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1. INTRODUCTION
The Partial Differential Equation (PDE) [10]

xreal,t>0:v,+ (v") + v/ —dvi=0,m>1, p>0,¢>0,4>0,d>0, (L.1)

v(x, 0) = v,(x) > 0 with compact support,

governs the transport of turbulent kinetic energy k in the framework of a turbulence model with a single equation. This minimal model

retains the essential physical ingredients: time evolution (9,), space diffusion (3; ), one space dimension only, nonlinearity (m # 1), dissipa-
tion (cv?) and production (dv 7). Our goal in the present paper is to find closed form solutions to serve as a validation test for the numerical
schemes. In order to achieve that, we will not design new methods but apply existing methods to generate several new solutions of physical
interest.

The so-called “model equation” [10] corresponds to m = p = 3/2, ¢ =d = 1, q = 1/2, and the very special case ¢ = d = 0 (of no interest to us)
is known as the porous media equation [2,12].

In order to search for closed form solutions, it is better to first convert (1.1) to an algebraic equation,
p+tm-—2 q+m-—2
m-1

v =w,wt—mwwxx—iwi+(m—l)cw m=1  _m-l)dw m-1 =y, (1.2)
m—

with the choice p = m, g = 2 — m, m arbitrary (since it contains the case of physical interest p = 3/2, g = 1/2 when m = 3/2).
Therefore the final algebraic equation which we will study is (after rescaling t) [10, Eq. (3.24)]
MW" =wiEw)=w, —bww_ —wl +cecw’ —d=0,b>0,c>0,d>0. (1.3)

Since there could exist physical systems not requiring the positivity of b, ¢, d, we will also mention a few solutions with b, ¢, d not all positive.
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The paper is organized as follows. In Section 2 we first recall the ingenious, however not generalizable, method which has allowed Maire to
obtain a solution matching all the physical constraints in (1.3).

Section 3 is devoted, using the method of infinitesimal Lie point symmetries, to the construction of all the reductions of the PDE (1.3) to an
Ordinary Differential Equation (ODE), then to their integration.

In Section 4, we study the local behaviour of the field w(x, t) near its movable singularities, a prerequisite to the search for closed
form solutions.

The next Section 5 is devoted to a search for new exact solutions based on the singularity structure.

2. METHOD OF GALAKTIONOV AND POSASHKOV

The PDE (1.3) belongs to the class
w, —P(d_, w) =0, P differential polynomial, (2.1)

with the additional property of existence of a finite number of functions f,(x) whose linear combinations are stable under P(d,, w),
K K
V(@ @ )AB s B P DD () | = Y B S (). (2.2)
k=1 k=1
Then Galaktionov and Posashkov [7] observed that the (kind of “adiabatic”) assumption
K
w(x, t) = z}/k(t)fk(-x)’ (2.3)
k=1

amounts to solving a nonlinear system of ODEs (no more PDEs) for the functions y,(#). In the present case (1.3),
w(x, £) = 7,(t) + 7,(t) cosh(kx),

one thus obtains four solutions leaving the physical parameters b, ¢, d unconstrained and positive.

The most physically relevant solution [10, Eq. (3.37)],

cosh(wt) — cosh(kx)

W= w=A
sinh(wt)
24 b (2.4)
w = Ac a Lk = ¢ ,A2=£,
1+b 1+b c

does not depend on any movable (i.e. function of the initial conditions) constant, excluding of course the arbitrary origins x and ¢, and it
provides a good description [10] of the transport of the turbulent kinetic energy.

The second solution is stationary,

¢ ., (+bd

w = Acosh(kx), k* = ,A? R (2.5)
1+b c
and the third one homogeneous in space
w=2 00 22t 0 = dcd, (2.6)
2c 2
Finally, the fourth solution is characterized by a second order nonlinear ODE,
2 ¢ 2 , d
w=g,t)+ g (t)cosh(kx), k™ = .8 =8 —— =0,

1+b c (2.7)

—(b+1)gl —2(2b +3)cg, g, — 2(b + 2)cg,(cg; —d) =0,

and, if one excludes the particular values g, listed in the three previous solutions, its only physical (b positive) solutions are multivalued
[3, Eq. (9.2)], but nevertheless expressible via quadratures [9]. The same kind of ODE will again be encountered hereafter, see Eq. (5.17)
for F..

1
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If one relaxes the constraint b > 0, there also exists a fifth solution,
_ a)z a)z 2 _ 2 42 2 _ _ _ .
w= z_tanhyt + Acos(kx), w; = 4cd + 4c*A%, k* = ¢, b =—2, A = arbitrary. (2.8)
c

Since the above ingenious method only applies to the restricted class (2.1) and (2.2), let us in addition apply the two main classes of methods
able to find explicit solutions of algebraic PDEs:

« Those based on the symmetries of the PDE, which generate reductions to ODEs;

 Those based on the movable singularities of the PDE, which (after a double study, local then global) generate closed form solutions w(x;, t).

3. SOLUTIONS OBTAINED BY SYMMETRIES

For generic values of b, ¢, d, the only Lie point symmetries of the PDE (1.3) are arbitrary translations of both x and . The resulting charac-
teristic system,

dx dt dw
—~ =3 o o, B arbitrary constants, (3.1)

B

admits the two invariants w and Sx — at, with ¢ Bnot both zero, thus defining the unique reduction to an ODE,
w(x, t) = W(E), & = fx—at,—aW' — BOGWW" + W)+ cW? —d =0. (3.2)

One must distinguish = 0 (the reduction preserves the differential order two) and £ = 0 (the reduction lowers it to one).
For f## 0, since the positive parameter b is never equal to —(1 — 1/n), with n some signed integer, the general solution W(¢) is multivalued
[11] and generically cannot be obtained in closed form. A notable exception is f# 0 and o= 0 (stationary wave),

E=x,w(x, t) =W(x), —bWW” - W"? + cW? —d =0, (3.3)

which admits the first integral [10]
2
K=[A+b)W” = d)+cW’ W, (3.4)

For K = 0, the general solution is physically acceptable and has already been obtained, see Eq. (2.5), and for K # 0 the solution is given
implicitly by the quadrature

2

wix, 1) = W(x), x = x, + | L+b aw. (3.5)

=2
(14 b)d —cW? —KW?

The only cases of invertibility of this quadrature are —-2/b = 1, 2, 3, 4, yielding expressions W(x) trigonometric (b = -2, —1) or elliptic
(b =-2/3,-1/2), which however all violate the physical requirement b > 0.

For /=0 one obtains the front independent of x, Eq. (2.6).

4. STRUCTURE OF SINGULARITIES

Any closed form solution depends on arbitrary functions or constants, such as x,, ¢, in (2.4), which may define movable singularities.
For instance, the solution (2.4) definies two families of movable singularities: on one side the movable poles of w located at the points
t =t, + niz/w, n € Z, on the other side movable poles of 1/w (movable zeroes of w) located on the singular manifold ¢(x, t) = 0 defined by

@(x,t) = coshw(t —t,) —cosh k(x — x,) =0. (4.1)

A prerequisite to the systematic search for solutions is therefore the determination of the structure of the movable singularities of (1.3),

w, o wol pe N (4.2)
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Since the highest derivative term ww__displays the singularity w = 0, one must also study the movable zeros of w (movable poles of w™' = f),

At =w=fTHE() == ff, +bff, —Qb+ 1) fI —df* +¢f* =0. (4.3)
This is a classical computation [6, §4.4.1], whose results are the following.
The PDE (1.3) admits two types of movable singularities.
(1) If @ = 0 (the singular manifold is then said characteristic), the highest derivative term ww__does not contribute to the leading order,
and w (as well as f) presents one family of movable simple poles,
0. =0:wr~, cflwf(p*l, (4.4)

. =0:w'~, _ dpp (4.5)

(2) If @ # 0 (noncharacteristic singular manifold), w has no movable poles and w™' = fpresents two families of movable simple poles,

F g L0097 df —%fo +1=0, f, =0, (4.6)

x

To finish this local analysis, one must then compute the Fuchs indices of the linearized equation of (1.3) in the neighborhood of ¢ = 0.
Indeed, a necessary condition of singlevaluedness is that all Fuchs indices be integers of any sign. For the families (4.4) or (4.5), the unique
Fuchs index is i = —1. For each of the two families (4.6), one finds

df? —1
i=—1, f"b , (4.7)

and the noninteger value (even nonrational) of the second index reflects the high level of nonintegrability of the initial PDE.

In order to build solutions of this kind of nonintegrable PDE, the various methods based on the singularity structure are reviewed in
summer school lecture notes [5], where the proper original references can be found. Let us now investigate a few of them.

5. TRUNCATIONS

They consist in requiring the Laurent series of a single family to terminate. For the respective local behaviours (4.4)-(4.6), the correspond-
ing possible solutions are defined by

(@, =0):w=c"g" +w, (5.1
(p,=0):f=d'y "+ f, (5.2)
(0, =0):f=fix'+f. f, =0, (5.3)

in which the expansion variable y(x, t) is any homographic transform of ¢(x, t) vanishing with ¢. There exists an optimal choice of y [4],
characterized by its gradient ((&, ) represents either (x, ¢) or (¢, x))

S 1
;(5:1+512,;(”=—C+C§;{—E(CS+C¢§)12, (5.4)

and the constraint

S, +C§§§ + ZC,fS + csf =0. (5.5)

After substitution in Egs. (1.3) and (4.3), the LHS E of these equations become Laurent series in y which also terminate,

L
E=YE ", —qeN, (5.6)

j=0
and the coefficients E, only depend on w;, w, (or f,, f) and (S, C). The solutions are then provided by solving the determining equations

ijO,...,—q:Ej(wo,wl,S, C)=0. (5.7)
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5.1. Characteristic One-family Truncation of w

The truncation (5.1) with _= 0 defines the system

E, =0,
E =-bc'w,  +2w, =0, (5.8)
N
E,=-=bww,  —w “+w, +w ——-d=0,
' ' ’ 2¢
whose general solution is
w, = Acos(kx), S =—2cd — 2 A%, k> =¢, b+ 2)A=0. (5.9)

The value of y results by integrating the Riccati system (5.4),

. .
y'= ftanhft, @; = 4cd + 4 A% (5.10)

The bifurcation (b + 2)A = 0 defines two previously found solutions w, (2.6) and (2.8).

5.2. Characteristic One-family Truncation of f

The truncation (5.2) with y, = 0 defines the system

E, =0,
E=f=0,
S
E,=cd +—-5d"f7 —df,, =0,
pmed ity oA =, (5.11)
E, =2cdf, + Sf, —4d’ 7 - 2df, f,, + bdf, .. =0,
N
_E4 zE(fl)+§fl2 =0,
whose general solution is
f,=0,8S=-2cd. (5.12)
After integration of the Riccati system (5.4),
1) 1)
X =—*tanh—*t, @ = 4cd, (5.13)
2 2
one obtains
f= d'l%tanh%t, @ = 4cd, (5.14)

identical to (2.6).

To conclude, these characteristic truncations yield nothing new.

5.3. Noncharacteristic One-family Truncation of f

Let us finally consider one of the two families (4.6), whose Fuchs indices are (4.7), and let us assume bd # 0. The truncation (5.3) defines
the system
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[E,=df? +Cf, +1=0,
E =2(=2df; —Cf, + b)f, + fiC, — fufy, + 20+ D), =0,
E] EEj('fO,'fl,S,C):O,jzz,3,

2
E, =bQb+ D[ 7S +2f7 + 21, ~2f,f,.] =0
[ X=S +C, +2CS5+CS =0,

and the factorization of E, makes the resolution easy. It is even easier after the change of functions

In the case b # —1/2, the algebraic (i.e. nondifferential) elimination of F,F

(o £ (B B): £y =VE, f, = fE =3 ..

\» S, yields the much simpler equivalent system,

[E, = F,, —(b+2)FF,, +2(b+1)F’F, —2dF, =0,
E,=-bF,  +2(b+2)EF, +2[(3b+2)F  —(4(b+1)F’ +¢)]F,-2F, =0,
:|X=0bF,_ —23b+2)FF,_ +4(b+1)F’ —cF, =0,
E E’ E
§= _éL; —2F’ +2F  —2—*F,
E 2F K,
C=-F —dF'

This system (5.17) is solved in three steps:

(i) integration of the ODE in F, defined by X = 0, which introduces at most two arbitrary functions of t;

(ii) determination of F, by solving the overdetermined system (E, = 0, E, = 0);

(iii) knowing the values of (S, C), integration of the Riccati system (5.4) for y.

In the unphysical case b = —1/2, we could not find an equivalent system as simple as (5.17).

Let us now perform the above mentioned three steps.

5.3.1. Values of F1

(5.15)

(5.16)

(5.17)

As already mentioned about the similar ODE (2.7), we will discard the multivalued solutions of the ODE X = 0 for F,(t), refering the inter-

ested reader to Ref. [9].

All singlevalued solutions of the ODE for F, are obtained by two methods: for the general solution, by looking in the classical exhaustive
tables [8,11]; for particular solutions, by looking for Darboux polynomials. One thus finds exactly seven solutions, five of them with a neg-
ative b (unphysical for the diffusion problem, but possibly admissible for other systems) and two with an arbitrary value of b,

X 3
b= _5 :F=-7, log[cosh(kx —-g@®) —cosh(K(t))], K= _ZC’

4 5
b= —E:F1 =-J, log[(,@(x—g(t))—e()],e0 = —4—;, g, =12¢, g,(t),

1 1 c
b= —E:F1 = Eo"x log[p(x - g(t))—eo], &= 8= 12¢, g,(t),

2
b= —E:F1 = J@ox—gt) —e,, e, = —%,gz =12¢] — 4K(t), g, = — 8¢ + 4e,K(¢),

k k
b+1=0:F =—=tanh—(x — g(t)), k* = —,
=0:F ztanhz(x g(®) ——

b+1=0:F=-

c

4(b+1)c
bZ

>

k k
K anh x = g(), K =
2(b+1)2tanh2(x g(®)

b=-2:F =0,

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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in which (x, g,, g,) is the elliptic function of Weierstrass, and g, K two arbitrary functions of . The first four depend on two arbitrary
functions of ¢, the next two on one arbitrary function of t.

For b = —1/2, the obtained solution is a particular case of the solution, which we could not obtain, resulting from the system (5.15).
For b = ~1and ¢ # 0, the ODE for F, has no singlevalued solution.

Let us next determine F,. By the elimination of F, between E, = 0 and E, = 0, the value of F, is the root of a sixth degree polynomial whose
coefficients are polynomial in F, and its derivatives. However, this computation is only tractable for the two tanh solutions (which only
depend on g(1)), and one finds constant values for F, and g'(t),

d k

b+1;“0:E)2:m,g,(t):+(b+2)zﬁ), (525)
d k

b+1=0:F =m,g'(t):—(b+2)5F0. (5.26)

In the four other cases b = —4/3, —4/5, —1/2, —2/3 of the list (5.18)-(5.21), this technical difficulty is overcome by integrating the linear
inhomogeneous ODE E, = 0 for F as follows.

One first notices that, in its homogeneous part, the simple pole of F, with residue = ~1 is a Fuchsian singularity for the EDO in F, whose
Fuchs indices i, the roots of

bi* —(b+4r +2br)i + 8(b+ 1)r* +2(3b+ 2)r =0, (5.27)

are irrational for the four values of b. Since F, is necessarily an algebraic function of F, and its derivatives, the only such algebraic solution of
the homogeneous part of E, = 0 is F, = 0, see the example Eq. (5.34) hereafter. One then computes F, as a particular solution of the inhomo-
geneous equation E, = 0. Once this value of F obtained, the nonlinear equation E, = 0 generates constraints on g(¢) and K(t). This method
is exemplified in Subsection 5.3.5.

5.3.2. Solution, case of the first tanh value of F,

Given
b+1:0:FO=i,a§=w,g’(t):+(b+2)EFo, (5.28)
a, d 2
one finds successively
K b+2
§=—-—,C=- , (5.29)
2 a,
then, by integration of the Riccati system (5.4)
ok k b+2
X =—tanh—| x+ t, (5.30)
2 2 a,
the solution
k k b+2 k b+2 c
wl=f=qg — —| x+ t|—= —| x— t|| k> =—, (5.31)
/ °2{tanh2( a, j tanhz[ a, H b+1

which is just another representation of the solution (2.4) already found by the method of Galaktionov and Posashkov.

5.3.3. Solution, case of the second tanh value of F,
Solving (E,, E,) for (F,(x, t), g(t)) is again quite easy,

1, b+l b+2)k
E(x,t)= const =—,a, =——, g(t) =—
a, d 24,

L
0
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then one obtains

_b+2
a

= —tanh’=

b k¥ bb+2) K ,k b+2
S —t X+ t|,C
b+14 20b+1)? 4 2

a

0 0

The ODE for y'is a Lamé equation in its Riccati form, whose solution is singlevalued for b = -1 + 1/n, n € Z, multivalued otherwise. For the
present diffusion problem, this new solution leaves b, ¢, d unconstrained and can indeed be used to test the validity of numerical schemes.

5.34. Caseb =-2

A computation similar to the above one yields

A*+d

F =0, F, = Acoshkx, S = —c[l—%tanhzkx}, C=- coshkx, k* = —, (5.32)

then

=0, log[cosh(kx)”{—%cosh(Qt) + sinh (Qt)cosh(kx)ﬂ, Q’ =(A” +d)c, (5.33)

i.e. a solution identical to (2.8) already found in Section 2.

5.3.5. Solutions, case b = -4/3

The resolution of the four cases b = —4/3, —4/5, —1/2, —2/3 follows the same pattern, so we only detail it for b = —4/3 [Eq. (5.18)].

For this value b = —4/3, the ODE E, = 0 possesses the general solution

[coshK (£) cosh(kx — g(t)) + sinhK (£)sinh(kx — g(£)) 1]
(cosh (kx — g(t)) — cosh K () ">
[cosh K(t)cosh (kx — g(t)) + sinh K(¢) sinh (kx — g()) — 1]’ﬁ
(cosh(kx — g(t)) — coshK(£)) ™™
. 3[K’ sinh K(t)sinh (kx — g(¢)) + g’ cosh K (t) cosh (kx — g(t)) — g’]
2k sinh 2K () ’

F,=g.(t)

0

+g (1) (5.34)

in which g () are two other arbitrary functions of ¢.

As already argued in Subsection 5.3.1, since the relation between F, and ¢“# is necessarily algebraic, the two functions g, and g must
vanish. Equation E, = 0 then yields the necessary and sufficient conditions,

g’=0,K"=0,¢gK'=0, g +K”? =cd, (5.35)

solved as
gt =wt, K(t)=Qt + k,, »,Q, =0, 0} + Q. =cd, (5.36)

in which @,, Q, k are constant.

The system (5.17) therefore has for solution, in the first case @, # 0, €2, =0,

F=-0, log[cosh(kx -ot)- coshko], kK =- Zc, @} =cd,

3w,
=——1 | coshk, cosh(kx—awt)—1]|,
* 2ksinh’k, [ 0 ' ]
S _k_Z - 3sinh’k, (5.37)
2| (coshk,cosh(kx —awt)-1)* |

__ @, 3(coshk, cosh (kx — ) - 1)* —sinh 'k,
2k sinh’k,(coshk, cosh(kx —@t) 1)
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and in the second case w, =0, 2, # 0,

3Q, sinh kx

2ksinh Q ¢t ’
2 . .

_k_ 1+ 32 ,ng s1nhQ1t_3smhkx
2 sinh“kx 2k | sinhkx sinh Q¢

FE=-0, log[coshkx —cosh Qlt] ,E = k= —ZC, Q! =cdd,

} (5.38)

S=

The integration of the Riccati system (5.4)-(5.4) introduces another arbitrary constant ¢

» then the solutions w are defined by (5.3) and
(5.16). One thus obtains two solutions w, respectively

o ka, sinh £(coshk, sinh & + cosh’k, —2) + a,(coshk sinh °6 —2sinh & + coshk,)
2 [a,(sinh & — coshk,) + a, sinh £][coshk, sinh & —1]

>

a _ o, tanh(®,(t —t,))

1
2 2a)l

e 3w,(coshk, — cosh &)
2ksinh 2k0

N

3 3
Ezkx—ot, K =—=c o' =cd, 0’ =|1- cd,
":E 1 4 1 4 [ sinh Zkoj (5.39)

|:a)1 - %tanh(% (t —t;))(coshk, — COShé:):|’

and

o Eal(coshzkx —2)—a,coshkx = 3
2 [a,coshkx +a,]sinh kx
a _ . 3sinh (2€Q),t) — 6 (t —t,) ’ Qf —dd, (5.40)
a, 6sinhQt — 2sinh *(Q,t) — 6Q, (t —t,) cosh Q1)
W 3Q, [coshQt — coshkx][a, coshkx +a,]
2k’ sinhQ, t[a, coshQf +a, ] '

4

[

Each of these two new solutions is outside the class (2.4) and depends on a single arbitrary constant (k, in the first one, ¢, in the second one).

5.3.6. Case b = -4/5

With the value (5.19) of F,, the function F,, algebraic in the derivatives of F,, is necessarily an affine function of ¢; 2" and x - g [1,§18.6],
F, =R, + R "+ RS +(x - g()R,, (5.41)

whose coefficients R are rational in (x — g(¢)). One then proves that, since d is nonzero, the discriminant g; —27g32 must vanish, thus
reducing F, and F, to simply periodic functions,

E =0 logy(x, 1),y = (ktanh(k(x — g(t))))’ — (2/3)k* —e,, k* = 3&e,, £’ =1,

(5.42)
F, = —gg’[l +(,-18)ey” |, (e~ 1)L, =0.
Equation E, = 0 then generates the constraints
36
8:1) g/Z :?‘L (5.43)

thus restricting this solution to the particular case b = —4/5 of (5.23).

5.3.7. Caseb =-1/2

Since we could not solve the system (5.15), we only solve here its particular case (5.17). One first establishes the particular solution F of
E, = 0, namely, in the elliptic subcase g3 —27g> = 0,
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29" + g +8e [ o
y = 2(x—gt) —e,, F, :L:o[g?

3¢/ 3¢/ ,
) —ZLX((x -9)g, —8e§§):| —%(Segy2 —(g, +8e))(y—2e))2"s A=27(64e — g2), (5.44)

and in the trigonometric subcase g; —27g; =0,

E - %ax logy(x, 1), ¥ = (ktanh(k(x — g(t))))* —(2/3)K —¢,, K* = +3¢,,
s (5.45)
E) = zg'[l + w:|
3 4
Equation E, = 0 then generates the constraints ¢’ = 0 in the elliptic subcase, and £= -1, ¢’ = 9d/2 in the trigonometric subcase, restricting
the solution to (5.23) with b = —1/2.

5.3.8. Case b = -2/3

This case also happens to be a particular case of (5.23).

6. CONCLUSION

By a systematic investigation, we have obtained several new solutions of this diffusion problem. Two of them [Subsection 5.3.3, Eq. (2.7)]
match all the physical constraints b > 0, ¢ > 0, d > 0 and can serve to calibrate and validate the numerical schemes.

The two other new solutions, Egs. (5.39) and (5.40), only valid for a negative value of b, could be useful for other diffusion problems gov-
erned by (1.3) with b < 0.

Finally, in this short paper we have only investigated those solutions w which take into account one of the two movable poles. Taking account
of both poles via the two-singular manifold method (see [6, §3.2.4.2] and references therein) should certainly generate additional solutions.

Remark. As suggested by the two new solutions Eqs. (5.39) and (5.40), the class w equal to a second degree polynomial in cosh(kx) with
time-dependent coefficients could also generate physically interesting solutions.
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