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Abstract:

Microgrids are of increasing interest because they can facilitate the integration of renewable energy sources. To make the most of
microgrids, optimization problems are formulated and solved to determine their optimal planning (i.e. sizing and energy
management). However, these problems are complex and time-consuming to solve. In this article, we focus on a temporal
decomposition based on Benders’ algorithm to reduce computing time while still obtaining the optimal solution. The temporal
decomposition divides the initial problem into subproblems with a smaller time interval. The first originality of this work is the
proposition of a methodology to apply this temporal decomposition to mixed-integer linear problems for the optimal planning of
microgrids. The second originality is the investigation of the influence of the following relevant parameters on the computing time
of the temporal decomposition based on Benders’ algorithm: decomposition period, nature of the problem, overall time horizon and
number of CPUs. In addition, contrary to previous literature, our proposed method exhibits computing time reductions. They are of
up to 5.6 times for the considered case studies. Our results also highlight the existence of a decomposition period that maximizes
the performances. Besides, we find that the temporal decomposition is particularly efficient for mixed-integer linear problems with
large time horizons and when more than 16 CPUs can be used. The proposed generic methodology and our results can notably be
useful to researchers and to microgrids project holders who aim at finding the optimal sizing and operation of their microgrid within
reduced computing time.

Highlights:
- A mixed-integer linear problem (MILP) is solved to optimize microgrid planning.
- Benders’ algorithm performs the temporal decomposition of the optimization problem.
- Method applied to a case study where computing times are reduced up to 5.6 times.
- There is a decomposition period that minimizes computing times.
- Distributing evenly subproblems across CPUs is key for achieving high performance.
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Nomenclature

Abbreviations

ADMM Alternating direction method of multipliers
CPU Central processing unit

LP Linear problem

MILP Mixed integer linear problem

MINLP Mixed integer nonlinear problem

NLP Nonlinear problem

PV Photovoltaic

RES Renewable energy sources
Indices

s Index for temporal decomposition
t Time

Sets

T Time horizon

Variables

Cpat Battery capacity (Wh)

e Energy stored in the battery (Wh)
P, Charging battery power (W)

P, Discharging battery power (W)
Py, Input active power (W)

Pout Output active power (W)

P, Peak power of the PV panels (W)
Ppy Power produced by the PV panels (W)
Upat Battery binary variable

Ug Grid binary variable

Benders’ algorithm variables

a Master problem additional variable

e]fl-n Final energy in the battery for subproblem s
€ini Initial energy in the battery for subproblem s
’ Dual variable

Parameters

bpat Battery replacement indicator

bpy PV panels replacement indicator

R Maximum battery capacity (Wh)

Cin Cost of the electricity bought from the grid (€/Wh)
Cinv Investment cost (€)

Cinv,bat Investment cost for the battery (€/Wh)
Cinv,pv Investment cost for the PV panels (€/Wp)

Crnaint Discounted maintenance cost (€)



Cmaintpat ~ Maintenance cost for the battery (€/Wh.year)
Crmaint PV Maintenance cost for the PV panels (€/Wy.year)

C Discounted operation cost (€)

op
Cout Cost of the electricity sold to the grid (€/Wh)
Cpy.losss Loss coefficient for the PV panels
Crept Discounted replacement cost (€)
8 Discount rate
Cmax Maximum energy in the battery (Wh)
emin Minimum energy in the battery (Wh)
£ Stopping criterion
Gy Reference irradiance (W/m?)
Gpy Irradiance on the plane of the PV panels (W/m?)
Ne Battery charging efficiency
Na Battery discharging efficiency
L Lifespan of the system (years)
LB Lower bound
Lyat Battery lifespan (years)
LCcC Life-cycle costs (€)
Lpy PV panels lifespan (years)
oc Operation costs over a given time horizon (€)
pcf ix Coefficient to compute the maximal charging power (y-intercept value) (W)
pnax Battery maximum charging power (W)
prar Coefficient to compute the maximal charging power (slope) (W/Wh)
pdf ix Coefficient to compute the maximal discharging power (y-intercept value) (W)
prax Battery maximum discharging power (W)
Py Coefficient to compute the maximal discharging power (slope) (W/Wh)
pRex Maximum electricity bought from the grid (W)
pex Maximum electricity sold to the grid (W)
P, Electricity load of the dwelling (W)
e Maximum peak power of the PV panels (W)
SO0Cin Minimum state of charge of the battery
SOCax Maximum state of charge of the battery
T End of the time horizon (days)
teomp Computing time for the compact resolution (s)
taecopt Computing time for the temporal decomposition (s)
UB Upper bound
Zoptimatity ~ Value of the objective function of the operation subproblem s (€)

1 Introduction

Over the last decades, there has been a large deployment of renewable energy sources (RES). RES are expected to represent 45%
of the European energy mix by 2040 [1]. Due to their intermittency, integrating these sources is a challenge since the supply-demand
balance needs to be fulfilled at all times, and grid reinforcements might be needed [2][3]. Since RES can be distributed, the energy
can be produced near consumption, and with this distributed energy production, the concept of microgrids has arisen [4]. A
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microgrid is a system that includes distributed energy sources [5] such as photovoltaic panels, possibly distributed storage such as
inter-seasonal thermal storage or battery, an energy management system and loads (curtailable or fixed) [5]. Storage systems are an
essential component of microgrids as they absorb power production variations of RES [6]. They are also useful to improve the
energy utilization efficiency and maximize profits [7]. There is a growing interest in microgrids since they are a great asset to ease
the integration of RES [8], while ensuring grid stability [9], increasing resilience to outages [10], and improving flexibility [11].
Microgrids are also increasingly found in remote areas or where power system resilience is a crucial concern [12]. Thus, microgrids
are related to the United Nations sustainable development goals 7 (Affordable and clean energy) and 13 (Climate action) [13]. A
microgrid can operate in islanded or grid-connected mode [14], and has different geographic scales: from a dwelling [15] to a whole
neighbourhood [16].

To make the most of microgrids and ensure that the system is secure and reliable, it is crucial to determine microgrids’ optimal
sizing and energy management [17]. Optimal microgrid sizing consists in finding the optimal capacity of each system component
(e.g. battery, photovoltaic panels) that ensures adequate supply at minimum costs [ 18] and/or environmental impact [19]. Optimal
energy management (also called optimal operation) consists in dispatching the different sources of power to achieve these objectives.
To this end, mathematical models are used to establish optimization problems that are solved by microgrid energy management
systems [20]. Finding both the optimal sizing and operation is challenging since the sizing result is impacted by the operation
strategy: depending on how components are used, capacities may vary greatly [18][21]. Optimization problems applied to
microgrids contain many variables (for sizing and operation) of different kinds (e.g. real, integer), numerous constraints, and
integrate several temporal scales: short term to deal with the operation dynamic and long term to consider sizing [18].

These complex optimization problems are time-consuming to solve, some of them cannot even be solved with traditional
solvers [22]. A potential solution to reduce computing times is the use of decomposition methods [23]. The purpose of
decomposition methods is to find the optimal solution by breaking the optimization problem into smaller subproblems, easier to
solve [23]. Decomposition methods may reduce computing times since the subproblems can be solved in parallel [24] and are thus
a promising field of research. This article focuses on a temporal decomposition based on Benders’ decomposition. For the sake of
clarity, we will use “Benders’ algorithm” to refer to “Benders’ decomposition”, to avoid confusion with the term “temporal
decomposition”.

1.1 Literature review

Decomposition methods have been used in several studies to reduce the complexity and computing times of optimization problems
applied to microgrids. For instance, the Dantzig-Wolfe decomposition was used [22]. This decomposition is an iterative process
with one master problem and several subproblems. Each iteration adds a new variable to the master problem [25]. Another method
that was used is the Alternating Direction Method of Multipliers [26], which divides an optimization problem into several
subproblems (without a master problem). At each iteration, each subproblem sends its solution to the other subproblems so they
converge to find a solution to the global problem [27]. However, Benders’ algorithm, also called L-shaped method for stochastic
problems [28][29], seems to have particularly caught the interest of scientists to solve a large variety of optimization problems [24],
and has proven to perform better than the Alternating Direction Method of Multipliers [30]. We will therefore focus on the literature
that uses Benders’ algorithm to solve optimization problems applied to microgrids. Benders’ algorithm was introduced by J.F
Benders in 1962 to solve mixed-variables (integers and continuous) programming problems [31]. Then Geoffrion generalized it to
nonlinear convex problems [32]. The main idea behind Benders’ algorithm is to decompose the problem to be solved into two groups
of simpler problems, namely the master problem and the subproblem (or several subproblems) [33]. The master problem is a relaxed
version of the original problem, containing only a subset of the original variables and the associated constraints [34][32]. The
subproblem is the original problem with the variables obtained from the master problem being fixed [34][32]. Currently, Benders’
algorithm is available in common solvers such as CPLEX.

Benders’ algorithm has been used to tackle four challenges concerning optimization problems applied to microgrids. The first
challenge is finding both the optimal sizing and operation. To this end, Yang et al. [35] used Benders’ algorithm to decouple
investment and operation. Another challenge is the handling of binary variables. Nagarajan and Ayyanar [36] decomposed their
optimization problem into a master problem with binary variables and a linear subproblem using Benders’ algorithm.

The third challenge is the handling of uncertainties due to weather conditions and/or users’ behaviour. Stochastic scenarios of RES
production and electrical loads can be constructed to account for these uncertainties. Wei et al. [37] used Benders’ algorithm to
determine the optimal planning of a multi-energy microgrid considering long-term and short-term uncertainties. The master problem
determines the investments variables, and a subproblem per scenario is solved to find the optimal scheduling. The authors found
that the performance of their decomposition method is better than the one of the compact resolution (resolution without
decomposition), especially when the number of scenarios is high. In a similar way, Khodaei [38] used Benders’ algorithm to have
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one subproblem per scenario. An interesting result he obtained, is that the computing time of Benders’ algorithm increases linearly
with the number of binary variables, whereas for the compact resolution, it increases exponentially. Abdulgalil et al. [39] also used
Benders’ algorithm to have one subproblem per stochastic scenario.

The last challenge is the long-term optimization, as highlighted by Pecenak et al. [40] and Mulkhopadhyay et al. [41]. In this article,
we aim at accounting for the evolution of the electricity demand and of the irradiance over the years. Nevertheless, solving the entire
optimization problem in a compact way leads to unreasonable computing times and might even be unfeasible on regular
computers [18]. To face this challenge, a potential solution is using the temporal decomposition, which aims at reducing the time
horizon of an optimization problem by dividing it into several problems with a smaller time horizon.

Some applications of temporal decomposition based on Benders’ algorithm were found in the literature. In particular,
Hemmati et al. [42] and Montoya-Bueno et al. [43] used Benders’ algorithm to divide their original optimization problem into one
master problem (for the investment decision) and several independent subproblems (one for each reduced time interval, such as one

day).

The temporal decomposition is more challenging to perform when there are intertemporal constraints, for instance, when a system
is equipped with a battery. Indeed, it is not possible to easily decouple the constraints in order to have a single independent
subproblem per time interval since the subproblems are linked by the state of the storage. To tackle this issue, Kim et al. [44] used
the optimality condition decomposition to divide the subproblem that arose from Benders’ algorithm into several subproblems (one
per time step) that were solved in parallel. Moreover, they decomposed their original mixed-integer nonlinear problem into a mixed-
integer linear problem (MILP) and several nonlinear problems (NLP). Xiong et al. [45] aimed at finding the optimal dispatch of
integrated energy systems under uncertainty. To reduce computing times, they decomposed, using Benders’ algorithm, their problem
into one day-ahead optimization problem and several intra-day dispatch problems (one problem per time step). Finally, Brisset and
Ogier [46] performed a temporal decomposition based on Benders’ algorithm to find the optimal sizing and operation of a hybrid
railway power substation over a year. They have one master problem and they divide the year into days so that one subproblem is
solved per day. Nevertheless, their temporal decomposition reaches the optimal solution with a computing time five times higher
compared to the compact resolution (resolution without decomposition).

1.2 Research gaps, contributions to the research field and article structure

Analysis of the above literature allows drawing attention to several aspects that are insufficiently addressed in articles that investigate
the temporal decomposition using Benders’ algorithm. To our best knowledge, only two articles [45][46] performed a temporal
decomposition based on Benders’ algorithm to solve an optimization problem with intertemporal constraints. However, Xiong et
al. [45] did not size the elements of their microgrid, and the subproblems that arose from the decomposition were linear problems
(LP). Additionally, their decomposition is not suitable for long-term optimization (= 1 year) since they had one subproblem per
timestep. Moreover, the authors of [46] only focused on LP and the railway sector. Furthermore, our methodology allows computing
time reductions. Contrary to references [45][46], our proposed methodology allows to decompose the original problem into a master
problem and multiple MILP subproblems, and therefore to integrate binary variables into the decomposition. Moreover, articles [45]
and [46] did not study the parameters that may influence the performance of the temporal decomposition in terms of computing
times. As detailed in the following paragraphs, through our literature review, we have identified four parameters that can be of
interest with regard to the temporal decomposition: the decomposition period [46], the nature of the optimization problem (MILP
or LP) [38], the time horizon [37] and the number of central processing units (CPUs), when subproblems are solved in parallel [24].

Influence of the decomposition period. We explained in the literature review that the temporal decomposition divides an optimization
problem with a given time horizon into subproblems with a smaller time horizon (the decomposition period being the length of this
smaller time horizon). The decomposition period is thus directly linked to the number of subproblems. Rahmaniani et al. [24]
highlighted that the number of subproblems should not be larger than the number of variables of the master problem. It means that
there is a compromise to find between the number of subproblems and the complexity of the master problem. This has not been
studied in the literature whereas it might have a significant impact on the performance of the temporal decomposition.

Influence of nature of the problem. As explained in Section 1.1, Khodaei [38] found that when the number of adjustable loads (i.e.
loads that can be curtailed or deferred) increases, the decomposition, using Benders’ algorithm, into scenarios is more efficient.
Increasing the number of adjustable loads is equivalent to increasing the number of binary variables. Therefore, we intuit that the
nature of the problem (MILP or LP) may impact the performance of the temporal decomposition based on Benders’ algorithm, but
such influence has not been studied in the literature.

Influence of the time horizon. We have seen in the literature review that a large number of scenarios improves the performance of
Benders’ algorithm, in terms of computing time, compared to the resolution without decomposition [43][37][38]. A large time
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horizon is similar to a large number of scenarios since we can envision a large time horizon as several scenarios with a smaller time
horizon. Therefore, we might expect that a large time horizon will lead to better performance of the temporal decomposition, but
this was not investigated in previous literature.

Parallel computation and influence of the number of CPUs. Rahmaniani et al. [24] highlighted that one of the main advantages of
temporal decomposition is that it is suitable for parallel computation, which could drastically reduce computing times. This parallel
computation was only performed by Kim et al. [44], but their temporal decomposition was not based on Benders’ algorithm.
Moreover, the computing time of the parallel computation is directly linked to the number of CPUs since a higher number of CPUs
leads to a higher number of subproblems that can be solved simultaneously. However, the influence of the number of CPUs on the
performance of the temporal decomposition based on Benders’ algorithm was not investigated.

In this article, we use the temporal decomposition based on Benders’ algorithm to solve long-term optimization problems applied
to microgrids. The subproblems that arise from the decomposition are solved in parallel. Additionally, we investigate the impact of
the decomposition period, the nature of the problem, the time horizon and the number of CPUs on the performance of the temporal
decomposition in terms of computing times. The remainder of this article includes a detailed description of the method in Section 2.
This Section presents Benders’ algorithm, the models, and the optimization problem. In Section 3, we apply the methodology to a
case study and investigate the impact of the four parameters described above on computing time. In Section 4, we present the
limitations and implications of our work as well as ideas for future work.

2  Method

In Section 2.1, we describe Benders’ algorithm. In Section 2.2, we present the considered application of Benders’ algorithm: an
optimization problem for the sizing and operation of microgrids, on which we perform temporal decomposition.

2.1 Benders’ algorithm

2.1.1  Initial problem

We consider two vectors of variables X and Y. The objective of the optimization is to minimize a function f that depends on X and
Y [32]:

n)},i}’nf(X, Y) (1
s.t.gi(Y)<0 ()
9:(X) <0 3)
gsX,Y)< 0 (4)

We express f as: f(X,Y) = f,(Y) + ,(X) + f5(X,Y), V(X,Y), with f;, f; and f; convex functions.

Benders’ algorithm aims at finding an optimal solution by dividing the original problem into a master problem and a subproblem.
The master problem is solved under Y: the set of complicating variables. Once the solution of the master problem is found, the
subproblem is solved considering a fixed set of variables Y. Y is called a set of “complicating variables” because the optimization
problem is easier to solve when Y is fixed. Benders’ algorithm is an iterative process, each iteration solves both the master problem
(see Section 2.1.2) and the subproblem (see Sections 2.1.3 and 2.1.4). Each iteration adds a new constraint (referred as cut) to the
master problem. The resolution of the master problem gives a lower bound (LB) to the optimal solution, whereas the resolution of
the subproblem gives an upper bound (UB). The iterative process stops when a stopping criterion is reached. If f and g;, g, and
g are convex, the generalized Benders’ algorithm method ensures the convergence to the global optimal solution [32].

2.1.2  Master problem

The master problem is a relaxation of (1) where the set of variables X does not appear.

min f;(Y) + « (5)
ay
s.t.{feasibility + optimality cuts}
9:(Y) <0 (6)

where a is a variable that is an approximation of the contribution of X to the objective function. At the first step of the iterative
process, {feasibility + optimality cuts} is empty. The optimality and feasibility cuts are constraints added to the master problem.
These constraints add new bounds to the variable « so that it reaches the optimal value of f, (X) + f5(X,Y). They are constructed
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after solving the optimality and feasibility subproblems detailed in Sections 2.1.3 and 2.1.4 respectively. Since the master problem
is a relaxation of the global problem, solving the master problem provides a lower bound (LB) of the optimal value. We denote by

Y and @ the solutions of the master problem. After each iteration, LB is updated:

LB=fi(Y)+ @ @)

2.1.3  Optimality subproblem

The optimality subproblem aims at finding the optimal set of variables X, while fixing Y to its value found by the master problem.
It has the following form [34]:

min f, X)) + f,(X,Y) )

s.t.g,(X)<0 )
g:(X,Y) <0 (10)
Y=V (11)

with Y the fixed value of Y determined by the master problem. Let us note Zoptimaiity the value of the objective function of the

optimality subproblem and X the solution of the optimality subproblem. We have:

Zoptimaliy =f (Y) + f3 (Y, ?) (12)
The following optimality cut is added to the master problem [32][25]:

a= Zoptimality + A (Y - ?) (13)

where 4 is a vector of dual variables associated with constraint (11) and A’ its transpose. Dual variables are also called “shadow
price” or “marginalized cost”. They represent the utility gained (or lost) on the objective function if the constraint is relaxed by one
unit. These variables are also used in nonlinear programming to compute the Karush-Kuhn-Tucker conditions.

Solving the optimality subproblem gives a feasible solution of the global problem. Therefore, it provides an upper bound (UB) for
the optimal solution. After each iteration and if the subproblem is feasible, the upper-bound is updated:

UB = Zoptimality + fl(?) (14)

2.1.4  Feasibility subproblem
If the optimality subproblem is infeasible, the following feasibility subproblem is solved [32]:

min B+ B2 15)

s.t.g,(X)< By (16)
93(X,Y) < B, (17

Y=Y (18)

where f; and f3, are positive extra variables added to relax constraints (9) and (10). Let us note Zgeqs;pi1ity the value of the objective
function of the feasibility subproblem. The following feasibility cut is added to the master problem [32]:

Zfeasibility + #’ : (Y - 7) <0 (19)

with u a vector of dual variables associated with constraint (18) and ' its transpose. Note that, at every iteration, the size of the

master problem increases since a new constraint is added. The iterative process described above continues until UB and LB converge
UB-LB
L

within a predefined tolerance €. The algorithm stops when we have < &. The iterative process is summarized in Figure 1.
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Figure 1: Flowchart for Benders’ algorithm

2.2 Application of Benders’ algorithm to microgrids optimization

In Section 2.2.1, we introduce the system considered, and in Section 2.2.2, the models used to formulate the optimization problem
that is presented in Section 2.2.3. Finally, in Section 2.2.4, we formulate the temporal decomposition based on Benders’ algorithm
applied to our optimization problem.

2.2.1 System

In this article, we consider a dwelling as microgrid. It has its own electricity demand (appliances, lighting, heating, etc.), possesses
a battery bank and photovoltaic (PV) panels and an energy management system. It exchanges power with the low-voltage
distribution grid by buying or selling electricity.

2.2.2  Model
Battery bank. We consider the following bilinear model for the battery bank [47]:
de(t) P,(t)
— =@ == (20)

where 7. and 1, are the charging and discharging efficiencies respectively, P,(t) and P, (t) are the charging and discharging
powers respectively, and e(t) the energy stored in the battery at time ¢t.

Photovoltaic panels. We consider that the maximum power point tracking of the PV panels is correctly performed and we compute
the power produced by the PV panels Ppy (t) using equation (21). This first-order equation introduces a fixed coefficient cpy ;455 for
all the PV system losses (e.g. temperature, soiling, wiring), which is considered sufficient for the purpose of this article. Note that
there are more detailed models for computing the power produced by PV panels as the ones presented in [48].

Gpy (1)
Go

Ppy(t) = “Py - (1 — Cpyt0ss) (21)

In Equation (21), Gpy (t) is the irradiance on the plane of the PV panels, G, is the reference irradiance (1000 W/m?) and P, is the

peak power of the PV panels in standard test condition.



Grid exchanges. The instantaneous cost related to the grid exchange c¢gy44(t), is given by [47]:

Cyrid (t) = Pin(t) ) Cin(t) - Pout(t) ) Cout(t) (22)

with P;,(t) and P,,;(t) the power that the microgrid buys or sells from the grid respectively, and ¢, (t), oyt (t) = 0 are the
instantaneous prices for buying and selling electricity respectively.

2.2.3  Optimization problem
In this Section, we present the objective, constraints and degrees of freedom of the optimization problem.
Objective.
In this work, we aim at minimizing the life-cycle cost LCC [3][49]:

min{LCC} = min {Ciny + Crnaine + Crepr + Cop} (23)
where Ciy,, is the investment cost, Cpqin¢ the discounted maintenance cost, Crep; the discounted replacement cost and C,y, the
discounted operation cost.

The investment cost Cj;,,, is given by:

Ciny = Cinv,bat * Cpar + Cinv,pv ° Pp (24)
Where Ciny pat and Ciny py are the unit investment costs for the battery bank and photovoltaic panels respectively, Cpq, the battery
capacity and P, the peak power of the photovoltaic panels.

The discounted maintenance cost Cyy,4in¢ 1S given by [49]:

L

Cmaint,bat * Cpar + Cmaint,pv * Pp (25)
Crnaine = 1+ 6)

y=1
with & the discount rate, L the considered lifetime of the system and ¢ygint pat a0d Cgine,pv are the yearly unit maintenance costs

for the battery bank and photovoltaic panels respectively.

The discounted replacement cost C,.,,; is given by [49]:

L
_ Z bbat()’) " Cinv,pat * Cbat + bPV(y) *Cinv,pv * Pp (26)
Crepl -

(1+96)y
y=1

where by, (y) and bpy, (y) are indicators to assess whether the component (battery or PV) should be replaced at a given year y,
depending on its lifetime. They are given by:

1ify = K - Lpg

bra () = { 0 otherwise @7
= (L2
where K and M are integers and L;,; and Lpy are the lifetime of the battery and the PV panels respectively.
We compute the operation cost averaged over a year OC(T") as follows [47]:
0CE) = 223 P - a0 ~ Pose®) coue()5, 9)

teT
where T is the end of the time horizon T (" = [0, T]) and the coefficient % is used to average the costs over a year. This cost
OC(T) is related to buying and selling electricity to the low-voltage grid. Then, the discounted operation cost C,,, is given by:

L
ocT).

1+6)
y:

(30)

Investment constraints.

We first introduce the investment constraints related to the capacity of the components. Regarding the battery, we limit its capacity
Cpar as well as the energy stored in the battery e(t):



Cpar < Chat” (31
emin = SOCpin * Char < €(t) < epmax = SOCrax * Cpar (32)

where SOC,,;,, and SOC,,,, are the minimum and maximum state of charge of the battery and e,,;, and e,,,, the minimal and
maximal energy stored in the battery. Equation (32) states that we cannot fully charge or discharge the battery. The maximum

charging P/"** and discharging PJ*** powers of the battery are expressed as a linear function of the installed capacity Cpq; [22]:
Pcmax — Pcfix + Cbat . Pcvar (33)
PIe% = PI% + Cpgp - P (34

with Pcf b Prer, Pdf ™ and P77 coefficients to compute the maximum charging and discharging power using a linear form.

When it comes to the PV panels, we limit the peak power of the PV array by a maximum peak power B"**:

P, < pex (35)

Operation constraints.
When charging and discharging efficiencies are considered (i.e. . # 1 and/or n4 # 1), it is necessary to introduce abinary variable
Upq: (t) to make sure that the battery is not charging and discharging at the same time [47]:

Pe(t) = upqe (1) - ™ <0 (36)
Py(t) = (1 = upae (1)) - PP < 0 (37)
where P™%* and PJ*** are the maximum charging and discharging powers respectively.

The second operation constraint concerns the demand/supply balance. Indeed, the power balance of the dwelling (left side of
Equation (38)) must be equal to the power that the dwelling buys or sells to the main grid (right side of Equation (38)):

Py(t) + Pe(t) = Py(t) = Ppy(t) = Piy(£) — Poye () (38)
with P;(t) the electricity load of the dwelling.

The third operation constraint is related to the electricity exchanged with the low-voltage grid. To prevent the system from buying
and selling electricity at the same time, we introduce u,(t) € {0,1} such that:

Py (t) —uy(t) - PR <0 (39)
Poue (t) = (1= 14(8)) - PR < 0 (40)

There are 2 constraints regarding the sizing degrees of freedom. Moreover, per time step, there are 4 constraints related to the battery,
1 constraint related to the power balance and 2 constraints related to the grid. If we consider a time horizon of 20 years with a time
step of 15 minutes, there are (4 + 1 +2) X 96 x 365 x 20 + 2 = 4,905,602 constraints.

Degrees of freedom (decision variables).

The degrees of freedom (also called “decision variables™) of the optimization problem are related to the sizing of the system with
the battery capacity Cpq; € [0, Cpgt™ ] and the peak power of the PV panels P, € [0, Ppm“"] , and to its operation with the battery
charging and discharging powers (P.(t) € [0, P***] and P;(t) € [0, PI***]). The use of operation related degrees of freedom can
significantly increase the total number of degrees of freedom because, for each set of optimization degree of freedom (e.g. P.(t)),
there is one optimization degree of freedom per time step. For instance, if we consider a time horizon of 20 years with a time step

of 15 minutes, this leads to 1,401,600 operation degrees of freedom (2x96x365x20 = 1,401,600).

2.2.4  Temporal decomposition

Overall idea

In Section 1, we explained that the goal of the temporal decomposition is to reduce the time horizon of an optimization problem by
dividing it into several problems with a smaller time horizon. For instance, if we consider a time horizon 7 of one year, we can
divide the original problem into S (=52) weeks, which leads to S subproblems that are solved independently. In this case, the
decomposition period, which corresponds to the length of each reduced time interval, is equal to one week. For the considered
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system, the link between two reduced time intervals is the energy stored in the battery: the energy stored at the end of a time interval
must be equal to the energy stored at the beginning of the following time interval.

Formulation

We use Benders’ algorithm introduced in Section 2.1 to give a mathematical formulation for the temporal decomposition applied to
the optimization problem described in Section 2.2.3.

It is possible to divide the global time horizon 7" into S smaller time intervals:

T=T7U.UJTg (41)
This means that, using the temporal decomposition, we break the optimization problem into S subproblems, and s is the index
referring to a specific subproblem.

The goal of the master problem is to make sizing decisions but also to determine intermediate states of the battery (at the end and at
the beginning of each reduced time horizon). Therefore, the master problem is:

min{(Cony + Caine + Crept) + Y @(5)} @)
s

S.t.lmin <€l < eman, Vs €{1,..,S—1} (43)

emin < efm < emnax Vs €{1,..,S—1} (44)

&fin = e Vs €{1,..,5 -1} (45)

efni = €min (46)

&fin = emin (47)

{optimality cuts}

where e;;; and ef;, are the initial and final energy stored in the battery for the reduced time interval T;. The intermediate states link
the subproblems, as indicated by Equation (45). Equations (46) and (47) specify that at the beginning and at the end of the time
horizon, the state of charge of the battery is minimal. The master problem is also subject to the investment constraints (31) and (35)
defined in Section 2.2.3. It should be noted that at the first iteration, {optimality cuts} is empty and therefore, the sizing variables
are equal to their lower bound.

Each subproblem aims at finding the optimal operation during the reduced time interval J5. The subproblem s is:

min > (€n(8) * Pin(®) = Coue (©) - Poue (1)) - (48)
teTs

s.tey = ey “9)

ejfin = efsin ©0)

Cpat = E S

P,=h, 62

where elm ,efm, Cpar and P_p are fixed and determined by the master problem. The operation subproblems are also subject to the
operation constraints (36)-(40) defined in Section 2.2.3.

The following optimality cuts are added to the master problem for the next iteration:

(I(S) 2 Zoptlmallty + Al ( €ini — an) + /12 (efsin - efsj) + /13 : (Cbat - E) + A4, : (Pp - P_p) (53)

with A1, 4;, 43 and 4, the dual variables associated to the constraints (49), (50), (51) and (52) and ZJ,imaiey the value of the
objective function of the operation subproblem s.

We have seen in Section 2.1 that the iterative process of Benders’ algorithm includes the resolution of a feasibility subproblem. In
this case, the energy stored in the battery determined by the master problem is always achievable by the operation subproblem since

the dwelling can buy or sell electricity to the low-voltage grid, provided that the energy exchanged between the dwelling and the
grid does not reach the grid capacity constraints. Therefore, in this case, we only solve optimality subproblems. Otherwise, if the
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operation subproblem is infeasible due to the grid constraints, extra positive variables can be added to the constraint on the
intermediate battery energy and the associated feasibility subproblem can be defined.

The subproblems are MILP. It is not possible to retrieve dual variables of those mixed-integer subproblems with common solvers.
It is therefore not possible to formulate the optimality cuts (53). To tackle this issue, we solve the operation subproblem a first time,
store the binary variables and solve the operation subproblem a second time with fixed binary variables [43]. This operation provides
the weak dual variables associated with constraints (49)-(52) [50]. The flowchart for the temporal decomposition is presented in
Figure 2.

Start

v

Solve master problem ]4

v

[ LB calculation ]

In parallel ¢
[Solve subproblem 1 ] [Solve subproblem S]
A
[Fix binary variables ] [FLX binary variables J
Solve subproblem 1 oo Solve subproblem
with fixed binary S with fixed binary
variables variables
[ Save solution and |  Save solution and |
dual variables | | dual variables

v

[Load objective functions]

and dual variables

[ UB calculation ]

Optimality
cuts (one per
subproblem)

|UB—LB|
—_ <
LB -

End

Figure 2: Flowchart for the temporal decomposition

If we consider a time horizon of 1 year and a temporal decomposition in weeks (i.e. we have 52 subproblems), the master problem
has 2 sizing degrees of freedom (battery capacity and solar panel peak power) and 51 degrees of freedom for the intermediate states
of the battery. Therefore, the master problem has 2+51 = 53 degrees of freedom. Moreover, assuming that we have a time step of
15 minutes, each subproblem has 7x96x2 = 1,344 degrees of freedom (because there are 2 operation degrees of freedom per time

step).
2.2.5 Implementation

The optimization problems are implemented with Pyomo, a Python-based package used to formulate optimization problems [51].
Pyomo is an algebraic modelling language. Therefore, the master problems and subproblems described in Section 2.2.4 are
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implemented using the mathematical equations involving parameters, variables and their derivative. When the derivative of a
variable is needed, we use DerivativeVar from the pyomo.DAE modelling extension which allows to use differential algebraic
equations in a Pyomo model.

The models of the components are implemented, within a pyomo.Block class, using the equations presented in Sections 2.2.2
and 2.2.3. The equations are implemented in their continuous form using the pyomo.Constraint, pyomo.Expression or
pyomo.Integral, when necessary. The components models are gathered in the library LMS2 [52]. The idea behind the LMS2
library [52] is to structure general models that can be put together to easily create optimization problems of complex systems. The
subproblems are instantiated by a pyomo.Block called “microgrid block”. This block holds the blocks of each component and links
them through pyomo.Constraint (such as the power balance) and an objective function defined by the user. Once all the subproblems
are instantiated, the discretization is automatically made using a Pyomo transformation. In our case, we use a simple finite difference
method. Once the problem is constructed, we load the data. The iterative process of the temporal decomposition is illustrated in
Figure 2 and implemented using a while loop.

The problems are solved with Gurobi. To solve linear models, Gurobi uses the simplex algorithm and for MILP, it uses a branch-
and-cut algorithm. Moreover, Pyomo dual variables values are easily accessible: one just needs to signal that duals are desired before
solving the optimization problem.

The calculations are done in a high-performance computing center (the “Moulon Mésocentre” [53] in our case). When the main
script is launched on a node of the computing center, the user specifies the number of CPUs to use (which is, in the “Moulon
Meésocentre”, equivalent to the number of threads). A set of tasks specific to one subproblem is performed on one CPU. These sets
of tasks are performed in parallel using the Python package mpidpy, as recommenced when solving in parallel problems modelled
with Pyomo. In our case, we have access to a node with a maximum of 40 CPUs of 2.1 GHz each.

3 Case study

In this Section, we investigate the parameters that influence the performance of the temporal decomposition on a case study. The
study parameters are presented in Section 3.1 and the results in Section 3.2.

3.1 Study parameters

We consider a dwelling located in Hamelin, Germany (Latitude: 52.1°, Longitude: 9.37°). The value considered for the study
parameters are provided in Table 1. For illustration purposes, in Figure 3, we plot the irradiance and electricity demand for the three
first days of the input data.
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Table 1: Parameters for the case study

Parameter Symbol Value
Battery bank
Maximum capacity Cer 48,000 Wh [54]
Investment cost Cinv,bat 0.47 €/Wh [18][54]
Maintenance cost Cmaint,pat 107 €/Wh.year [18][54]
Minimum state of charge SO0Chnin 0.2 [55]
Maximum state of charge SOCpax 0.9[18]
Fixed charging power pr™ 2190 W [22]
Variable charging power prar 0.443 W/Wh [22]
Fixed discharging power pdf ix 2433 W [22]
Variable discharging power Py 0.148 W/Wh [22]
Charging efficiency Ne¢ 0.9776 [22]
Discharging efficiency Na 0.9776 [22]
Lifetime Lpat 10 years [56][57]
Photovoltaic (PV) panels
Maximum peak power of the PV panels B 10000 W, [58]
Investment cost Cinv,pv 1.5 €/W;, [59]
Maintenance cost Cimaint,pv 6x1073 €/Wy.year [18]
Loss coefficient Cpy loss 0.19 [60]
Lifetime Lpy 20 years [61][62] *
Grid
Cost of the electricity bought from the grid Cin 0.56 €/kWh [63]
Cost of the electricity sold to the grid Cout 0.082 €/kWh [58]
General
Considered lifetime of the system L 20 years [18]
Discount rate ) 0.05 [2]
Optimization
Time step oy 15 min
Stopping criterion for Benders’ algorithm € 1073 [44]
Input data

Irradiance Gpy(t) Time series from [64]

- Mean irradiance: 135 W/m?

- Maximal irradiance: 1072 W/m?
Electricity demand P (t) Time series from [65]

- Mean demand: 1354 W

- Maximal demand: 6071 W

Note: * There are more accurate PV panels models that consider the aging of panels along their lifetime depending on several factors (e.g.
technology, location [66]).
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Figure 3: Temporal evolution of (a) the irradiance and (b) the electricity demand for the three first days of the input data

3.2 Results

In this Section, we study the influence of the following parameters on the performance of the temporal decomposition in terms of
computing time: the decomposition period (Section 3.2.1), the nature of the problem (MILP or LP) (Section 3.2.2), the time horizon
(Section 3.2.3), and the number of CPUs (Section 3.2.4).

3.2.1 Influence of the decomposition period

In this Section, we solve the optimization problem introduced in Section 2.2.3, over one year and study the influence of the
decomposition period on the computing times. We remind that the “compact resolution” refers to the resolution of the optimization
problem without decomposition, and that the decomposition period corresponds to the length of a reduced time interval. In Table 2,
we summarize the optimization results for the compact resolution and the temporal decomposition using 9 days as decomposition
period, which corresponds to one subproblem per CPU (i.e. 40 subproblems).

Table 2: Results comparison with the compact resolution and the temporal decomposition

Compact resolution

Temporal decomposition

Time horizon: 1 year

Number of subproblems per
CPU: 1

Life-cycle cost LCC 63,890 € 63,911 €
Battery capacity Cpq¢ 5,9 kWh 6,6 kWh
PV peak power B, 10 kW 10 kW

Computing time 3 min 36 s 4min4s

First, we notice that the results in terms of life-cycle costs are extremely close (error of 0.03%) between the compact resolution and
the temporal resolution. Regarding the variables values, there is a difference of 12% for the battery capacity and none for the peak
power of the PV panels. In this case, the temporal decomposition converges 28 seconds slower than the compact resolution.

In Figure 4, we plot the computing times ratio tgecopt/tcomp as a function of the ratio of the time horizon over the decomposition
period: T /Ts. The black horizontal line corresponds t0 tgecopt/tcomp = 1. Below this line the performance of the decomposition is
better than the compact resolution and above it is worse. Note that the ratio T /T is also equal to the number of subproblems. In
Figure 4, we observe that the number of subproblems has a strong influence on the performance of the temporal decomposition:
when the number of subproblems is equal to 20, the computing time is lower with the temporal decomposition. There is a ratio
(T /T, = 20) that maximizes the performance of the temporal decomposition: the temporal decomposition is 1.2 times faster than
the compact resolution for this ratio. Above 20 subproblems, the temporal decomposition becomes inefficient (up to 17 times slower
than the compact resolution). Indeed, there are too many subproblems (compared to the number of variables of the initial problem)
to see the benefits of the decomposition.
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3.2.2 Influence of the nature of the problem

The optimization problem solved in Section 3.2.1 is a MILP. We found that the temporal decomposition leads to lower computing
times, when the number of subproblems is equal to 20. In this Section, we investigate if the temporal decomposition is still efficient
when the problem is linear. To this end, we transform the problem described above into a LP. To get rid of binary variables, we

make the following changes:

- Charging and discharging efficiencies are considered equal to 1.
- Impossibility to export electricity: the surplus of production is lost.

Similar to the results presented in Section 3.2.1, we solve the optimization problem for several decomposition periods. In Figure 5,
we plot the variation of the computing times ratio for the LP (red line) and MILP (blue line) as a function of the ratio T /T,. Both
optimizations were performed for a time horizon of 1 year. First, we observe that both curves have a similar shape and that the ratio
that maximizes the performance of the temporal decomposition is identical for both cases (T/ Ty = 20). An important result is that
for the LP, the temporal decomposition always reaches a solution with higher computing times than the compact resolution. The
temporal decomposition has an interest only in the case of MILP for the considered case study. Indeed, the linear problem is
relatively easy to solve and the additional operations for data saving and loading introduced by the temporal decomposition do not

allow to reduce computing times.
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Note: the horizontal line corresponds to tgecopt/tcomp = 1

3.2.3 Influence of the time horizon

In this section, we investigate the influence of the time horizon on the performance of the temporal decomposition for large time
horizons: 1 year, 10 years, and 20 years. The largest time horizon is 20 years because it corresponds to the considered lifespan of
the overall system.

In Table 3, we summarize the results of the optimization for the ratios that give the best performance for each time horizon: 20, 40
and 80 for 1 year, 10 years and 20 years respectively. The absolute difference in computing time between both resolution methods
is the highest for the largest time horizon (20 years): ~ 96 minutes. The performance of the temporal decomposition improves with

the increase of the time horizon.
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Table 3: Results comparison between the compact resolution and the temporal decomposition (using the optimal decomposition period) for

several time horizons

Compact resolution | Temporal Ratio of computing
decomposition times
Time horizon: 1 year LCC 63,890 € 63,895 €
Number of subproblems per CPU: 0.5 | computing time 3min37s 2min 59 s 0.82
Time horizon: 10 years LCcC 65,244 € 65,259 €
Number of subproblems per CPU: 1 | computing time | 40 min 2 s 11 min 27 s 0.29
Time horizon: 20 years LCC 64,793 € 64,800 €
Number of subproblems per CPU: 2 | computing time 117 min 22 s 21 min 16 s 0.18

In Figure 6, we plot the variation of the computing times ratio as a function of the number of subproblems (T /Ts) for several time
horizons (1, 10 and 20 years). For each time horizon, there is a decomposition period (i.e. ratio T /T;) that maximizes the performance
of the temporal decomposition. We notice that the larger the time horizon, the larger the ratio T /T that gives the best performance.
The best decomposition period is a compromise between the number of subproblems and their complexity: if T /T is too low, the
subproblems are too complex to have the best performance of the decomposition (since their time horizon is close to the one of the
initial problem) and if it is too high, the subproblems are easy to solve but the computing time necessary to solve this high number
of subproblems exceeds the one to solve the initial problem. For a time horizon of 20 years, the temporal decomposition is up to 5.6
times faster than the compact resolution.
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Figure 6: Influence of the time horizon on the computing time

Note: the horizontal line corresponds to taecopt/teomp = 1

3.2.4 Influence of the number of CPUs

In this Section, we aim at quantifying the impact of the number of CPUs on the performance of the temporal decomposition. We
study the influence of the number of CPUs for the intermediate time horizon (10 years). In Figure 7, we plot the computing times
ratio as a function of the ratio T /T for several number of CPUs: 16, 24, 32 and 40. A first result is that with an adequate choice of
decomposition period, the temporal decomposition is more efficient than the compact resolution for the four numbers of CPUs
considered. Moreover, the decomposition period that maximizes the performance of the temporal decomposition depends on the
number of CPUs, as the best decomposition period is the one that ensures the most equal repartition of the subproblems amongst
the CPUs. For instance, for 32 CPUs, T /T, = 60 is a good choice of decomposition period (as it corresponds to ~2 subproblems per
CPU) whereas it worsens the performance for 40 CPUs. When the number of CPUs increases from 16 to 40, the temporal
decomposition goes from being 1.4 times faster to being 3.5 times faster, i.e. the performance is improved by a factor 2.6
(considering the best decomposition period for each number of CPUs).
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4 Limitations, future work and implications

Duality properties of MILP, contrary to those of convex problems, are usually not strong, which means that the value of the objective
function of the primal problem is not equal to the one of the dual problem [67][68]. Therefore, the dual variables for MILP are not
well defined. When the temporal decomposition, described in this work, is used to solve MILP, it needs to retrieve dual variables
of MILP. Thus, in some cases, one might encounter convergence difficulties using Benders’ algorithm. Moreover, as highlighted in
Section 3.2.2, the proposed methodology might not be efficient when the problem is not complex enough (e.g. linear problems). In
future works, the proposed methodology could be applied to other case studies (e.g. microgrids connecting numerous dwellings
and/or using more detailed models for the PV panels and the batteries).

Despite its limitations, our proposed methodology has the potential to lower computing times. Thus, it could promote the deployment
of microgrids, since it makes it possible to account for the whole life cycle to size components in a reduced computing time.
Therefore, our work could be useful to microgrids project holders. Moreover, for a future implementation of the decomposition, we
have highlighted influential parameters (e.g. the decomposition period).

Conclusion

In this article, we propose a methodology to apply a temporal decomposition based on Benders’ algorithm on mixed-integer linear
problems to find the optimal planning of microgrids. First, the mathematical formulation for Benders’ algorithm, the models used
to describe the different components of the microgrid and the optimization problem are introduced. Then, we detail the temporal
decomposition which aims at dividing the initial optimization problem into several subproblems with a smaller time interval.
Parallelization is used to decrease the computing times of the temporal decomposition. The methodology is applied to a case study
and we investigate the influence of different parameters on the performance of the temporal decomposition in terms of computing
time: the decomposition period, the nature of the problem, the time horizon and the number of CPUs. First, we highlight the existence
of a decomposition period that maximizes the performance of the temporal decomposition: it is a compromise between the number
of subproblems and their complexity. Then, we find that the temporal decomposition is more efficient when the problem is a mixed-
integer linear problem than when it is a linear problem. Regarding the time horizon, the best performance of the temporal
decomposition compared to the compact resolution (resolution without decomposition) is obtained for a time horizon of 20 years
using 40 CPUs. With the adequate decomposition period, the temporal decomposition is 5.6 times faster than the compact resolution.
Increasing the number of CPUs from 16 to 40 improves the performance of the temporal decomposition by a factor 2.6. The optimal
decomposition period depends on the number of CPUs since it guarantees the most even distribution of the subproblems amongst
the CPUs. Even though the methodology has been applied to a specific case study, it is generic and transferable to other microgrid
optimization problems. Our proposed methodology and results can be useful to researchers and microgrid project holders who aim
at finding the optimal sizing and operation of their microgrid within reduced computing times.
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