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Abstract
We prove that if a nonautonomous system has in a certain sense a
fast convergence to equilibrium (faster than any power law behavior)
then the time 7, (x, y) needed for a typical point x to enter for the first
time in a ball B(y,r) centered in y, with small radius r scales as the
local dimension of the equilibrium measure p at y, i.e.

=d,(y).
r—0 —logr 29

We then apply the general result to concrete systems of different
kind, showing such a logarithm law for asymptotically authonomous
solenoidal maps and mean field coupled expanding maps.
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1 introduction

One way to express the rarity of an event in some evolving system is to
estimate the time scale in which the event is likely to occur, given the current
situation of the system, thus given some information on its initial condition.

In the context of dynamical systems this naturally leads to the study
of waiting times or hitting times indicators and to the study of the hitting
time distribution, which is in turn connected to the classical theory of ex-
treme events (see [1] for a survey on these topics with a particular focus on
dynamical systems theory).

Most of the results already established in this direction are related to
autonomous dynamical systems or stationary processes. Many important
natural and social phenomena are characterized by the fact that the pa-
rameters describing the dynamics of interest may evolve with time and the
systems associated are then not autonomous. This is particularly relevant in
the study of climate models, and in particular in connection with the study
of climate change. Due to their deep impact on the society, the study of
extreme events is also particularly important in the context of climate and
meteorological studies. In that context the models considered are naturally
nonautonomous. In this case the theoretical study is still at its infancy and
it is not clear under which assumptions, results similar to the ones currently
used in the autonomous case can be established. We stress that the kind of
non autonomous systems we are interested to study having in mind the appli-
cation to climate dynamics (and to the mean field dynamics) is the so called
sequential one, where the parameters change in time in a certain determin-
istic way and not the random one, in which the parameters vary randomly
according to some stationary law.

In this article we focus on one of the most basic results, linking the time
scale in which some rare event is likely to occur with the fractal dimension of
the system in a neighborhood of the event itself, expressed by the so called
local dimension. Let X be the phase space in which our dynamics occur. We
will always suppose that (X, d) is a compact metric space. Let xg, z1,... € X
be a trajectory of our system with initial condition xg, let y € X be a target
point. Let

7 (z0,y) = min{n € N : d(x,,y) <r}

be the time needed for the trajectory starting from xy to enter a target of
radius r centered in y. In the context of autonomous dynamics, supposing



the system generating the trajectory has an invariant measure p, in many
cases of having fast speed of mixing the following result can be proved: for
w1 almost all initial conditions x

. log 7(z0,y)
M gr W) W
where | (B.(w))
. lo ,
dy(y) = lim 22 (2)

r—0 log r

is the local dimension of u at y and B,(y) denotes the ball with center y
and radius r. This kind of result was also called a logarithm law and relates
the scaling behavior of the hitting time on small targets, with the one of
the measure of the targets themselves, given by the local dimension. A
logarithm law is a weaker result with respect to the ones on distribution of
hitting times and extreme values theory. This result is also somewhat weaker
with respect to the so called dynamical Borel Cantelli results (see [2]). In the
autonomous case Logarithm laws were established for the geodesic flows and
similar systems (see e.g. [3, 4, 5]), similar results have been established for
Lorenz-like flows ([6], [7], [8]) or infinite systems ([9]). Generally speaking,
these types of statements hold true for systems having superpolynomial decay
of correlations ([10]) even for targets which are not balls ([11]). Logarithm
laws however also hold for systems which are not chaotic like rotations and
interval exchanges. In this case their behavior is related to arithmetical
properties of the system ([4], [12], [13], [14]). Deep relations have indeed
been shown with diophantine approximation (see e.g. [15], [13], [16]). It is
worth to remark that (relatively slowly) mixing systems are known for which
a logarithm law does not hold at all, and the time needed for a typical orbit
to hit a small target is much larger than the inverse of the measure of the
target (see [13], [16]).

In the paper [17] Extreme Values Theory results are established with the
aim of application to non autonomous dynamical systems. In [17] a previous
approach of [18] is adapted, by weakening the uniform mixing condition
that was previously used to a non uniform condition which can be verified
in the context of dynamical systems. The paper [17] establishes Extreme
Values Laws and exponential distribution of the hitting times for a class
of sequential dynamical systems whose transfer operators satisfy uniformly
a list of assumption which usually are used to establish the spectral gap
for those operators on a Banach space of absolutely continuous measures.
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This lead to application to a sequential composition of (multidimensional)
expanding maps. The result is hence particularly interesting in the context
of non autonomous dynamics, but cannot be applied to the case of systems
having fractal attractor, whose dimension plays an important role in the
study of the event’s rarity, which is the main goal of this paper.

The link between the scaling behavior of the occurrence of the hitting
time and the local dimension already established in the autonomous case
was successfully used in climate science to estimate the rarity of given events.
Logarithm laws and the the results coming from extreme value theory were
used as theoretical tools to interpret empirical data and validate the use of
certain statistical estimators [19, 20, 21, 22, 23].

In non-autonomous systems, where the governing equations evolve with
time, this can lead to a time-varying hitting time statistics and traditional
methods for analyzing hitting time distributions may not directly apply.
Moreover, the presence of external forcing or environmental perturbations
further complicates the analysis, potentially leading to deviations from ex-
pected hitting time behaviors, as highlighted numerically in [24]. In the
context of climate change applications, where understanding the timing and
occurrence of extreme events is crucial, these extensions are particularly per-
tinent. This paper contributes to this endeavor by demonstrating the exis-
tence of a logarithm law for hitting times in certain non-autonomous systems,
shedding light on the dynamics of rare events in evolving environments.

In the main result of the paper (see Theorem 4) we consider a sequential
nonautonomous deterministic dynamical system (X,7;) where i € N* and
T; : X — X. Supposing that he system has a fast convergence to equillibrium
to some measure p we show that typical trajectories satisfy a logarithm law
in the sense of (1).

The convergence to equilibrium notion which we consider is based on the
convergence of the iterates Ly, o ... o Ly, (uo) of some initial reference mea-
sures 1o in a certain space, to some equiltbrium measure p by the sequential
composition of transfer operators Ly, associated to the maps 7;. Some im-
portant class of systems where one is led to consider a sequential composition
of maps behave like this. We then indeed apply our main general theorem to
a class of asymptotically autonomous solenoidal maps which can have fractal
attractors of different dimensions (See Section 3) and to a class of mean field
coupled systems having exponential convergence to equilibrium (See Section
4). We remark that asymptotically autonomous systems, in which the maps
considered have a certain limit map 7; — T have been proposed in [25] and
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[26] as natural kind of models to study in order to understand tipping points
and the statistical properties of climate change.

2 A logarithm law in the nonautonomous case

Let us introduce some notation and terminology that will be used in the
following: let us consider two compact metric spaces X,Y. Without loss
of generality we will suppose that the diameter of X and Y is 1. Let us
consider the spaces of Borel probability measures PM(X), PM(Y) on X
and Y, and a Borel measurable F' : X — Y. We denote the pushforward of
Fas Lp: PM(X) — PM(Y), defined by the relation

[Lr(m)](A) = n(F~(A))

for all p € PM(X) and measurable set A C Y. With the same definition, the
pushforward can be extended as a linear function Ly : SM(X) — SM(Y)
from the vector space of Borel signed measures on X to the same space on
Y. In this case Ly is linear and will be also called as the transfer operator
associated with the function F'.

Let us consider on (X, d), a family of maps 7T} : X — X with ¢ € N* and
a sequential non autonomous system (X, T;).

Consider two points x,y € X. The orbit of x is the sequence

z, T(x), To(Ti(x)), ...

We denote the sequential composition of the maps by 7 (x) = z and induc-
tively for k € N*, T®)(z) := Tj,(T* =Y (x)). Let B,(y) be the ball of radius r
centered in y, we denote the hitting time of B,(y) for the orbit of z as

7(z,y) = min{n € N: T (z) € B,(y)}.

Typically 7.(z,y) — 400 asr — 0. To give an estimate on how rare is
the hitting of such small targets as an event on our system, in the following
we will estimate the speed, asymptotically 7.(x,y) goes to +o0.

In a system which is not autonomous there is not an invariant measure,
we will replace it with a kind of asymptotically invariant one, which we will
call the equilibriunm measure.



We will suppose that in our phase space X a starting "reference” Borel
probability measure pi is considered (it can be for example the normalized
volume measure when X is a Riemannian manifold), and that the iterates
of the pushforward of pg trough the dynamics converge to a certain measure
p. We will suppose that there is a certain 4 € PM(X) such that asn — oo

Lyoypo — p

with convergence in a certain topology, and with a certain superpolynomial
speed.

To formalize the assumptions, let us define a certain weak norm and
distance to be considered in spaces of measures on metric spaces. Let (X, d)
be a compact metric space and let g : X — R be a Lipschitz function and
let Lip(g) be its best Lipschitz constant, i.e.

l9(z) — g(y)] }

Lip(g) = sup { 100

T, yeX

We also define the Lipschitz norm of g as

||| Lip = max(Lip(g), sup lg(z)]).
xTe

Definition 1 Given a Borel signed measure p on X, we define a Wasserstein-
Kantorovich Like norm of by
/ gdu’- (3)

To this norm one can associate the distance

Wp,v) = llp = vllw (4)

lullw = sup
lgllzip<1

for p,v e SM(z).

Let us denote the sequential composition of transfer operators L,
SM(X) — SM(X) associated to the maps T}, as

LUR) .= Ly oLy, _,0...0Lp,

J

for £ > j and
LW =Ly o..0Lp
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for k > 1. Coherently we denote L*F) := Lrt,, LO :=Id and LY := Lp,.

Now we can formalize the general framework in which our abstract result
is stated. As usual in the study of transfer operators we consider the action
of the operator itself on a suitable normed vector space of measures or dis-
tributions. We suppose that the space considered, which we will denote by
B, has a topology which is stronger than the one induced by the W distance
above defined.

Definition 2 Let (Bs,|| ||s) € SM(X) be a normed vector subspaces of
the space of Borel signed measures on X. Suppose there is C' > 0 such
that || |lw < C|| ||s- Suppose that for each i, Ly, preserves Bs. We say
that the nonautonomous system (X, T;) has weak convergence to equilibrium
with superpolynomial speed if there is a probability measure p € By and
® superpolynomially decreasing ' such that Vk,j € N with k > j and each
probability measure py € By

[l = L9 o[y < @k — jymaz (1, || — polls).

Definition 3 We say that a set A C By has uniformly bounded Lipschitz
multipliers if there is C'x > 0 depending on A such that for each py € A and
¢ € Lip(X) we have puy € Bs and

[ énolls < Calldl|Lip-

With the above definitions we can state the main general result of the
paper, linking the scaling behavior of the hitting time of typical orbits and
the local dimension of pu.

Theorem 4 Let us consider a probability measure pg € PM(X), suppose
that the set
A= {uy, = LWy, k € N}

1s bounded in By and has uniformly bounded Lipschitz multipliers. Suppose
furthermore that (X, T;) has convergence to equilibrium with superpolynomial
speed as in Definition 2. Supposey € X is such that the local dimension d,(y)
of i at y exists in the sense of (2) and also suppose that the preimages of y
have zero jg measure: more precisely let us suppose that Vi € N

ol { st TO(2) = y}) = 0. (5)

"'We say ® is superpolynomially decreasing if the function ® : N — R is decreasing and
for each @ > 0, lim,,_,, n® ®(n) = 0.




Then we have | (z.1)
. log1(z,y)
71«1—{% —logr 4 ()

for po almost every x.

Remark 5 We remark that the assumption (5) is automatically satisfied if
the maps considered have countable degree (that is Vx € X,i € N* the set
T=(x) is countable) and py is nonatomic.

In order to prove the main result we need some preliminary result.
The first one is a kind of dynamical Borel-Cantelli Lemma adapted to
our case.

Lemma 6 Let (X, T;) be a sequential nonautonomous system, let g € PM(X)
and p = L% g as above.

Suppose there is up € PM(X) and a superpolynimially decreasing ® such
that for each g € Lip(X), j, k € N, the measure gu; converges to p [ gdu; at
a uniform superpolynomial speed in the W distance: more precisely for each
such g,7,k

1Ly 00 Ly [gp] = u/gdﬂjl\w < max(1, [[gl|zip) (k). (6)
Let gy be a sequence of positive Lipschitz observables such that

sup |gx(z)| < 1.
rE€X,kEN

Suppose that 3B > 1, B > 0 such that ||gr||rip, < Bk? and suppose that
3v,C > 0 such that

Z/ 9;(T(@))dpo = Cn. (7)

i<n

Then .
> j<n 9i (T(J /()
Zj<nfgj N (z))dpo

—1

Lo almost everywhere.



Proof. First let us remark that for the Lipschitz observables g;, by the fast
convergence to equilibrium (6) we get that

[ o @y~ [gaul = | [ gydn; ~ [ g ®)

< gjllipllu — pllw < Bi7®()  (9)
and since Bj”®(j) is summable we get that there is Cy > 0 such that
S [z car
i<n

Let v as above, consider a <

/(Z gk<T(k)(x))>2d:“0 = D /gg ) dpag

1<k<n 1<j<n

2 Y / ()96 (&) dpo

k,j<n,k>j
k<j+n®

+2 ) /gg (TD () g (T™ () dpro.

k,j<n
k>j4+n®

Since Vi, 0 < g; < 1 this implies g;(TY (2))ge(T™(z)) < gp(T™ ()) and

3 /<gj<T @) +2 Y / 0;(T9 (2)) g (T™ (2))dy0)

1<j<n k,j<n,k>j
k<j+n®
< 20y [ (09 @)da (11)
j<n

Now let us estimate

> /T(J )9k (T () dpso.

k,j<n,k>j+n>

We have
I/gj(T(”( ))gi(TW (2))dpo| < I/gk(ﬂf)dL(j“”“)[gjduj]l

9



where LU+LF) .= Liw o ... o Lyji1. By (6)

1255 9lg50) ~ | [ @)l < max(1 gl 200 5~ 1)
and then
[ oz Ol < [ gt [ g + BRA + 100k -5 -1

< (f oo T¥dpo + BP0 [ 50T
+B R + 170k — j - 1)

oo [ g0 T ag

+B[k]P®(k) + B*[k]P[j + 1)P®(k — 5 — 1)

IN

using again (8). Hence

> /gjOT(j) geoT®dpy < - [/QJOT(j)duo/gkOT(k)duo (12)

kj<n kj<n
k>jFne k) rne

+BIk (k) + B2[K]"[j + 1]7®(k — j 1]

Z [/QjOT(j)dﬂo/gkOT Ddpo) (14)

kj<n
k>jTne

+2B*n*P 29 (n®) + Bn 20 (n®). (15)

IN

Now consider the sequence of random Variables Zn(T) =3 cjcn g;(T9(z))
and denote by E(Z,) := [ >, g;(T ) (z))dpo() let us consider the ad-

ditional sequence of randorn variables
Zn  Zn— E(Z,)
BE(Z,) ~  B(Z.)

10



And since [ (Z, — E(Z,))? dug = i (Zn)? duo — (E(Z,))? we get
f Zﬁd,uo - E(Zn)2

E((Y.)?)

E(Z,)?
_ f (Zl<k<ngk(T(k( ))) dpo — Zl<k<nfgk x))dpi)®
Zl<k<n J s (T® (2))dpo)?
2 (T ()i + B?4n2ﬁ+2q>< )+ 28052 (1)
B (Zl<k<nfgk (T®) (2))dpo)?

where in the last line we used (12) and (10). By this and (7), since o < 3
we establish F((Y;,)?) — 0. Now consider

ng = inf{n: Z /g] x))dpy > k*}. (16)
1<j<n
2 2nj; Z]<nk Ja;( (TY9(x))dpo + 232 ﬂ+2q)( i)+ 23n£+2®(ng)
(Zl<]<nk J 9;(T0)(x))dpo)?
ng N 4B?n 2 d(ng)
B ngnk [ 9;(T9)(2))dpo (Zl<]<nkfg] (T@(x))dpo)?
QanJrQ(I)(nk)
Zl<g<nk J 9;(T9)())dpo)?

Since Ve > 0, for n big enough, E]<n [ g;(TY(x))dpo > n7~ then ny, <
(k—l—l)v ¢ < (Qk)w < and

2ng 2(2k)>
< 2
j<nk fgj U)(2))dpo k

and since a < 7, and € can be taken small as wanted, we have that

> E((Y,

k>0

then by the Borel Cantelli Lemma, Y,, — 0 a.e. Now we prove that the
whole Y,, = 0 a.e. Indeed if ny <n < ngyq

Zn < Z?’Lk+1 — an+1 E<an+1) < an+1 (k+2>2
E(Z,) — E(Zn,)  E(Zn.,) E(Zn) — E(Zn.,) K

Nk+1 Nk+1
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and

Ln L, Zn, E(Zy,) i, k2
> = > .
E(Zn) ~ E(an) E(Zn,) E(Zny,) — E(Zn,) (k+2)?
then we have lim E(Z 5 = = 1, u—almost everywhere. m
n—o0 n

We will use the last Lemma to prove a proposition which will be an
intermediate step in proving Theorem 4.

Proposition 7 Let (X, T;) be a sequential nonautonomous system, let py €
PM(X) as above and suppose there is p € PM(X) towards gu; converges at
a superpolynomial speed as in (6). Let us consider a target point y € X such
that assumption (5) is satisfied. Then the equality

_logT(z,y)
}%Ty = du(y)

holds for po almost every x.

This proposition is of independent interest since directly establishes the
logarithm law. However the assumption required (see (6)) may look quite
technical and difficult to verify. For this we decided to state the main result
in the form shown at Theorem 4, whose assumptions are more similar to what
is expected to be established in concrete examples, where the maps involved
are already known to satisfy some regularization (Lasota Yorke) inequalities
on certain functional spaces, and some convergence to equilibrium properties.
Proof of Proposition 7. Let r. — 0 be a decreasing sequence, let
B(y, k) be a sequence of balls with decreasing radius centered at y, let ¢
be a Lipschitz function such that ¢ (x) = 1 for all x € B(y, 1), ¢x(z) = 0 if
x ¢ B(y,rr—1) and ||dk||Lip < Tk_ll_rk (such functions can be constructed as
or(x) = h(d(y,x)) where h is a piecewise linear Lipschitz function R —[0, 1]).

First we prove that lim iglf w > d,(y), po almost everywhere. This
r—

follows by a classical Borel-Cantelli argument.
Let us suppose that for some ¢ > 0, hm 1nfM <d,(y) —eon a
1

logr
certain set A C X. Let us consider the sequence r, = k~(®=)"" From the
properties of logarithms, it is standard to get (see the beginning of the proof of

.« clogT, .. plogTe (z, ,
Theorem 4 of [27]) lim inf Ong—(x’y) = lim inf g+(y) Hence lim inf Ong—xy) <
r—0  TIO08T k—oo T 1987k r—0 ogT
log Try (z,y)

d,(y) — € implies that e

< d,(y) — € for infinitely many k’s.

12



We have that for each ¢ > 0 eventually when k is large enough

/¢de < (k— 1)@= duly) =<

If € is so small that (d,(y) —€)"'d,(y) —€ > 1, then Y, [ dpdu < co. Let
us now consider the sequence ¢ o T and let us estimate [poT ") d .
We have eventually as k — oo that

‘/¢k°T(k)dﬁ‘0_/¢kdﬂ\ = |/¢kzd#kz—/¢kdﬂ\

< lowllcaplliw — pllw
< KPo(k)
1 1
where 8 > limy_,o0 * :f)g}g—r'“ , and since k°®(k) is summable we get that for

each such € > 0

Z/@ o T®dpuy < 0.

k<n

This means that the set of z € X for which 3, ¢x(T™®(x)) = oo is a zero
po-measure set. This set includes the set of z such that d(T™®(z),y) < 4
infinitely many times and the set of € X such that Vi T (z) # y and
for infinitely many k, 7, (z,y) < k = r;(d“(y)fe)
[lp-measure one 2.

Now we prove that

proving that A is a zero

log 7, (,
lim sup 28 (7 9)

r—0 r

< du(?J) (17)

1o almost everywhere. Let us consider some small ¢ > 0 and the set of x

such that lim supw > d,(y) + €. In order to estimate the measure of
r—0
1

such set, let us consider some 0 < 8 < el (implying fd,(y) < 1) such

that 8(d,(y) + €¢) > 1. Consider then the sequence of radii r, = k=%, We
remark that as before, if (17) is proved for such a sequence, then it holds for

20t Vi TW(2) # y and 7, (x,y) < k for infinitely many k, we have infinitely many k for
which d(T™)(z),y) < 7. Indeed assuming the opposite. Let us consider k to be the last
index for which d(T™(x),y) < rg. Since min;<d(T™(z),y) > 0 we can consider k' > k
such that 0 < rj < min;<,d(T"(z),y) since still we have 7, (z,y) < k' we have a new
close approach to the target, negating the asumption.

13



all sequences. Now remark that for each small € < 871 — d,,(y), eventually
as k — 00, [ ¢rdu > (ry)%W+e = [=8du®+9 and there is C > 0 such that

k
> / Grdp > Cl =Pl (18)
0

for each k > 0. Now let us estimate the sequence [ ¢ o T® dyy. We have as

before that eventually, as k — oo
|/¢kdﬂk - /¢kdﬂ‘

| / dr o TWdug — / oy

< k]| zipl . = pallw
< K'o(n)
1
for some ' > limg_,qo g;’z;{% since k% ®(n) is summable we get by (18)

that for each € > 0, eventually

S [ 6000y 2 i

k<n
We can then apply Lemma 6 and obtain that setting Z,(z) = >, ¢; (TV)(z))
and E(Z,) = [, ¢;(TY(x))dpuo, for such a sequence, Jim E(ZZ"H) =1

ug—almost everywhere. We are now going to use this to complete the proof.

Let us hence still consider S as above, near but below m and € > 0

such that 5(d,(y) + €) > 1. Let us consider x such that lim sup—logT’;(x’y) >

r—0
du(y) + € then, for infinitely many n, 7(,_1)-s(z,y) > (n — 1)Pdu)+<) " then
TO(z) ¢ By, (n —1)=%) for each 0 < i < (n — 1)#@®+) and in partic-
ular T9(z) ¢ B(y, (i —1)7%) for n < i < (n — 1)#d®+) which implies
Zn(x) = Z stauw+en () for infinitely many n. But

iz Joidpn Y w(Bly,i"))
Do S Gidpn T Zz 0:“( (y, (i —1)77))
eventually as n — oo because fd,,(y) < 1, implying that the above sums go

to oo and because 3(d,(y) +€') > 1, implying that the numerator’s sum goes
to oo faster than the denominator’s one. Then as shown before

nﬁ(d (W)+¢)
E(Z pauw+en) _ ' f¢g z))dpio
E(Z,) J of¢3 )dMO

14

nBldu)+e) B(dp(yHE )

— 0




hence in order to get hm = 1 pp-almost everywhere one must have

E(Z )
lim sup—log (@Y
r—0

near as we want to
statement. m

Now we see that the assumptions of Theorem 4 implies the ones of Propo-
sition 7 and then we can get our main result applying the proposition.

>d,(y ) + €/ on a zero measure set. Since 5 can be chosen as

m, ¢’ can be chosen to be arbitrary small we have the

Lemma 8 Given a probability measure pg € B, let us suppose that the set
A= {u = L®¥) g k€ N} is bounded in By and has uniformly bounded
Lipschitz multipliers in the sense of Definition 2. Suppose (X,T;) has con-
vergence to equilibrium with superpolynomial speed in the sense of Definition
3 and there is C' > 0 such that || |lw < C|| ||s, then for each g € Lip(X),
i € N the measure gu; converges to p [ gdp,; at a superpolynomial speed as
expressed in (6).

Proof. Since A is bounded there is a Cy > 0 s.t.  ||y;]ls < Cy Vj and
l|]]s < Cs. In order to prove (6), from the convergence to equilibrium we
have

120 eeo Ly lops) = n [ gdill < @(maz (L o)~ 1 [ gdis].)

By the bounded Lipschitz multiplier property

Ilgny] = u/gdujlls < Callglleip + CollgllLip

since ||g]|eo < ||9||Lip and p; is a probability measure. We have then

L 00 Ly lor] = [ gl < (k) maax(1lg] )

for a superpolinomially decreasing ®" as required by (6). m

Having collected the necessary results now we can prove the main theo-
rem.
Proof of Theorem 4. By Lemma 8 we see that the assumptions of
Theorem 4 imply the assumptions of Proposition 7. The application of this
proposition directly lead to the result. m
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3 Application to asimptotically autonomous
systems

In this section we show an example of application of Theorem 4 to a family
of solenoidal maps forming a nonautonomous system. Such family is also
an eventually autonomous system in the sense of [25]. Solenoidal maps are
known to have a fractal attractor whose dimension can vary, depending on
the map’s contraction and expansion rates. The same can be said for the local
dimension of the unique physical invariant measure. To keep the treatment
short and avoid technicalities, we choose a relatively simple family of such
maps where the maps vary in time only on the second coordinate. We hence
consider a family F; of solenoidal maps. Each element of Fj is a C? map
F,: X — X where X = S' x D? the filled torus, and F} is a skew product

E(at,y) = (T(%),Gi(l',y)), (19>

where T : S — S! and G; : X — D? are smooth maps. We suppose the
map T : S' — S! to be C?, expanding ? of degree ¢, giving rise to a map
[0,1] — [0, 1], which we denote by 7' and whose branches will be denoted by
T, i €[1,..,q). We make the following assumptions on the G, :

(a) Consider the F-invariant foliation F* := {{x} x D*},c51. We suppose
that F? is contracted: there exists 0 < o < 1 such that for all x €
St,i € N holds

(Gi(z,y1) — Gilw, )| < alyr — ol for all yi,yo € D*. (20)

(b) sup,egijen |G (2)] < o0,

(c) sup,, |Gi(z,y) — Go(z,y)| < ®(i) with & being decreasing and having
superpolynomial decay.

In the following, applying the theory we have shown in the previous sec-
tions we will prove the logarithm law for this system:

Proposition 9 Let (X, F;) be a sequential family of solenoidal maps satis-
fying the above assumptions (a), (b),(c), let po be the Lebesque measure on
X and p the unique physical measure of Fy.

3There is a < 1 such that Vo € St, |T}(z)] > o™t > 1.
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Suppose y € X is such that the local dimension d,(y) of i aty ewxists,
then the equality
. log 7, (2, y)
el A
holds for po almost every x.

We will prove Proposition 9 by applying Theorem 4. In order to do this
we construct some functional spaces which are suitable for the system we
consider. We follow the simple construction of anisotropic spaces suitable for
skew products which can be found in [28] and [29]. The idea is to consider
spaces of measures with sign, with suitable norms constructed by disintegrat-
ing the measures along the stable, preserved foliation.

Given p € SM(X) denote by u* and p~ the positive and the negative
parts of it (= pu™ —p7).

Let m, : X — S! be the projection defined by 7(z,y) = x and let 7 be
the associated pushforward map.

Denote by AB the set of measures p € SM(X) such that its associated
marginal measures, p} = 7wiu®, u, = wiu~ are absolutely continuous with
respect to the Lebesgue measure m on S i.e.

AB={pe SM(X):miut <<m and wip~ << m}. (21)

xT

Let us consider a finite positive measure . € AB on the space X foliated by
the contracting leaves F* = {7, };es1 such that v, = m,~'(I). The Rokhlin
Disintegration Theorem describes a disintegration ({ty, }~,ers, ftz =: ¢,m) by
a family {/, } of probability measures on the stable leaves and a non negative
marginal density ¢, : S' — R with ||¢,|l1 = p(X). By this disintegration,
for each measurable set £ C X, with the above notations it holds

H(B) = [ 0B )0 (22)

Definition 10 Let m, : X — D? be the projection defined by m,(x,y) =y
and v € F*. Given a positive measure pn € AB and its disintegration along
the stable leaves F°, ({jty, }r,, e = $pm) we define the restriction of ji on
v as the positive measure ul,, on D? (not on the leaf ~y,) defined, for all
mensurable set A C D?, by

fily = Ty (D (D) ptsy)-
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For a given signed measure pn € AB and its decomposition p = pt — p~,
define the restriction of u on ~; by

H’|"/l = N+|w - M_|’Yz' (23>

Similarly we define the marginal density of p as

¢u = ¢u+ - ¢,u*'

Now we define a L' like space of disintegrated measures.

Definition 11 Let L' C AB be defined as

e e as: [ Wl m(n < oo (24)
and define a norm on this space, || - ||»1» : L1 — R, by
ol = [ WGl a0 (25)

Let us now consider the transfer operator Lp associated with F'. There
is a nice characterization of the transfer operator in our case, showing that
this operator works similarly to a one dimensional transfer operator. For the
proof see [29] .

Proposition 12 For each leaf v € F*, let us define the map F, : Dy — Ds

by 1
F,=m,0F|, ofml,]”

For all € L' and for almost all | € S the following holds
q F;Tfl(”(uh,ri—l(”)
|77 o T (1)]

(LFM)"W - (26>

i=1

Here, again F stands for the pushforward of F,.
In [30], Section 12, for a solenoidal map F' as defined in this section the
following elementary facts are proved.
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Proposition 13 (The weak norm is weakly contracted by Lp) Ifu €
LY then

Ll < [l (27)

Proposition 14 For all ;1 € L' it holds

1Lppllr < aflpllr + (a+ D[é,l]:- (28)
We denote by V C L! the set of measures having 0 average, i.e.

Vi={pe LpX) =0}

Proposition 15 (Exponential convergence to equilibrium) There ez-
ist D € R and 0 < By < 1 such that, for every signed measure p € V, it holds

|| Lop]

o1 < Doy (||l

”1” + ||¢M||W1,1)
foralln > 1.

In the previous proposition || ||y11 stands for the 1,1 Sobolev norm. Fur-
thermore the system has an unique invariant measure in £!.

Proposition 16 There is a unique p € L' such that Lpy = p.
Let us now consider the following stronger norm
plls = Vel + Dl -

We can then define

By :={pe L' st ||u||s < +oo}. (29)

Considering || ||s as a strong norm and || ||»;» as a weak norm we can
easily prove a Lasota Yorke inequality, showing that the system has a kind
of regularization for these two norms.

Lemma 17 For each pu € B,

| Lpplls < max(a, A[plls + [(a + 1) + b [dp] 1 (30)
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Proof. By Proposition 14 and the Lasota Yorke inequality for expanding
maps

[Lrulls < |[Lrpllrr + [|Lrdull 0,
< |l + (a+ D|oulls
A @ullyrn + Bllowlh
< max(a, A)|[plls + [(a + 1) + 0]||@pl]1-

Remark 18 From (30), since ||¢,|)1 < ||u|

»1» one also can deduce
[ Lrplls < max(a, A)||plls + [(+ 1) + b |p][1-. (31)

We are then going to apply Theorem 4 considering (B, || ||s) as a strong
space, as just defined, we will also use (L1, ]| ||»1») as a weak space. To apply
Theorem 4 we have to verify that the iterates of the Lebesgue measure have
bounded Lipschitz multipliers.

In order to achieve this we need we need to recall some further results on
the regularity of the iterates of measures by solenoidal maps.

Given p € £! and its marginal density ¢,. Let us consider the following
stronger space of measures

e L st ¢, € W and Viy limg,, ||pl, — il llw = 0 and

” 1,1» . Bl —H]
W= =4 for almost all l, D(u, 1) :=limsup,_,,, H%

el + [ 1D (p, w)]dl < oo

llw < oo and

Definition 19 Let us consider the norm
L ey A LTI

The following is proved in [30], Section 12.

Proposition 20 Let F' be a solenoidal map satisfying (a), (b), (c), then Lp("WH") C
"WYY and there are A < 1,B > 0 s.t Vu € "WHY with > 0

swinr < Mol |l + [|¢'l1)+Bl |

||LF:u nn.

Iterating the inequality, one gets
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Corollary 21 There are B > 0, \ < 1 such that

HL(n),uH’fwl,l” < )\n(HMH”WM” + H¢/MH1)+BHHH1' (32)

Where L™ stands for the sequential composition of the operators L, as
defined in Section 2.

Proof. By Propositions 13 and 20 the operators L; := Lp, satisfy a com-
mon Lasota Yorke inequality. Denoting ||u||s := [|pllwr1 4 [|¢/,]]1, there are
constants B, A\; > 0 with A\; < 1 such that for all f € B;, p € P,,1 € N

[ Lipl | < |

77177
. 33
1Zaptlls < Mllpalls + Bllalloo- (33)
First we remark that obviously
Ll < [l (34)

For the stronger norm || ||, given some j € N, composing the operators we
have

L flls < Mllflls + Bl

”1»

thus

[[Ljo Lipi(f)lls < MILiflls + Bl Ljfll1
< N|flls + Bl f|- + Bl f
<

ALl + (1 + M) Bl f

» 17

R R

Continuing the composition, noting that the second coefficient keeps be-
ing bounded by a geometric sum we get (42).

|

Now we are ready to prove that the iterates of the Lebsgue measure have
bounded Lipschitz multipliers.

Lemma 22 Let jy be the Lebesgue measure on X. The set
A= {LO%y, k e N}

has bounded Lipschitz multipliers. There is Ca such that for each i and
g € Lip(S')
gpills < Callgllzip-
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Proof. We have that ||gul||s = ||gp|l>1» + [|@gull,..- We first show that for

wll

each u € By the weak norm has bounded Lipschitz multipliers:

gpllor = /S W gn™ b g~ ) dmdl) < 211gllwpl el -1 (35)

In order to prove this it is sufficient to show that for each leaf v considering
guly we have W(gu*|y, gu=l,) < 2/lglliW (1F |5, 7 |5).  Indeed consider
f such that Lip(f) < 1, ||f|lec < 1. We have that also Lip(fW) < 2,

ip

Hfl\g\l llo <1 then
/fdgu! /fdgu+|

gl, _
/f||g||m,, A

Wigp™|y, g1 ]4) sup

f st Lip(£)<1, ||f]lo<1

= |lgll L, sup
[ st Lip(f)<1, [|f]l<1

/f|| I, h

< 2llgll L, W g™ |y 917 15)-

From this, integrating we obtain 35. Since by Proposition 13, [|L(®*) i[>
is uniformly bounded as & — oo there is C 4 such that

lgpeill17 < CroallglLip
for each i.
Now we prove that there is C' > 0 such that for all 7,
| Dgp:llwra < gllzipC (36)

Let [ € S'. We have

Ggpi (L +6) — Pgu,(1) | fD 1d[9ﬂi|w+5] - fD Ld[gpil-,]

| lim sup 5 = |limsup 5 |
6—0 6—0
| timsup 2290 O Wik () = Jp 9(by) dpil ),
6—0 0
< limsup Jp 9+ 6,9)dpily, (y) — [ gL+ 6, y) dpil, (y) |
o 6—0 5
©limsup Jp 9L+ 6,y)dpily, (y) — [, 9 y) dpil, (y )|
6—0 5

< gllzipl D i, DI+ Mgl Lipl il |-
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This shows that ¢, is absolutely continuous and then in the Sobolev space
W furthermore, integrating over S', (36) is satistifed with C' = ||| [» 1.0+
||pi]|s- Since by Corollary 21 we have that ||g;||»w1.1» is uniformly bounded
as ¢ vary we establish the Lemma. m

3.1 Exponential loss of memory for sequential com-
position of operators

In this section we show a relatively simple and general argument establishing
exponential loss of memory for a sequential composition of Markov operators
converging to a limit. Since the approach is general, we will work in an
abstract framework, stating a result which holds for a sequence of Markov
operators acting of suitable spaces of measures. Let B,, and B, be a normed
vector subspaces of signed measures on X. Suppose (Bs, || ||s) € (Buw, || ||lw)
and || ||s > || ||w- Let us consider a sequence of Markov operators {L;}en :
B, — B,. We will suppose furthermore that the following assumptions are
satisfied by the L;:

M L1 The operators L; satisfy a common ”one step” Lasota Yorke inequality.
There are constants B, \; > 0 with A\; < 1 such that for all f € B,

we P, ieN
1L fllw < 111
37
{ ILfle < Mlllls + Bl (37)

M L2 There is a Markov operator Ly : By — B, having an invariant prob-
ability measure p € B, such that the family of operators satisfy:
lim;_, ;oo L; = Lg in the B, — B, topology. *

M L3 There exists a, > 0 with a,, — 0 such that for all n € N and v € Vj

L5 ()]l < anl[o]]s (39)

where

Vs = {M € BSW(X) = 0}'

4In particular the family of operators satisfy: Ve > 0 IN s.t. Vi,j > N

I(Li = Lj)l|B.~B., <€ (38)
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We recall that since p — p(X) is continuous, V; is closed. Furthermore
Vi, Li(V;) C V.

We remark that the assumption (M L1) implies that the family of oper-
ators L; is uniformly bounded when acting on By and on B,,,.

First we establish a Lasota Yorke inequality for a sequential composition
of operators satisfying (M L1). The proof of the Lemma is essentially the
same as the proof of Corollary 21.

Lemma 23 Let L; be a family of Markov operators satisfying (M L1) and
let
LU = [ oL ;10...0 Ljjn (40)

be a sequential composition of operators in such family, then Vn,j
LS f Ly < [ fllw (41)
and

i n B
L9701l < NNl + 5= 1l (42)

The following Lemma is an estimate for the distance of the sequential
composition of operators from the iterates of L.

Lemma 24 Let § > 0 and let LUt~ be o sequential composition of op-
erators {L; }ien as in (40) satisfying the above assumptions. Let Ly as above
such that || L; — Lo||s—w < 0. Then there is C > 0 such that Vg € Bs,Vj,n > 1

||L(j7j+n_1)g — ng||w < 5(O||9||s +n

< —llgll) (13)

where B is the second coefficient of the Lasota Yorke inequality (37).
Proof. By the assumptions we get

[[Log — Ligllw < 6|9l

hence the case n =1 of (43) is trivial. Let us now suppose inductively

L7729 — Lg~ gl < 8(Caallglls + (n = 1)

5 llall.)
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then

||Lj+n IL(H—HZ 2)9 Ly gHw < ||LJ+ 1L(j7j+n_2)g Ljin— an_lg+LJ+n an_l ngHw

< HLH IL(”HL 2)9 Ljin— 1Ly~ 19|‘w+”LJ+n 1Ly~ 19 Lg g||w
B e

< H(Cuallglls + (n = 1) 37— N gllw) + 1[Lj4n—1 — Lol(L§ ™ 9)w
B e

< 8(Callll + (= D25 lgll) + 1125l
B

< 6(Crllglls + (n — 1)ﬁ||g||w)

1

- B
O Mlglls + 7 3 lgll)

B
n_—)\l||9||w]-

< O[(Cor + Xf‘1>||g|ls) +ng

The statement follows from the observation that continuing the compo-
sition, ), remains being bounded by the sum of a geometric series. m

Lemma 25 Let L; be a sequence of operators satisfying (M L1), ..., (M L3).
Then the sequence L; has strong exponential loss of memory in the fol-
lowing sense. There are C, X > 0 such that Vj,n € N, g € V;

LU gl < Ce™ gl

Proof. It is standard to deduce from the assumptions that p is the unique
invariant probability measure of Ly in B,. Now let us consider py € Bs.
Remark that because of the Lasota-Yorke inequality, Vj,7 > 1,9 € By

15559l < (25 + D]l
Now let us onsider Ny such that A\}° < 002 and by (M L3), Ny such
that Vi > Ny, g € V;
126™ gllw < 10OBIIQH
Let M := max(Ny, N3). Let Nj such that
(1—A)

[|Li = Lol|

e = 100MB(C + B)
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for all i > N;. By (43),Vj > Ny,i > M

i - 1-M) ||g||w
L(],]+z 1), Lot w < ( 1 C

<
= 1OOMB||g||

Hence

L5+ g]|, < ||Loig|!w ||g|!

llglls +

llglls-

< —
- 1OOB 1OOMB

Applying now the Lasota-Yorke inequality we get, for any j > NV,

078Dl < AL Nl + BILS Nl
BM

< 100||g|| +Boolall + oagllolle (a5)
< =l
and .
||[LOTF2RM=D) g - < Tog 191ls

for each 7 > N; and k > 1, g € V; establishing the result. =

3.2 Superpolynomial convergence to equilibrium for
the family of Solenoidal maps and the proof of
Proposition 9.

Now we apply the results of the previous section to a family of solenoidal

maps satisfying the assumptions (a), (b), (¢) stated at the beginning of Section
3.

Proposition 26 Let F; be a a sequence of maps satisfying the assumptions

(a), (b), (c). Let By be the space defined in (29). Let u € By be the invariant
probability measure of the limit map Fy. Let Lp, the sequence of transfer
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operators associated to F;. Then the sequence Lp, ha superpolynomial con-
vergence to equilibrium to p in the following strong sense. Denoting as before
LUt = L o..oLp, there are C,\ > 0 such thatVj,n € N, yio € B,

i = LU ]|, < D(n)maz(L, [l — polls). (46)

Proof. We will apply Lemma 25 to the family of transfer operators Lp,
using as strong space By the one defined in (29) and as a weak space B,
the one defined in (11). By Lemma 17 and (13) the action of the transfer
operators on these two spaces satisfy the assumption (M L1). By assumption
(c) (ML2) is satisfied. By Proposition 15 we have that (M L3) is satisfied.
We can then apply Lemma 25 and get that there are N, M > 0 such that for
any j > N

. 1
ILOTHM=D (1 — o)« < =l — pto]]s-

Since
LOHM=D (1 — i) = LUTTM=D () — LOIHM=1 ()0

by (c¢), considering that the map only changes on the leaves, where the
Wasserstein like distance is considered on positive measures, by (¢) we have

LU0 () — | < MP(5)

and then .
e = LOTHMD (o) < <[ = pol|s + M®(5).

Denoting dy, := ||LUITM=1) (1) — pl|s, for k > 0 the above computation
shows that do = |[o — pills, dis1 < 2di + MP(j + Mk) < 3dp + MP(j +
ME)[max(1,dy)] showing that dj, decreases superpolynomially fast, satisfying
(46)5.

[ ]

Proof (of Proposition 9). The proof of the statement directly follows
from the application of Theorem 4.

The boundedness of the set A = {LOM g k € N} in B, and of the
Lipschitz multipliers is verified in Lemma 22, the superpolynomial strong
convergence to equilibrium for the family of maps we consider is verified

°If we have dj41 < %dk +a,, with a,, decreasing superpolynomially, then one can rewrite
the relation as dg1 —2a, < %(dk —2ay,) showing that di41 converges to 2a,, exponentially
fast.
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in Lemma 26. The assumption (5) is trivially verified. This provides the
assumptions necessary to apply Theorem 4, establishing the result.
[ |

Remark 27 We remark that in order to get a logarithm law as in Theorem
4 for an eventually autonomous system like the ones considered in this sec-
tion, a quantitative bound on the speed of convergence of the sequence of the
sequence of maps F; — Fy is necessary. Let us indeed consider i > 1 and a
family with a slow convergence like Fi(x,y) = (2 mod (1), [%]) for this
family of maps the limit map is Fy with Fo(z,y) = (2¢ mod (1),[§]) whose
physical measure is the one dimensional lebesque measure on S := S' x {0}.
So d,(x) =1 for each x € S. Let us fit y € S as a target point. Let us
consider i € N and an initial condition x¢ such that d(zo,z) > 0. We remark
that because of the slow convegence to F; to Fy we have that for i,7 > 1,
d(F©)(zg),x) < L implies that j > i*. This implies that for this system
lim inf, o W > 2> d,(y). Showing that a logarithm law as in Theo-
rem 4 cannot hold in this case.

4 Application to mean field coupled maps

In this section we show how to apply our main results to a system of mean
field coupled expanding maps, obtaining a logarithm law for this kind of
systems.

To this goal, we will use known results on the convergence to equilibrium
of mean field coupled systems. Those results allow to treat the dynamics of
a typical subsystem of the mean field coupled system as a nonautonomous
system having fast convergence to equilibrium (see Definition 2). This general
idea is hence applied in this section to a particularly simple class of chaotic
systems.

4.1 A model for infinitely many mean field coupled
maps

We now define a model for the dynamics of an infinite family of expanding
maps interacting in the mean field. The mean field system will be composed
by infinitely many interacting subsystems, where the dynamics is given by
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some expanding map, perturbed deterministically by the state of all the other
systems in a way which we are going to describe in this subsection.

The phase space for each interacting subsystem is the unit circle S, we
will equip S' with the Borel o—algebra.

Let us consider an additional metric space M equipped with the Borel
o—algebra and a probability measure p € PM(M). Let us consider a
collection of identical C% expanding maps (S!, T');, with i € M. An admissible
global state for the dynamics of this extended system at some time ¢ is given
by a measurable function x, : M — S! associating to every i € M the state
xo(7) of the subsystem (S*,T);.

We say that the global state x; of the system is represented by a proba-
bility measure ji,, € PM(S') if

/’th = th (p)

(the pushforward of p by the function x;). Let & be the set of such measur-
able functions M — S! defining the admissible global states of the system.
We now define the dynamics of the interacting systems by defining a global
map 7 : X — X and global trajectory of the system by

X1 = T(Xt)

where x; 1 is defined on every coordinate by applying at each step the com-
mon local dynamics 7', plus a perturbation given by the mean field interaction
with the other systems, by

241 (i) = Do, © T(ae(i)) (47)

for all i € M, where sy, : S' — S! is a diffeomorphism near to the identity
when ¢ is small and represents the perturbation provided by the global mean
field coupling. Let us consider a coupling function h € C%(S' xS' — R). The
function h(x,y) represents the way in which the presence of some subsystem
in the state y € S! perturbs a certain subsystems in the state z € S!. The
mean field perturbation @5, with strength 6 > 0 is defined in the following
way: let mg1 : R — S' be the universal covering projection, ; we define @,
as

Bus(a) =+ 765 [ D) i (1) (48)
We remark that in this definition the parameter ¢ plays the role of the
strength of the coupling. Since (47) is clearly a measurable map we see
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that the measure representing the current state of the system fully deter-
mines the measure which represents the next state of the system, defining a
function between measures fix, — fix,., defined as

Hoxcp1 = L‘i’é,u,(t OT(:MXt) = ‘C5<:uxt)'

Now, let us consider § > 0 and denote by (S', T4, h) the extended system
in which these maps are coupled by h as explained above. The function Ls
is also called to be the Self Consistent Transfer Operator associated to the
mean field coupled system (S, T4, h).

Since in every subsystem and coordinate, at each iteration, the map
(D&uxt oT is applied, if we observe the evolution of a single coordinate, we see
the result of the application of a nonautonomous dynamical system (S',T},)
where T, = ®5,, oT. In the case where 7' is an expanding map and z is
distributed smoothly we are in the framework of our main result and we can
establish a logarithm law for the dynamics of each coordinate.

For this kind of extended system we prove:

Proposition 28 Let us fir i € M and let x(i) the evolution of the i—th
coordinate of the mean field coupled system (S*,T,d,h) as defined above. Let
us suppose that the global initial condition of the system is distributed in a
smooth way, that is ., is an absolutely continuous measure having density
in Wi, 6 We will also suppose that the coupling is small. In the sense that
there is & > 0 such that for each 0 <9 < o the following result will hold. We
define the hitting time of a small target centered at y for the i—th subsystem
with initial condition xy(i) as

7 (20(7), y) = sup({t > 0]d(z.(i),y) > r}).

Let m be the Lebesque measure on St. Then for each y € S' and m almost
each (1) it holds
lim log 7. (z0(7), x)
r—0 —logr

= 1. (49)

To prove Proposition 28 we need some preliminary results we will take
from [31], Section 7. The following statement shows that our mean field
coupled system has a unique regular invariant measure when ¢ is small
enough.

6We remark that the global initial distribution s, and its evolution in time does not
depend on the single i—th subsystem initial condition zq(4).
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Proposition 29 (Existence and uniqueness of the invariant measure)
Let (S', T, 6, h) as above and let and Ls be the associated self consistent trans-
fer operator. If 6 > 0 is small enough then there is a unique probability
measure 5 having density fs € L' such that

Ls(ps) = ps-

Furthermore f; € W51,

The following statement is an estimate for the speed of convergence to
equilibrium of mean field coupled expanding maps (see [32], or [33] for similar
statements).

Proposition 30 (Exponential convergence to equilibrium) Let Ls be
the family of self-consistent transfer operators arising (S*,T,d,h) as above.
Let ps be the absolutely continuous invariant probability measure of Ls. Let
us denote by fs € W the density of ps with respect to the Lebesque measure
m. Then there exists 6 > 0 and C,~y > 0 such that for all0 < § < §, and
each probability measure v having density f, € W' we have

d n —Yn
5= L5 (V) = fsllwr < Ce™|[fy = fusllwra.

dm
We can now apply Theorem 4 to get a logarithm law result for mean
field coupled maps.
Proof of Proposition 28. We will get the result by a direct application
of Theorem 4 to the nonautonomous system (S!,7T;) where T; = Psp,, 0T
and p,, is the measure representing the global state at time ¢, satisfying
pz; = L(pz,). We will consider as a strong space B, the space of signed
measures having a density in W'?! with the topology induced by the one on
WLt We remark that this topology is stronger than then one induced by
the W distance. Furthermore we remark that by Proposition 30 the set

A= {Li(ﬂro)}ieN

is bounded in B, and has obviously bounded Lipshitz multipliers. By Propo-
sition 30 we also have that p, := £(j,,) converge exponentially fast to the
invariant measure pus; € WhHl, then Theorem 4 can be applied. We remark
that since ps has density f5 € W', d,(y) =1 Vy € S! establishing 49. =
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