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MINOR THEORY FOR QUASIPOSITIVE SURFACES

S. BAADER, P. DEHORNOY, L. LIECHTI

pour le quatre-vingtiéme anniversaire de Norbert A’Campo

ABSTRACT. The set of quasipositive surfaces is closed under in-
compressible inclusion. We prove that the induced order on fibre
surfaces of positive braid links is almost a well-quasi-order. When
restricting to quasipositive surfaces containing a fixed root of a full
twist, we get an actual well-quasi-order.

1. INTRODUCTION

The purpose of the present paper is to study the relation on Seifert
surfaces induced by incompressible inclusion. We say that a subsurface
¥’ C ¥ with smooth boundary of a Seifert surface ¥ C R? is incom-
pressible, if the complement ¥\ ¥’ has no disc component. Given two
Seifert surfaces 31, ¥, C R3, we call ¥; a minor of Y, if ¥; is isotopic
to an incompressible subsurface of 5. The notation ¥; < X, will
be used, since this partial relation is reflexive, symmetric, and transi-
tive. The word ‘minor’ is borrowed from graph theory, where a minor
refers to a graph obtained from a finite graph by a finite number of
vertex and edge deletions, and edge contractions [9]. When looking at
graphs embedded in Seifert surfaces as spines, these operations amount
to passing to an incompressible subsurface. There is a big difference
between the graph minor and the surface minor relations, though: the
former is a well-quasi-order, meaning that every infinite family of fi-
nite graphs contains two comparable graphs [I1]. This is not true for
infinite families of Seifert surfaces. For example, there exist infinite
families of pairwise non-comparable annuli embedded in R?. Indeed,
two embedded annuli are comparable, if and only if they have isotopic
core curves and the same framing. The results of this paper originate
from attempts at answering the following question.

Question 1. Does every infinite sequence of fibre surfaces
¥1,50,8;,... CR?

associated with non-split positive braids contain a pair of comparable

elements ¥; < ¥; 7
1
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Here a positive braid § € B, is a finite product of the standard
generators oq,09,...,0,_1 of the braid group B,. Non-split means
that every generator appears at least once in 5. This ensures that the
natural closure of the braid 3 is a fibred link L(3) C R?® admitting a
unique Seifert surfaces $(3) C R? of minimal genus [15].

Our first result provides a positive answer to an asymptotic version
of Question 1. Given two connected Seifert surfaces ¥;,3, C R? and
a fixed ratio r € (0,1), we say that ¥; is an r-minor of X, if there
exists a connected Seifert surface ¥ C R? with ¥ < £, ¥ < ¥, and

IX(Z)] > rx(Z1)).

Theorem 1. Let r € (0,1) and let 31,35, 33,... C R3 be an infinite
sequence of fibre surfaces associated with non-split positive braids. Then
there exist © # j, so that X; is an r-minor of X;.

There is a more general class of braids whose closure admits a canon-
ical Seifert surface of minimal genus: strongly quasipositive braids [12].
These are finite products of positive band words, i.e. words of the form

oij= (070, 9)0;_1(0;+-0;_9)"" € By,

for i < 7 < mn. The closure of a product of m positive bands in B,, —
called a strongly quasipositive link — admits a canonical Seifert surface
of Euler characteristic x = n — m, consisting of n discs with m con-
necting bands. This is shown in Figure 1, for the strongly quasipositive
braid
04,703,5024013026057016 € By,

where the resulting surface is an embedded quasipositive surface with
x = 0, i.e. an embedded quasipositive annulus. In fact, there exist
quasipositive annuli with any prescribed knotted core curve, as shown
n [I3]. As a consequence, there exist infinite families of pairwise in-
comparable quasipositive surfaces.

Before stating our second result, let us give a good reason for study-
ing the incompressible inclusion order on quasipositive Seifert surfaces.
In [3], Feller and Borodzik showed that every link is topologically con-
cordant to a strongly quasipositive link. In particular, the topolog-
ical 4-genus g4(L) of links is determined by its value on all strongly
quasipositive links. The canonical Seifert surface ¥ associated with a
strongly quasipositive braid closure L minimizes the Seifert genus ¢g(L)
of its boundary link 9% = L, but not g4(L), in general. The difference

Ag(L) = g(L) — ga(L),
known as the genus defect, can be arbitrarily large. An important
feature of the genus defect is its monotonicity under the minor relation
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FI1GURE 1. Knotted quasipositive annulus

on quasipositive Seifert surfaces: ¥; < ¥y implies

This was used in [I] in order to estimate the topological 4-genus of
torus links. When a family of quasipositive Seifert surfaces is well-
quasi-ordered (i.e. when there are no infinite families of pairwise in-
comparable surfaces), then the following statement is true. For all
N € N, the minor-closed property Ag(0¥X) < N can be character-

ized by a finite set of forbidden minors ¥y, ..., %, C R?. This means
that Ag(0X) > N holds, if and only if ¥ contains one of the surfaces
>1,..., %, as an incompressible subsurface. The existence of a finite

set of forbidden minors characterizing the property Ag(0¥) < N in
the case of positive braid knots was established by the third author
in [8]. We do not know whether there exists an algorithm that detects
the inclusion ; < ¥ — possibly via Haken’s theory of normal surfaces.
If so, the algorithmic determination of the topological 4-genus within
a class of links with well-quasi-ordered Seifert surfaces comes down to
figuring out a complete finite set of forbidden minors, for all conditions
Ag(0X) < N, for all N € N.

In order to state our second result, we need two special examples of
positive braids: the dual Garside element

0p = 0109+ 0p_1 € B,
and the positive full twist A2 = §" € B,. We say that a quasipositive
surface ¥ C R? contains the N-th root of a full twist, if ¥ is the
canonical Seifert surfaces associated with a strongly quasipositive braid

of the form 0%3 € B,, where k = |%] and 8 € B, is a strongly
quasipositive braid.



4 S. BAADER, P. DEHORNOY, L. LIECHTI

Theorem 2. Let N > 1 and let ¥1,35,%5,... C R3 be an infinite
sequence of quasipositive surfaces containing the N-th root of a full
twist. Then there exist i # j with ¥; < ¥;.

A special case of quasipositive surfaces ¥ C R? containing roots of
any order of a full twist are the fibre surfaces of links associated with
isolated plane curve singularities, known as algebraic links. Indeed,
all algebraic links are positive iterated torus links with at least one
positive full twist [5].

Corollary 1. Every infinite family of fibre surfaces associated with
algebraic links contains a pair of comparable elements.

We obtain another interesting special case when all surfaces ¥ are
associated with strongly quasipositive braids in B, for some fixed in-
teger n > 1. Indeed, by choosing N > n in Theorem [2| we see that the
condition on the presence of a power of 4, disappears, since || = 0.
The mere presence of a single power of the factor 9, in a strongly
quasipositive braid ¢,5 € B, has a surprising consequence: the Seifert

surface 3(0,,/3) is then a fibre surface for the link L(4,/53) [2].

Question 2. Does every infinite sequence of fibre surfaces associated
to strongly quasipositive braids with at least one power of 9,, contain a
pair of comparable elements?

The two classes of fibre surfaces associated to strongly quasipositive
braids with at least one power of d,, and non-split positive braids are
special cases of so-called positive basket surfaces [2, [14].

Question 3. Does every infinite sequence of positive basket surfaces
contain a pair of comparable elements?

Positive basket surfaces can be described by finite ordered chord di-
agrams in the unit disc [I4]. The corresponding intersection graphs,
called circle graphs, are well-studied, especially in view of their minor
theory [4]. However, an embedded chord diagram is generally not de-
termined by its abstract intersection graph. This adds to the difficulty
of answering Question 3.

2. ALMOST MINORS

Higman’s lemma states that in every infinite set of words over a finite
alphabet, there is a word that arises from another one by deleting a
finite number of letters [6]. This applies in particular to positive braid
words in a fixed braid group B,. The fibre surfaces associated with
the corresponding link closures are then related by imcompressible in-
clusion, since deleting a letter amounts to cutting a band. Obviously,
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this type of algebraic divisibility argument does not carry over to fam-
ilies of positive braid words with unbounded braid index. The proof
of Theorem [1| requires some more band cuts, as well as a simple form
of Kruskal’s tree theorem [7], proven earlier by Rado [10]: the direct

union
o0
[1x*
k=1

is well-quasi-ordered, i.e. every infinite family of elements in this union
contains a pair (z1,...,%m), (Y1, .., Yys) with m < n and the following
property: there exist indices 1 < iy < .. .4, < n with

T Syil,...,l'm Sylm

Proof of Theorem[]. Let (1, fa, ... be an infinite sequence of non-split
positive braid words. Choose N € N with % < 1 —1r. For each
braid word [, there exists an index i, € {1,2,..., N}, so that the
number of occurences of positive generators of the form o, in i, with
m — 1, € NZ, is at most % times the word length of ;. For all
m € N with m — i, € NZ, delete all except one occurences of o,
in B,. The result is a non-split positive braid «j. By construction,
the corresponding fibre surfaces ¥ («ay) and the original fibre surface
Y = X(0k) satisty the relation ¥(ay) < X and

(X)) = X ()]

Moreover, the surface ¥(ay) is a connected sum of finitely many sur-
faces associated with non-split positive braids in By. This is slightly
imprecise: the left- and rightmost summand of ¥(cy) might have a
braid index smaller than N. However, every non-split positive braid
v € B, with n < N can be completed to a non-split positive braid
v € By with isotopic link closure. By Higman’s lemma and the ver-
sion of Kruskal’s tree theorem discussed above, finite ordered sets of
positive braid words in By are well-quasi-ordered. This implies the
existence of two indices ¢ < j with ¥(a;) < X(¢;) < ;. We conclude
that 3; is an r-minor of X;. O

3. QUASIPOSITIVE SURFACES

One of Rudolph’s characterizations of quasipositive surfaces can be
phrased as follows: they are precisely the incompressible subsurfaces of
the fibre surfaces associated with the positive full twists A2 = 6" € B,
where n ranges over all natural numbers [12]. For a fixed number n € N,
we can view a strongly quasipositive braid in B,, as a finite word in the
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alphabet

{oijhi<icjzn-
Here again, deleting a band o;; amounts to cutting a band of the
corresponding quasipositive surface.

Proof of Theorem[9. Let 1, B2, ... be an infinite sequence of strongly
quasipositive braids containing an N-th root of the positive full twist,
and let X1,%,,... be the corresponding sequence of canonical Seifert
surfaces. Suppose first that the family has bounded braid index: there
exists n € N so that all g, € B,. Then, as in the previous section,
Higman’s lemma implies the existence of a pair of indices i < j with

2 < Xy
Suppose that the family has unbounded braid index. Then there
exists a sequence of indices 1 < iy < iy < ... with increasing braid

index, say B;, € By, with M, > Nk. The assumption on the N-th
root implies that 3;, can be written as (5]% o, , with a suitable strongly
quasipositive braid «;, € By,. The positive braid 0y, € By, contains
the braid (o109---0x_1)F as a word minor. As a consequence, the
surface 3;, contains the fibre surface of the positive full twist A? € By
as an incompressible subsurface. We conclude by invoking Rudolph’s
characterization of quasipositive surfaces [12]. In the case of unbounded
braid index, we obtain the following, slightly stronger, result: for all
© € N, there exists j > ¢ with X; > ;. O
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