...,2,} (1)

that identifies two elements (z1,...,z,) and (yi, ..., y,) of (A x M)" if there
exists a permutation 7 of {1,...,n} such that x; = y,q) for any 1 <i < n.
We set for any n > 1, E,, = II,,((A x M)"). The state space of X; for

t > 0 is then
E=||E.

n>0

where Ey = {0} consists of the empty configuration.
The cardinality of a configuration x € E will be denoted by n(x), so that
X € B, (x), and we write

X = {1:1’ s 7$n(x)} = {(zl7m1)> SRR (Zn(x)amn(x))}a

where z; € A and m; € M. In the following we will sometimes assimilate
(A x M)™ with A™ x M"™ for convenience, so that we may also write x =
{(z,m)} where z = (21,...,2,x)) and m = (my,...,Myx)). Similarly, we
will write the configuration at time ¢ of the BDMM process in either way

Xy = {xl,t, e ,xn,t} = {(21,t, ml,t) ce e (Zn,t7 mn,t)} or X;= {(Zt, mt)}7

where n = n(X;). Moreover, for x € E, and (z,m) € A x M, we write
x U (z,m) for {z1,...,2,,(2,m)} € E,y1, and for n > 1 and 1 <i < n, we
write x\z; for {x1,..., 2z 1, i1, ..., 2} € Ep_1.



We equip E with the Borel g-algebra £ and we endow E with the distance
d; defined for x and y in E such that n(x) < n(y) by

n(x)

) = 1 i Sl sl A1)+ (03 <0 |

with d; (x,?) = 1 and where S,, denotes the set of permutations of {1,...,n}.
This distance makes in particular the function x — n(x) continuous on F,
and further implies some nice topological properties for (E,d;), see [28] and
[14] for details.

2.2 Dynamics of a BDMM process

The dynamics of a BDMM process alternates continuous motions and jumps.
Inter-jumps motions concern the location and/or the continuous mark of all
alive particles, that move in A. Jumps are of three types: either a birth (when
a new particle appears), or a death (when an existing particle disappears),
or a mutation (when an existing particle changes its label). Accordingly, the
dynamics is based on the three following elements:

1. A continuous homogeneous Markov process (Y;):>o on E that drives
the motion of all particles of (X;);>0 between two jumps. This process
will not affect the label of the particles, neither their cardinality. Given
an initial condition Yy = x, (Y)i>0 will be defined as the solution
of a stochastic differential equation, as described and exemplified in
Section 2.3.3.

2. Three continuous non-negative functions 3, 6 and 7 on E, that refers re-
spectively to the birth, death and mutation intensities. These functions
govern the waiting times between the jumps of (X;);>o. Heuristically,
the probability that a birth occurs in the interval [¢,t + dt]| given that
the particles are in the configuration X; a time t is §(X;)dt, and simi-
larly for 6 and 7. We will denote o« = 3+ ¢ + 7 the total jump intensity
of the process, that we assume to be bounded.

3. Three transition kernels Kz, Kj, and K, from E x &€ to [0,1], that
specify how a jump occurs when it happens. For example, given that a
birth occurs in a configuration x, Kpz(x, A) is the probability that the



new configuration x U (z,m) belongs to A € &, where (z,m) denotes
the new particle, and similarly for K5 and K.

Details and examples about these three basic characteristics of the process
are provided in the next section.

Let us specifically describe the algorithmic definition of the process. This
iterative construction follows [15] and [14], and may serve as a simulation pro-

cedure, see [15] for details. Let (Ygl))tzg,l‘ > 0, be a sequence of processes on
E, identically distributed as (Y});>o. Starting from the initial configuration
Xy at time Ty = 0, we iteratively build the process as follows.

i) Given Xy, generate the n(Xy) continuous trajectories of (Yio))tzo.

ii) Given Xg and (Yio))tzo, generate the first inter-jump time T} — Ty
according to the cumulative distribution function

Fi(t)=1—exp (— /ta(Yg)du) , t>0. (2)
0
The process until time 7T} is given by the generated trajectories, i.e.
(Xt)p<ter, = (Y?,TO)TOSKTl'
iii) Given Ty and X7 = Y7, _g, generate the first jump:

e it is a birth with probability 5(X;-) / a(X7-), in which case Xq, ~

K5<XT1_7 )7
e it is a death with probability 6(X;.-)/a(X-), in which case Xp, ~
K5 (XTl_ ) )a

e it is a mutation with probability 7(X;-)/a(Xs-), in which case
Xy ~ K, (Xpo, ).

iv) Return to step i) with 7y <— 77 and X, < Xg, to generate the new
trajectories (YEI))tZO starting from X, the next jumping time 75, and
SO on.

The sequence of jumping times of the BDMM process (X;)i>0 is (Th)n>1-
For ¢ > 0, we denote by N; the number of jumps on [0, ], i.e.

Nt == Z lTiSt'
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Similarly, we denote by N/, NJ and Ny the number of births, deaths and
mutations, respectively, before t. By our assumption that the total jump
intensity « is bounded, we have that NV, < oo for any ¢t > 0, i.e. there is no
explosion of the process.

The BDMM process, as defined by the above iterative construction, is a
particular case of a jump-move process, as studied in [14]. We deduce that
it is a homogeneous Markov process with respect to its natural filtration
(Fi)i>0. We refer to the latter reference for the expression of the infinitesimal
generator of the process and further probabilistic properties. In the following,
we will denote by P, and E all probabilities and expectations given that
X[) = X.

2.3 Elements of the model and examples

In this section, we describe more precisely each characteristics of the process,
that are the intensity functions, the transition kernels, and the move process
(Y:)i>0. We also provide various examples.

2.3.1 Intensity functions

The birth, death and mutation intensity functions are such that, given X; =
x, a birth (resp. a death and a mutation) occurs in (¢, ¢+ h] with probability
B(x)h+o(h) (resp. d(x)h+o(h) and 7(x)h+o(h)) as h — 0. These intensities
can also be seen in the following way: §(X;-) (resp. 6(X;-) and 7(X;-)) is
the intensity of the associated counting process Nf (resp. NP and Ny). These
interpretations are consequences of the specific form (2) of the waiting time
before the next jump, see [15] for details.

To set some examples, let us denote by ~ any of 5, § or 7. The most
simple situation is when the intensity function is a constant rate, that is
v(x) = 7 for any x € E, where v > 0. Then there is in average vA new
events that occur in any time interval of size A, whatever the configuration
of X; is. Another typical setting is when the intensity is proportional to the
cardinality, that is y(x) = yn(x) for x € E and v > 0. This reflects the
situation where each particle has its own rate v > 0 and the particles do
not interact, so that the total rate over all particles is yn(x). These two
examples are observed in the biological applications studied in [15] and [2].
More complicated examples of intensity functions are also considered in [15],
where v(x) depends on the underlying Voronoi tessellation induced by x.
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2.3.2 Transition kernels

Denoting v for any of 5, § or 7, we assume that for any x the transition
kernel K, (x,.) admits a density k,(x,y), y € E, with respect to a measure
vy(%,.), that is for all x € E and y € E,

K, (x,dy) = k,(x,y)vy(x,dy).

We now specify £, and v, in each case, whether the transition concerns a
birth, a death or a mutation.

For a birth transition, we assume that for any F' € £, vg(x, F)) = 0 except
if there exist A C A and Z C M such that

F=xUAXZI):={yeFE, 3(z,m)e AxI y=xU(z,m)}.

In this case we set vg(x,xU (A x Z)) = |A| x |Z| to be the Lebesgue measure
on A x M. This choice of vg ensures that the birth transition produces the
addition of exactly one particle to the configuration x, as expected for a
birth. For the density kg(x,y), we assume that

Pmki(x,2) if I(z,m) e A XM, y=xU(z,m),
ka(x,y) = { 0 Flo) othérWiS()s, ( ) (3)
where p,, € [0, 1] is the probability that the new particle has the label m € M,
with >y Pm = 1, and kj'(x,.) is the density for the location of the new
particle in A given that its label is m.

A simple example of birth transition is the uniform law for the label
and the location, which corresponds to p,, = 1/|M]| for all m € M and
ki (x,z) = 1/|A], for all z € A and m € M. More sophisticated examples are
provided below.

Example 1 (Birth kernel as a mixture of normal laws). In this ex-
ample, a new particle is more likely to appear close to existing particles. The
birth density is a mixture of isotropic normal distributions, centred at each
existing particle, with deviation ¢ > 0. Specifically, for any configuration
x = {(z1,m1), ..., (Zn(x), Mnx)) } and any m € M,

) 2= <1 ) P (‘%) |

kg (x,2) =




_ =zl
202

requiring that a particle with label m can only appear close to particles with
labels m’.

where v(z;,z) = [, exp < > dz. We may easily extend this example by

Example 2 (Birth kernel driven by a potential). In this example the
birth kernel is given through a function V : E — R by:

m 1 —(V(xU(z,m))—V(x
kﬁ(x’z):am—(x)e (V(xU(zm))=V(x))

where a™(x) = [, e”(VeDEm)=VE) g, Given a configuration x, a new par-
ticle is more likely to appear in the vicinity of points z € A that make V' (xU
(z,m)) — V(x) minimal. Following the statistical physics terminology, the
function V' can then be seen as a potential that the system tends to minimiz-
ing at each birth. A typical instance, for x = {(z1,m1),. .., (Zn(x), Mnx)) }
is V(x) = >iz; Pmim; (20 — 25) for some pair potential functions @y,
m,m’ € M, see [14] for some examples.

Concerning the mutation transition kernel, we set for any x = {1, ..., Ty },
where z; = (z;,m;), and any F € &,

n(x)
VT(X7 F) = Z Z 1(x\(zi,m¢))u(zi,m)€Fa

=1 meM

so that a transition only concerns a change of label of an existing particle.
For the density k,, we assume that

o )= $(xi, X) @ (x4, x) if Fz; € x,Im € M, y = (x\ (25, m;)) U (25, m),
TXY)TN 0 otherwise.

In this expression, s(x;,x) € [0,1] is the probability that the particle z;
in x changes his label and g, (z;,x) is the probability that, given that the
particle x; € x mutates, its label changes from m; to m. We thus have
27:(’;) s(zi,x) =1and > i Gm(2i,x) =1 with g, (2;,x) = 0. An example
is provided below.

Example 3 (Mutation kernel given by a transition matrix). A
natural example is when the particle to modify is uniformly chosen among



all particles, and then the change of label is done according to a transition
matrix with coefficients (D m/)m.m em. This corresponds to the choices

1
S(xiax) = @ and Qm(xhx) = Pm;,m>

where pp,m = 0 and for all m € M, Y v Do = 1.

Finally, for the death transition kernel, we set for any x = {z1,..., Zyx)}
and any F' € &, vs(x, F) = Z?:(’{) ly\z,er, so that this transition only con-
cerns the death of an existing particle. For the density,

] owl(ry, ) iy =x\a,
ks(x,y) = { 0 otherwise,

where w(z;,x) € [0,1] is the probability that the particle z; in x dies, with
ZZ‘:(’{) w(z;,x) = 1. A simple example is the uniform death where w(z;,x) =
1/n(x) for any i.

2.3.3 The inter-jumps motion

Remember that between two jumps, the BDMM process (X;);>0 has a con-
stant cardinality n = n(X;) and constant labels in M. To specify the inter-
jumps motion of (X;);>o, it is then enough to define the dynamics of a process

(thn)tzo on each subspace FE,, where

Y = {(z1e,m), - (zog, mn) )

Accordingly, the position and the continuous mark of each particle may move,
that is z;; € A may move, but the label m; will remain constant. To define
such dynamics, we first need to come back to a standard system of n ordered
(labelled) particles in (A x M)™, that is

?ln = ((Zl,ta m1)7 Ty (zn,t? mn))

The full definition of the move process (Y;);>o on E then follows the three
steps:

1. Define the dynamics of Yl” on (AxM)" thanks to a system of stochastic
differential equations, as (M!") specified below, where the motion acts
only in A™.
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2. Provided this system yields a solution whose distribution satisfies the
permutation equivariance property (see below), deduce Yln = Hn(Yl")
on E,, where II, is given by (1).

3. Then define (Y)i>0 on E by Y; = ano Ylnl{yern}.

This construction and the following facts are detailed in [14]. The equiv-
ariance property means that for any permutation 7 of {1,...,n}, the law of
Yln = ((z16,m1)," -, (2nt, my)) glven Y = ((Zx(), Mr1))s - 5 (Zr(n)s Ma(n)))
is the same as the distribution of ((zx(1), Mr1))s " 5 (Zr(n)t, M) given
Y[‘)” = ((z1,m1), -+, (20, my)). This property says that if we rearrange the
ordering of the coordinates of the initial state, the ordering of the solution is
rearranged in the same way, so that it makes sense to deduce Ylltn from Yln
Under this assumption, the Markov process Y is well-defined on E and its

transition kernel QY, defined for any bounded and measurable function f on
E by Q) f(z) =E[f(Y.)[Yo = ], reads

QY f(x) =Y Q¥ (foTl)((z1, ., 7)) Leck,,

n>0

where Q¥ denotes the transition kernel of Y in (A x M)". Moreover, Y
is continuous in (E,d;) whenever for any n, Y™ is continuous in (A x M)"
for the usual Euclidean distance.

As a consequence of this construction, the definition of (Y;);>¢ boils down
to the first step above, that is the specification of the system of SDE (M),
provided the latter is permutation equivariant. We assume in this paper that
Y = (Z¢,m), starting at t = 0 from (z,m) where z = (21,..., z,), is the
solution of

dZLt = Uim(zt, m)dt + O'Z‘yn(zt, m)dBi,t, t 2 O, Z = 17 oo, ny

M"(z, m) : {

Zi,0 = Zi, Z:1,,n
Here the drift functions vy ,, . .., v, take their values in R?, the diffusion co-
efficients oy , . . ., 0, are (d, d) invertible matrices and (B ¢)t>0, - - -, (Bnt)t>0

are independent standard Brownian motions on R?. We assume that the func-
tions v; , and o, ,, are globally Lipschitzian, so that a strong solution exists.
If A # RY, we further assume that edge conditions (reflective or periodic) are
added to ensure that the solution stays in (A x M)", see for instance [7].
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The permutation equivariance property is ensured if for any i = 1,...,n
and any 7™ € S,,,

Vin((Zr1), Mr1)), 5 (Zrm)s Mamy)) = Vryn (21, M), -, (20, M),
Ui,n((zw(l)a mw(l))a ) (Zﬂ(n)a mﬂ(n))) = Uw(i),n((zla ml)a R (Zn7 mn))

This is for instance the case if v;,(Z,m) = v(z;,m;) and 0;,(Z,m) =
o(z;, m;) for some functions v and o, a situation where there is no interaction
between the particles, as considered in the microbiological applications in [6]
and [2]. An example that includes interactions through a potential function
is provided in the following example.

Example 4 (Langevin diffusion). In this example the motion of each
particle depends on an interaction force with the other particles, driven by a
pair potential functions ®,, ,,,,, m,m’ € M, as in Example 2. Specifically, in
this model 0;(Z, m) = o,,, and

Vin(Z,m) = =" Oy (25— 25).
J#
For existence, each pair potential ®,,,, must be smooth enough. We refer
to [7] and [14] for details and examples.

For later purposes, let us specify the likelihood of YJ&" constructed as
above. Let us first rewrite (M!") so that it takes the form of a standard
stochastic differential equation. Denote by &, the block diagonal matrix of
size (nd,nd) formed by the o;, matrices, and by @, the vector of size nd
formed by the concatenation of the v;, vectors. Then, by denoting B, the
vector formed by the concatenation of the vectors B;;, we have

M|n(z’ m) : dZt = @n(Zt, m)dt + 6n(Zt, m)dBt, t> ()7 (4)
ZO = Z.

It is well known, cf [16, 13], that the Radon-Nikodym density of the solu-
tion (Z;)i>o of M!"(z, m) with respect to the reference process U, = z +
f(f 7,(Us, m)dBg, on the interval [0, ¢] reads

t
L(Z,, m) = exp </ U (Zs,m)"a ' (Z,, m)dZ,
0

1

_5/Ot@n(zs,m)Ta;Ll(Zs,m)@n(Zs,m)d8>a (5)
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where a,,(z, m) = G,,(z, m)5. (z, m). This gives us the density of the process
Yln = (Z;,m) on [0,¢[ with respect to the reference process (U;, m);>¢ that
belongs to (A x M)". Finally, by our construction above, if (Z;, m) is such
that Y|" = I1,,((Z;, m)), then the density of Y™ with respect to IT,((U;, m))
on [0,¢] takes the same form and does not depend on the ordering chosen
to define Z;, z and m from Yl", thanks to the permutation equivariance
property.

3 LAN property

3.1 Likelihood of the BDMM process

As described in the previous section, the BDMM process (X;);>0 depends
on the intensity functions 5, §, 7, assumed to be continuous on E, on
kernel densities for the births, the deaths and the mutations, denoted by
ks(x,y), ks(x,y) and k,(x,y), as detailed in Section 2.3.2, and on a con-
tinuous Markov diffusion model on F that drives the inter-jump motion, see
Section 2.3.3. .

Remember that between two jumps 7; and T;, 1, X; = Yt(i)Ti where Y

has the same law as Y. Write Y = {(Zgi),m(i))} where m(® does not
depend on t, as required for the labels of the continuous Markov process
that drives the inter-jumps motion. As assumed in Section 2.3.3, Z© is
the solution of M"(z® m®) given by (4), where (z”, m”) are such that
Xz, = {(z9, m®)} and n = n(Xy,). The likelihood of the inter-jump motion
between T; and T}, given T}, T;1; and X7, is thus L(ZES?TM_T],],
by (5). For simplicity we will simply write the latter L(X{z, 7, ,[) in the
following, since X; = {(ZE?TN m@)} for all t € [T}, Tiy1].

Assume that all features of the BDMM process depend on a parameter
¥ € © C R for a given ¢ > 0. To emphasize this dependence, we introduce
the argument 9 into the notation of each of them. For example we will write
B(¥,x) instead of 3(x), kg(V, x,y) instead of kg(x,y), L(V, Xz, 1,,,[) instead
of L(Xz,1,,,[), and so on. Note however that in (5), ¥ only appears in the
drift coefficient v, i.e. 0,(X;) = v,(9, X;), but not in the diffusion coefficient
7, which is part of the reference process. This is indeed a common fact that
for continuous time observations, the diffusion coefficient can be considered
to be known [13].

m®) given
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Let us denote the set of birth times up to time ¢ by
B, ={i e N*, T; < t and T; is a birth time},

and similarly D, and 7; for the set of death times and mutation times up to
time t¢.

The following theorem provides the likelihood of the BDMM process.
When there is no move and no mutation, we recover the formula given in
[22] for their applications to the dynamics of dunes. It also has a consistent
expression with the likelihood of a system of particles with killing and jumps,
as derived in [18]. The justifications, detailed in Section A, are however
different and simpler, as they only rely on successive backward applications
of conditional expectations.

Theorem 1. Let (X;)i>0 be a BDMM parameterized by ¥ € O, according
to the above conditions, and observed in continuous time on [0,t], fort > 0.
Then, the likelihood L.(0) is expressed as follows:

Li(9) = L)L (90)L] (9)L7(9),
with

90 = exp ([ 500.X.0ds ) T] katd. X X500, X, )

i€EBy

LP(9) = exp (— /O té(ﬁ,Xs)ds> I ks 0. X Xa,)6(9, X, ),

1€Dy

£ o) = e (= [ 70.X0as) [0, X Xa)r 0., ),

i€Ty
Ni—1
E;nove(ﬁ) — L(’lg, X[TNt,t}) H L(ﬁ,X[Ti,THﬂ).
=0

Note that due to the Markov nature of the process, the likelihood is
a simple product. As a consequence, inference on a specific aspect of the
process can be done independently on the other characteristics, provided the
parameter is different in each characteristic. As an illustration, we will infer
the birth kernel k3 in our application in Section 4, without needing to specify
or estimate the other terms.
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3.2 LAN

Recall that all the features of the BDMM process depend on a parameter
Y € © C RY. In the following, for a multivariate function f, we denote by
V.f the gradient (or Jacobian matrix if f is multivariate) with respect to
the i-th variable. We will also denote by B(¥, p) the ball centred at ¥ with
radius p > 0.

We list below the assumptions we make to obtain the local asymptotic
normality of our model. They are of two kinds: the first one (H) ensures
that the process is non-explosive and geometric ergodic. Conditions implying
this hypothesis concern the intensity functions: it basically holds if the total
intensity function « is bounded and the death intensity function ¢ sufficiently
compensates for the birth intensity 3. Precise conditions are given in Ap-
pendix C.1, following [14]. The other assumptions are regularity hypotheses
on the way each feature of the BDMM process is parametrised. Although
quite technical at first sight, we show in Section 3.3 that they are satisfied in
many situations, including the examples of Section 2.3.

(H) The process is non-explosive, i.e. N; < oo for any ¢ > 0, and there
exists a measure p on E, r > 0 and ¢ : E — R* such that for any
t > 0, any xo € F and any measurable and bounded function g on F,

‘%Eio (/Otg(Xs)d8> - /Eg(ymgo(dw‘ < ol

rt

Concerning the intensity function v (whether 7 is 3, § or ), we assume that
it is differentiable with respect to ¥ and the two following hypotheses.

A(y) Foralld € ©, x — le(&x)>o is bounded.

7(9:%)
B(v) Forally € ©, 3p(¥) > 0such that x — fJ(x, p(?))7(¥,x) is bounded,
where
1 (9,x)>0
f3(x,p) = sup Viy(u,x) — Vi (9, x)||?) —2=2 6
9 (X, p) Sy (IVay(u, %) = Vir (9, %)) (0. ))2 (6)

Similarly, we assume that the transition kernel £, is differentiable with re-
spect to ¢ and the two following hypotheses.
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x 2 .
A(ky,~) For all ¥ € O, x — 7(¥,x) fEWhW(ﬁ,x,y»oW(xa dy) is
bounded.

B(k,,v) For all ¥ € ©, p(¥) > 0 such that x — fg“’(x,p(ﬁ))v(ﬁ,x) is
bounded, where

k (¥9,%,y)>0
o (x su Viky(u,x,y) — Vik, (¥, x, — (%, dy).
(x,0) = / s (190 (,3) = Vi -‘””)kvw,x,y) (x, dy)
(7)

Finally, concerning the inter-jump motion given as a solution of (4), we
assume that its drift function v, is differentiable with respect to ¥ and:

Anove Foralln > 1, V9 € O, x — ||5,(x) ' V10, (9, x)]|| is bounded.

Bumove Foralln > 1,V € ©, 3p(9) > 0such that x — ||7,,(x) 7|2 firove(x, p(9))
is bounded, where

(%, p) = sup ||Vi0p(u,x) — Vlﬁn(ﬂ,x)Hz. (8)

u€B(J,p)

In order to state the LAN property, we introduce, for any ¢ € © and
N € N*, the following F;y-martingales, along with their associated angle
brackets. The fact that they are truly martingales and the expression of
their brackets are justified in the proof of the following theorem deferred to

Appendix B. We recall that a, = 7,5°.

MY(1) f/thm?X Lay, (9)
N, NV ik (0, X -, X)L
o=z ([ L. X, X,)

- /0 /E vlkw,Xs,ywv(xs,dy)v(ﬂ,xs)ds), (10)

M0 = =3 [ U ) (a0, (K, yad (1)
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where M| = N/— [y 4(9, X,)ds and MY = (28 = 2 — [ 5,0, 2)du) 1,21,

if we agree that X; = (ZE?TZ,, m@)} when t € [T}, T;1[. Their associated
angle brackets are given by

N9 (Vin)(Vin)?
(MY (1) N/ 1o I 0, ) (12)
00 =5 [ [ 10T 0y (Koo, X s,
(13)
X 1 N . .
)0 = [ (T30, 0 (X Vi, 0, X, ) (14)

Finally denoting S = {L, 8,6, 7, kg, ks, k. }, we introduce

MM (1) = M), (15)

€S

the angle brackets of which reads

(MY () =D (M) (). (16)

€S

Theorem 2. Under the same conditions as in Theorem 1, suppose that (H),
A(v), B(v), A(ky,v), B(ky.7), Apmove and Boope are satisfied (whether
is 3, or 7). Then for all Y € R, t >0, h € R® and N € N*, we have the

following decomposition:

Lon (9 + %)

lo
& L ()

1
= KT MN?(t) — 5hT<J\4Nﬂ9>(t)h + Remygn(t), (17)

where Remy g p(t) — 0 in Py -probability when N — +oo, for any xo € E,
and where M™? and (M™?) are given by (15) and (16). Moreover, for all
t>0 and Y € O,

(MY (8), (M) (1)) —— (N (0,£1(9)), £1(9)), (18)

N—+400

where the joint convergence takes place in distribution and where the matrix
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J(9), of size (¢,0), has for expression:

J@) = Jim () () (19)

/ (V10a(9, %)) (x) V159, %) (dx)
3 7>0—V”>§V”) (0, %)12,(dx)

ve{B,6,7}

+ D //1k >0 k) (9, %, y)vy (x, dy)y (9, x) s (dx).

ve{B,6,7}

Under additional regularity assumptions on the model, as detailed for in-
stance in [9], the LAN property implies that the maximum likelihood estima-
tor is asymptotically efficient and asymptotically Gaussian with covariance
J(9)~. The following corollary summarise this consequence, the proof of
which may be found in [9].

Corollary 1. In addition to the setting of Theorem 2, assume that the requ-
larity conditions N2-N4 of [9, Chapter III] are satisfied. Then the mazimum
likelihood estimator 1§N, defined by EN(ﬁN) = supy Ly (9), where Ly is given
in Theorem 1, is asymptotically efficient and satisfies

VN@y —9) —— N(0, J(9) ™),

N—+o00
where the convergence is in distribution and J(9) is given by (19).

Note that in Theorem 2, the length of the observed trajectory is Nt, and
the asymptotic regime stands for NV large and any ¢t > 0. We set in the above
corollary ¢ = 1 for simplicity and considered a trajectory of size V.

In practlce the asymptotic covariance matrix J(J)~" is estimated by
JN(19N) , where 19N is the maximum likelihood estimator and Jy is the
empirical version of J given by (19), viz.

In () = (MM7)(1),

where (M™?) is given by (16) and involves the terms (12), (13) and (14).
All these quantities are computable from a single trajectory over [0, N|, as
implemented in Section 4.
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3.3 Examples

We show in this section that the regularity conditions A (v), B(v), A(k,.7),
B(ky.7), Amove and Byove are satisfied under mild assumptions for the
examples considered in Section 2.3.

For the intensity functions, whether v(x) = + is constant or y(x) = yn(x),
for v > 0, and the parameter of interest is ¥ = 7, we have fJ = 0 in (6),
so that B(v) is obviously satisfied. For A(v), it clearly holds in the first
case, while it is true in the second case if we assume that there is a maximal
number of particles, i.e. sup, n(x) < n* for some n* > 0. Note that the
latter restriction is purely theoretical, but it is not a limitation in practice.
It is also an assumption made in [15] and it amounts to the specific setting
of condition (46) presented in appendix, that implies geometric ergodicity of
the process, i.e. (H).

Concerning the transition kernels, the parameters of interest are typically
involved in the birth kernel and/or the mutation kernel. For the birth kernel,
remember that it reads as in (3), i.e. kg(x,y) = pmhkj(x,2) and let us
examine Examples 1 and 2 for k7.

Example 1 (continued). In this example kj' is a mixture of Gaussian
distributions with deviation o > 0, so that the parameters of interest for
the birth kernel are in this case p,,, m € M, and o. It is not difficult
to check that if A is a bounded set, then all partial derivatives of ksz(x,y)
with respect to each parameter are uniformly bounded in x and y. On the
other hand ks(x,y) itself is lower bounded in x and y under the same setting.
Consequently, A (k,, ) holds true whenever A is a bounded set and the birth
intensity 5(x) is bounded in x. The latter is in particular true if § satisfies
the setting discussed in the previous paragraph. For B(k,,~), note that a
rough control consists in upper-bounding the squared norm of the difference
in (7) by twice the sum of each squared norm. Then the same bounds as
previously can be used to check B(k,, ) in the same setting.

Example 2 (continued). Assume that kj'(x,z2) = e~ VmSm(x:2) [gm (%),

where O, = (o m Jvent, a™(x) = [, e IS5 dz and S,, is the vector

Si(x,2) = Z Dy (2 — %)

zi=(zi,m;)EX
mi=m’ m/EM
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This corresponds to a potential of the form V' (x) = Z#j Vingom; Prngm; (20 —
z;) in Example 2. The parameters of interest here are all the ¥, ,,,/, m, m’ €
M. Assume that for all m,m' € M, ®,,,, is bounded by L. Then if we
denote by n,,(x) the number of particles in x having label m’, we have

1S (x, 2)||* < Z L*n?,(x) < L*n( Z N (X) = L?n?(x).

m/eM m/eM

Assume in addition that there is a maximal number of particles n* and that
A is a bounded set, then using the previous upper-bound, we may prove by
elementary inequalities that both A (k.,,~) and B(k,,~) are satisfied.

Concerning the mutation kernel, let us inspect Example 3.
Example 3 (continued). Remember that for this example we have

1

@pmi ,m

k-(9,x,y) =

if there exists z; € x and m € M such that y = (x\(z;, m;)) U (z;,m). The
parameter of interest v in this example correspond to the non-null entries
Pmm Of the transition matrix. Denote by p, the minimal value of these
non-null entries. We have || V&, (9, x,y)||* = 1/n(x)?, so that

V4 k 19 x,y)||?
H ))H 1k,—(19,x,y)>OVT(X7 dY)

/ IVik- (9, %, y)|?
kr(0,x,y)?

kT (197 X, y>]—k7(19,x,y)>0VT (X, dy)

1
<— kﬁxyufxdy
p ( Jv(x, dy) = o

Consequently A(k,,v) (where v = 7) is satisfied in this setting whenever
7(x) is bounded in x, which holds true in the setting discussed in the first

paragraph of this section. On the other hand, since V1k, (¢, x,y) does not

depend on ¥, f47(x,p) = 0 in (7), so that B(k,,~) trivially holds.
Concerning the inter-jump motion and assumptions A, ove and Briove,

we consider as an example the Langevin diffusion introduced in Example 4.

Example 4 (continued). Assume the same kind of parametrisation of the
potential as in Example 2 above, that is v; ,(Z, m) = — Z#i Vg m; Pong o (2i—
z;) in (4), where the parameters of interest are again all the 9,, ,,,, m,m’ € M.
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Remember that 0;(Z, m) = o,,, is known. Since the drift function is linear
in the parameters, it is easily seen that A,,qve is satisfied if ®,, ,,,» is bounded
for any m,m’ € M and there is a maximal number of particles n*. As to
Binove, we clearly have f*°V¢(x,p) = 0 in (8), so that this condition holds
trivially true.

4 Simulations and data analysis

4.1 Simulation study

We simulate in this section several trajectories of the BDMM process, for
characteristics explained below, and we evaluate the quality of estimation
of a parameter involved in the birth kernel. The chosen characteristics are
motivated by the application that we will conduct in the next section, and
are in line with previous studies by [6] and [15]. We present them below
without precisely detailing each value.

The particles do not possess continuous marks, but can be of 6 different
types, which correspond on one hand to 2 distinct particle natures (playing
the role of Rab-11 type proteins and Langerin type proteins in the subsequent
application), and on the other hand to 3 possible motion regimes: Brownian,
sub-diffusive (according to an Ornstein-Uhlenbeck process), or super-diffusive
(according to a Brownian motion with linear drift). Thus, the space M con-
tains 6 different labels, but mutations will only be possible between motion
regimes and not between the type of particles, see below.

We assume that the movement of each particle is independent of the
others and corresponds to one of the three aforementioned regimes. Birth
rates are constant and differ only according to the Langerin or Rab-11 type.
Death rates (also distinct for Langerin and Rab-11) are proportional to the
number of particles present. Mutations correspond to a change in movement
regime: their intensity is also constant. Regarding transitions, we assume
that the death kernel is uniform: each particle has the same probability of
disappearing when a death event occurs. For mutations, we follow the setting
of Example 3, i.e., these occur for any particle uniformly, according to a
fixed transition matrix. Finally, for births, we assume that they generate an
equiprobable Langerin or Rab-11 particle, with a diffusion regime respecting
predetermined proportions. The Rab-11 type particles are then generated
uniformly in A. For the Langerin type particles, we assume that given the
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Figure 1: Example of the density (20) for the birth of a new Langerin particle,
given the Rab-11 particles already present (shown as red dots).

pre-jump configuration x € E, they are generated according to the density
kj(x,.) defined for all z € A by

L~ Qo2 202
=1

nr(x) R||2 _
kj(x,z) = #EX) > : exp <_HZ — ) + (1|A‘p)1/\(z), (20)

where ng(x) denotes the number of existing Rab-11 particles and 2 their
spatial coordinates. This density is parametrized by p € [0,1] and o > 0. Tt
is a convex combination between a mixture of normal distributions centered
around the existing Rab-11 particles, with variance o2, like in Example 1,
and a uniform distribution over A. The closer the parameter p is to 1, the
more likely Langerin and Rab-11 particles will tend to be colocalized, and
the smaller the standard deviation o is, the stronger the proximity between
the two types of particles will be. An illustration of this density is shown
in Figure 1, for a given configuration of Rab-11 particles represented by red
dots.

In line with the application of the next section, we are not interested in
the estimation of all features of the process, but only of the parameter 9 =
(p,log o) from the continuous time observation of a single trajectory of the
process. We performed 500 simulations of trajectories for p = 0.2 and log o =
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Figure 2: Estimation results for (p,logo) = (0.2,1.34) by MLE, based on
500 simulations of the BDMM process specified in Section 4.1. In red: 95%
Gaussian confidence ellipsoid, based on the bivariate Gaussian distribution
centred at the mean of all estimations, and with covariance matrix the mean
of all estimates of the asymptotic covariance matrix J~!(1J).

1.34, on a time interval similar to the data studied in Section 4.2. Figure 2
represents the set of all 500 maximum likelihood estimates of ¥ obtained for
all 500 simulations, deduced from the likelihood established in Theorem 1.
In red, the mean of the 95% confidence ellipsoid is plotted, more precisely
it is the Gaussian confidence ellipsoid obtained from the bivariate Gaussian
distribution centred at the mean of the estimates, and with covariance the
mean of the 500 covariance matrices Jy'(dy), obtained as explained at the
end of Section 3.2. One can observe that most of the estimates provide a
consistent value of the parameter and that the mean estimated confidence
ellipsoid encodes the estimation uncertainty fairly well.

4.2 Data analysis

The dataset we consider comes from the observation by TIRF (Total Inter-
nal Reflection Fluorescence) microscopy of the intracellular traffic of some
molecules near the membrane of a living cell [4]. This provides a video se-
quence showing two types of proteins observed simultaneously in the same
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—— Brownian
—— subdiffusive

Figure 3: Left: a frame from the raw video sequence analysed in Section 4.2,
showing Langerin proteins. Right: superposition of all trajectories of Lan-
gerin proteins obtained after post-processing (i.e. segmentation and tracking)
of the whole raw video. The colors indicate the estimated motion regime.

cell: Langerin proteins and Rab-11 proteins. The image on the left of Fig-
ure 3 shows a frame obtained from the video of the Langerin proteins. After
post-processing following [23], the proteins of interest are identified, repre-
sented by a point and tracked by the U-track algorithm [10] along the video
sequence to provide trajectories, such as those visible in the right represen-
tation of Figure 3. These trajectories have been further analysed by the
method developed in [5] to classify them into three diffusion regimes (these
are the colors visible on the figure). The full dynamics is in line with a
BDMM process: in addition to their displacement, some proteins disappear
in the course of time, others appear, and finally some change their diffusion
regime, which corresponds in our model to a mutation (even if it is not a
mutation in the biological sense of the term).

An important biological question is to determine if Langerin proteins
tend to appear close to existing Rab-11 proteins. This is the phenomenon
of colocalization, indicating a strong interaction between these two types of
proteins. To answer this question we estimate by maximum likelihood the
birth kernel of the Langerin proteins, assuming that it is of the form (20), as
in our simulation study. We obtained the estimate (p, @) = (0.069, 1.1),
where the unit of o is the pixel (the image being of size 250 x 283, each
pixel representing an area of 160 x 160 nm?). Figure 4 shows the likelihood
value for our dataset, with respect to p and log o, along with the empirical
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Figure 4: Likelihood of the BDMM model for the considered dataset, as
a function of the parameters p and logo. The estimated 95% confidence
ellipsoid, centred at the maximum likelihood, is overlaid in black.

95% confidence ellipsoid around the maximum, obtained from the estimation
of the matrix J~!(¢) explained at the end of Section 3.2. This estimate
suggests that, for this dataset, about 7% of Langerin proteins are colocalized
with Rab-11 ones, this proportion being significantly positive in view of the
confidence ellipsoid, and each colocalized Langerin protein appears (with
high prolﬁb\ility) within 30 x 160 = 528 nm of a Rab-11 protein, where

o = exp(logo).

A  Proof of Theorem 1

To simplify notation in the proof, we drop the dependence in ¥ of all terms.
To get the likelihood, we view (X;);>0 as a jump-move process, a more general
Markov process than the BDMM process. A jump-move process alternates
motions and jumps in F, see [14]. It is defined through an intensity function
a, a jump kernel K (x,.) and a continuous Markov process Y on E that drives
the motion of the process. For a BDMM, we have a(x) = 8(x) +(x) + 7(x)
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and

N [ RN P
K(x,.) a(x)Kﬁ( ,.)+a(X)K5( ")+a(x)KT( y) (21)
By our assumptions
K(x,dy) = k(x,y)v(x,dy), (22)

where for any F' € &, v(x,F) = va(x, F) if there exist A C A and T C M
such that F' = xU (A x ), v(x,F) = vs(x, F) if x\ z; € F for some i,
and v(x, F') = v, (x, F) if there exist m € M and ¢ such that (x\(z;,m;)) U
(zi,m) € F. In turn, k(x,y) = ks(x,y)B(x)/a(x) if there exists (z,m) such
that y = x U (2,m), k(x,y) = ks(x,y)0(x)/a(x) if y = x \ z; for some
i, and k(x,y) = k.(x,y)7(x)/a(x) if there exist m € M and i such that
y = (x\(zi;,m;)) U (25, m).

Note that a jump-move process observed continuously on [0,¢] has by
definition a cadlag trajectory on E and can equivalently be described by the
vector X defined by:

X - Z(X()v X}U,Tl[v Tla XTN X]T1,T2[7 CIE 7Tn - TTL—17 XTn7 X}Tn,t[)l{Nth}'

neN
(23)
We set for any ¢ > 1, S; = T; — T;_1, V; = Xg,, and we recall that
(Xe)<t<tiyy = (Ygz))ogtSSHl, where Y is a continuous Markov process

on F, identically distributed as Y. With these notations X is equivalent to
X with:

U 0 1 n
X= Z(VO’ Y[(07)S1]’ S1, Vi, Y[(O,)Sz]’ coe s Sy Vi, onﬂ)tfzyzl sj])l{Nt:n}' (24)
neN

Note that with this formalism, Y((]i) =V, for all 4, and X takes values in the
space (J,>o Wh where

Wn = ®(E X C[Si] X R.,_) x B x C[t—Z?:o Sils
i=0
and where Cj, denotes the space of continuous functions from [0, s] to E.

As detailed in Section 2.3.3, the continuous Markov process YI" = I1,((Zs, m))
defined on E, and observed on [0,¢], given that Zy = z, admits the den-
sity L(Zjp4, m) with respect to the reference process IL,((Uy, m)) where
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U, =z+ f(f 7,(Us,m)dB;. Let us denote by P[f} the distribution of this
reference process observed on [0,¢]. For any measurable and bounded func—
tion h defined on E,, we thus have E(h Y'n fCt yi) dP ( ),
where L(y[q) is a short notation for L(z ), m) and Where Vi = (zt, m) for

any t > 0. Similarly, for (Y)i>o on E defined by Y; = >~ - Ylnl{yern},
we will write without ambiguity

B((Yoa) = [ h3)LGmdRm).

Cr

where the cardinality n defining P[?]{ ° is implicitly given by n = n(Yy).
Let h be a measurable and bounded function. For n € N, we use the
conditional law of S, given (X;)i<r,, T, and Y™ see (2), to compute:

=E WXL o, s s, Sjgt}}
=E _IE [h(X)1{5n+l>t—2;:1 Sj}l{zy:l s;<t} ‘ (Xt)i<t, T Y(”)”

- t*2?=1 Sj
=K h(X)l{Z?ZI Sjgt} exp | — /0 Q{(qun))du

=E|E

N t*Z;‘L:1 Sj
h(X)l{Z?:1 s;<t} exp (— /0 a(Yi"))du) ‘(Xt)tSTna T,

Since given Sy,...,S, and Y(()n) = V,,, the Markov process Y™ observed
on the time interval [0,¢ — "7 | S;] admits the density L(y Y-y, s;]) with

respect to P[t 5, we have
]
E[h(X)l{Nt:n}]
= (0) (n)
= /C[ > 5.1 h(VO’ Y[O,Sl]’ Tt Sn; Vm y[t*Z?:l Sj]>1{2?:1 Sjgt}
t= TL’L 1°7

t—Z?zl 5j
e <_/ a(ngn))d“) L(vsn,50) 4P s, }(y(n))] :
i 3

Now, if we condition on (X;)i<7, ,, T and Y"1 we know that the post-
jump location V,, admits the density k(X,-,v) = k:(Y(SZ_l), v) with respect
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to the measure v(X,-,.) = I/(Yg:_l), .) on E. Hence

E[R(X)1{n=n)]

(n)
B E|:/ / xS VO? Y[O St Sns Vi, y[t—Z?zl Sﬂ)l{Z}‘:l Sjét}
n_ s,

=221 5
X exp (—/O oz(ygn))du> L (yftjz?:lsj]> dp[:f/fz;;l sj](y("))
X k<Yg:_1)> qu,)V(Yg:_l), an):| '

Conditioning on (X;)i<7,_,, Th-1 and Y~V we use again the law of S,
given by (2) to get

(0) (n)
- /R // hVo, Yigsp-- 80 Vo ¥ Sgnmr g - Jlesnatg v, <1}
+ n 1

2i—1 Sj—sn]

TR () v -
x eXp _A (yu )du L <Y[t Z'_”;ll Sj_sn}> dp[tnzn 1 S _Sn} (y )
X k‘(Yg:_l),Vn)V(Yg:_l), dvn)a(Ygz_l)) exp (—/ a(YTS”_l))du> dsn] .
0

We can continue successively this process, using the (conditional) density of
each move process Y on [0, S;], of each post-jump location V;, and of each
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inter-jump time S;, and we obtain

E[7(X)1{N,=n}]

B (0) (n)
_/W h(vo’y[81] S Vo Y5 131]) {i- i<t}

TR (n) -
X exp —/ a(y,”)du | x L(y;~ ”1sj])dp n 133](3’ )
0 i i=
Sn
X k(y" ™V, vi)u(yr Y, dv,)a(y" ™) exp (— / a(ynD )du> ds,
0
x H Ly AP (YR, vu(y e, dvialyl )

< exp (— / a<y3-1>>du) d] L(y®)aP® (v )p(dvo),
0

where p denotes the distribution of the initial state on E. If we come back to
the initial expression (23) of X from that of X, using the shortcut L(xy, . ,[)

for L(yf) ) =Lz 0 o ,m®) in view of x; = {(zgi_)Ti,m("))} for all t €

[0 tit1—t;
[ti,ti11[, we obtain

E[h‘(X)]—{Nt:n}] = / h(X07 X[0,t1]s - - - vty — o1, X4, X[tn,t])]-tlg---gtngt
Wh,

t n
X €Xp (—/ a(xy) d“) (X1 H( (Xt (Xt;,Xti)a(Xt;)> 0™ (dx),
0 i=1

where (™ is the measure given for x = (%05 X[0,1[s - - - st — tne1, Xty » X[t,])

by

N (dx) = 1y <..ct,<td P

[t t]

H (dP’ftZH x) (xt;,xti)dti> 4P, (x)p(dxo)-

(x)v (Xt_ ,dxy,)dt,

Here, just as we have used the natural notation L(xy, ) for L(y[(;)m) we

use dP[t i, ((x) for dPxTi |y @),

Since for any h, E( ( )) > 0 E(A(X)1{xn,=n}), We have proven that
the likelihood of X given by (23), with respect to the underlying measure
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= Zn(”)(. NW,) is given by

neN
t Nt
£00 =ewp (- [ @Gk ) 000 IT (b X)X,
0 i=1

If we replace a and k by their specific expression in (22), we obtain the
result in the case of a BDMM process. Given that there is a one to one
correspondance between the representation (23) and the trajectory (Xs)o<s<t,
we can view the above likelihood as the likelihood of (Xg)o<s<¢, where 1
translates to a measure on the space of cadlag function from [0, ¢] to E.

B Proof of Theorem 2

Let us fix N > 1 and h € Rt We let 9y = 0 + h/\/ﬁ and we denote
LoV + J%)

L(V)
By Theorem 1 the log-likelihood ratio process is given by:

AN/ (1) = log

AP (E) = AR+ A1) + AT () + APV (1)
A0 + A+ AL (1), (25)

where
gttt = [ og (12X oy = [0, %) — (0. X)as,
(26)
AP (1) = /0 log (kz(fg;(:és))?)dzvg, (27)
e R

The proof of Theorem 2 follows a standard scheme as in [19] and [17].
The main step consists in proving the LAN decomposition for each of the
three terms (26), (27) and (28) above, which is the statement of the three
following lemmas. Then (17) is deduced by combining these decompositions,
as carried out next.
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Lemma 1. Under the same assumptions as in Theorem 2, we have for any
t>0,heR and € O,

1
AINIPENY = hT MY (t) — 5hT<J\4§V"9>(zs)h + Rem 4 ,(1), (29)
where Rem( , ,,(t) tends to 0 in Py -probability when N — +o0o, and (MN"(t))eo
is a martingale with respect to Fyn given by (9).
Lemma 2. Under the same assumptions as in Theorem 2, we have for any
t>0,heR and v € O,
1
AN = BTMY (t) — §hT<M,£”9>(t)h + Remlyy (1), (30)

where Remf\zﬁ,h(t) tends to 0 in P -probability when N — 400, and (Mg’ﬁ(t))bo
is a martingale with respect to Fyn given by (10).

Lemma 3. Under the same assumptions as in Theorem 2, we have for any
t>0,heR and v € O,
1
APYU(EN) = BEME () = ShT(ME ) (0)h + Remiy, (1), (31)

where Remy, 4, (t) tends to 0 inPY, -probability when N — +o0, and (MY (t))1s0
is a martingale with respect to Fyn given by (11).

The proofs of these three lemmas are postponed to the end of this section.
Let us deduce (17). From their statements and (25), we have

1
ANIONY = BT MV (1) — §hT > (M) () + Remy o (1),
i€s

where 8 = {L, 3,0, 7, kg, ks, k- }, MN(t) = 3. s MN" and Remy g (t) =
< Rem} t). By Lemmas 1, 2 and 3, we know that Remy g (t) tends
i€S N,9,h 0,
to 0 in PY -probability. To show the decomposition (17), it remains to prove
X0

that
(MY () = (M) (),
€S

which, given the definition of M™Y(t), boils down to proving that
Vi,j €S, i, (MM, M)(t) =0. (32)
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First, for ¢ = L, since Mg’ﬁ(t) is a continuous martingale with finite
variations, we have that (Mé\w, ij7§>(t) = 0 for any j # L, see [12]. Second,
for all i,j € S\ {L}, i # j, we have

Y MY =) AM () AM; Y (s),

s<t

where AMMN?(s) = MM (s) — MM (s7). For v # +/, MN?(t) and Mi\,w(t)
do not have any jump in common, and similarly for MY(t) and M, ,ii (),
since a birth, a death or a mutation cannot occur at the same moment almost
surely. Consequently [MN"?, Mi\,f’ﬂ](t) = [MN?, M,i\,j’ﬁ](t) = 0 for any v # 7.
This implies (32) for i = v and j € {7/, K.}, v # 7. To complete the proof

of (32), it remains to show that (M’ M,ﬁiﬁ}(t) = 0. We have that
1 [N Vi (9, X)) (Viky (0, X, X))

[ vk, ]() N 0 7(197Xs,) k,y(ﬁ,Xsf,Xs) 5

so that by Lemma 4, the associated angle bracket (corresponding to the
compensator of the square bracket, see [12]) is given by

1 tN
(MY, M) (t) = ~ /O Viy(9, X,) /E (Viky (0, X, )T vy (X, dy)ds.

Remember that for any ¢ € © and any x € E, [, k,(0,x,y)v(x,dy) = 1.
This implies [ 5 Vik,(¥,x,y)vy(x,dy) = 0 if interchange of integration and
differentation is valid. In particular, it can be showed that the latter holds
under Condition B(k,,v). Consequently, <M§V719,M,g”9)(t) = 0 and (32) is
proven, which completes the proof of (17).

The last statement of Theorem 2, that is the convergence (18), is a direct
consequence of Theorems 4.12 and 4.22 of [8], thanks to our hypothesis (H)
that implies that © is a recurrent atom for (X;)so.

B.1 Proof of Lemma 1

Let us prove that Rem']\,ﬂg’ ,(t) converges to 0 in P;’;O—probability, where

1
Rem} y,(t) = AﬁN/ﬂ(tN) — WM () + §hT<M$’"9>(t)h,
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and MY (t) is given by (9). From (26), we get
Af}N/ﬁ(tN) _ /tN |:10g (V(ﬁN7XS)> . V(ﬁNaXs*) + 1:| dN”Y
? 0 ’7(197 Xs*) 7(197 Xs*) ’
N
7(791\77 XS_) :|
+/ [— — 1| dM7,
0 7(197 Xs—)

t
where M, = N, — / (9, Xs)ds is a F-martingale. We have in particular
0

[M7]y = Ny and (M7, = f(f (¥, Xs)ds, see for instance [12]. We deduce that
(Vi) (Vi)
M) / : )éz (9, X, )M
N / Vlfy)(Vlfy (19’ ng)dN;y

Note that (¢, X;-) > 0 for all y-jump time 7}, so that the previous formula
remains true with the addition of 1, x__)>o in the integrand. So we get

<MN19 N/ Vl’Y Vl’Y) (19,Xs)ds,

Y

as claimed in (12), which well satisfies the property that [MY?](t)—(M"7)(t)
is a martingale. Using these representations, we may write

Rem?\fﬂ?,h@)

1 1
= AfN/ﬂ(tN) — hTMi\w(t) + §hT ((M§V7§>(t) - [M,iw] (t)) h+ ihT[Mév’ﬁ](t)h
= SN+ AN + RY,

where

[ (- S

tN T tN T 2
h Vl’Y) / (h"V17) Y
t 2N/ (ﬁaXS)d‘S 2N 0 72 (ﬁvxsf)st7

[ () 2 S o
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To complete the proof, we show below that each of these three terms tends
to 0 in P? ,-probability.

First step: Convergence of SN to 0 in probability.
By the Markov inequality, we have for any a > 0,

B2, (151] > @) < B, ((57)?) = 5B, (™)),

CL2 X0

where the last equality comes from the fact that (S)?—(SV), is by definition
a centred martingale (see [12]). We prove in the following that E? ((SV),)
tends to 0. We have

tN T 2
[SN]t _ / (V(ﬁNaxs_) 1 h Vlﬁ}/(ﬁaxs—)) ng
0

0. X) VN 00X
tN T 2
o ,7(19N7XS*) 1 h Vl’Y(ﬂaXs*) y
B /o ( WX VR X, ) Xt
so that
LN T 2
N\ V(ﬁN> Xs) 1 h V17(197 Xs)
= /0 ( W0.X,) T UN AwX,) ) el Xa)ds
(33)
Note that for any ¢,9" € © and any x,
1
V(%) — (D, %) = / (Vo (@ + £ — ), %))" (& — 9)dt.
0
Thus we have for all x € F and ¢,9" € O such that v(¢,x) > 0:
(100 (V) (@ - ﬂ>>2
7(9,%) 7(9,%)
2
([ St =) S0 =0,
B 0 7(79, X)
< 9" = £ (x, 19 = I, (34)

where fJ(x,p) is given by (6). Applying this inequality in (33) with ¢/ =
Iy =+ h/vVN, we obtain

(MY, < ”?\'f' /0 f (x%) (9, X.)ds. (35)
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Since fj(x,.) is increasing, we have by condition B(v) that for any J € ©
and N large enough,

sup < d(v), (36)

xeFE

77 (x T 2o

for some d(¥)) > 0. We can thus apply the ergodic assumption (H) to the
right-hand side of (35) to get

g2, (s))) < RO g [ gy (2L 50,

In view of (36), and since for any x € E, f;(x, ||h||/v/'N) — 0 when N — 0,
we can conclude by the dominated convergence theorem.

12 (dx).

Second step: Convergence of AN to 0 in probability.
Let € > 0. We have 2AY = A; — Ay — A3 where

1 tN (thl,}/)Q

Al - N/(; 17>0 v (197XS)1{ L:l’y(ﬁ,xs) >6\/N}d8’
1 tN (thl,}/)2

A, = — ~ -V (¥.X..)1 N7

2 N/O 2 (797 s ) {hTWv”(ﬁ,XS)x\/N}d s (37>
1 tN (thl,}/)Q
= — - - 7 _ il
AS N/O 17>0 72 (197Xs )1{ @(ﬂ,xs_) <€\/N}dMs :

Note that EJ (|41]) = E2 (A1) = EY (Ay) = EY (|A2]). We prove below
that for any € > 0, EY (]4;]) — 0 as N — oo and then we deal with the
convergence in probability of As.

By condition A(7), we know that given ¥ € O, the integrand in A; is
uniformly bounded in X, by some d(d) > 0. We can then apply (H) to get

L (i) < LUy |

E

h'Vi7)?
17>0ﬂ (197 X) 1
v {

o
dx).
thl’Y(ﬁ,X) } /‘Loo( )

>€\/N

This integrand is bounded thanks to condition A(y) and converges to 0
as N — oo for any given x and ¢. We thus conclude by the dominated
convergence theorem that EY (|4;]) — 0 as N — 0.
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Concerning Az, since it is a centred martingale, we have for any a > 0,

1 1
P, (14s] > 0) < B2 (143]2) = 2, ((43)

where

1 N (hTV1’)/)4
= IO

2 N T 2
h'v
< 1V>Oﬂw,xs)ds.
N Jo
We can again apply (H) to the latest integral, thanks to condition A(7),
and we obtain

EY ((43)) < €C(x0, 9, h)

where C(xg,7,h) > 0. So for any a > 0 and any n > 0, we can choose € so
that PY (]3| > a) < n. For these choices, we can further choose N large
enough so that PY (|Ai| > a) < n and P% (JAs| > a) < 5, because for any
e> 0, EY (JA|) = EZ (|A2]) = 0 as N — oco. This entails the convergence
of AN to 0 in Pﬁo-probability.

Third step: Convergence of RY to 0 in probability.
Denoting by ¢ : z > —1 +— log(1 + x) — z + 2?/2, we have RN = R — Ry/2

with
tN
7(791\77 XS_) )
R, = / (— ~1)any,
' 0 i 7(797 Xs_)
tN 2 T 2
R, — / [V(ﬁN,Xs—) B 1} B { h Vw(ﬁ,Xs—)} ANT. (39
0 70, Xs-) VN (0, Xs-)

We start by proving that Ry tends to 0 in probability. Write Ry = [(f* —

g*)dN7 with obvious notations. We have by the Cauchy-Schwartz inequality
and the fact that (f + ¢)? = (f — g +29)* < 2(f — 9)* + 8¢7,

R < / (f — g)dN? / (f + 9)%dNT

< (Ju-grany) (s [ —orany+s [ ay).
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To prove the convergence of Ry, it is then sufficient to show that [(f —
9)%dN] = opy (1) and [ g?dN] = Opy (1). We have

E? / (f — 9)dN?

tN T 9
= EZO/ (M — 1= h VI/Y(’&,XS)) dN;Y (39)
0 7(?97Xs—) \/N ’7(197Xs_>
tN T 9
(W, Xy KT Viy(9, X,
ﬁ/o ( fi(év Xs>) R 71(1; xs>) 1907 (0, X, )ds,

which is exactly EY ((SV),), see (33). We have already proven that this term
tends to 0, so [(f — g)*dN] = opy, (1). Now, for any 1 > 0, by the Markov’s
inequality, we can choose M > 0 such that

1 1 ™ (WTV1y(9,X,))? t
P 2dNY > M | < —E? —/ LAD s ds ) < —C(9. h
xo(/g s> )_M x0<N 0 ’7(197Xs) S _MC< ) )<777

where C'(¢, h) is a positive upper-bound deduced from condition A (7). This
proves that [ ¢g*dN) = O[pvz()(].) and completes the proof that Ry tends to 0
in probability.

It remains to address the convergence of R;. For any ¢ > 0, we have
Ry = Ry1 + Ry with

tN
7(19N7X8_) )
R :/ (——1 1 (lawex dN?, 40
v P hex) T Yl 0)
tN
’7(19N7X8*) >
R :/ <p(——1 1o x N7, A1
S A TS iy R (LS S )

For Ry;, note that for any a > 0,

tN
PZ()(RH > (l) < on /0v ]_{

for any b < 1. This is because when b < 1,

( /O“H{ m}dmgb)

= | for all y-jump time T; < tN ,1{

7(19N,XS, )
F@X )

Y
1 >6}st > b) , (42)

YONX )
Y(0,X__)

IN,X,
'Y(NT_)

7
yO,X )
T

=0
>e}
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which implies that Ry; = 0 < a. Moreover

o = s o

>5} T H{|an Tt

>}

Using this and the fact that for any z, 1{|Z‘>5} < 46_2Z21{|Z|>£}, we get
2 2

tN
1 YN X ng
/0‘ { ng—l >e}
tN T 2
S 46_2/ (V(ﬁNaxs_) 11— h vl’Y(ﬁaXs—)) ng
0 7(197Xs*) \/N 7(197 XS*)

pT V19X )
VN A(8X__)

+4€—2 /tN ( h'T V17(Q9,X5))21
0o \WN 10.X) )
The first term is exactly 4”2 [(f — g)*dN7, as already studied in (39), and
the second term is 4¢72A4y (up to €/2 instead of ¢), see (37). Both terms
tend to 0 in ]P’ﬁo—probability whatever the value of € > 0. This proves that
the right-hand side term in (42) tends to 0 for any b < 1, which yields the
convergence of Ry; in Pﬁo—probability to 0.
For Ry, given by (41), we choose ¢ < 1 and since |p(z)| < 2[z|* for
lz| <1, we have

tN
7(79]\77 XS_)
Ry < / 2| ———= 1
2 0 7(’197 XS_) {

tN 2
< 26/ (M_l) AN
0 ’7(197 Xs*) °
This last term is 2e(Ry + [ ¢g*dN7) if we use as previously the notation
= [(f* — ¢*)dN] for R, given by (38). We already know that U :=
2(Ro+ [ g?dN7) is a Opg (1) as N — oo. This means that for any 7 > 0, there
exists M such that for N sufficiently large PY (U > M) < n. This implies
that for any a > 0 and 1 > 0, we can choose € small enough (¢ < a/M) so
that PY (eU > a) < Py, (U > M) < 7. So for any a > 0 and n > 0, we can
choose € so that Pﬁo(Ru > a) < n for N large enough. The same inequality
holds true for Ry; since we have proven that R;; tends to 0 in probability for
any € > 0. So Ry = Ry + Rq» tends to 0 in Pﬁo—probability, which concludes
the proof.

E}ng.

2

3
- 1 'y(ﬁN,XS,)

—x——1[<e
Y(0,X ) =

}ng
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B.2 Proof of Lemma 2

The proof follows the same scheme as the proof of Lemma 1. Consider

Remy, ,(t) = AP (tN) — MMWQ+%H X0 (t)h,

’Y

where M ,?W] ’ﬁ(t) is given by (10). The fact that M,g Y is a F,ny-martingale is a
consequence of Lemma 4. We deduce that

tN
M0 = [ Eﬁ%ﬁlwxwxmm,

tN vk )T
(M, k:7 N/ /1k7>0 (0, X, ¥)vy (X, dy )y (9, Xs)ds.

Starting from (27) and using the above representations we can decompose
Remf\zﬂh(t) as in the proof of Lemma 1, that is Rem?’&h(t) = SN+ AN+RY,
where

o /tN (ky(ﬁN,Xs—,Xs) M Vlkv(ﬁ,Xs—,Xs)) N
' 0 k’}'(ﬁ?Xs—;Xs> \/N kw(ﬁ,XS_,Xs) s

tN
— / / WV 1k (9, X, y)v, (X, dy)y (9, X, )ds,
0 FE

1w KV k)
A = [ [ T 0 %,y X s
2N Jo Je ky

1[N (WY k)’

- — X, X4)dN]
2N 0 k’% (/197 S S)d s

w X,-, X X,-, X
Ri\f:/ (log (k’y(ﬁNa s s)) _ k’y(ﬁN7 s s) +1
0

ky (0, X -, X5) ky (9, X-, X5)
1 (h"Vik,)’ .
ﬁk—?}/(ﬁ7xsfjxs) dNS

We show that each of these three terms tends to 0 in Pﬁo—probability as in
the proof of Lemma 1.
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First step: We have

tN T 2
[SiV] :/ (k’Y(ﬁN’XS>XS) —1— h vlk’Y@?:XsaXs)) ng
0 k’y(ﬁ’ X8* ) XS) \/N k’y(ﬁa Xs* ) Xs)

so that by Lemma 4 in Appendix C.2,

SN _ /tN/ ( 19]\77 say) —1— hT v1k7<197X8ay>>2
& (0, X,,y) VN k(9. X,,y)
X ky (0, X, ¥ )y (X, dy )y (0, X)ds.

Using the same inequalities as in (34) we obtain that

5 < B T (e L) 0. .00

where f];” is given by (7). We can then deduce that EY ((SV),) tends to 0 by
use of Conditions B(%,,7), (H) and the dominated convergence theorem, as
in the proof of Lemma 1.

Second step: The proof is identical to the second step of the proof of Lemma 1.
It consists in splitting the integrals in AY according to whether thv—vlk” (9, X, Xs)| >
eV N or not. The convergence of AY is then proved similarly, by use of Con-
ditions A (k,,7), (H) and the dominated convergence theorem.

Third step: The proof follows exactly the same lines as the proof of the third
step of Lemma 1 where (., .) is replaced by k,(., .,.) and Condition A (k.,~)
is used instead of Condition A (7).

B.3 Proof of Lemma 3

Remember that X, = {(ZE?TZ,, m®)} for allt € [T}, T;41], and that L(J, X1, 1,.,[)

is a shortcut for L(Z() m®) given by (5). Accordingly, we have

(0,Ti41-T3]°
o (i)
log L(9, X7, 7,,,]) = / 0, (9, X)) a, H (X,)dZ,” T
T;
1 Tit1
5 [ X (X0 X, ds,
T;
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where v, (9, X) stands for o,,(4, ZS_)TZ,, m®), with n = n(X,), and similarly
for a;1(X,). Then we have

L<79N7 X‘[Ti7Ti+1[)
L<197 X[Ti,Ti-H[)

) /Tm(@nwmx) 0 (0, X)) 4, (X,) (A2 . — 0,(9,X,)ds)

T;

log

Tit1
_ % / (B0 (I, Xa) — (0, X)) 0= (X.) (5 (9, X.) — B (8, X )ds.
T;

Consequently, we may rewrite (28) as

AP Z/ Lz, 1(8) (0 (O, X)) — 0 (0, X)) 0 (X ) dM P,

i
>0
1

S GG SEEACE SR SICHTAS SETATS STSNTE

where Ms(i) =0if s <0 and

P
0

We know that Z® is the solution of M n(z®, m®) given by (4), where
(z), m®) are such that X7, = {(z, m®)} and n = n(Xgz,). This implies
that (MS(Z)) is a martingale with respect to FZ”, the natural filtration as-
sociated to Z®. Note that (MS(Z)) is 1ndependent from T; and that F; is

generated by {TNt,XTNt, Zfé\fttzT ] Ty X, Z[(O)T_H T])% Lo er}. This im-
plies that for T; <t < Tj44, if s € [T}, 1],
i @) i
E(M{|Fo) = By T3, F27) = MOy,

S

while if s < T3, E(M".|F,) = 0.
Using these properties, we can easily verified that Mg’ﬂ given by (11) is
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a F;n-martingale. Similarly, since (M ®) fo an( Z( )du, we have

(M Z/ Lir ()10 (9, X)) T (X,)

i>0

X a,(Xy)a, (X)) (Xs) V19, (9, X, )ds

n

1 tN
- = / (V10 (0, X)) (X)) V,0,(8, X, )ds.
0
From this representation, (11) and (43), we have

1 1
Remfpp(t) = AL (EN) = KM (8) + SR )(Oh = S = SR,

where

Z/ Lrr (s (Uan,X) (9, X,)

>0

T
— Vi (9, X)) —— | a N (X,)dM D,
£ st

and
Ry :/0 <(17n(19N,X) 0 (9, X))  a (X) (0 (I, X)) — (9, X))
_ NhT(Vlvn(ﬁ X)) ra —1(XS)V1@n(19,XS)h> ds.

Let us prove that both S} and R} tend to 0 in P% -probability. For S},
using the Markov inequality and the fact that EZ ((SN)?) = EZ ((S})), this
boils down to proving that EY ((S{¥)) tends to 0. We have, since a,, = 5,57,

VN

(SN) = /OtN (van,Xs) (0, X,) —vlvn(ﬁ,xs)i)T =1 (X,)
« (z‘;n(ﬁN,Xs)—fan(z?,X) V0 (9, X )

)

2

/tN
0

5-71(Xs)_1 (En(ﬂNa Xs) - @n(ﬁa XS) - vlﬁn(197 Xs)

7o)
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Using the same argument as for (34), we get

hll? w — - move h
(SNy < %/0 15.,.(X,) 1H2 o (Xs,%) ds.

where f3°* is given by (8). We then deduce that EJ ((S™);) tends to 0
thanks to the dominated convergence theorem, using Conditions B, sve and
(H) as in the first step of the proof of Lemma 1.

Concerning RY | note that

2

RN = /0 160(X) ™" (Ba(0, X)) — 08, X))

RS SRALACS S1 A

that reads [(||f|I* — |lgl|*)ds with obvious notation, so that using the same
argument as in the third step of the proof of Lemma 1 (term Ry), it suffices to
show that [ ||f — g||*ds = o(1) and [ ||g||*ds = O(1) in P2 -probability. But
the former is exactly (SV) studied above, that has been proven to converge
to 0 in probability. And the expectation of the latter is bounded by use of
Condition A,,ove, proving that it is O(1) in P;’;O—probability. This concludes
the proof.

C Ancillary results

C.1 Conditions for geometric ergodicity

The following proposition provides some conditions ensuring the hypothe-
sis (H), namely non-explosion and geometric ergodicity of the BDMM pro-
cess. It is based on the study conducted in [14] for birth-death-move processes
(without mutations). The arguments in presence of mutations are similar and
sketched below. The conditions include the technical assumption that the
process is Feller. This property is discussed in [14] and proved for several ex-
amples of transition kernels that include all examples of this paper, provided
the underlying spatial state A is compact. The other conditions deal with
the intensity functions of the jumps. First, the total intensity function « is
assumed to be bounded, to avoid explosion of the process. Second, the death
intensity function ¢ must compensate in a proper way the birth intensity
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function . Notably, the ergodic properties do not depend on the inter-jump
move process, neither on the mutation dynamics. We introduce the following
notation:

Bn = sup B(x), 0, = inf 6(x) and o, = B, + On. (45)

XEEn XEEn

In fact the conditions of geometric ergodicity below are exactly the same as
the conditions of ergodicity for a simple birth-death process (7;)¢>o on N with
birth rate (/3,,) and death rate (6,,), as established in [11]. This is because to
address the ergodic properties of a BDMM (X;);>0, we construct a coupling
between (Xi);>0 and (1:)i>0, in such a way that 7, = 0 implies X; = .
Consequently () becomes a positive recurrent state for (X;);>o whenever 0 is
a positive recurrent state for (7;);>0, which implies the geometric ergodicity

Of (Xt)tZO'

Proposition 1. Let (X¢)i>0 be a Feller BDMM process with a bounded in-
tensity function a. Suppose that 6, > 0 for allm > 1 and one of the following
condition holds:

() there exists ng > 1 such that 5, = 0 for any n > ny, (46)

(it) Bn >0 for alln > 1, Zﬁ 6n1<ooandz

O ﬁn -

(47)

where B, and 6, are defined by (45). Assume moreover that

> 51 6“<oo and 3N >0, st.¥n >N, By < Ony1.

n=2 n
Then (H) is satisfied.

As mentioned above, following [25] and [14], the proof of this proposition
is based on a coupling between (X;)i>o and (7:):>0, where the latter is a
simple birth-death process with birth and death rates given by (45). We
detail below how we construct the coupled process C; = (X¢,m¢). This is a
straightforward generalisation of the construction in [14], where we account
for the presence of mutations. Specifically, C' is a jump move process on
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F x N with intensity function & and transition kernel K defined as follows.
The intensity function & : £ x N — R, is given by

3 ] ax)+ o, if x € E,,, m#n,
alx,n) = { Bn+0(x)+7(x) ifx€E,.

Letting K be the kernel given by (21), the transition kernel K takes the form,
for any A C E:

1. fxe B, m#n:

R(xni 4 x () = -2k )
R((xom: o) > {n 1)) = s
R{(xom: x} x {n = 1) = =
2. Ifxe E, :
K((x,n): Ax {n+1}) = dfﬁ‘;>f(ﬂ(x, A);
R((x )i  fn 1)) = 22280
K((x,n); Ax {n—1}) = d<5 s, A)
R((xm)i A {n) = "2 =80 Ky, A)
R((em)i A x n)) =~ (x, ),

a(x,n)

The inter-jump move process of C' is in turn a simple independent coupling
between the move Y of X and a constant move on N (i.e. y, = yo for all
t>0).

The fact that the above construction is a proper coupling, in the sense
that X and 1 do constitute the marginal distributions of C', can be proven
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exactly as in [14] for the case without mutations. On the other hand, the
key point is that if at some point, C; = (X, 1;) is such that n(X;) < 7, then
by the above construction, n(X,) < n, for all s > ¢, almost surely. By this
property, 7, = 0 implies X; = @ and the geometric ergodic conditions for n
stated in the proposition, coming from [11], are sufficient for the geometric
ergodicity of X. The rigorous proof of these claims can be found in [14].

C.2 A useful martingale

The following result is useful in the proof of Theorem 2 in Section B. It is
proven in Lemma 54 of [20], the BDMM being a particular case of a jump-
move process (see the proof of Theorem 1 in Section A). It is also stated
under a slightly different setting in Proposition 3.3 (b) of [18].

Lemma 4. Let (Xy)i>0 be a BDMM process on E, let g be a measurable
bounded function defined on E X E and introduce for any t > 0

t t
Mt* :/ g(X57Xs)ng_/ P)/(Xs)\/g<XsaY)k’Y(XS7Y)V’Y(XS7dy)ds‘
0 0 E

If NJ < oo for any t >0, then (M} );>o is a Fy-martingale.

References

[1] AtHrEYA, K. B., AND NEY, P. E. Branching Processes, vol. 196.
Springer Science & Business Media, 2012.

[2] BALSOLLIER, L., LAVANCIER, F., SALAMERO, J., AND KERVRANN,
C. A generative model to simulate spatiotemporal dynamics of
biomolecules in cells. Biological Imaging 3 (2023), e22.

[3] BANSAYE, V., AND MELEARD, S. Stochastic models for structured
populations, vol. 16. Springer, 2015.

[4] BOULANGER, J., GUEUDRY, C., MUNCH, D., CINQUIN, B., PAUL-
GILLOTEAUX, P., BARDIN, S., GUERIN, C., SENGER, F., BLAN-
CHOIN, L., AND SALAMERO, J. Fast high-resolution 3D total inter-
nal reflection fluorescence microscopy by incidence angle scanning and
azimuthal averaging. Proc Natl Acad Sci USA 111, 48 (2014), 17164
17169.

46



[5]

[6]

[10]

[11]

[12]

[13]

[14]

[15]

BRIANE, V., KERVRANN, C., AND VIMOND, M. Statistical analysis of
particle trajectories in living cells. Phys Rev E. 97, (6-1):062121 (2018).

BRIANE, V., VIMOND, M., AND KERVRANN, C. An overview of dif-

fusion models for intracellular dynamics analysis. Briefings in bioinfor-
matics 21, 4 (2020), 1136-1150.

FATTLER, T., AND GROTHAUS, M. Strong feller properties for dis-
torted brownian motion with reflecting boundary condition and an ap-
plication to continuous n-particle systems with singular interactions.
Journal of Functional Analysis 246, 2 (2007), 217-241.

HOPFNER, R., AND LOCHERBACH, E. Limit theorems for null recurrent
markov processes. Univ., Fachbereich Mathematik, 2000.

IBRAGIMOV, H. M. Statistical estimation: asymptotic theory, vol. 16.
Springer Science & Business Media, 2013.

JAQAMAN, K., LOERKE, D., METTLEN, M., KuwATA, H., GRIN-
STEIN, S., SCHMID, S. L., AND DANUSER, G. Robust single-particle
tracking in live-cell time-lapse sequences. Nature methods 5, 8 (2008),
695.

KARLIN, S., AND MCGREGOR, J. The classification of birth and death

processes. Transactions of the American Mathematical Society 86, 2
(1957), 366-400.

KLEBANER, F. C. Introduction to stochastic calculus with applications.
World Scientific Publishing Company, 2012.

KuTOYANTS, Y. A. Statistical inference for ergodic diffusion processes.
Springer Science & Business Media, 2004.

LAVANCIER, F., LE GUEVEL, R., , AND MANENT, E. Feller and
ergodic properties of jump-move processes with applications to inter-
acting particle systems. to appear in Journal of Applied Probability
(arXiv:2204.02851) (2024).

LAVANCIER, F., AND LE GUEVEL, R. Spatial birth-death-move pro-
cesses: Basic properties and estimation of their intensity functions. Jour-
nal of the Royal Statistical Society: Series B (Statistical Methodology)
83, 4 (2021), 798-825.

47



[16]

[17]

18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

LIPTSER, R. S., AND SHIRYAEV, A. N. Statistics of random processes
I: General Theory. Springer Science & Business Media, 2001.

LoCHERBACH, E. LAN and LAMN for systems of interacting diffusions

with branching and immigration. In Annales de I’Institut Henri Poincare
(B) Probability and Statistics (2002), vol. 38, Elsevier, pp. 59-90.

LocHERBACH, E. Likelihood ratio processes for markovian particle sys-

tems with killing and jumps. Statistical inference for stochastic processes
5,2 (2002), 153-177.

LuscHGY, H. Local asymptotic mixed normality for semimartingale
experiments. Probability theory and related fields 92, 2 (1992), 151-176.

MANENT, E. Propriétés de Feller, d’ergodicité et inférence non-

paramétrique du processus jump-move. PhD thesis, Université Rennes
2, 2023.

MasubpA, N., AND HoLME, P. Temporal network epidemiology.
Springer, 2017.

M@LLER, J., AND SORENSEN, M. Statistical analysis of a spatial birth-

and-death process model with a view to modelling linear dune fields.
Scandinavian journal of statistics 21, 1 (1994), 1-19.

PEcor, T., BouTHEMY, P., BOULANGER, J., CHESSEL, A.,
BARDIN, S., SALAMERO, J., AND KERVRANN, C. Background flu-
orescence estimation and vesicle segmentation in live cell imaging with
conditional random fields. IEEE Transactions on Image Processing 24,
2 (2014), 667-680.

POMMERENING, A., AND GRABARNIK, P. Individual-Based Methods
in Forest Ecology and Management. Springer, 2019.

PrRESTON, C. Spatial birth and death processes. Advances in applied
probability 7, 3 (1975), 371-391.

RENSHAW, E., AND SARKKA, A. Gibbs point processes for studying the
development of spatial-temporal stochastic processes. Computational
statistics € data analysis 36, 1 (2001), 85-105.

48



[27] SADAHIRO, Y. Analysis of the appearance and disappearance of point
objects over time. International Journal of Geographical Information
Science 33, 2 (2019), 215-239.

28] SCHUHMACHER, D., AND XIA, A. A new metric between distributions
of point processes. Advances in applied probability 40, 3 (2008), 651-672.

49



	Introduction
	Definition of the BDMM process
	State space
	Dynamics of a BDMM process
	Elements of the model and examples
	Intensity functions
	Transition kernels
	The inter-jumps motion


	LAN property
	Likelihood of the BDMM process
	LAN
	Examples

	Simulations and data analysis
	Simulation study
	Data analysis

	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3

	Ancillary results
	Conditions for geometric ergodicity
	A useful martingale


