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Sperner’s lemma and competitive equilibrium with
incomplete financial markets*

Thanh Lef  Cuong Le Van*  Ngoc-Sang Pham®  Cagr1 Saglam?
March 28, 2024

Abstract

We establish the existence of a competitive equilibrium in a two-period stochastic
economy with incomplete financial markets by using Sperner’s lemma. Our existence
result covers (but is not limited to) several results in the literature, including the cases
of nominal and numéraire assets. Moreover, there may exist a continuum of equilibrium
prices.

Keywords: Sperner’s lemma, fixed-point theorem, general equilibrium, incomplete
market, indeterminacy.
JEL Classification: C60, C62, D5, G1.

1 Introduction

The issue of the existence of a competitive equilibrium in economies with incomplete financial
market is important in economic theory and finance. For instance, Cass (2006) uses the Kaku-
tani fixed point theorem to prove that under mild conditions, there exists an equilibrium whose
asset price is a convex combination of the return matrix where the weights are exogenously
given.

Given that Cass (2006) only considers the case where all assets are nominal, i.e., the return
matrix of assets is constant, we aim to extend Cass (2006) to the case where the payoff matrix
of assets depends on commodity prices. We require that the return matrix is a continuous,
positive function of commodity prices. Moreover, its rank equals the number of financial
assets when all commodity prices are strictly positive. Under these conditions and standard
conditions on the utility function, we prove that there exists an equilibrium whose asset price is
a convex combination of the return matrix where the weights are exogenously given. This leads
to an interesting implication: there may be a continuum of equilibrium prices. Notice that the
indeterminacy here is not a simple matter of price normalization but from the structure of our
return matrix (whose rank equals the number of financial assets).

It is interesting to highlight that our result applies to nominal and numéraire assets as well.
Moreover, we show that in the case of nominal assets, an asset price is an equilibrium price
if and only if it is a no-arbitrage price. However, this insight does not hold for the case of
numéraire assets.
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Our second contribution concerns the methodology to prove the equilibrium existence re-
sult. To establish the equilibrium existence, the Kakutani fixed point theorem (Kakutani,
1941) and its variants have been widely used.! We provide a new proof based on Sperner’s
lemma (which is a combinatorial result on colorings of triangulations) and elementary topol-
ogy. Note that our approach based on Sperner’s lemma is constructive and may be helpful for
computing the equilibrium (see Scarf and Hansen (1973), Scarf (1982) for more details) while
the standard approach using the Kakutani fixed point theorem is not.?

Let us explain the intuition of our proof. The key point when applying Sperner’s lemma is to
construct a labeling which is proper (i.e., it satisfies Sperner condition) and, more importantly,
will generate a point corresponding to an equilibrium price.®> In a two-period economy with
incomplete financial markets, constructing a proper labeling is not easy because the budget
sets may have empty interiors when some prices are null.

To overcome this difficulty, we introduce an artificial economy where all agents, except for
one, have an additional income (¢ > 0) in the first period so that their budget sets have a
non-empty interior for any prices system in the simplex. For this artificial economy, we use
the excess-demand approach to construct a proper labeling and hence prove the existence of
an equilibrium which depends on e. Then, we let € go to zero to get an equilibrium for the
original economy.

The paper proceeds as follows. In Section 2, we review some basic concepts such as the
notions of subsimplex, simplicial subdivision, and Sperner’s lemma. In Section 3, we use
Sperner’s lemmma to prove the existence of a competitive equilibrium in an economy with
incomplete financial market markets, and discuss the equilibrium properties.

2 Preliminaries and the Sperner lemma

In this section, we present basic notions from combinatorial topology based on which we state
Sperner’s lemma.

Consider the Euclidean space R™. Let e! = (1,0,0,...,0),e? = (0,1,0,...,0),..., and
e” = (0,0,...,0,1) denote the n unit vectors of R". The unit-simplex A of R™ is the convex

hull of {e',e?,...,e"}. A (m — 1)-dimensional simplex of R™, denoted by [[z!, z?,...,z™]], is
the convex hull of {x!, 22 ... 2™} where ' € R" for any i = 1,...,m, and the vectors (z! —
2?2t — 23, .. 2! — 2™) are linearly independent, or equivalently, the vectors (z!, z?%, ..., 2™)
are affinely independent (i.e., > /" Ajz; =0 and )", A\; = 0 imply that \; = 0 V7).

Given a simplex S = [[z}, 22, ..., 2™]], a face of S is the convex hull [[z, z%, ... z%]]
with h < m, and {i1,49,...,in} C {1,2,...,m}. In particular, a vertex of S is z' with
ie{l,...,m}.

We now define the notions of simplicial subdivision (or triangulation) and labeling (see
Border (1985), Su (1999) or Chapter 23 in Maschler et al. (2013) for a general treatment)
before stating Sperner’s lemma.

Definition 1. The set T = {A; :i=1,...,p} of simplices, is a simplicial subdivision of A if
it satisfies 3 conditions: (i) A = UY_| A, (i) for anyi,j € {1,...,p}, the intersection A;NA;
is either empty or a face of both A; and A;, and (iii) for any i € {1,...,p}, all of the faces of
A; are in T2

1See Magill and Quinzii (1996), Florenzano (1999) for excellent treatments of general equilibrium models
with incomplete financial markets.

2In a companion paper (Le, Le Van, Pham and Saglam, 2022), we use Sperner’s lemma to prove the Gale-
Nikaido-Debreu lemma.

3In applying the Kakutani fixed point theorem, a key issue is to construct the correspondence which gener-
ates the equilibrium prices. In general, this task is not trivial.

4For any positive integer K, there is a simplicial subdivision T = {Af,...,Aé{(K)} of A such that



Definition 2. Consider a simplicial subdivision of A. Let V' denote the set of vertices of all
the subsimplices of A. A labeling R is a function from V into {1,2,...,n}. A labeling R is
said to be proper if it satisfies the Sperner condition:

For anym <n, ifx € ril[e",e?,..., e™]] then R(x) € {i1,ia,...,im}.°
In particular, R(e') = 1, Vi.

Note that the Sperner condition implies that all vertices of the simplex are labeled distinctly.
Moreover, the label of any vertex on the edge between the vertices of the original simplex
matches with another label of these vertices. With these in mind, we can now state Sperner’s
lemma.

Lemma 1. (Sperner’s lemma) Let T = {Aq,...,A,} be a simplicial subdivision of A. Let
R be a labeling which satisfies the Sperner condition. Then there exists a subsimpler A; € T
which is completely labeled, i.e., A; = [[21(7),..., 2" (1)]] with R(z'(i)) = ,VI=1,...,n.

The Sperner lemma guarantees the existence of a completely labeled subsimplex for any
simplicially subdivided simplex in accordance with the Sperner condition.

3 Main results

In this section, we use the Sperner lemma to establish the existence of an equilibrium in a two-
period stochastic economy with incomplete financial markets. We also discuss implications of
our existence result.

3.1 Competitive equilibrium with incomplete financial markets

First, we briefly present here some essential notions. For a full exposition, see Magill and
Quinzii (1996) and Florenzano (1999).

Consider an economy with two periods (¢ = 0 and ¢t = 1), L consumption goods, J financial
assets, and I agents (I > 2). There is no uncertainty in period 0 while there are S possible
states of nature in period 1. In period 0, each agent ¢ < I consumes and purchases assets.
The consumption prices are denoted by pg € Ri in the first period, p, € Ri in the state s of
period 1.

. Let p = (po,p1,---,Ps) € Ri(s+1). Each consumer has endowments of consumption good
wi € R in period 0 and w! € R in state s of period 1. Any agent ¢ has a utility function
U'(xh, %, ... x%) where 2 is her consumption in state s. There is a matrix of returns depending

on p of financial assets, which is the same for any agent. Typically, if agent ¢ < I purchases
2" quantity of assets in period 0, then in period 1, in state s, she/he will obtain an income
(positive or negative) Z}']:1 R, j(p)2?. The returns R(p) can be represented by a matrix R =
(Rij(p))i=1..s.j=1...7. We denote by Ry(p) = (Rs1(p), Rs2(p), ..., Rss(p)) the s row of R(p).

We make use of the following set of assumptions.

Assumption 1. (i) For anyi=1,...,1, the consumption set is X' = Ri(sﬂ), and the assets
set is Z' = R’

(ii) For anyi=1,...,1, w} € RE,, wi € RY, for any state s in period 1.

(i1i) For anyi=1,...,I, U" is strictly increasing, continuous, and strictly concave.

Mesh(TX) = maXe(1,... p(k)} SUP, {2 — yll + =,y € AK} < 1/K. For example, we can take equilateral
subdivisions or barycentric subdivisions.

Recall that if A; = [z, 2%, ... 2" ]], then 1i(A;) = {z | 2 = 3, awa®(4); Yp e = 15 and Vk @ a(k) >
0}.

SA proof of this lemma can be found in several textbooks (Berge, 1959; Scarf and Hansen, 1973; Border,
1985; Maschler et al., 2013) or papers (Sperner, 1928; Le Van, 1982).



Assumption 2. The map p — R(p) is continuous. R(p) is non-negative for any p > 0. R(p)
has rank J for any p > 0."

We now introduce the notion of equilibrium in an economy with financial assets.

Definition 3. Consider the economy £ = ((Ui, X4 70 wh), R). An equilibrium of this economy
is a list (2%, 2, (0", ")) where (a5, %), € (X)! x (Z0)], (p*,q") € RXSTD xR, such
that
(Z) For any i, (mz*,zz*) € X' x Zi; pEk) : (% - w(l)) + q* 2t = 0, p: : (l’; - w;) = Rs(p*) - 2!
Vs=1,...,5, and x** solves the problem

max U'(zl, o, ..., x%) subject to: ' € B'(p*,q*) (1la)
where we define

Bi(p.q)={r' € X' : 3" € Z'po- (ah —wj) +q- 2 <0
ps- (#l —w)) < Ry(p)-2,s=1,...,5}

(i) S (x¥ —w!) =0 for any s =0,1,...,S and Y1_, 2 = 0.

Definition 4. The allocations ((z,2);) € (X)) x (Z')! are feasible if (i) S (z* —w') <0
and (i) S21_, 2 = 0.

Given a > 0 and define the sets F* = {(z'); € (X)) : 3.1 (2% — ') < aly}, where we
denote N = (S+ 1)L and 1y is the vector of RN, whose coordinates are all equal to 1. Denote
the projection of F'® on X' by X', Let B® be a closed ball of RE, centered at the origin, which

contains all X' in its interior.

An intermediate economy is the economy
€= ((U,X",Z',w'),R),

where the consumption set is X' = X¢ = BN Ri(sﬂ) for any i. An equilibrium in this
intermediate economy is defined as in Definition 3.
We can now state our main result.

Theorem 1. Consider the economy £. Let Assumptions 1 and 2 be satisfied. For any list
Aoy Aty oy Ag) with Ao = 1,Ag > 0,5 =1,..., S, there exists an equilibrium ((z™, 2*)_,, (p*, "))

with p* € A - the unit-simplex of Ri(sﬂ), and, more importantly,
s S
0= Y NRW), de g = S MRV = 1. )
s=1 s=1

Theorem 1 leads to some interesting consequences.

Corollary 1. Let Assumptions 1 be satisfied. Then the conclusion in Theorem 1 holds for the
following cases:

1. (Nominal assets) All assets are nominal: R(p) is a positive constant matriz (R, ;(p) =
R,; >0Vs, Vj,Vpe A), and rank(R) = J.

"Condition ” R(p) has rank J for any p > 0” is quite similar to Assumptions FO in (Aouani and Cornet
(2011)) which can also cover nominal and numéraire assets.



2. (Numéraire assets) All assets are numéraire assets: R(p) = Q(p) X G where G is a
positive constant S x J- matriz, rank(G) = J, and

pr-e 0 0
0 po-e 0
Qp) = . .|
0 0 ps - e

where e € RY and e > 0 is a numéraire.®

Theorem 1 covers the existence of competitive equilibrium in economies with nominal assets
as in Cass (2006) and Florenzano (1999). Note that Cass uses the Kakutani fixed point theorem
and Florenzano uses the Gale-Mas-Colell lemma (Gale and Mas-Colell, 1975, 1979).° Theorem
1’s contribution is two-fold. First, it provides a new proof based on Sperner’s lemma. Second,
it shows that if the the return matrix is continuous, the equilibrium asset price is a linear
combination of the return matrix where the weights are given.!°

Our equilibrium existence covers some cases which have not been considered by Cass (2006)
and Florenzano (1999). For example, when we consider an economy with 3 states of nature, 2
assets (S = 3,J = 2), and the return matrix is given by

pL-e 0
R = 0 po-e
0 1

where e € R* and e > 0 is a numéraire. This means that the asset delivery is in terms of
numéraie asset for the states of nature 1 and 2 but in terms of nominal asset for the state of
stature 3.

Before presenting our proof, we point out some implications of Theorem 1:

Remark 1 (Continuum of equilibria). In the case of nominal assets where the return matriz
1s constant, we have ¢* = Zle ARy, t.e.,

S
=Y AR Vi=1,...,1J (3)

s=1

While the property q* = Zle AsRs 1s well-known in the case of nominal assets, our paper

is the first to show a similar property (q* = 327 A\;Rs(p*)) in the case when the return matriz
R satisfies Assumption 2.

Remark 2 (Equilibrium price versus no-arbitrage price). For the nominal assets, an equi-
librium always exists, and an asset price is an asset equilibrium price if and only if it is a
no arbitrage price. Indeed, take a mo-arbitrage price. Using our above result, we obtain an
equilibrium. Conversely, for any financial equilibrium, under the assumption that the utility
functions are strictly increasing, the first order conditions show that an equilibrium asset price
1S a no-arbitrage price.

However, we do not have this equivalence in the numéraire case. Indeed, in this case, the set
of no-arbitrage prices is {q : q = Zle AsRs(p), As > 0,Vs > 1,p € A}. If q is an equilibrium
price, then by the first order conditions, it is a no-arbitrage price. The converse is not always
true. Indeed, if ¢ = Zle AsRs(p) with Ay > 0,Vs > 1,p € A, it is not sure that this q is an
equilibrium price (because the return matriz depends on price p).

8Notice that if p > 0, then ps - e > 0 Vs > 1, and hence rank(R(p)) = rank(G).

9Cass works with utility functions while Florenzano works with preferences.

ONotice that Assumption 2 may not be satisfied when all assets are real (i.e., the return matrix equals
(ps - al)s=1....s:j=1..7, where al € R%). So, Theorem 1 can not be applied for the case of real assets. Recall

that when all assets are real, equilibrium may fail to exist (see Hart (1975) and Florenzano (1999) among
others).




3.2 Proof of Theorem 1

First, we prove the existence of equilibrium in the intermediate economy £. To do S0, we
proceed in two steps: (1) we use the Sperner lemma to prove that there exists actually a
Cass equilibrium, and (2) from this Cass equilibrium, we construct an equilibrium for the
intermediate economy.

We now define and prove the existence of a Cass equilibrium.

Definition 5. A Cass equilibrium associated with (Ao, A1,...,As), Ao = 1, As > 0,Vs > 1 is a

h‘;f(( )1, (F) sy, (5, 7)) such that ((F)_,, (7),) € (X9) x (R7), (5,q) € RESTS xR,

(i) ' solves the consumer 1 problem under the constraints: x' € X¢, p - (2! —w!) <0,

wh@']"@ ﬁ/ - (150; )\1]317 RN ASPZS)'

(ii) Fori=2,...,1, we have py- (T, —wi)+q-2' =0, ps- (z\ —w!) = Ry(p) - 2', Vs > 1, and
Z' solves the consumer i’s problem

max U'(z}, 2}, ..., 2%) subject to: ' € By.(p,q)

where By.(p,q) = {2 € X¢: 32" € R? 1 py- () —wi) +q-2" <0, ps - (21 —wi) <
Ry(p) - 2%, Vs > 1}.

(1it) =32, AsRs(P).

(iv) S (7 — ) = 0.

Lemma 2. There exists a Cass equilibrium associated with (Ao, A1, ..., As), A0 = 1, Ay >
0,Vs > 1.

Proof. Step 1. Let p = (po,p1,--.,ps) € A where A denotes the unit-simplex of RELE+D)
Deﬁne P = (po, A\ip1,- -, Asps). Let A = ming A;. Let @ > 0 and € such that 0 < € <
D 1) Define the following e-return matrix R'(p,€): R'((psi)si, €) = R((ps + €)s;). Obviously,

R'(p,0) = R(p) and R/(p,¢€) is of rank J for any ¢ > 0.
Consider the problem of agent 1:

max U'(z') subject to 2" € By.(p) = {a' € X :p'- (' —w') <0}.

Any agent i (i > 2) solves the following problem:

max U*(z') subject to: ' € By (p), (Problem P"(p))
where BY.(p) = {xl €cX:3ZeR ipy- (xf — W)+ (Z)\SR;(p, €)) -2 <,
s>1

ps- (28 —w!) < R.(p,e) - 2" Vs > 1}.

These optimization problems have continuous, strictly concave objective functions. Clearly,
Bk.(p) is compact. We can also prove that BY.(p) is compact.'! So, these optimization
problems have a unique solution.

URirst, BY.(p) is bounded. Second, we prove that it is closed. Let z" be in B%S(p) and converge to z’.
We have to prove that z? is in BY%(p). Let z%™ be in R’ so that two conditions in the definition of BY% (p)
hold. It suffices to prove that the sequence (2%") is bounded. Suppose that [z5"| — +o0 when n — +oo.

We have W + (Zs>1/\ Rl(p,e)) - ”Z::” < 1= = ” and 2 (|Z1 ) < R.(p,¢) - m Let n — +o0,

since there exists a subsequence o :Z T which converges, we can, without loss of generality, suppose Hz‘ :H —
¢ # 0. So, we have (ZS>1 AsRL(p, )) ¢ <0,0< RL(p,e)-(,V¥s. By consequence, we have R, (p,€) - ¢ = 0,
Vs =1,...,5. Since the matrix R'(p,¢) is of rank J, we imply that S > J and we get that ¢ = 0, which is a
contradiction.




We now prove that the optimal values z*!, 2% ... 2! are continuous functions with respect

to p.'? Indeed, consider a sequence of prices p( ) € A converging to p when n tends to infinity.
Let us consider the problem of agent i > 2 (the proof for agent 1’s problem is similar) and
denote 7 (p(n)), z¥*(p) the solution of the problem P"¢(p(n))), P"*(p)) respectively. By using
the same argument in Footnote 11, we can assume that there exists sub-sequences x**(p(ny)),
2 (p(ny)) satisfying two conditions in the definition of B%.(p(ny)) and they converge. Denote
¥ = limy o0 a:;”(p(nk)) 4

We claim that 2* = z(p). Indeed, the budget constraints are satisfied. Observe that the
budget sets of the agents 7 (with ¢ > 2) have nonempty interiors.'® Let 2’ be in the interior of
BY.(p). We have py - (2) — wd) + (X ooy AsRL(py€)) - 27 < e and p, - (22 — wi) < R.(p,e) - 2

Since p(ny) tends to p, we have po(ny) - (zh — wh) + (3,01 AsRL(p(ng),€)) - 2° < € and
ps(ng) - (28 — w?l) < R.(p(n),e) - 2* for any n high enough. This implies that U(z*(p(ny)) >
U'(z") for any n high enough. Let k tend to infinity, since z**(p(ny)) converges to z*, we get
that: U(z*') > Ui(2?) for any 2’ in the interior of BY:(p).

We now take 2 in the interior of BY.(p). Define 2™ = La?+ (1 — L)z (p). Then 2™ is in

the interior of Bé’;c (p) for m high enough. By the concavity, we have that, for m high enough,

U+ (= U ) < U (el (= () = UiGe™) < UG,

Let m tend to infinity, we get that Ui( Y > Uz (p)). So, x' = x¥'(p) (since U' is strictly

concave). We have just proved that z*!, 272 . .. z*l are continuous functions with respect to p.
For any p, we have
I
p, Z (I - 1)67
=1
where, by convention, we denote z7! = z*!

Define the excess demand mapping & by

I
Ep) =D (2 (p) — ).
i=1
It is obvious that Vp € A,p’ - &(p) < (I — 1)e.

Step 2 (using the Sperner lemma). Denote N = (S+1)L. Let K > 0 be an integer and
consider a simplicial subdivision 75 of the unit-simplex A of RY such that Mesh(T*) < 1/K.
We define the following labeling r. For any p € A, r(p) = t, where ¢ is one of the indices
satisfying p; # 0 and &(p) < (- 1)6 Such a labeling is well defined. Indeed, for p € A, we have

(I—-1e>p -&(p) = Zi:o )\hphﬁh( ) > Eh:o Anprén(p). So, there must exist ¢ € {1,..., N}
with p; # 0 and &(p) < (I%)E This labeling satisfies the Sperner condition. Indeed, if
p € ri[[e™, ..., e™]] with m < N, then we have {i : p; # 0} = {i1,...,in}. By definition,
we see that r(p) € {i : p; # 0}. Therefore, r(p) € {i1,...,im}. It means that the labeling r
satisfies the Sperner condition.

According to Sperner’s lemma, there exists a completely labeled subsimplex [[p'(K), . .., p" (K)]],
ie., r(p'(K)) =1, Vi. This implies that & (p'(K)) < =25 ve=1,... N,

Observe that

< ulj\[ < aly. (4)

}2We can also prove this continuity by applying the Maximum Theorem (Berge, 1959) and noting that
BY.(p) has a closed graph (smce that matrix R'(p,€) is of rank J).
YIndeed, we can take z} = wi, s = 0,1,...,5 and 2* > 0 such that > o, A;R{(p,€)z" < e. Then this

allocation is in the interior of B;(EC( ).



where recall that 1y is the vector of RY, whose coordinates are all equal to 1.
Let K — 400, there is a subsequence p'(K,) — p*(¢) € A for any ¢t € {1,..., N}, when n
tends to infinity. We have &,(p*(¢)) < Y= < o, forall v =1,--- | N.

1
X
It follows from (4) that

1

> (i) - o) < L=y <y 5)

i=1

This implies that for any i, 2} (p*(€)) is uniformly bounded from above when € is small.

Write p*(e) = (pj(€), pi(€), - .., pE(€)), () = (p§(€), Mipi(€), - .., Asp§(€)). Because of (5),
the consumptions are in the interior of the ball B¢. Combining with the the fact that utility
functions are strictly increasing, we get that: the budget constraint must be binding:

pr(e) - (27 (p7(e) —w') =0, (6)

and p™(e) > 0, or, equivalently, p*(e) > 0.
For any agent ¢ > 2, condition (5) also implies that the consumptions are in the ball B¢.
By consequence, there exists z** such that

pa(e) - (@Z5(p7(6)) — wi) + (Y ARL(p* (), )2 = ¢,

p:(e) ) ('r;k,ls<p*(6)) - w;) = R;(p*(e), 6) ’ Z:iv s=1,...,5.

Since R'(p*(€),€) is of rank J for € > 0, z* is unique.

Step 3. Let € = % — 0 (where m € N and m — o0), without loss of generality. Since
the sequence (p*(%))m is bounded, there exists a subsequence p*(mik)k which converges. So,
without loss of generality, we can assume that p*(¢) converges to p € A. Since x*! is continuous,
we have z*!(p*(¢)) — z' = 2*!(p). From this, we have p > 0 (because x*(p*(€)) is uniformly
bounded, see (5)).

By using the same argument in Footnote 11 and noting that the matrix R(p) is of rank
J with p > 0, we can prove that there is 3 > 0 such that ||z*'(p*(¢))|] < 8 when € is small
enough.' Hence, without loss of generality, we can assume that z*(p*(e) converges when e
goes to zero.

To sum up, when € — 0, we can assume that p*(¢) — p € A, x*'(p*(¢)) — 7' = z*1(p),
p> 0. For i > 2, 2 (p*(e)) — 7, 2" (p*(¢)) — Z°.

Let 7 = (fo, M1, - - -, AsPs). Note that from (5) that S°7_| (7' —w’) < 0 and from (6) that
PN F -w)=0=>p, (T, —w) =0,p=1,...,N. Since p > 0, we deduce that
Zle(:ié —w)=0,Y¥p=1,...,N, or equivalently S (E - W) =0.

The last step: prove the optimality of z* for each ¢+ > 2. To do so, assume that there
is 2' € B%.(p,q) such that Ui(x?) > U’(z'). Without loss of generality, we can assume that
x>0 Vs 1

“Indeed, suppose that there exists a sequence (2’ )n>1 = (2*(p*(kn)))n>1, with (kp)p=1,2,... being
a decreasing sequence converging to zero, and HZI::LH — 400 when n — +oco. We have, for any n,
Vs=1,...,8, pi(kn) - (2" (p"(kn)) — wi) = Ry(p*(kn), kn) - 2, . Then,

(kn) - (23 (p*(kp)) — Wi 2z
Palln) Gl O o)) =) _ 03 ) - oo ws =1, 5,9 (7)
25 |l 25
Let n — 400, we can suppose H?E;H — ¢ # 0. Since lim,,_, o p*(k,) = D, we have lim,,_, o R.,(p*(kn), kn) =
ki,

R(p). Therefore, we get that 0 = Rs(p) - ( =0Vs=1,...,5. Since p > 0, the matrix R(p) is of rank J. This
implies that ¢ = 0, which is a contradiction.

Indeed, we can introduce x'(\) by zi(\) = (1 — A\)al + Aws. Then, zi(\) > 0 because wg > 0, Vs.
Moreover, we can choose A > 0 small enough so that U?(z*(\)) > Ut(z?).



Since z' € B%.(p, 7), we take any 2* € R’ such that py- (2 —wi) +q-2* < 0,ps- (2! —w?) <
Ry(p) - 2* Vs > 1. Notice that 2 > 0, Vs. So, without loss of generality, we can assume that!®

Do (wh—wl)+q-2' <0, ps- (2t —w!) <Ry (p)- 2" Vs> 1.
Thus, we can choose € > 0 small enough such that
Pi() - (wh— wh) + RL(p*(e) )2 < &, pile) - (2 — ) < RU(p*(e),€) - 2, ¥s > 1.

By the optimality of z**(p*(€)), we have U'(z%) < U’ (:cj%p*(e))) Let € — 0, we get that

U'(z") < U'(z"), which is a contradiction. We have proved the existence of a Cass equilibrium.

]
We now move from Cass equilibrium to an equilibrium in the intermediate economy.

Lemma 3. Let \g = 1,A; > 0,Vs > 1. There exists an equilibrium wn the intermediate
economy with § =Y A;R4(D).

Pmof Let ((z )Z 1 (ZHL,, (P, q)) be a Cass equilibrium associated with (X\g, A1, . .., Ag). Define

= — Y52 2" We will claim that ((7°)/_,, (2)i_;, (, 7)) is an equilibrium in the intermediate
economy with q§ = Zs:l AsRs(p). Market clearing conditions are obviously satisfied.

Since Y21_ (7 — wl) = 0, ¥s > 1, we have A, - ., (7% — w!) = 0, which implies that
A - (T — wh) = = A\efis - 0L, (7 — wi), Vs > 1.

We now have fi, - S0 (74 — wi) = Ry(p) - Yyuy 2 = —Ry(p) - Z', which implies that

Z/\Sps ZL‘ —w (Z/\R ) gzt

s>1 s>1

By combining this with the fact that fo - (T5 — wp) + 2_,oq AsDs - (T4 — wi) = 0, we get that
Po- (T —wl) + g - z' = 0. Therefore, we can easﬂy prove the optimality of z!.
[

Lemma 4. An equilibrium in the intermediate economy £ is an equilibrium in the initial
economy &.

Proof. Let ((z*,2")L_,, (p*,q")) be an equilibrium in the intermediate economy £. To prove
that this is also an equilibrium in the initial economy &, it suffices to prove, for each i, the
optimality of the allocation (2, 2%): U'(z™) > U'(2") for any (2', 2') € B'(p*, ¢*).

Let (2%, 2%) € B'(p*,q*). Since z* belongs the interior of X¢, there exists A € (0,1) such
that Az’ 4 (1 — )™ € Xt We have AU (%) + (1 = AU () < Ui\’ + (1= \)a™*) < U'(2™),
which implies that U(z") < U'(z™).

]
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