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Proofs of some technical results

Proof of Proposition 5.1. The first two inequalities are recalled from Clément and Gloter (2020), here,
we only need to prove the last one. First, we note that

1/n 1/n
Byt (1) = /0 Db (&5 (. 1), 1) ey (s ) s + /0 (04b) (&5 (x. ), ) ds,

1/n 1/n
Gerne = [ bl e s+ [ BHE 100 g0

1/n

2 o 0,0,b 0 d 9%b d
+ /0 (D000 (€5 (. 1), 1)y (6, ) s+/0 (820) (&5 (x, ). ) ds,

1/n 1/n
Opé1jn (X, 1) = /0 Oxb (&5 (x, 1), ) D (x, pr)ds + /0 Ozb (&5 (x, 1), p)Dgés (x, p)ds

1/n

1/n
+ [ @) E ) e s + [ SR (0,6 ) s
0 0

1/n
+3 /0 (u03b) (&5 (x, 1), 1) (B (x, 1)) dls

1/n

3 v d2o.b d d a3b d
+ /O (D20.5) (€5 (6, 1), 1) Dy (v, 12) s+/O (83b) (& (x, 1), ).

Therefore, we get

1 I/n 1
102€1/n (1) = — b, )] < /0 b (&5 (x. ), 1GE5 (. p1) =~ b (x, )l ds + IR ()],

where

R (1)
1/n

1/n
Beb(ExCea ) s+ [ B2b(Ex (oo ) ) B2Es (oo p)ds

JO

1
~Lo3ben) [
n JO
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1/n

I/n
+ [ @0 E ) e s + [ b)) (046 () s
0 0
1/n 1/n
+3 /0 (3p02b) (&4 (100, 1) (B (5, ) s + 3 /0 (820.b) (&4 (3, 1), 1) (B (x, ) s

1/n
+ /0 [(azb) (& (x, ), 1) — sz(x,u)]ds.

Now, for some s € (0, 1/n), since b(.) is Lipschitz, we have
s S
el =ler [ bt vl < lit+ [T OO+ Dy,

e =+l [ @ G as] < Clxl+ s [ Cléu e =xlav,
By Gronwall’s lemma

€5 (e, )] < (x| +Cs)e€s,  and |&;(x, 1) — x| < C(|x] + 1)se<,  5€(0,1/n). (5.18)
Then, from Assumption (A) and Gronwall’s lemma again, we have

sup  sup  Opén(x ) < C(1+1x|P)/n (5.19)
eryoke{l,2,3}

for some p > 0. Thus, from Assumption (A) and Jensen’s inequality for convex function x € [1, c0)
x™, m > 1, we easily deduce that SUPe v, |Rn ()| < C(1+]x|P)/n? for some p > 0. Finally, combined
with Gronwall’s lemma, we then obtain (5.2). O

Proof of Theorem 5.2. First of all, let us denote 1,,(s) = L”—;J for any s € [0, 1] and we introduce for
any g >0

I =1 - ZAJsﬂﬂAbeq},

s<t

T, =inf{t >0:|AJ;| > q}

and X9 the solution of the following SDE:

t t
bed =x0+/ b(Xg,/,to)ds+/ a(XL_,o0)dJl, te[0,1]. (5.20)
0 0
In a natural way, we denote by X7 the associate scheme, for any i € {0, 1,...,n — 1}, we denote
v4 _ v4 ~v4 q q
X,in+1 = §,in+1_,in (Xtin,/.l) + a(Xzin, O-)(Jt."l - Jt.”)' (5.21)

Let g > 1 and p > 2 be fixed. It is standard that

E( sup |X/|P) < +oo. (5.22)
tel0,1]
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Concerning the scheme, we also have for any ¢ > 1 and n

E( sup  [Xin|P) <Cyp. (5.23)
i€{0,1,---,n} '

Indeed, letn > 1 andi € {1,2,---,n— 1} then we have

1

V4 V4 n V4 ~v4

th =Xt.”+/0 b(é:s(Xt_"’NO)a,UO)ds+a(Xz,"’O'O)(Jan1 _thn)
i i i i+ i

i+l

e — a
=xo+/ b(fu—n,,(u)(X?,n(u),ﬂo),#o) du+/ a(XZn(u),O'o)dfg
"

n
ti

Let us now introduce the process Z defined by
! 4 " o—q
vVt e [0,1], Z; =xo+‘/0 b(gufnn(u)(Xnn(u)’/‘l())’:u()) du+/0 a(an(u)’O'O)thZ

so that for any i, Z;» = Y?n and so

Vi€ [0,1],Z; = sup |Zs| > sup|Xinl. (5.24)

s€[0,t] i
Following for example Protter (1992) Section 1.4, we know that J4 admits the following decomposition:

JE=MT + A9, (5.25)

with Mtq = fot /Iz\ <q ZzN (ds,dz), where N is the compensated Poisson measure with Lévy measure
|z|++ﬁ31[—q341(z)dz' M4 is a martingale belonging to all the L? spaces and A9 is a finite variation
process such that its total variation satisfies

7 z

Then since coefficients a and b are Lipschitz w.r.t. variable x and thanks to estimates (5.18) and (5.24),
we have:

t P t P
|Z:|P SC(|x0|p+(/ (z:;+C/n)eC/"du) +(/ (1+z;;)du)
0 0

p)
where constant C above but also below denotes a constant which may vary from line to line but does
not depend on ing e nequali 6) in Lemma ee also (Kunita

(5.26)

+ sup
s€[0,¢]

A
/O a(Xy, () 00)dM;!
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2004, Theorem A.3)) we have:

p)
1 — 5 22 pl2
./O /lz‘gqla(xnn(u)’o—())l |Z|1+dedb

N ) r/2
(/[; |a(X]]n(u),0'0)| ds)

t
SC(1+E90 [/ (ZE)Pdu
0

Eg,

s —
sup /Oa(X(f]n(u),o—O)dM,Z

s€[0,7]

E ' x? P2 4a
+56, [/0 ./\z|5q|a( Tln(u)’(TO)l |z|1+8 was

t Ja—
+Eg, [/O |a(X‘f]n(u), 0'0)|pds])

)

< C(Ego

<C

Eg,

t —
< CEq, UO |a(XZn(u),0'0)|pdu
(5.27)

From this we easily get that
t
Vee 0,11, Ba [Z)") < €O+ [ Ba[(Z)7)d

which ensures by Gronwall’s Lemma that Eg, [ (Z])7] < Cy,p-
Clearly, on N, = {T, > 1}, X; = X! as. forall € [0,1] and X = X?. As limy_4c0 Py, (T, < 1) =0,
we only need to prove that for any g > 0,

sup n® In, — 0, (5.28)
n—oo

0eVA™ (60)

n—-1 1
o F R (Gh(@) = [ XS 0,000 s (g5 (1)
= 0

in probability under Pg,. This is implied by the following convergences in probability,

RS g <4 i Fag
sup 0| S L (X 0) = f (K 10, 00) 18 (5 (6))] Ly =30, (5.29)
0V (69) i=0 ! '
|15 i i Fay
sup - ¥ Z f(X,ln,,uo, o0)[8p(zn(0)) ~ 8p, (zn (00)) ]| 1N, —> 0 (5.30)
0evi™ (6y) i=0
1 n-1 — ) PHO
n® o Z(:) f(X,in,.uo, o0)lgp, (zn(60)) —Eeo(gﬁo(fl))]‘ o0 (5.31)
=
1 n-1 " 1 n-1 PBO
& 3 _ q _
n® 0 D Rios 00) = 0 D S (X a0, 00)| =2 0. (5.32)
i=0 i=0
-1
1 1 P,
el q _ q _
|5 2 Koo v [ oo, awas| =5 o (53)

‘We remark then that

Z;(Qo) =n1/’80(./tiril _]tl."),

————[E1/n (X, p0) + a(Xyn, 00) (Jyn = Jin) = €1y (Xyn, )]
a(Xtin,O') L 13 i+ L

2(0) =
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and that if 8 € V" (6p), then
| — pol < n'>"YPo(logn)?, |o— ol <Cypn~?lognand |B - Byl <Cypn~?logn.  (5.34)

For (5.29) we remark that

1 n-1 . _ )
Boo| sup 1| [f (Ko 0) = F (X 0. 00) 185 (25, (6))| Ly,
0ev{™ (6y) i=0

< Eg, (C(l +sup [Xyn|?) (log ) (n' /21 /Pore +n”2+8>|gﬁ<zi,<e>>|nzvq)
14

< C(l +E90(St}p |an|2[7))1/2(1 +E00( S(LIE) |Z;(9)|2K]qu))1/2(10gn)2(n1/2—1/ﬂ0+£+n—1/2+s)
' 0V, (6o)

SC(logn)Z(nl/Zfl/ﬁ(ﬁé‘+n71/2+8) — 0,

n—+oo

where x may be chosen in ]0,3/2[ thanks to the assumptions made on gg. The last line follows by
adapting (Clément and Gloter, 2020, the proof of (4.11)) which ensures that ]Ego(|z§t(90)|k|7-}in) <C,

forany k <Boand  sup |z () -z} (6o)|1n, < C (1+ X7 17) (1412, (60)]) (log n)%/+/n, for some
eV (60) '

j > 0. To prove (5.30), we proceed similarly by splitting the difference gﬁ(zﬁl(e)) - gﬁo(zfl(eo)) into

two parts: gﬁ(zil(H)) - gﬁo(zﬁl(é’)) and gﬁo(zﬁl(é’)) - gﬁo(zz(&))) using the fact that f is Lipschitz

w.r.t. variable x. For (5.31), let £ = ng‘lf(fgn,,uo,0'0)[g,go(zf,(00)) —Eq,(g8,(J1))], we simply use

the fact that z/,(6o) = n'/Bo (Jz.'ﬁr T J’i") L J1, using one more time the fact that f is Lipschitz we have:
154
nE, (1) =0, nEo,((€1)*Fp) = > f(Xin, 1o, 00)*Var g, (gp,(J1)) = 0

in probability. We then conclude that 377" &7 tends to 0 in probability using the results in Jacod and
Protter (2012), Section (2.2.4) for triangular array. For (5.32), we note that

m
XZ." - thn =Zti" - thn = L (b(é:u—nn(u) (X‘;IM (u)qu)’ ,u()) - b(Xg»/lO)) du
tn

+ /O C(@(X? e 0) —a(Xi, 00))dJd.
Then, we separate the first integral in the r.h.s. into three parts concerning the differences
b(Eu-1 (u) (Y?,n(u),#o),#o) - b(Y?,n(u),#o)
b(X 'y, () H0) = D(XZ o)
b(X) (y+H0) = b(Xi[. po)

and we shall do similarly for the second integral. Now, thanks to the Lipschitz property of the coefficient
functions x — a(x,0y) and x — b(x, ug), we can easily recycle the arguments from (5.26) to obtain

gy sup Xy, () = X/ ) =0(n"),

SETUT]
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Finally, using Lipschitz assumption on f and Cauchy-Schwarz inequality, we have

E (n6

For (5.33), we rewrite the considering error as follows

1 n—1 —y 1 n—1
- Zf(xtin,,uoﬁo) - Zf(xguﬂ()»o-())

i=0 i=0

) — 0.
n—+oo

né‘

1
[0, 00 = K a0 s

and its convergence to zero in probability is directly using a part of the arguments for (5.32).

Finally, for (5.4), it is deduced from (5.3) when By < 1 and by same arguments above similar to (Clé-
ment and Gloter, 2019, the proof of Theorem 3.1 ii)) when By > 1.

O

Proof of Lemma 3.8. To begin with, let us denote 7,,(s) = % for any s € [0, 1] and
BY~1y/1 oy [
Fale) =P . X) =y B [ 10Xy, 0,0,

Py
Let us first prove that (v/n/logn)F, (0p) is tight. Indeed, we know that sup +n|X,, (s) — Xl =0
s€[0,1]
and we rewrite

B2 11,1 20 !
Fu(o) =P vn<p,X>—ﬂp(ﬁn)/o la(Xy.0)[Pds + 0p(1)

and we conclude thanks to (Todorov, 2013, (21)) its tightness with the rate v/n/logn. Then, we prove
that any sequence (5'2 ,n > 1) belonging to V, (a neighborhood of oy defined in assumption (A))
that solves F, (o) =0 is consistent and eventually unique. To do so, using (Jacod and Sorensen, 2017,
Theorem 2.7.a), since F, (0q) converges to zero in probability, we need to verify the following two
conditions:

(i) There exists F' defined on A compact subset of V-, continuously differentiable, such that F (o) =
0 and oy is the unique root of F(o) =0.

(i) The following convergence in probability holds

sup |0gFy(0) =05 F(0)| — 0,

o€eA
and d, F (o) is non-singular with probability one.

For this proof, we choose

o 1 6
F(or) = pip (Bo) / /0 o (X u)dsdu.

al-r

Py,
For this choice, the criteria (ii) is straightforward from the fact that ,E?l = Bo. Considering (i), it is
i is the unique solution o o) = 0 since from those assumptions on the
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o 1
0
/ / la-ll (Xs,u)dsdu=0 o =o0y.
oo 0o a P

function a,

Moreover, we prove that l'(‘)lg/:l (0 — o) is tight. From Taylor’s formula and F,, (c0) = 0, we have
Fulo) = ~pap (BY) / 20 (X0 u)ds (33— o)

where &, lies between 6—2 and oy. Then, using the consistency of 5',9 proven above and the tightness of]
(v/n/logn)F,,(0q), we complete the proof. O

Proof of Theorem 3.9. Inspired by the work in Bayraktar and Clément (2024), using (Jacod and
Sorensen, 2017, Theorem 2.7.a)), for the consistency and uniqueness, we need to verify the follow-
ing two conditions:

(i) There exists G defined on A, continuously differentiable, such that G, (ug) converges to zero in
probability, G (ug) = 0 and g is the unique root of G (u) = 0.

(ii) The following convergence in probability holds
sup Iaan(,u) - 6/1G(,U)| -0,
HEA
and 0,,G (1) is non-singular with probability one.

For some n > 0, we set

w" = {(a B):

\/_ (O’—O’o)
logn B-=Po

< n} .
First, we prove the second assertion (if) by setting

0.b (X
o= [ [ b2 e 502, (1)
Ho

a(XS ’ 0—0)2
Here, we denote

20(0) =20 (X, Xop |, 0) and 1,(6) = =03 £ (6; X).

Since ( ﬁn) € W(n), we know that ,8n > 1 as. for any n large enough. We have 0,G,(u) =
n'~ z/ﬁ”fl 1,79, B2) where
LN (w50 BY)
-1 -1
_ B Z Fp1jn(Xips ) (2 (050, ) Z (Ot jn(Xyn, )2
a(X,n 0',9) a(th 0.0)2

0 hﬁ(zn(ﬂ ﬂn))

i=0 =0
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We rewrite 0,,Gn (1) — 0uG (1) = Ap () + By (1), where

"3 (O (Xens 1))? 50 0 Oub(Xs, p)? 5
uEDY A Oe T - / e B U, (),
2E1n (Xpn, 1)
Bo() = - n'~ VP Z ) 50 B,

i=0 a(Xt" 0—2)

Py, Py,
Our aim is to prove that sup ¢ 4 [An (1| = 0and Sup e |Bn (1| = 0. To do so, we first prove that

1
SUp [9&1/n (0, 1) = =B (x, )| < C(1+ |x|P) [,
MHEA n

1
sup |05 €1/n (X, 1) = =0 (x, )| < C(1+ [x|P) /n?.
MHEA n

Indeed, under our assumption (A) and our additional assumptions on the regularity of the coefficient
function b, the proof is classic and can be obtained by Gronwall’s lemma, similarly to the proof of
Proposition 5.1. Thanks to these results, we can replace a,’;gl,,, (x,u) by %8l’jb(x,,u) for k € {1,2} in
the expressions of A, (u) and B, (u), the error for this replacement is negligible.
For A, (u): We rewrite this term as the sum of the two following terms

o (Db (Xipo )
n1<u>——§TA2’;2(azhﬁ< {150 BD) - g, (2L (60)).

1 (Bub (X, 1)) U ,b(Xs,
nzm)—nZ e Aé;z hpo (25(60)) — / (;ﬁ Sld E(h2, (J1)).

i=0

The convergence to zero of sup, ¢4 |A, 2(p)| can be deduced using the assumptions on the regular-
ity of functions a and b and similar arguments as for (5.29) and (5.31). Here, we only take into ac-
count the term A, ;(u). For this, we separate the difference into two parts: d,hg(Z; ! (u, 00, AO)) -
0 hpy (2 (1,09, BY)) and ;hg, (Z: (1,50, BY)) — 8. hp, (2, (89)). First, since dgd, hg(z) is bounded
for any values of 8 and z large enough, by intermediate value theorem, we have

logn

|02 hg (2, (1, G0, BR)) — Bz hg, (2, (1, 70, BO))| < C—— i

(5.35)

Second, since 522, hg(z) is bounded for any values of 8 and z, again by intermediate value theorem,

a(Xn, 00) ‘ Ein(Xins po) = E1yn (X, 1)
t Z;(90)+nl/ﬁ')’ [n\ At [n\At]

— 5 (9) = [ n/Ba=11Bo
Zu(B0) = | a(X 50 ) a(X,n,50)

2 (1,70, BY)
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and assumption (A), we have

|0 hgy (2 (11,50, BO)) = 2 hgy (Z(00))| < ClZ (11,50, BO) — 2, (60)

a( X, o Xn, X,
< c |86 (X;n,00) 1|12 (00)) + /7 51/n( i1 H0) = &1 /n(Xpn, p1)
a(th a',(,)) a(Xtin,O'n)
_C | 1/Bn—1/Bo
< n'Pn - Da(Xn,00) +a(Xyn, 09) — a(Xen, 07 0
a(Xzi",Ar?)(( ) ( 1] 0) ( 7] 0) ( 1] (0)| (5.36)

10 |Eun K o) = E1yn (Ko )
a(thvar(t))

|

< C(1+ X, |P>(“°j;‘) 12 (00) | +nV/Ph- )

| ~ 1Ba=pol
30

for some p > 0. The last inequality is obtained by nl/Ba=1/Bo _ , the assumption (A), the

intermediate value theorem using the Lipchitz property of a and an ac(i)agting result from (5.19) with
our additional assumptions on the function b. Therefore, under our assumptions on the regularity of a
and b, for triangular array combined with the fact that Eg, (|2, (6o)| S|Fn) < C for § < By by (Clément
and Gloter, 2020, the proof of (4.11)), the convergence to zero of sup #EA |An,1(p)| is guaranteed from
(5.35) and (5.36).

For B,,(u): Since hg(z) is bounded for any values of 8 and z big enough, from our assumptions on
the regularity of the coefficient functions, we have

n-1
Z1-1/3° + P
sup | By () < Cn ™' 7P (14 X P') 0.
HEA i=0

Thus, we obtain (ii). Considering the assertion (i), by the definition of G, we see immediately that
G (up) = 0. In addition, ug is the unique solution of G (u) = 0 thanks to the assumption non degeneracy

Py,
that there exists s € [0, 1] such that 9, b(X,, u) # 0. Now, it rests to prove that G, (uo) = 0. To do so,
by Taylor’s expansion, we have

Gn(uo) = n'=2P03,6, (uo, 00, Bo; X)

+n1_2/'80/ (I % (ug, 00 + (00 = o), ﬁ0+f(,3n ,30))) (o- _O-O)dt. (5.37)
o \Z13(uo, 00 +1(@0 = 0). Bo + 1 (B2 = Bo)) | \Bo -5

From this, on the one hand, from (Clément and Gloter, 2020, section 3.2.1.), n! ~2/Fo 0uln (1o, 00, Bo; X)
is tight and converges to zero in probability. On the other hand, from (Clément and Gloter, 2020, section
3.2.2.), we have

su _—
oy || 1P Togn \ ! (uo,crﬁ)
(op)ew T

1 (f”mo,oﬁ) H
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is tight and since

sup n'/logn (0-—0'0) (logn)? sup Ak
2/B-1 - =Y Bo-172
(opewenll wEL A= Fo B e
(logn)? 2
< nl/ﬁo—_mexp((log”) /Nn) — 0,

the second term in the Taylor’s expansion above converges to zero.
1/Bg-1/2
n

(logn)2 (/791 — uo), we proceed as follows. Since Gn(ﬁg) =0, by Taylor’s

Now, for the tightness of
expansion, we get

1
_9/R0 —~
Gn(po) = —n'~%/Pn /O 02 (pto + 1 (A9 — p0), 50, BY: X)dt (S — o).

Then, reusing the decomposition of G, () in (5.37) and its arguments for its convergence above, com-
bined with yo-consistency of 7') proven above and the fact that n'=2/Bo 63‘{’,, (uo+1 (120 — uo), 8,9,,52; X)
converges to non-singular 711 () in probability uniformly from (Clément and Gloter, 2020, section
3.2.2.), the proof is completed. O

Some more numerical results

Here, we give additional histograms for the same numerical tests discussed in Section 4 on the model
(SR) (4.2) and the model (4.4).
For the square root model (SR):

o o o
[} [=} [}
o o o
> 9 > 9 > 9
2o 2o 2o
§ § § o
o 9 o 9 o 9
[} [} [}
o} o} o}
© Q ©
o} o} o}
-4 -2 0 2 4 -4 -2 0 2 4 4 -2 0 2 4
o1 Vi ~0 (©) V(B -
@ UZ,nP0 2 (7 - o) ®) fogn (Tn = 00) N = Fo)

asymptotic normal distribution with efficient variance given by (4.3)
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(@) U2 nPo 2 (), — o) ®) ogn (T = @0) (© VB = Fo)

Figure 6: Distributions of the re-scaled errors of one-step estimation (OS) and comparison with their
theoretical Gaussian limits
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Figure 7: Distributions of the re-scaled errors ofthe maximum likelihood estimation (MLE) and com-
parison with their theoretical Gaussian limits

For the model (4.4):
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Figure 8: Histograms of the re-scaled errors of moment estimation (ME) and comparison with the
asymptotic normal distribution with efficient variance
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Figure 9: Histograms of the re-scaled errors of maximum-likelihood estimation (MLE) and comparison
with their theoretical Gaussian limits




