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Abstract

In this work we study the stability, convergence, and pressure-robustness of discretization meth-
ods for incompressible flows with hybrid velocity and pressure. Specifically, focusing on the Stokes
problem, we identify a set of assumptions that yield inf-sup stability as well as error estimates which
distinguish the velocity- and pressure-related contributions to the error. We additionally identify the
key properties under which the pressure-related contributions vanish in the estimate of the velocity,
thus leading to pressure-robustness. Several examples of existing and new schemes that fit into
the framework are exhibited, and extensive numerical validation of the theoretical properties is
provided.

Key words: Hybrid approximation methods, Hybrid-High Order methods, Hybridizable Discon-
tinuous Galerkin methods, Inf-sup stability, Presure-robustness
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1 Introduction

In this paper we study the stability, convergence, and pressure-robustness of discretization methods for
incompressible flows with hybrid velocity and pressure. Specifically, focusing on the Stokes problem,
we identify a set of assumptions that yield (standard or generalized) inf-sup stability as well as error
estimates which distinguish the velocity- and pressure-related contributions to the error. We additionally
identify the key properties under which the pressure-related contributions vanish in the estimate of the
velocity, thus leading to pressure-robustness in the sense of [37]]. Several examples of existing and new
schemes that fit into the framework are provided.

The use of hybrid finite element approximations of the velocity and discontinuous approximations
of the pressure for incompressible flow problems dates back to the seminal contribution of Crouzeix
and Raviart [21]. This kind of approximations lend themselves to particularly simple and elegant
proofs of the inf-sup condition based on the existence of a B-compatible interpolation operator; see,
e.g., [7, Section 5.4.3]. Combined with ideas originating from Discontinuous Galerkin methods, these
approaches later gave rise to a variety of methods [11]], including Hybridizable Discontinuous Galerkin
methods [16} |18, 19, 35], Hybrid High-Order (HHO) methods [1}, [9, 23| [28]], and nonconforming
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Virtual Element methods [2, 40]. More recently, some authors have pointed out the interest of using
hybrid approximations for both the velocity and pressure [3} 8, |31, [38]]. When appropriately tuned,
the resulting methods can yield an H(div)-conforming approximation of the velocity without post-
processing. Crucially, this is achieved while converging one order faster than methods with Brezzi—
Douglas—Marini (BDM) or Raviart—-Thomas—Nédélec (RTN) velocities at elements but no velocities at
faces. This faster convergence is obtained while solving algebraic systems of comparable size, even
when comparing with hybridized versions of the methods above, since all the internal velocity and
pressure unknowns can be eliminated by static condensation. Another crucial advantage with respect to
such classical methods is that the extension to the non-Newtonian case does not require to increase the
stencil. When only BDM or RTN velocities at elements are used, the discretization of the viscous term
hinges on Discontinuous Galerkin techniques. In the non-linear case, this typically requires the use of
a consistent gradient incorporating the jumps, the stencil of which extends to neighbors of neighbors
in the sense of faces; see, e.g., [4} |13, 22]]. Finally, as pointed out in [8]], methods with hybrid velocity
and pressure are well-behaved in the quasi-inviscid limit. This point is currently being investigated in a
paper in preparation, where the methods presented here are extended to the full Navier—Stokes equations
and Reynolds-semi-robust and pressure-robust error estimates are derived.

The goal of the present work is precisely to provide a rigorous framework of analysis for methods
with hybrid velocity and pressure focusing on the Stokes problem. To this purpose, we use as a starting
point a fully discrete presentation closely inspired by HHO methods and the Third Strang Lemma of [24]].
The discrete pressure-velocity coupling hinges on local reconstructions of the velocity divergence and
the pressure gradient obtained mimicking integration by parts formulas. The key to the discretization
of the viscous term are, on the other hand, a velocity gradient and a stabilization bilinear form. The
description of the scheme is completed by prescribing a velocity interpolator at elements. Starting
from an abstract scheme based on the above ingredients, we identify inclusion relations of the local
pressure spaces into the local velocity spaces that guarantee stability in the form of a generalized inf-sup
condition. A standard inf-sup condition is recovered when the discrete velocity divergence and pressure
gradient satisfy a global discrete integration by parts formula for interpolates of smooth velocity fields.
We derive error estimates that distinguish the velocity- and pressure-contributions to the error. Such
error estimates turn out to be pressure-robust when standard inf-sup stability holds, as well as suitable
inclusion relations between the local velocity and pressure spaces. This abstract framework is applied
to derive new pressure-robust error estimates for the original Botti-Massa scheme of [[§]. A similar
analysis of the Rhebergen—Wells method of [38] is also carried out, providing alternative proofs of the
findings of [31]]. Finally, new schemes are also identified and analyzed, both on standard and polyhedral
meshes, and extensive numerical validation of the theoretical properties is provided. More specifically,
we propose a new scheme using RTN velocities inside elements that displays the same orders of
convergence and pressure-robustness properties as the Botti-Massa scheme, but with fewer unknowns,
as well as a scheme that works on polytopal meshes. While the latter scheme is not pressure-robust, we
are confident that a variation using a submesh for the element components could be.

The importance of deriving velocity error estimates independent of the pressure has been pointed out
in several works; see, e.g., [33} 34} [36]]. A classical strategy for achieving pressure-robustness consists
in using stable mixed methods with H(div)-conforming and divergence-free approximate velocities
[30]. This strategy has been, in particular, pursued in the context of Discontinuous Galerkin methods
[20L 32, 39]. Recently, it has also been suggested in [32, |33] that pressure-robust techniques can
be used to remedy the suboptimal approximation results for non-Newtonian Stokes problems [6 [10].
Pressure-robust methods supporting general polyhedral meshes and based on local H(div)-conforming
reconstructions on simplicial submeshes have been explored, e.g., in [15, 29]. Recent works have also
pointed out that pressure-robustness on polytopal meshes can be achieved without using a submesh
[5, 26]. The key idea consists in starting from weak formulations with velocity in H(curl) and using



a Helmholtz—Hodge-compatible interpolation of the right-hand side. This approach comes with both
advantages (since it does not require the use of a submesh) and drawbacks (potentially more expensive
spaces, non-standard boundary conditions).

The rest of this paper is organized as follows. In Section[2]we set the stage of the paper by introducing
hybrid spaces, interpolators, and reconstructions of quantities in terms of the hybrid unknowns. In
Section [3| we state an abstract discretization method for the Stokes problem and prove (generalized) inf-
sup stability of the pressure-velocity coupling. A full stability and convergence analysis of the scheme
is provided in Section[d] Applications of the framework to existing and new schemes are considered in
Section[5] Finally, a numerical assessment of the predicted convergence rates and pressure-robustness
properties is provided in Section [6]

2 Hybrid spaces, interpolators, and reconstructions

2.1 Mesh and notation for inequalities

Let Q c RY, d € {2,3}, denote an open bounded polytopal domain. Denote by My, = (75, 1) a mesh
of the domain € in the sense of [25, Chapter 1], with 7, collecting the mesh elements and ¥}, the mesh
faces. Notice that the term faces refers to (hyper-)planar portions of the element boundaries, i.e., faces
when d = 3 and edges when d = 2. Additional assumptions on the shape of the elements may be needed
for specific methods in Section (5| The set of faces is partitioned into the sets T}; of internal faces and
7—'}? of boundary faces. For each mesh element 7' € 7}, we denote by ¥ the set of faces that lie on its
boundary 97T and, for any F' € ¥, we denote by nrp the unit vector normal to F pointing out of 7. For
each internal face F € 9’-‘2 we additionally fix once and for all an orientation through the unit normal
vector ng. For boundary faces, we select ng pointing out of Q.

When stating convergence results, we assume that M, belongs to a sequence of refined meshes
indexed by the mesh size /. Inequalities that hold up to a multiplicative constant independent of % are
denoted with the < sign, and we furthermore write a ~ b in place of “a < b and b < a”. When writing
local inequalities on a mesh element or face Y € 7, U ¥, the hidden constant is additionally independent
of Y.

2.2 Hybrid velocity and pressure spaces

We consider methods where the velocity and pressure are both approximated using hybrid spaces, i.e.,
spaces spanned by vectors of local functions attached to both element and faces:

X ur| x| X Uk, Bh:=(><PT)>< X Pr,

TeT, FeF, TeT, FeF,

U, =

where Ur ¢ H'(T)4 and Pr ¢ H'(T) for all T € 7}, with P7 containing at least constant functions on
T, while Up ¢ L*>(F)? and Py ¢ L?>(F) for all F € F,. We assume henceforth that these local spaces
are spanned by (piecewise) polynomial functions in order to use discrete inverse and trace inequalities.
Following standard conventions in the framework of fully discrete methods, we denote the restrictions
of the above spaces and their elements to a mesh element 7' € 7, by replacing the subscript # with T

2.3 Interpolators and projectors

We denote by Iy 7 : H'(T)Y — Uy the interpolator onto Ur and by Iy r : L*(F)¢ — Up the
L2-orthogonal projector onto Ur, and set, for all v € H' (Q)?,

Ty v = ((Iy,rv)1e7;,, (TU,FV)Fes,)-
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Similarly, we denote by Ip y : LZ(Y ) > Py,Y € 7, U ¥y, the L2—orth0g0na1 projector onto Py and set,
forall g € HY(Q),
Ipwq = (Upr@rem, Up.FQFes,)-

Notice that, while Iy r, Ip 1, and Ip f are all Lz-orthogonal projectors, we leave more freedom for
Iy, as it will be needed in the analysis of certain methods in Section[5] Specifically, we only make the
following continuity requirement: For all v € Hé (Q)4,

1Ly v llin s IVl @) (1)

where the H ' -like seminorm || - ||; » on is such that, for all v, € ,
here the H'-lik aonU, h that, forall vy, € U,
2 . 2
th”l,h = Z ”KTHI,T
TeT,

: 2 . 2 -1 2
with 1o, 15 7 3= 1997 gyaca + r' Y WvE = vrll}spa forall T € 7.
FeFr

2

The L2-orthogonal projector on a space X different from the component spaces will be denoted by 7y.

2.4 Discrete velocity divergence
Let the discrete velocity divergence Dt : U, — Pr be such that, forall v, € U,

/DTET qr = — / vr - Vqr + Z (vF-nrr)qr Vgr € Pr. 3)
T T

Ferr U F
Assumption 1. For all T € 7, it holds
1. VP c Ur and nyp, o Iyt = nyp, with myp, Lz—orthogonal projector onto VPr;
2. trp Pr C Up - nyp forall F € Fr.

Proposition 1 (Commutativity of D). Under Assumption|l|\we have, for all v € H'(T)4,

Drly, v =1pr(V-v). “)
Proof. Apply the definition (3) of Dy to v, = I .V hotice that, by Assumptionm Iyt and Iy F can
be cancelled from the right-hand side, and integrate the latter by parts. |

2.5 Discrete pressure gradient
We next define the pressure gradient Gy : P, — Ur such that, for all 4, €EP,,

/GTQT VT = — / qr (V-vr) + Z qr (vr - nTF) Vvr € Ur. )
T - T

Ferr U F
Assumption 2. For all T € 7, it holds
1. V-Ur C Pr;
2. Ur -nrp C P forall F € Fr.
The proof of the following result is analogous to that of Proposition

Proposition 2 (Commutativity of G7). Under Assumptionwe have, for allT € 5, and all g € H'(T),

GT!P,Tq = ﬂUT(VQ)- (6)
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3 Hybrid discretizations of the Stokes problem

In this section we formulate an abstract approximation scheme for the Stokes problem: Given f : Q —
R, findu : @ — R? and p : Q — R such that

—vAu+Vp = f in Q,
V-u=0 in Q,
u=>0 on 0Q, (7

=
Q

where v > 0 denotes the kinematic viscosity. Throughout the rest of this work we assume f € L?(Q)¢
and focus on the standard weak formulation of problem with velocity u € Hé ()¢ and pressure
p € L(Z)(Q) = {q e L*(Q) : fQ qg= O}. The velocity approximation will be sought in the following
subspace of U, incorporating homogeneous Dirichlet boundary conditions:

Qh,O = {((VT)TG’Ea (VF)FE‘F;,) S Qh cvp=0forall F € 7’;?} .

To define the discrete space for the pressure, for all q, € P, weletgy, € L?(€) (not underlined) be such
that (gp)|7 == qr forall T € 7}, and set

Pyo= {Qhefh 3 ‘/961h=0}-

3.1 Pressure-velocity coupling
Let by : U, x P,, — R be such that, for all (v,, qh) eU,xP,,
u0,) = 35 brlgsdy) with br(ur.,) = [ Gra - ®)
€n

We note for future use the following equivalent reformulation of b holds:

bn(vy.q,) =~ Z /TDTKTCIT+ Z Z /F(VT—VF) -nrr (9F — q1)- ©)

TeT, TeT, FeFr

To prove (9), we write

bi(vyeg,) B2 Y

—/TQT(V'VT)+ Z /QF(VT‘nTF)}

T€'771 FeFr F
= Z /VCIT'VT+ Z /(qF—qT)(VT-nTF)] (10)
Te, YT Ferr Y F
@Z _/DTKTqT-'-Z/(VT_VF)‘”TF(‘]F_CIT)],
TeT, T Ferp VF

where the second equality is obtained integrating by parts, while, in the third equality, we have addi-
tionally used Y.7cq; 2Xpes f »(VF - nrr)qr = 0 (since v is single-valued at interfaces and it vanishes
on boundary faces).



Let us now consider the stability of the pressure-velocity coupling. To this purpose, we define the
boundary pressure seminorm | - |o,5, : P, — R such that, for all q, € p,,

1,180 = . la I8 p withlg 37 = hr > llgr = qrlis forall T € 7. (11)
TeT, Fe¥r

Assumption 3. Forall (v,q,) € H'(Q)4 x P,, it holds

Sivp.n(v.4,) = Z /(IU v — Iy Fv) - nrr (qF — q1) = (12)

TeT, FeFr

Throughout the rest of the paper, we let

5o 0 if Assumption [3|holds,
" |1 otherwise.

Notice that the quantity Sipp, 5 (v, 4, ) measures the failure to satisfy a global integration by parts
formula, and therefore corresponds a conformlty error in the usual finite element terminology.

Lemma 3 (Inf-sup and generalized inf-sup conditions). Let Assumptionmhold and set, for all 4, € P,

1

2

lg, llen = (nqhan(g) + ) 13IGTa I
TeT,

Then, for all q, € P, o, we have the following (generalized) inf-sup condition:

bh(Vhe q )

g, llens  sup +6lq, lo.n, (13)

voeU, 0oy 12l
which reduces to a standard inf-sup condition when Assumption 3| holds.

Proof. Let q, € P, o and, for the sake of brevity, denote by $ the supremum in the right-hand side of
(T3). Since g, € L%(Q), the continuous inf-sup condition yields the existence of

vg € Hy(Q) such that V- vy = g5 and |[vgll g1 @y S lgnllz2(o)- (14)

Let w, € U, be such that wr = h% GTqT forall T € 7, and wg = 0 for all F € ¥}, and notice that, by
discrete inverse and trace inequalities,

1
2
lwyllin < (Z 1|Grq ||L2md) . (15)

TeT,
We have

I, "8 [(7 v 0+ bu,a,)

Z /IP r(V-vg) gr +bn(w;.q,) = Z /(DTIUTVq)LIT+bh(Wh,q )

TeT, TeT,

e =bn(Ly pvq-4,) +6 Z /(IU Vg = lU.Fvq) - nrF (qF = q1) + ba(w),, q,)
TE?;, FGTT

< $lLy pvgliin + 011y ,vallinlg, lon + Slwy

@ @, @3
< (8461, lon) gl e+ Sllwylln < (54614, lo) g, Ips

6



where, in the first inequality, we have used the definition of supremum for the first and third terms and
Cauchy-Schwarz inequalities along with the definitions (2)) of || - ||;., and (I1) of | - |o,5 for the second
term. Simplifying, the conclusion follows. |

3.2 Viscous terms

Let a local space X7 spanned by tensor-valued polynomial functions be given. The discretization of
the viscous terms is based on the velocity gradient E7 : U, — Xt such that, for all vy, € U, and all

TEZT,
‘/TETKTZT=—‘/TVT~(V'T)+Z/VF-(THTF) (16a)

Fe¥Fr F

= -/TVVT ST+ Z vk —vr) - (tnrF). (16b)

Ferr*F

Assumption 4. The following holds:

1. V- 2r cUr and ny.5; o Iy = 7tv.5p;

2. Xrnyp C Up forall F € Fr.

The proof of the following result is analogous to that of Proposition
Proposition 4 (Commutativity of E7). Under Assumptiond} it holds, for all v € H'(T)4,

Erly v =ns, (V).
We letay : U, x U, — R be such that, for all (w,,v,) e U, xU,,
an(wy,,v,) = Y ar(wy, vy) with ar(wy, vy) = /T Erwy : Ervp +st(wy,vy), (A7)
TeT,

where st : U, X U, — R is a (possibly zero) symmetric positive semi-definite stabilization bilinear
form.

Assumption 5. The following uniform norm equivalence holds with || - ||; 5, defined by (2):
1
Ivullin = an(v,,v,): Vv, €U,
3.3 An abstract hybrid scheme

We consider the following hybrid discretization of problem (7)): Find (u,,, Eh) € U, X Py, o such that

th(zh,ﬁh) + bh(zh’ Bh) = ./g;f *Vh VK;, € Qh’o,

~bn(uysq,) +6v'dn(p,.q,) =0 Vg, € Py

(18)

where v, € L>(Q)¢ (not underlined) is such that (vi)ir = vr for all T € 7}, and the bilinear form
dp : P, X P, — Ris such that

dh(l_’h,gh) = Z dT(BT,gT) with dT(BT,gT) = hr Z F(pF —pr) (qr — gr) forall T € 7.
TeT, Fe¥r



Reference Assumption

1. VPr c Ur and Ty py © IU,T =nvpr

Assumptloni forall T € 7, 2. trgp Py C Up - nyp forall F € Fr
R 1.V-Ur cPr
Assumpt10nz forall T € 7y, 2. Up -npp C Ppforall F € %7
Assumption 3 for all (v, q,) € H' Q) X Py, Eivp.n(v, 4,) =0
. [] 1.V-2r cUr al’ldﬂ'V.ZTOIU,T:ﬂ'V-ZT
Assumptloni forall T € 7y, 2. Yrnpp C Up forall F € Fr
Assumption - lln = an(, )2

(a) Summary of the assumptions used for the analysis.

Reference Result Required assumptions Optional assumptions: Consequences

Lemma Stability and No need for pressure stabilization

Lemma Error estimate and Pressure-robustness

(b) Roles of the assumptions in the analysis of the scheme (T8).

Table 1: Summary and roles of Assumptions

. s 2 2

Defining the bilinear form Ay, : [Qh X Bh] — R such that, for all ((w,,,7;,), (gh,gh)) € [Qh X Bh] ,

AWy r)> vy q,)) = van(wy, vy) +ba(vy,ry) = bn(w,. q,) + 6v‘1dh(zh,gh), (19)
problem (I8) can be equivalently reformulated as: Find (u,,, Eh) € U, o X Py, o such that

A0, ) e, )= [ Foon V0,0, €Uy %Py 0)

4 Analysis

This section contains the stability and error analysis of the scheme (I8)). A summary of Assumptions[IH3|
and of their respective roles in the analysis is provided in Table[I]

4.1 Stability

The norm used for the analysis is || - ||, : U, X P, such that, for all (gh,zh) eU,xpP,

Nl—

1@ v = (VI + v g, 135+ 677 g, 18,) 1)

This map defines anormon U, , X P, , when 6 = 1. We assume that this is also the case when 6 = 0.
We note the following discrete Poincaré inequality on hybrid spaces, which can be proved reasoning as
in [25, Lemma 2.15]:

Willz@ye < Mwallin Yo, € Uy (22)



Lemma 5 (Stability of the scheme). Under Assumptions[Ijand[3} the following uniform inf-sup condition
holds: For all (Kh,gh) €U, oXPyo

An((wy,, 1), (v, 9,))
(W, r)llv.n S sup . (23)
g, U <Py M 00) N g )l

Hence, problem (18)) (or, equivalently, (20)) admits a unique solution which satisfies the following a
priori estimate:

1
Iy p My s V72 fllL2(0)a - (24)

Remark 6 (A priori estimate). Following, e.g., [14, Section 2.3], in the right-hand side of (24)) we could
replace f with the irrotational part of the forcing term.

Proof of Lemmal5] Let (w,,r,) € U n.0 X Pj, o and denote by $ the supremum in the right-hand side of
(23). Taking (v, q,) = (W.r)) in (19) and using Assumption we get
V”mh”ih +ov! |Eh|(2),h < ﬂ((ﬂh’fh)a (Kh’fh)) < $||(Kh’fh)”v,h~ (25)

By the (generalized) inf-sup condition on by, we have, on the other hand,

1 1 bn(vy.ry) 1
v 2r,llpr S Vv7Z sup — =R sy 2|, lo,n
veeU, Moy vpllen
ﬂh(w r )7 (V 90)) - Vah(W 14 ) 1
™ sup Wyt Th Y Wy vy +6v e, o (26)
vy €U, o \{0} VEHKhHl,h

1 _1 1 1
S S+v2llwllin+6v72rylon < S+ 821wy, rp)ll; s

where we have used Assumptionalong with the symmetry of a, to write ap,(w,,, v,,) < llw, [l1nllv, |16
in order to pass to the third line. Squaring (26), using the fact that (@ + 8)> < 2a? + 28° for all real
numbers @ and S to bound the right-hand side, and summing the resulting inequality to (25), we obtain

2 2 2 2
Wy r )55 S 87+ 81wy, r)llvn < Ce$S™ +ell(wy,, ) s

where the conclusion follows from the generalized Young’s inequality ab < ea® + Cb? valid for all
€ > 0. Taking € = % and simplifying, (23)) follows.

The a priori estimate (24) follows classically from this inf-sup condition along with the discrete
Poincaré inequality (22)). |

4.2 Error estimate

Lemma 7 (Error estimate). Let (u,,.p,) € Uj, o X P, , solve (18) (or, equivalently, (20)) and let the

weak solution (u, p) € Hé (Q)4 x LS(Q) of the Stokes problem (7)) be such that p € H'(Q). Then, under
Assumptions|[l| 4| and[3] it holds

1 _1
”(Zh —!U,hu,gh _lp’hp)llv,h SviE, +vTiE, (27)

with

=

&, = Z (hT||Vu - nzT(Vu)lliz(aT)dxd + ST(!U,T”’ZU,T“)) +6 sup Sibp,h(u,gh) ,

LT €Ty 4,€Py, g, lo.n=1
(28a)
_ 1
2
Ep = Z 7y, (Vp) - GTZP,TPHiz(T)d + 5|!p,hp|(2),h (28b)
| TeT,




Remark 8 (Pressure robustness). If Assumption [2]is verified, the first contribution in &, vanishes by
(). On the other hand, § = 0 if Assumption [3]holds, which implies that the second contribution in &,
is zero. Therefore, if both Assumptions[2]and 3|are met, recalling the definition 1)) of || - ||,.,, we infer
the following error estimate for the velocity from (27):

||Zh _ZU,h””l,h < Eu.

The right-hand side of does not depend on the viscosity nor on the pressure, showing that the
method is pressure-robust.

Proof. Denote by || - ||, the norm adjoint to || - ||, 5 in U, 0 X Py o- By [24] Theorem 10], the inf-sup
condition yields the following basic estimate:

”(Zh _!U’hu’gh _lp’hp)”v,h < En (s ')”v,h,*, (29)

where the consistency error linear form &, : U, ;X P, ; — Ris such that, for all (v, qh) €U, yXP o
Enryq,) = [ 10 = ALy it Lp ) (0,)

=v (— / Au — ah(lU,hu,zh)) +/ Vp-vi=br(vy,,1p ,p)
Q Q

11 I2
+ bh(lU,hu, gh) +ov~! dp (!P,hp, gh)’

(30)

Z3 14

where we have used the fact that f = —vAu + Vp almost everywhere in Q (cf. (7)) along with the
definition (I9) of Ay, to pass to the second line. We proceed to estimate the terms in the right-hand side.
For the first term, reproducing the steps of the proof of [25, Lemma 2.18(ii)], we obtain

1 1 €D
T s v28uvrllv,lin £ v28ull(vy- g, )llv.n- (31)

Expanding bj, according to its definition (8), we can write for the second term:

T= ) /(HUT(VP)—GTZP,TP)'VT
Teq, T
1

2

_1 1

<v z(z ||nUT(Vp)—Grzp,Tpniz(T)d) va|lvall 2@y
TeT,

(32)
28b,@ 1 1 @ 1
s v 2Epvilvllie < v72Ep (v g ) v s

where the insertion of 7y, in front of Vp in the first line is possible since v € Ur, while, to pass to the
second line, we have used Cauchy—Schwarz inequalities on both the integrals and the sums.
For the third term, we have

, G o 1 en
T, 040 —TZ/:- ‘/TWQT"'Sibp,h(uazh) < v28uv2lg, lon < v2Eu (v, g, ) llv.ns (33)
€n
where the cancellation is a consequence of the commutation property (4) (valid since Assumption
holds).

10



Finally, for the fourth term we use Cauchy—Schwarz inequalities and again the definition (II]) of
| - 0. to write

_ @8e), @ _ s
Ty <ov lpyplonla,lon < v 28 1 q, ) v (34)

Gathering the estimates (31), (32), (33), and (34) in (30) and passing to the supremum over
(V4 4,) € Uy X Py g such that [|(v,,, g, )llv,n = 1 gives
1 _1
NERC, My he S VIEL+VTIE,.

Plugging the above estimate into (29) yields the conclusion. |

S Applications

In this section we apply the framework above to existing and new schemes.

5.1 Preliminaries
5.1.1 Local full polynomial spaces

For a given integer £ > 0, we denote by IPZ the space of d-variate polynomials of total degree < ¢, with
the convention that ]P;l := {0}. Given a mesh element or face Y € 7, U F7,, we denote by P¢(Y) the
space spanned by the restriction to Y of the functions in ]Pfl.

5.1.2 The Brezzi-Douglas—Marini space

Let an integer £ > 0 and a triangle/tetrahedron 7 be given. We denote by xr a point inside 7" which,
when T is an element of a mesh belonging to a refined sequence, we assume at a distance ~ hy from the
boundary. Let

x—xp)tPNT)  ifd =2,

gf(T) — VP5+1(T), Qf(T) = ( T) , (1 ) S

(x —x7) xPU(T)’ ifd=3,

where L indicates a rotation of —Z.. For £ > 0, the Nédélec space of the first type is
NT) = g (T) @ GL(T).

For any £ > 1, the BDM space is BOM (T) := P¢(T)? equipped with the interpolator
H'(T)4 = BDM(T) such that, for all v € H'(T)4,

14 .
BDOM,T *

VF < 77, [ Wappizr-mrera= [-merg vge PR, (35w)
F F

‘/TIéDM,TV'W:'/TV'W vw e NOTHT). (35b)

Remark 9 (L?-orthogonal projections of the BDM interpolate onto full polynomial spaces). Since
P=2(T)4 ¢ N~I(T), condition (35b) implies, in particular,

Tpe-2(T)d © IgﬂM,T = pe-2(T)d. (36)

We also notice that the interpolator preserves the average value, i.e., forall £ > 1,
ol ¢ =
Tpo(ryd © Lgpm,r = TPO(T)d-

11
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For ¢ > 2, this is a straightforward consequence of (36). For ¢ = 1, we start by noticing that, for all
v e BDOM'(T) and all g € P1(T) N L(T),

where the cancellation follows noticing that V - /! somr’ € PO(T) and recalling that ¢ has zero-average
on T. Since Vg spans P°(T) as ¢ spans P (T) N L2(T), this concludes the proof of (36) for ¢ = 1.

5.1.3 The Raviart-Thomas—Nédélec space

For any integer € > 0, let rot := V* and define

f+1 : _
RU(T) = {“’tp (r) ~ifd=2, RE(T) = (x — x7)PC~N(T).

curl P ifd = 3,
For any ¢ > 1, the Raviart-Thomas—Nédélec space is
RTINT) = REN(T) @ RUT),

furnished with the interpolator IZ : HY(T)? — RTN(T) such that, for all v € H'(T)?,

RTN,T *
VF < 77, [ v nrora= [ 0onrerg Vg e PCUR), (T
‘/TI%TN’TV w= /Tv -w vwe P (37b)
It is clear from that
Tpe-arya © gy r = Tpt-2(rya- (38)

Using the previous relation for £ > 2, it is also clear that the Raviart-Thomas—Nédélec interpolator
preserves the average value of the interpolated function on 7. This is not the case, however, for £ = 1.

5.1.4 The rectangular Brezzi-Douglas—-Fortin—-Marini space

Let T denote a rectangle (if d = 2) or a rectangular parallelepiped (if d = 3). For any £ > 1, the
Brezzi-Douglas—Fortin—Marini of space of [12] is

BDFMET) = PLT)\ PL_(T)?,

hom

where, letting y := x — xr, the space Pf Om(T)d is defined as

; 0
span{ | 22 || ifd=2,
0 Y

Prom(D)? = ¥ ¥5 0 0 0 0
span 0o [, 0 [, yf , yg | 0 [,] O if d = 3.
0 0 0 0 yh v



The previous definition ensures that, for v € BOF ME(T) and F € F7, the normal trace (v - alla

belongs to P~ (F). The space BDF M (T) is endowed with the interpolator /¢ sormr 1 W14 -
BDF ME(T) such that, for all v € H' (T)“4,

VF € 1. [ aprsiay-nrera= [(nrrra Vg e PUIF).  (39)

F
/TI%D(FM’TV w = /Tv W ywe P9 (39b)

It is clear from (39b) that 7pe-2(7)a © IBDTM 7 = Tpt-2(T)d.
5.1.5 Stabilization
Let a mesh element T € 7}, be fixed, denote by X7 = |1T| fo the center of mass of 7T, and, for all

F € Fr, let drp = dist(x7, F). In the context of HHO methods, the local stabilization bilinear form st
in (T7) hinges on a velocity reconstruction 7 : U; — Wr for a vector-valued polynomial space Wr,
defined by

/VrTgT :Vw = —/VT “Aw + Z /vF - (Vwnrr) Vw € Wr, (40a)
T T Fer F
if Iyt = ,
/ vy = {0 dr E R BT T AR (40b)
T YFes fF vE  otherwise,

with | - | denoting the Haussdorff measure.

Remark 10 (Preservation of the average value of affine functions). To check that the second condition
in (40b) ensures that fT rrly v = fT v for all v € P1(T)9, we write

d
/rTIU TV Z TF/ /v(x Xr) TR
T FeFr FeFr
1 1
:_‘/VdiV(x_)_CT)-FW:‘/V’
d T T

where we have noticed that drr = (x —x7) -nyp for any x € F in the second equality, used an integration
by parts in the third equality, the fact that Vv € PO(T)?*¢ along with /T Xr = fT x in the cancellation,
and noticed that div(x — X7) = d to conclude.

One then obtains sy penalizing the following quantities:
6TKT = IU,T(rTKT - VT) and 6TFZT = IU,F(rTKT - VF) forall F € 7:T (41)

The expression for the local stabilization bilinear form sy : U, X U, — R used in the numerical
examples of Section [6]is: For all (w;,v;) € Uy x Uy,

sT(Wp,vy) = ﬂrh}2/5TET'5TKT+ Z hE1/5TFmT'5TFZT, (42)
T = F

where the purpose of A7 = card(%r) % =~ 1is to equilibrate the volumetric and boundary contributions;
cf. [23]. Many other choices for s are possible, the only requirements being that the dependence on
the arguments is via the difference operators 67 and 07, F € F7, and that the scaling in A7 is the same
as that of (42)). We refer to [25, Chapter 2] for a more general discussion highlighting the key properties
of HHO stabilizing bilinear forms and further examples.
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5.2 The Botti-Massa method

We assume here that M}, is a standard matching simplicial mesh that belongs to a regular sequence. The
original Botti-Massa method of [§] corresponds to the following choice of spaces for a given polynomial
degree k > 0:

Ur = BOMMUT), Ur =PXF), Pr=PXT), Pr=P(F), (43)

along with the local stabilization (#2) obtained reconstructing the velocity in Wy = P¥*1(T)4. The
space X7 can be taken equal to VP! (T)4 or P*(T)9*4. Notice that the expression of §7 is actually
simpler in this case: observing that r7v, — vy € P*(T)9 for all y,. € U, and that Iy 7 = Igzl)M,T
restricted to Pk“(T)d is the identity, we can simply write 67v, = rrv, — vr. This stabilization
classically satisfies Assumption [5] as well as the other standard properties of HHO stabilizations; see
(25, Chapter 2]. For the polynomial consistency property, in particular, we use the fact that ry o I,

coincides (component-wise) with the elliptic projector of [25, Definition 1.39].

Lemma 11 (|| - ||, ,-norm). The map || - || » defined by with§ = 0is anormonU,, (X P, , with
local spaces given by (A3).

Proof. Itsuffices to show that, forall (v, , gh) €U, oXPy 0 (v, zh) l,n = Oimplies (v, gh) =(0,0).
We start by noticing that ||v, [|1,, = O classically implies v, = 0 (see, e.g., [25, Corollary 2.16]) and that
||thlp’h = 0 implies g7 = 0 and GTqT =0forall T € 7. It only remains to prove that gr = 0 for all

F € Fr. To this purpose, we notice that, for all w € BDOMK! (T), accounting for the fact that vy = 0,

0= / Grg,-we / qr (w-nrr). (44)
T F

Fe ?T
Taking w such that w - np = g for all F € 7 (possible by virtue of (33)) concludes the proof. O

Theorem 12 (Properties of the Botti-Massa method). Let My, denote a conforming simplicial mesh.
Then, the method of [8|] verifies Assumptions Moreover, assuming that the weak solution (u, p) €
H(l) (Q)4 x L(z)(Q) of the Stokes problem (7)) satisfies the additional regularity u € H"**(T;)¢ for some
r€{0,...,k} and p € H(Q), it holds, for the error components defined by [28),

Eu < Wl gre (g ya and &, = 0,

Proof. Let us consider Assumption [I] for a generic mesh element T € 7j,. To check the first point, we
start by noticing that VPy ¢ P*~1(T)4 ¢ 8D M**(T) and then apply nyp, to (B6) with £ =k + 1 to
write Ty p, © Tpk-1(ya © Iy, = TV P, © Wpk-1(ya, NOtice that Ty p,. © Tpk-1(7ya = Ty py since VPr is a
subspace of PX~1(T)9, and recall that the composition is associative. The second point in Assumption
is straightforward noticing that trp Pp = PK(F) =Up - nrp.

Assumptionis trivial to check since we have, for all T € 7, V - BDM*(T) = P¥(T) = Py and
BOMMNT) - npp = PH(F) = Ppforall F € F7.

Letv € H)()?. To check Assumption we notice that, by with€ = k+1, Ing])M,TV ATE =
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Tpksi gy (v - nyp) forall T € 7;, and all F € Fr and write

Sivp.n (v, q,) = Z Z ‘/F (W(V "NTF) = Tpk (pyaV - nTF) (gF — q1)

TE(];,FETT
= Z Z /(V_”Pk(F)dV)‘nTFQF_ Z Z /[V'HTF—ﬂ¢k(F)(V'nTF)] qr
TeT, Ferr Y F TeTy Fegr ¥
= Z /[[(V—"Pk(F)elV)qF]]F'nF+ Z /(V—ﬂsok(F)dV)'nFqF
Fe7} F FeFp F
— Z Z /[v'nTF_ﬂPk(F)(V'nTF)] qT:O,
TeT, Ferr Y F

where the cancellation of the projector in the first line is made possible by the fact that gz —g7 € P**1(F),
while, in the third equality, we have denoted by [ -] 7 the jump operator defined consistently with ng and
used the fact that Tpk(pydV - NITF = Tpk(F) (v - nrr) since faces are planar (hence nrp is constant on
F). The conclusion follows noticing that the jump vanishes since the quantity inside it is single-valued
at interfaces for the first term, the fact that both v and 7« (yav vanish on boundary faces for the second
term, and the fact that, by definition of 7ok (f), [v “nrE = Tpk gy (V -nTF)] is L*(F)-orthogonal to
qr|F € Pk (F) for the last term.

The first point in Assumption @ follows noticing that V - 7 ¢ P*~!(T)? c Ur and invoking
with £ = k + 1. The second point is straightforward observing that Xrnyr = PX(F)4 = U.

Finally, we have already noticed that Assumption [3]is verified.

Let us now move to the estimates of the error components. The fact that &, = 0 is a consequence
of Remark[8] Concerning &,, we have

82 = Z hT”VM - ﬂZT(Vu)”iz(aT)dxd + Z ST(ZU’Tuy ZU,TM) =3 +3. (45)
TeT, TeT,

By the approximation properties of 7y, € {mypk+i (7)a, Tpk(pyaxat, T1 S hr+]|M|Hr+2(7;1)d. To es-
timate the second term as I, < A"+ |u| Hr2(7;,)d> WE can reproduce verbatim the argument of [25}
Proposition 2.14], which is not affected by the different choice of Ur and Iy 7. m]

5.3 The Rhebergen—Wells method

Let M, be as in the previous section and an integer k > 1 be fixed. The Rhebergen—Wells method of
[38]] applied to the Stokes problem is based on the following spaces:

Ur = BOMX()?, Up =PXF), Pr=P*YT), Pp=PKF),

andweletly r =1 fz; ppp forallT € 7. The choice for the space X7 is not explicit in the original paper,

but we can take 7 = P 1(T)¥*4 or Tp = VPK(T)4 to fit the method into the abstract framework
developed in the previous sections. For any T € 7}, the original form of the local viscous bilinear form
reads: For all (w,v,) € U, XUy,

ar(wWy,vy) = /TVWT :Vvr + Z /(WF —wr) - (Vvrnrp) + Z /(VWTnTF) ~(vP=vr)

Ferr YF Ferr v F

+n Z hEI/F(WF—WT)'(VF—VT),

Fe TT
(40)

16



where . > 0 is a stabilization parameter to be chosen large enough. Noticing that both Vwr and
Vvr belong to P¥~1(T)9*4, we can use the definition (T6H) of E7 with (vy»7) equal to (W, Vvr)
and (v, Vwr) to express the second and third terms respectively as /T(ETET — Vwr) : Vv and
fT Vwr : (ETv; — Vvr). Substituting into (46) and rearranging, we get

ar (W, vy) =/EMT : Erzr—/(EmT—VWT) L (Ervp=Vvr)+n ). gt /(WF—WT)-(VF—VT)-
T T Fe¥r F

This brings us to the expression (17) with

ST(WpsVy) = = ‘/T(ETKT = Vwr) : (Ervy = Vvr) +7 Z ! /F(WF -wr) - (ve—vr). @47)
Fefr

The results stated in the following theorem are consistent with the analysis carried out in [31].

Theorem 13 (Properties of the Rhebergen—Wells method). Let M;, denote a conforming simplicial
mesh. Then, assuming that n > (d + l)Ctzr with Cy discrete trace inequality constant (cf., e.g., [27),
Lemma 1.46]), the Rhebergen—Wells method verifies Assumptions[IH3] Moreover, assuming that (u, p) €
Hé (Q)4 x L(z)(Q) solving the Stokes problem (1) satisfies the additional regularity u € H*'(7,)¢ for
somer €{0,...,k} and p € H'(Q), it holds, for the error components defined by (28)),

Eu < W ulgro(g,ya and &, = 0.

Proof. The proof of Assumptions[IJand[2]is the same as in Theorem[I2]provided we replace k with k — 1
(the only difference being that, this time, trp Py = pk-1 (F) is strictly contained in Uf - nyf instead of
coinciding with this space).

To check Assumption |3} it suffices to notice that, for all v € Hé(Q)d ,allT € 7, and all F € ¥,

(Iy,rv)\F -nrr = Iy pviF -nTF = Tk (F) (v -nrr)— Tpk(pyav - nrr = 0, where the last passage uses
the fact that nyp is constant on F.

The first point in Assumption [4]is proved as in Theorem [I2] replacing k with k — 1 while, for the
second point, we write Zrnyr ¢ P*1(F)4 c Up.

Finally, Assumption |5 can be proved for n > (d + l)Ctzr starting from the form and using
standard techniques in the context of Discontinuous Galerkin methods; cf., e.g., [27, Lemma 4.12].

Let us now move to the estimates of the error components. The fact that &, = 0 is a consequence of
Remark[8] Concerning &,,, we start from a decomposition similar to (43). For the first term, we readily
obtain the estimate Ty < h"|u|gr+i(q;)a. To estimate the term involving the stabilization bilinear form,
we write

¥
ST (!U,Tu’ lU,Tu) " ”ET!U,T”‘ - Vlg@M’Tulliz(T)dxd +7 Z h;“l ||7T7?’<(F)d” - IIQC;Z)M,T”HZLZ(F)d
Fe¥r

S llmsy (Vi) — V”HiZ(T)dxd +|V(u - Igz)M,Tu)Hiz(T)dxd

-1 k 2
L = L p gt oy S Bl oty
Fe¥r
where, to pass to the second line, we have inserted +Vu and used a triangle inequality together with

the factthat Er1y; yu = ns, (Vu) for the first term, and noticed that, since the trace on F of I g oM isin

Pk(F)4 and Tpk (fya is idempotent, || T pk (pyau — I%DM’Tulle(F)d = || pr (pya(u — I%DM’TM)”LZ(F)d
Il — I%DM Ul 2(Fya. The fact that Ty < A" |u|gre g, ya is then a consequence of standard approxi-
mation results for 7y, € {ﬂvpk(T>d, T pk-1 (T)dxd} (see, e.g., [25, Theorem 1.45]) and I‘,’;DM’T (see [7,
Proposition 2.5.1]). O
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5.4 A new method with Raviart-Thomas—-Nédélec velocities at elements

We assume again that M}, is a standard matching simplicial mesh belonging to a regular sequence and
consider a new method based on the following component spaces for a given polynomial degree k > O:
Ur = RTN“NT), Ur=P“F)?, Pr=PYT). Pr=PF),
with Iy 7 = I;?;]’N 7 The space X7 can be taken equal to VP (T)4 or P*(T)4*4. The stabilization
is again given by [@2) with velocity reconstruction in Wy = P**1(T)4. Notice that, with this choice,
we have, by (1), oTvy = I%;I-N,T(”TKT — vr) for all vy € Uy, ie., the Raviart-Thomas-Nédélec

interpolator replaces the L2-orthogonal projection usually present in HHO methods.

The fact that s satisfies the standard assumptions of [25, Chapter 2] on HHO stabilizations can
be proved using standard techniques in the context of HHO methods. For the polynomial consistency
property, in particular, we use the fact that, recalling Rema.rk rr o1y, 7 is amodified elliptic projector
in the spirit of [25], Definition 5.4].

The fact that the map (2I)) with § = 0 defines a norm on U n.0 X Py, o can be proved in the same way
as for the Botti-Massa method, noticing that it is still possible to select in @) v € RTN*+(T) such
that v - ng = gr € PX(F).

Theorem 14 (Properties of the new method with Raviart—-Thomas—Nédélec element velocity). Let My,
denote a conforming simplicial mesh. Then, the method described in this section verifies Assumptions
Moreover, assuming that the solution (u, p) € HO1 Q)4 x L%(Q) of the Stokes problem (7)) satisfies
the additional regularity u € H*>(75)¢ for some r € {0, ..., k} and p € H (Q), it holds, for the error
components defined by (28),

Eu s hr+1|M|Hr+2(7;1)d and &, = 0.

Remark 15 (Comparison with the Rhebergen—Wells method). After static condensation of the element
unknowns (with the possible exception of one pressure unknown per element), the method presented in
this section yields linear systems with analogous size and sparsity pattern as the method of Rhebergen—
Wells of Section However, the present method converges in #%*! as opposed to #X. This results
from two important differences: first, the fact that we use a slightly larger space for the element
velocity (RTN*+1(T) as opposed to BDOMX(T)); second, the fact that we use an HHO-type viscous
stabilization, cf. [[17] on this subject.

Proof of Theorem[I4} The proof Assumption [I]for a given mesh element T € 7, is obtained repeating
the proof of the corresponding point in Theorem with the following substitutions: 8 DMUT)
RTN*1(T) and — (39). Assumptionfollows noticing that, for all T € 75, V - RTN*1(T) =
PK(T) = Pr and, for all F € F7, RTN*U(T) - np = P¥(F) = Pr. Assumptionimmediately follows
noticing that, for all v € H(l) ()4, allall T € Ty, and all F € Fr, Iy v -nrrp = 7Trpk(F)(V “nrF) =
Tpk(pyaV -nrr = Iy, Fv-nrr, where the second equality holds since nrr is constant over F. The proof
of Assumption [d]is identical to the one given in Theorem [12] provided is replaced by (38). The fact
that Assumption [5|holds has already been observed right after the definition of s7. Finally, the estimates
of the error components are essentially identical to the ones given in Theorem the only difference
being that the approximation properties of the modified elliptic projector stated in [25, Theorem 5.7]
have to be invoked when k = 0 to estimate the term involving st. i

Remark 16 (Brezzi—-Douglas—Fortin—-Marini velocities at elements on rectangular cells). When My, is
a matching rectangular mesh, the previous analysis applies without modifications to the space choice

Ur = BDFMMUT),  Up =PX(F)4, Pr=PKT), Pr=PF),

18



. . _ k 1 . .
Wlth polynomial degree k > 0 and Iy =1 BE)‘F MT defined in @]), under the a'ssumptlon th'at My
is a rectangular mesh belonging to a regular sequence. The velocity reconstruction for defining the
stabilization (@2)) is again taken in Wz = P**1(T)9, while the velocity gradient reconstruction can be

taken in VPX1(T)4 or Pk (T)4*4.

Remark 17 (A variant with full polynomial velocities at elements). A variant of the method with
Ur = PK1(T)? (still keeping Iy, 7 = I;??lN,T if T is a simplex and Iy 1 = Ié%ml,r if T is rectangular
element) is obtained using the following stabilisation:

sT(wysvy) = Arhy’ / Srwy - Srvp+ Y hy! / STEWy - TPV
T Fe¥Fr F

+| v Arh? /(WT —Iyrwr) - (vr — Iy rvr).| (48)
T

The proof that Assumptions [TH3] are verified is analogous to the one in Theorem[I4] In particular, the
fact that, for all w € H™*(T)¢ with r € {0,...k}, st(Iy; 7w, vy) < W wlgreryallyylhr follows
noticing that the boxed term in (48)) vanishes when w,. = I, ;w.

5.5 A new method on general polytopal meshes

To close this section, we consider a method on general polytopal meshes with spaces
Ur=PU(1)Y, Up =P (P!, Pr=PXT). Pr=PF),

and Iy, = wpk+ (1ya. For L7, we can take VPKI(T)4 or PK(T)?*4, The stabilization is again [@2),
with velocity reconstruction in Wy = P**1(T)4. This corresponds to the standard HHO discretization
of viscous terms.

Theorem 18 (Properties of the polytopal method). Let My, denote a general polytopal mesh belonging
to a regular refined sequence, in the sense made precise in [25, Chapter 1]. Then, the method
described in this section verifies Assumptions|l] and[5] Moreover, assuming that the weak solution
(u,p) € Hé (Q)4 x L%(Q) of the Stokes problem (7)) satisfies the additional regularity u € H™**(7,)4
and p € H'(Q) N H"*'(T;) for some r € {0, ..., k}, it holds, for the error components defined by (28),

Eu < W ulpgrea (g ya and & < B plggrs (g5 (49)

Proof. The proof of Assumptions|I}[2 anddis trivial given the choice of spaces and the fact that Iy 7
is taken equal to the L?-orthogonal projector on P**1(T)4. Assumption [3|is not verified in general,
which requires a pressure stabilization term in the scheme. Assumption [5|is proved in [25, Chapter 5].

Let us prove the estimate &,. The fact that the first two contributions in the right-hand side of
are < |u|grv2(q;,)a is completely standard in the context of HHO methods. Let us focus on the last
contribution. Let 4, € P, . Carrying out the appropriate substitutions in (12)), we have

Sibpn (U, q,) = Z Z /F(ﬂpkﬂ(r)du — Tpk(pyalt) - nrr(qF — qT)

TeT, FEFr
=), /”Pk(md("?k“(nd” ~ pieyaut) - nrF(qF = q7)
TeT, Ferp Y F
_1 1
< Z Z /”lF2||7Tgok+1(T)du—M||L2(F)d h;:”‘IF_QTHLZ(F)
TeT FeFr

1
S hT Ul ggre2 (g5, )a |gh|0,h,
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where we have used the fact that gr — g7 € Pk(F) to insert Tpk(pya 1n front of the first paren-
theses and its linearity and idempotency to cancel it inside them in the second line, (2, oo, 2)-Holder
inequalities followed by ||nrF||p~(F)a < 1 and the L?-continuity of Tpk(Fya 1n the third line, and the
approximation properties of 7pk+1(pya together with the definition (1) of | - |o.n to conclude. Thus,
SnghEBh, 14, lo.n=1 Sibp,h(u,gh) < ! |M|Hr+2(7;1)d, which concludes the proof of the estimate of &,
in @9). To estimate &, it suffices to use the linearity and idempotency of mp« (fy followed by its
L?-continuity as above to write

Lp Pl =D e D mpiiey(p = Tpery D) oy < D b D P = mprry Pl
TeT, Fe¥Fr TeT, Fefr

and conclude using the approximation properties of mpk (7). This gives &, < W+ p Hr+ (7, and
concludes the proof. O

6 Numerical examples

We provide here a numerical validation of the properties of some of the methods described in Section 5]
For Q = (0, 1)2, we consider the following manufactured analytical solution, originally proposed in
B4 2 2(43 2
u(x,y) = _xyzg?y _1;)§?Xx3 _66yxz++22y;) . opey) =x 4y - i-

The volumetric force f is inferred from the previous expressions and homogeneous Dirichlet boundary
conditions are enforced. The average value of the pressure is enforced by a Lagrange multiplier. For the
Botti-Massa method of Section[5.2]and the new method with RTN velocities at elements of Section|[5.4]
we solve this problem on a sequence of triangular meshes obtained by uniform refinement of the one
depicted in Figure[Tal For the polygonal method of Section[5.5] we additionally consider the Cartesian,
locally refined, and hexagonal meshes in Figure We monitor the discrete error components
lwy, = Iy pullin lun = Tupull 2@y (With (Ty pu) i == Ty, ru for all T € Tp), and ||pp = Ip.np|lr2(q)
(with again (Ip p);r = Ip,rp for all T € 7y). For the velocity, we additionally consider the errors
between the exact solution and the global reconstruction rju,, such that (rpu, )1 = rru; forall T € 7j.
The results collected in Tables [3| ] and [5] show that these errors converge at the expected rates, i.e.,
H'-like errors on the velocity and L>-like errors on the pressure as #**!, and L>-like errors on the
velocity as #¥*2. A slight superconvergence of the L-errors on the pressure (with a rate of ~ 1.4 instead
of 1) is observed for the lowest-order case k = O for all the considered methods. Numerical results not
reported here for the sake of brevity also show that H'!-like errors on the pressure converge as 4* (again
with a slight superconvergence for £ = 0). For the methods of Sections[5.2]and we check pressure-
robustness by letting the viscosity v vary across 10 orders of magnitude, from 1 down to 107°. As
expected (cf. Remark , the results in Tables and show that the errors on the velocity are unaffected
from the variations of the viscosity. Indeed, as remarked in [34]], the irrotational and divergence-free
part of the momentum forcing term f dominates for v < 1 and v > 1, respectively. Notice that, in
order to achieve pressure robustness in the vanishing viscosity limit, we needed to increase the degree
of exactness of quadrature rules employed for the numerical integration of the forcing term f. We have
also numerically tested the variant of Remark which gives results that are essentially identical to
those of Table 4] and are therefore not reported in detail for the sake of conciseness.
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h k  Systemsize ||u,, —lU,;,UHI,h OCV ||V (rauy, = wllp2(qpaxa OCV  lup = Iy pull 2@y OCV  lrpuy, —ull2@pe OCV lpy = Ipnpll2) OCV
v=1
0.25 0 393 3.222194e-02 - 2.358650e-02 - 3.157105e-03 - 1.079341e-03 - 8.353185e-03 -
0.125 0 1569 1.568367e-02 1.04 1.176665e-02 1.00 8.130095e-04 1.96 3.173216e-04 1.77 3.715999¢-03 1.17
0.0625 0 6273 7.890606e-03 0.99 5.860134e-03 1.01 2.087535e-04 1.96 9.097616e-05 1.80 1.359228e-03 1.45
0.03125 0 25089 3.978745e-03 0.99 2.918938e-03 1.01 5.300457e-05 1.98 2.430899¢-05 1.90 4.747372e-04 1.52
0.015625 0 100353 1.999853¢-03 0.99 1.456954¢-03 1.00 1.335882¢-05 1.99 6.269384e-06 1.96 1.753818e-04 1.44
0.25 1 637 1.261567e-02 - 4.381984e-03 - 4.005323e-04 - 1.423174e-04 - 2.270947e-03 -
0.125 1 2561 3.012656e-03 2.07 1.239913e-03 1.82 5.094272e-05 297 2.011596e-05 2.82 6.069516e-04 1.90
0.0625 1 10273 7.423158e-04 2.02 3.140934e-04 1.98 6.487856e-06 297 2.558775e-06 297 1.515679¢-04 2.00
0.03125 1 41153 1.846133e-04 2.01 7.882465e-05 1.99 8.261358e-07 297 3.225663e-07 2.99 3.765641e-05 2.01
0.015625 1 164737 4.606087¢-05 2.00 1.974435e-05 2.00 1.046304e-07 298 4.050395e-08 2.99 9.359506e-06 2.01
0.25 2 881 4.901561e-03 - 6.46758%¢-04 - 7.339555e-05 - 1.163225e-05 - 3.628231e-04 -
0.125 2 3553 5.784949¢-04 3.08 8.006862e-05 3.01 4.193709e-06 4.13 7.971323e-07 3.87 4.640113e-05 2.97
0.0625 2 14273 6.973436e-05 3.05 9.896615e-06 3.02 2.512826e-07 4.06 5.200708e-08 3.94 5.795639¢-06 3.00
0.03125 2 57217 8.605670e-06 3.02 1.246030e-06 2.99 1.554178e-08 4.02 3.388334e-09 3.94 7.286071e-07 2.99
0.015625 2 229121 1.070946e-06 3.01 1.570128e-07 2.99 9.699535e-10 4.00 2.175903e-10 3.96 9.142654e-08 2.99
v =0.001
0.25 0 393 3.222194e-02 - 2.358650e-02 - 3.157105e-03 - 1.079341e-03 - 8.353185e-06 -
0.125 0 1569 1.568367e-02 1.04 1.176665¢-02 1.00 8.130095e-04 1.96 3.173216e-04 1.77 3.715999¢-06 1.17
0.0625 0 6273 7.890606e-03 0.99 5.860134e-03 1.01 2.087535e-04 1.96 9.097616e-05 1.80 1.359228e-06 1.45
0.03125 0 25089 3.978745e-03 0.99 2.918938e-03 1.01 5.300457e-05 1.98 2.430899¢-05 1.90 4.747372e-07 1.52
0.015625 0 100353 1.999853e-03 0.99 1.456954¢-03 1.00 1.335882¢-05 1.99 6.269384e-06 1.96 1.753818e-07 1.44
0.25 1 637 1.261567e-02 - 4.381984e-03 - 4.005323e-04 - 1.423174e-04 - 2.270947e-06 -
0.125 1 2561 3.012656e-03 2.07 1.239913e-03 1.82 5.094272e-05 297 2.011596e-05 2.82 6.069516e-07 1.90
0.0625 1 10273 7.423158e-04 2.02 3.140934e-04 1.98 6.487856e-06 297 2.558775e-06 297 1.515679¢-07 2.00
0.03125 1 41153 1.846133e-04 2.01 7.882465e-05 1.99 8.261358e-07 297 3.225663e-07 2.99 3.765641e-08 2.01
0.015625 1 164737 4.606087¢-05 2.00 1.974435e-05 2.00 1.046304e-07 298 4.050395e-08 2.99 9.359506e-09 2.01
0.25 2 881 4.901561e-03 - 6.46758%¢-04 - 7.339555e-05 - 1.163225e-05 - 3.628231e-07 -
0.125 2 3553 5.784949¢-04 3.08 8.006862e-05 3.01 4.193709¢e-06 4.13 7.971323e-07 3.87 4.640113e-08 2.97
0.0625 2 14273 6.973436e-05 3.05 9.896615e-06 3.02 2.512826e-07 4.06 5.200708e-08 3.94 5.795639¢-09 3.00
0.03125 2 57217 8.605670e-06 3.02 1.246030e-06 2.99 1.554178e-08 4.02 3.388334e-09 3.94 7.286071e-10 2.99
0.015625 2 229121 1.070946e-06 3.01 1.570128e-07 2.99 9.699535e-10 4.00 2.175903e-10 3.96 9.142654e-11 2.99
v=1e-06
0.25 0 393 3.222194e-02 - 2.358650e-02 - 3.157105e-03 - 1.079341e-03 - 8.353185e-09 -
0.125 0 1569 1.568367e-02 1.04 1.176665¢-02 1.00 8.130095e-04 1.96 3.173216e-04 1.77 3.715999¢-09 1.17
0.0625 0 6273 7.890606e-03 0.99 5.860134e-03 1.01 2.087535e-04 1.96 9.097616e-05 1.80 1.359228e-09 1.45
0.03125 0 25089 3.978745e-03 0.99 2.918938e-03 1.01 5.300457e-05 1.98 2.430899¢-05 1.90 4.747372e-10 1.52
0.015625 0 100353 1.999853¢-03 0.99 1.456954¢-03 1.00 1.335882¢-05 1.99 6.269385e-06 1.96 1.753818e-10 1.44
0.25 1 637 1.261567e-02 - 4.381984e-03 - 4.005323e-04 - 1.423174e-04 - 2.270947e-09 -
0.125 1 2561 3.012656e-03 2.07 1.239913e-03 1.82 5.094272e-05 297 2.011596e-05 2.82 6.069516e-10 1.90
0.0625 1 10273 7.423158e-04 2.02 3.140934e-04 1.98 6.487856e-06 297 2.558775e-06 297 1.515679-10 2.00
0.03125 1 41153 1.846133e-04 2.01 7.882465e-05 1.99 8.261358e-07 297 3.225663e-07 2.99 3.765642e-11 2.01
0.015625 1 164737 4.606087¢-05 2.00 1.974435e-05 2.00 1.046304e-07 298 4.050395e-08 2.99 9.359491e-12 2.01
0.25 2 881 4.901561e-03 - 6.467589¢-04 - 7.339556e-05 - 1.163225¢-05 - 3.628230e-10 -
0.125 2 3553 5.784949¢-04 3.08 8.006862e-05 3.01 4.193709e-06 4.13 7.971323e-07 3.87 4.640111e-11 2.97
0.0625 2 14273 6.973438e-05 3.05 9.896615e-06 3.02 2.512827e-07 4.06 5.200708e-08 3.94 5.795651e-12 3.00
0.03125 2 57217 8.605698e-06 3.02 1.246029¢-06 2.99 1.554182e-08 4.02 3.388331e-09 3.94 7.285984e-13 2.99
0.015625 2 229121 1.072212e-06 3.00 1.570176e-07 2.99 9.707280e-10 4.00 2.176095e-10 3.96 9.160016e-14 2.99
v=1e-09
025 0 393 322197e02 - 2.358650e-02 - 3.157101e-03 ~ 1079343e03 - 8353126e12 -
0.125 0 1569 1.568351e-02 1.04 1.176655e-02 1.00 8.128663e-04 1.96 3.172635e-04 1.77 3.716196e-12 1.17
0.0625 0 6273 7.890564e-03 0.99 5.860114e-03 1.01 2.086862e-04 1.96 9.094945e-05 1.80 1.359335e-12 1.45
0.03125 0 25089 3.978735e-03 0.99 2.918933e-03 1.01 5.297332e-05 1.98 2.429646e-05 1.90 4.747921e-13 1.52
0.015625 0 100353 1.999850e-03 0.99 1.456953¢-03 1.00 1.334166e-05 1.99 6.262585e-06 1.96 1.754138e-13 1.44
025 1 637 1261571e-02 - 4.381978¢-03 - 4.005307c-04 - 142315304 - 2.270990¢-12 -
0.125 1 2561 3.012621e-03 2.07 1.239912e-03 1.82 5.093999¢-05 2.98 2.011354e-05 2.82 6.069569¢-13 1.90
0.0625 1 10273 7.422844e-04 2.02 3.140926e-04 1.98 6.486999¢-06 297 2.558201e-06 297 1.515955¢-13 2.00
0.03125 1 41153 1.849331e-04 2.00 7.882788e-05 1.99 8.264979¢-07 297 3.225103e-07 2.99 3.774118e-14 2.01
0.015625 1 164737 4.819223e-05 1.94 1.975600e-05 2.00 1.062163e-07 2.96 4.051995e-08 2.99 9.917517e-15 1.93
0.25 2 881 4.901606e-03 - 6.467540e-04 - 7.339583e-05 - 1.163162e-05 - 3.628306e-13 -
0.125 2 3553 5.784848e-04 3.08 8.006882e-05 3.01 4.193606e-06 4.13 7.971120e-07 3.87 4.645136e-14 297
0.0625 2 14273 7.017755e-05 3.04 9.899016e-06 3.02 2.526041e-07 4.05 5.206829¢-08 3.94 6.384613e-15 2.86
0.03125 2 57217 1.670814e-05 2.07 1.294704e-06 293 2.775679¢-08 3.19 3.717234e-09 3.81 3.168766e-15 1.01
0.015625 2 229121 5.230319¢-05 -1.65 1.214343e-06 0.09 3.896141e-08 -0.49 1.919767e-09 0.95 5.651455e-15 -0.83

Table 3: Numerical results for the Botti—-Massa method of Section
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h k Systemsize |luy, — I, yullin - OCV IVi(rauy, —u)ll2@paxa  OCV Nlupy = Iy pull2@pa OCV rnwy, —ull2@a - OCV lpp = Ipuplli2@ OCV

v=1
0.25 0 301 5.091366e-02 - 3.763716e-02 - 5.452321e-03 - 2.192226e-03 - 1.057235¢e-02 -
0.125 0 1217 2.664248e-02  0.93 1.953002¢-02 0.95 1.438660e-03 1.92 6.349527e-04 1.79 5.209898e-03 1.02
0.0625 0 4897 1.371812e-02  0.96 9.874165¢-03 0.98 3.749484e-04 1.94 1.811691e-04 1.81 1.987649¢-03 1.39
0.03125 0 19649 6.961800e-03 0.98 4.949384e-03 1.00 9.571999¢-05 1.97 4.831682e-05 1.91 6.963471e-04 1.51
0.015625 0 78721 3.504377e-03 0.99 2.476364e-03 1.00 2.416339¢-05 1.99 1.243355e-05 1.96 2.562386e-04 1.44
0.25 1 545 1.260873e-02 - 5.067568e-03 - 4.695794¢-04 - 1.661224e-04 - 2.574142e-03 -
0.125 1 2209 3.495394e-03 1.85 1.437499¢-03 1.82 6.391980e-05 2.88 2.394042¢-05 2.79 7.023496e-04 1.87
0.0625 1 8897 9.150857e-04 1.93 3.657393e-04 1.97 8.347818e-06 2.94 3.061214e-06 297 1.747567e-04 2.01
0.03125 1 35713 2.353234e-04 1.96 9.211973e-05 1.99 1.076894e-06 2.95 3.867520e-07 2.98 4.309645e-05 2.02
0.015625 1 143105 5.983437e-05 1.98 2.312937e-05 1.99 1.373785e-07 297 4.860589¢-08 2.99 1.063320e-05 2.02
0.25 2 789 1.989339¢-03 - 7.215444e-04 - 4.092264e-05 - 1.437024e-05 - 5.024945e-04 -
0.125 2 3201 1.714420e-04  3.54 9.153136¢-05 2.98 1.755080e-06 4.54 1.012735e-06 3.83 6.278277e-05 3.00
0.0625 2 12897 1.816462e-05 3.24 1.149733e-05 2.99 9.536951e-08 4.20 6.728081e-08 3.91 7.930655e-06 2.98
0.03125 2 51777 2.172452e-06  3.06 1.459545¢-06 2.98 5.795572¢-09 4.04 4.417584e-09 3.93 1.011191e-06 2.97
0.015625 2 207489 2.715882¢-07 3.00 1.846122¢-07 2.98 3.642384e-10 3.99 2.845126e-10 3.96 1.280167e-07 2.98
v =0.001
0.25 0 301 5.091366e-02 - 3.763716e-02 - 5.452321e-03 - 2.192226e-03 - 1.057235e-05 -
0.125 0 1217 2.664248e-02  0.93 1.953002e-02 0.95 1.438660e-03 1.92 6.349527e-04 1.79 5.209898e-06 1.02
0.0625 0 4897 1.371812e-02  0.96 9.874165¢-03 0.98 3.749484e-04 1.94 1.811691e-04 1.81 1.987649¢-06 1.39
0.03125 0 19649 6.961800e-03 0.98 4.949384¢-03 1.00 9.571999¢-05 1.97 4.831682¢-05 1.91 6.963471e-07 1.51
0.015625 0 78721 3.504377e-03 0.99 2.476364e-03 1.00 2.416339¢-05 1.99 1.243355e-05 1.96 2.562386e-07 1.44
0.25 1 545 1.260873e-02 - 5.067568e-03 - 4.695794e-04 - 1.661224e-04 - 2.574142e-06 -
0.125 1 2209 3.495394e-03 1.85 1.437499¢-03 1.82 6.391980e-05 2.88 2.394042¢-05 2.79 7.023496e-07 1.87
0.0625 1 8897 9.150857e-04 1.93 3.657393e-04 1.97 8.347818e-06 2.94 3.061214e-06 297 1.747567e-07 2.01
0.03125 1 35713 2.353234e-04 1.96 9.211973e-05 1.99 1.076894e-06 2.95 3.867520e-07 2.98 4.309645e-08 2.02
0.015625 1 143105 5.983437¢-05 1.98 2.312937e-05 1.99 1.373785e-07 297 4.860589¢-08 2.99 1.063320e-08 2.02
0.25 2 789 1.989339¢-03 - 7.215444e-04 - 4.092264e-05 - 1.437024e-05 - 5.024945e-07 -
0.125 2 3201 1.714420e-04  3.54 9.153136e-05 2.98 1.755080e-06 4.54 1.012735e-06 3.83 6.278277e-08 3.00
0.0625 2 12897 1.816462¢-05 3.24 1.149733e-05 2.99 9.536951e-08 4.20 6.728081e-08 3.91 7.930655e-09 2.98
0.03125 2 51777 2.172452e-06  3.06 1.459545¢-06 2.98 5.795572e-09 4.04 4.417584e-09 3.93 1.011191e-09 2.97
0.015625 2 207489 2.715882e-07  3.00 1.846122e-07 2.98 3.642384e-10 3.99 2.845126e-10 3.96 1.280167e-10 2.98
v =1le-06
0.25 0 301 5.091366e-02 - 3.763716e-02 - 5.452321e-03 - 2.192226¢-03 - 1.057235e-08 -
0.125 0 1217 2.664248e-02  0.93 1.953002e-02 0.95 1.438660e-03 1.92 6.349527e-04 1.79 5.209898e-09 1.02
0.0625 0 4897 1.371812e-02  0.96 9.874165¢-03 0.98 3.749484e-04 1.94 1.811691e-04 1.81 1.987649¢-09 1.39
0.03125 0 19649 6.961800e-03 0.98 4.949384e-03 1.00 9.571999¢-05 1.97 4.831682e-05 1.91 6.963471e-10 1.51
0.015625 0 78721 3.504377e-03 0.99 2.476364e-03 1.00 2.416339¢-05 1.99 1.243355e-05 1.96 2.562386e-10 1.44
0.25 1 545 1.260873e-02 - 5.067568e-03 - 4.695794e-04 - 1.661224e-04 - 2.574142e-09 -
0.125 1 2209 3.495394¢-03 1.85 1.437499¢-03 1.82 6.391980e-05 2.88 2.394042¢-05 2.79 7.023496¢-10 1.87
0.0625 1 8897 9.150857e-04 1.93 3.657393e-04 1.97 8.347818e-06 2.94 3.061214e-06 297 1.747568e-10 2.01
0.03125 1 35713 2.353234e-04 1.96 9.211973e-05 1.99 1.076894e-06 2.95 3.867520e-07 2.98 4.309646e-11 2.02
0.015625 1 143105 5.983437e-05 1.98 2.312937e-05 1.99 1.373785e-07 297 4.860590e-08 2.99 1.063319e-11 2.02
0.25 2 789 1.989339¢-03 - 7.215444e-04 - 4.092264e-05 - 1.437023e-05 - 5.024945e-10 -
0.125 2 3201 1.714420e-04  3.54 9.153136e-05 2.98 1.755080e-06 4.54 1.012735e-06 3.83 6.278276e-11 3.00
0.0625 2 12897 1.816462¢-05 3.24 1.149733e-05 2.99 9.536949¢-08 4.20 6.728081e-08 3.91 7.930667e-12 2.98
0.03125 2 51777 2.172451e-06  3.06 1.459544¢-06 2.98 5.795567e-09 4.04 4.417579e-09 3.93 1.011182e-12 2.97
0.015625 2 207489 2.717105e-07  3.00 1.846151e-07 2.98 3.643416e-10 3.99 2.845273e-10 3.96 1.281173e-13 2.98
v=1e-09
0.25 0 301 5.091363e-02 - 3.763719¢-02 - 5.452310e-03 - 2.192225¢-03 - 1.057255e-11 -
0.125 0 1217 2.664234e-02  0.93 1.952987e-02 0.95 1.438559¢-03 1.92 6.348927e-04 1.79 5.210224e-12 1.02
0.0625 0 4897 1.371811e-02  0.96 9.874163e-03 0.98 3.749366e-04 1.94 1.811630e-04 1.81 1.987694e-12 1.39
0.03125 0 19649 6.961792¢-03 0.98 4.949376e-03 1.00 9.569553¢-05 1.97 4.830410e-05 1.91 6.963895¢-13 1.51
0.015625 0 78721 3.504375e-03 0.99 2.476363e-03 1.00 2.415342e-05 1.99 1.242844e-05 1.96 2.562572e-13 1.44
0.25 1 545 1.260861e-02 - 5.067566e-03 - 4.695673e-04 - 1.661151e-04 - 2.574172e-12 -
0.125 1 2209 3.495056e-03 1.85 1.437494e-03 1.82 6.390885e-05 2.88 2.393561e-05 2.79 7.023477e-13 1.87
0.0625 1 8897 9.149967¢-04 1.93 3.657387e-04 1.97 8.346386e-06 2.94 3.060646¢-06 297 1.747808e-13 2.01
0.03125 1 35713 2.353216e-04 1.96 9.212023e-05 1.99 1.076851e-06 2.95 3.867169¢-07 2.98 4.316424e-14 2.02
0.015625 1 143105 5.989604¢-05 1.97 2.313613e-05 1.99 1.374942¢-07 297 4.863242¢-08 2.99 1.107310e-14 1.96
0.25 2 789 1.989319¢-03 - 7.215433e-04 - 4.092234e-05 - 1.437001e-05 - 5.025068e-13 -
0.125 2 3201 1.714564e-04  3.54 9.153210e-05 2.98 1.755206e-06 4.54 1.012769e-06 3.83 6.282424e-14 3.00
0.0625 2 12897 1.826850e-05 3.23 1.149849e-05 2.99 9.575826¢-08 4.20 6.730105¢-08 3.91 8.367764e-15 291
0.03125 2 51777 3.348559¢-06  2.45 1.494559¢-06 2.94 8.286685e-09 353 4.796850e-09 3.81 3.193360e-15 1.39
0.015625 2 207489 8.084852e-06  -1.27 9.689466e-07 0.63 8.450114e-09 -0.03 2.358977e-09 1.02 5.357670e-15 -0.75

Table 4: Numerical results for the new method with Raviart—-Thomas—Nédélec velocities at elements of

Section @
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(a) “tri”

(b) “cart” (c) “locref” (d) “hexa”

Figure 1: Mesh families used in the numerical tests of Section @
h k  Systemsize |lu, — Iy yullin OCV Vi (rpuy, —u)ll2@yaxa  OCV lup — Iy pull 2@y OCV  lrpuy, —ull2@pa OCV lipn = Ippllz@) OCV
“tri” mesh family

0.25 0 301 2.871509e-01 - 1.388025e-01 - 2.593695e-02 - 1.600589¢-02 - 1.181657e-01 -
0.125 0 1217 1.777113e-01 0.69 8.032856e-02 0.79 8.742641e-03 1.57 6.711338e-03 1.25 7.136302e-02 0.73
0.0625 0 4897 1.056728e-01 0.75 4.066457e-02 0.98 2.754628e-03 1.67 2.345353¢-03 1.52 3.546204e-02 1.01
0.03125 0 19649 5.919433e-02 0.84 1.909566¢-02 1.09 7.961755e-04 1.79 7.104760e-04 1.72 1.499777e-02 1.24
0.015625 0 78721 3.155741e-02 091 8.815891e-03 1.12 2.154894e-04 1.89 1.964997¢-04 1.85 5.693412e-03 1.40

0.25 1 545 1.094570e-01 - 1.442178e-02 - 3.566780e-03 - 5.455960e-04 - 9.971271e-03 -
0.125 1 2209 2.864697e-02 1.93 4.029509¢-03 1.84 4.708069¢-04 2.92 7.396471e-05 2.88 2.444760e-03 2.03
0.0625 1 8897 7.259557e-03 1.98 1.048116e-03 1.94 5.981108e-05 2.98 9.481457e-06 2.96 5.908448e-04 2.05
0.03125 1 35713 1.824671e-03 1.99 2.671313e-04 1.97 7.525256¢-06 2.99 1.202422¢-06 2.98 1.452048e-04 2.02
0.015625 1 143105 4.572920e-04 2.00 6.745664e-05 1.99 9.435208e-07 3.00 1.516119e-07 2.99 3.603847e-05 2.01

0.25 2 789 2.229905e-02 - 1.419633¢-03 - 4.267495e-04 - 3.575930e-05 - 1.104445¢-03 -
0.125 2 3201 2.913007e-03 2.94 2.057320e-04 2.79 2.782726e-05 3.94 2.784274e-06 3.68 1.603266¢-04 2.78
0.0625 2 12897 3.697032e-04 2.98 2.803240e-05 2.88 1.766127e-06 3.98 1.983784e-07 3.81 2.182177e-05 2.88
0.03125 2 51777 4.652907e-05 2.99 3.679046¢-06 293 1.112016e-07 3.99 1.332765e-08 3.90 2.855088e-06 293
0.015625 2 207489 5.835491e-06 3.00 4.719275e-07 2.96 6.976227e-09 3.99 8.650121e-10 3.95 3.653625e-07 297

“cart” mesh family

0.141421 0 681 7.431549¢-02 - 5.434746e-02 - 8.757928e-03 - 6.594299¢-03 - 6.380900e-02 -
0.0707107 0 2761 3.107123e-02 1.26 2.721935e-02 1.00 2.655586¢-03 1.72 2.306187e-03 1.52 3.273492¢-02 0.96
0.0353553 0 11121 1.241095e-02 1.32 1.190420e-02 1.19 7.555894e-04 1.81 7.039030e-04 1.71 1.413110e-02 1.21
0.0176777 0 44641 4.881669¢-03 1.35 4.782175e-03 1.32 2.034841e-04 1.89 1.960254e-04 1.84 5.418242e-03 1.38

0.141421 1 1261 2.231652e-02 - 2.071433e-03 - 5.267229¢-04 - 3.493709e-05 - 7.189385e-04 -
0.0707107 1 5121 5.649050e-03 1.98 4.834399e-04 2.10 6.658733e-05 2.98 3.655879¢-06 3.26 9.922670e-05 2.86
0.0353553 1 20641 1.418751e-03 1.99 1.153138e-04 2.07 8.350360e-06 3.00 3.970154e-07 3.20 1.301183e-05 293
0.0176777 1 82881 3.553536e-04 2.00 2.813487e-05 2.04 1.044885e-06 3.00 4.589223e-08 3.11 1.674172e-06 2.96

0.141421 2 1841 2.306263e-03 - 2.086652e-04 - 2.840043e-05 - 2.186706e-06 - 1.069296¢-04 -
0.0707107 2 7481 2.916838e-04 2.98 2.723758e-05 2.94 1.793080e-06 3.99 1.453602¢-07 391 1.532567e-05 2.80
0.0353553 2 30161 3.672161e-05 2.99 3.453053e-06 2.98 1.127570e-07 3.99 9.301390e-09 3.97 2.018631e-06 2.92
0.0176777 2 121121 4.610043e-06 2.99 4.335188e-07 2.99 7.073963e-09 3.99 5.863440e-10 3.99 2.574813e-07 297

“locref” mesh family

0.176777 0 1121 9.662929¢-02 - 6.562072e-02 - 1.260023e-02 - 8.866492e-03 - 7.575972e-02 -
0.0883883 0 4481 4.099609e-02 1.24 3.436386e-02 0.93 3.906079¢-03 1.69 3.286328e-03 1.43 4.145393e-02 0.87
0.0441942 0 17921 1.652976e-02 1.31 1.560495¢-02 1.14 1.135878e-03 1.78 1.043778e-03 1.65 1.880963¢-02 1.14
0.0220971 0 71681 6.483533e-03 1.35 6.378802e-03 1.29 3.108131e-04 1.87 2.979813e-04 1.81 7.448419¢-03 1.34

0176777 1 2081 3419560e-02 - 2.922194¢-03 - 1.009461¢-03 — 6113120e:05 - 1309813¢-03 -
0.0883883 1 8321 8.705068e-03 1.97 6.775391e-04 2.11 1.285386e-04 297 6.530443e-06 3.23 1.873541e-04 2.81
0.0441942 1 33281 2.190150e-03 1.99 1.594929¢-04 2.09 1.615289¢-05 2.99 6.990477e-07 322 2.489209¢-05 291
0.0220971 1 133121 5.489024e-04 2.00 3.859099¢-05 2.05 2.022588e-06 3.00 7.936535e-08 3.14 3.227847e-06 2.95

0.176777 2 3041 4.385363e-03 - 3.551913e-04 - 6.724034e-05 - 4.645085e-06 - 1.904914e-04 -
0.0883883 2 12161 5.582283e-04 297 4.762003e-05 2.90 4.278387e-06 3.97 3.194758e-07 3.86 2.847426e-05 2.74
0.0441942 2 48641 7.038299¢-05 2.99 6.108618e-06 2.96 2.695583e-07 3.99 2.082572e-08 3.94 3.835956e-06 2.89
0.0220971 2 194561 8.841014e-06 2.99 7.707985e-07 2.99 1.692408¢-08 3.99 1.324258e-09 3.98 4.942612e-07 2.96

“hexa” mesh family

0241412 0 1162 5.770683e-02 - 6.001934e-02 - 8.695028e-03 - 7.650827e-03 - 7.183858e-02 -
0.129713 0 4322 2.732537e-02 1.20 3.083595e-02 1.07 3.271674e-03 1.57 3.088796e-03 1.46 3.427624e-02 1.19
0.0657364 0 16642 1.135351e-02 1.29 1.347297¢-02 1.22 1.012115e-03 1.73 9.847495e-04 1.68 1.426008e-02 1.29
0.0329799 0 65282 4.499879¢-03 1.34 5.454410e-03 1.31 2.820949¢-04 1.85 2.784537e-04 1.83 5.489740e-03 1.38

0.241412 1 2202 1.590592¢-02 - 4.250048e-03 - 4.983831e-04 - 2.051919¢-04 - 3.726391e-03 -
0.129713 1 8202 4.682540e-03 1.97 1.069133e-03 222 7.943574e-05 2.96 2.543882¢-05 3.36 7.854022e-04 2.51
0.0657364 1 31602 1.239505e-03 1.96 2.457061e-04 2.16 1.069243¢-05 2.95 2.458947e-06 3.44 1.487627¢-04 245
0.0329799 1 124002 3.171237e-04 1.98 5.656809¢-05 2.13 1.373283e-06 2.98 2.383934¢-07 3.38 2.744157e-05 245

0.241412 2 3242 2.485494e-03 - 4.271783e-04 - 4.614337e-05 - 9.897321e-06 - 2.615419¢-04 -
0.129713 2 12082 4.180162¢-04 2.87 7.454427e-05 2.81 4.305935e-06 3.82 9.444987e-07 3.78 4.017522e-05 3.02
0.0657364 2 46562 5.918798e-05 2.88 1.066472¢-05 2.86 3.168190e-07 3.84 7.066557e-08 3.81 5.338156e-06 297
0.0329799 2 182722 7.815297e-06 2.94 1.411474e-06 293 2.122297e-08 3.92 4.763964e-09 391 6.820794e-07 2.98

Table 5: Numerical results for the polytopal method of Section E
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