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Stochastic closures for real-time fluid applications

Talla M., Caville C., Moneyron A., Lepape G., 
Jacquet P., Wallian L., Resseguier V., Stabile G.



p. 2

Context
Observer for wind turbine application

Estimation and prediction:
• Air flow
• Lift, drag, inflow
• …

Observer

Controller 

Simple 
model

Simple 
model

• Blade pitch
• Fluidic 

actuators
• …

Few sensors

Which simple model?      How to combine model & measurements?

Application: Real-time estimation and prediction of 3D turbulent flow
using strongly-limited computational resources & few sensors 

Wind
turbine 

blade

Wind 
fluctuations

Damages

Scientific problem : 
Simulation & data assimilation under severe dimensional reduction
typically, 10# → %(10) degrees of freedom
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I. State of the art
Ø Intrusive reduced order model (ROM)
Ø Large Eddy Simulation (LES) & hyperreduction
Ø Data assimilation

II. Stochastic closure
Ø Location uncertainty models (LUM)
Ø Stochastic ROM for turbulent flows

III. Numerical results
Ø Test cases
Ø Deterministic hyperreduction could be improved
Ø But data assimilation does the job!

Content
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I. State of the art
Ø Intrusive reduced order model (ROM)
Ø LES and hyperreduction
Ø Data assimilation
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• Principal Component Analysis (PCA) on a dataset to reduce the dimensionality:

Resolved 
modes

• Approximation:

à ROM for very fast simulation of temporal modes

• Projection of the “physics”
onto the spatial modes

(POD-Galerkin)
( Physical equation (e.g. Navier-Stokes))!

"
#$ %& $ ⋅

Don’t work in extrapolation
for advection-dominated problem

Snapshots Spatial  modes

() PODOff-line
simulations 

* $, , ≈.
&/0

1
2& , %& $

Intrusive reduced order model (ROM)
Combine physical models and learning approaches
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• Principal Component Analysis (PCA) on a dataset to reduce the dimensionality:

Resolved 
modes

• Approximation:

à ROM for very fast simulation of temporal modes

• Projection of the “physics”
onto the spatial modes

(POD-Galerkin)
( Physical equation (e.g. Navier-Stokes))-

.
/" ,' " ⋅

Snapshots Spatial  modes

12 PODOff-line
simulations 

(Randomized Navier-Stokes)

SPOILER
Don’t work in extrapolation

for advection-dominated problem

Intrusive reduced order model (ROM)
Combine physical models and learning approaches
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Smagorinsky 

term

Viscous 

term

Advection Pressure

• DNS cannot generate large amount of 3D turbulent flow data

• Possible with turbulence models > Smagorinsky LES

!"# + % #, # = −∇* + + # + , #

with , a non-polynomial differential operator

• Issue for Galerkin projection / ROM

• Solution : Hyperreduction > Discrete Empirical Interpolation Method (DEIM) 

Chaturantabut & Sorensen et al. (2010). SIAM-ASA J Sc. Comp. 32.5: 2737-2764.
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Large Eddy Simulation (LES) & hyperreduction
How to deal with turbulent unsteady flows ?

Rebollo et al. (2017). SIAM-ASA J Num. Analysis. 55.6: 3047-3067.Carlberg et al. (2011). Int. J Num. Meth. Eng., 86(2), 155-181
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• Error decomposition for DEIM 

Chaturantabut & Sorensen et al. (2010). SIAM-ASA J Sc. Comp. 32.5: 2737-2764.
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Large Eddy Simulation (LES) & hyperreduction
How to deal with turbulent unsteady flows ?

Rebollo & al. (2017). SIAM-ASA J Num. Analysis. 55.6: 3047-3067.
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Carlberg et al. (2011). Int. J Num. Meth. Eng., 86(2), 155-181
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Numerical
Simulation

(ROM)
à erroneous

3 ". $%& 5 ". $%& Velocity

More accurate
estimation

globally in space
()$*+,-),

. / 0 ∝ . 0 / .(/)

Prior
.(/)

Likelihood
.(0|/)

Data 
assimilation

(e.g., particle filtering)

Need for uncertainty / 
errors quantification
à Random dynamics

.(/56&|/5)
while minimizing
→ errors (closure)
→ CPU

On-line
measurements
à incomplete
à possibly noisy

Data assimilation
= Coupling simulations and measurements 0
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II. Stochastic closure

Ø Location uncertainty models (LUM)
Ø Stochastic ROM for turbulent flows
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Randomized
Navier-Stokes model

__________________
• Good closure
• Good model error 

quantification
for data assimilation

SALTLUM
Memin, 2014
Resseguier et al. 2017 a, b, c, d
Cai et al. 2017
Chapron et al. 2018
Yang & Memin 2019
…

Crisan et al., 2017
Gay-Balmaz & Holm 2017
Cotter and al. 2018 a, b
Cotter and al. 2019
…

Holm, 2015
Holm and 
Tyranowski, 2016
Arnaudon et al. 2017

Mikulevicius &  
Rozovskii, 2004
Flandoli, 2011

References :

Cotter and al. 2017, Resseguier et al. 2020, 2021, Zhen et al. (2023), …

Randomized
ROM

! = # + !%

Resolved fluid velocity: 
# = ∑'()* +','

Unresolved fluid velocity: 
!% = -/̇

Assumed
(conditionally-)Gaussian

& white in time
(non-stationary in space)

Location uncertainty models (LUM)
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! = # + !%

Resolved fields: 
#

Unresolved fields: 
!% = &(̇
(Gaussian, white wrt ))

Resseguier & al. (2017). Part I. Geophys. Astro. Fluid. hal-01391420

Location uncertainty models (LUM)
Randomized DNS

Kunita (1990). Cambridge Univ. Press

From Ito-Wentzell
formula (Kunita 1990)
with Ito notationsMomentum conservation

*
*+ # ), -. = / (Forces)

Positions of fluid parcels -. :
0
0) -. = # ), -. + & ), -.

0(.
0)

12344526
789:;44

<=5+; 56 +5>;
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Advection Diffusion

Balanced
energy
fluxes

! = # + !%

Resolved fields: 
#

Unresolved fields: 
!% = &(̇
(Gaussian, white wrt ))

Resseguier & al. (2017). Part I. Geophys. Astro. Fluid. hal-01391420

Location uncertainty models (LUM)
Randomized DNS

Kunita (1990). Cambridge Univ. Press

*+# + , #∗, # + , &(̇, # = /0 + / #

From Ito-Wentzell
formula (Kunita 1990)
with Ito notations

Drift
correction

Usual terms

Skew-symmetric
multiplicative

random
forcing



p. 14

DiffusionAdvection

! = # + !%
& = '& + &%

Resolved fields: 
#
'&

Unresolved fields: 
!% = (*̇
&% = (+*̇
(Gaussian, white wrt ,)

Location uncertainty models (LUM)
Randomized LES

Smagorinsky term

Additive
random
forcing

-.# + / #∗, # + / (*̇, # = 23 + 2 # + '&(#) + (+*̇

Balanced
energy
fluxesDrift

correction

Usual terms

Skew-symmetric
multiplicative

random
forcing
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variant of Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957

!
"
#$ % ⋅ −()* − + *∗, * − + .0̇ , * + 23 + 2 * + 45 * + .60̇ 7%

8 = * + 8:

5 = 45 + 5:

Resolved fields : 
*(%, <) = ∑$?@

A B$ < #$ %
45(%, <) = ∑$?@

C D$ < E$ %

Unresolved fields : 
8: = .0̇
5: = .60̇
(Gaussian, white wrt <)

2nd order polynomial

Full order : F ∼ 10J

Reduced order :   K,L ∼ 10

Stochastic ROM for turbulent flows (Red LUM)
POD-Galerkin gives SDEs for resolved modes

Projected additive &
multiplicative noises

MNO P, P6 = ∫"#N ⋅ −+ P, ϕO + S@OP6

TB = 1
B

∶ K + 1

VWX =Y
N?Z

C

< X,#$ > #$

F
7
7<
B < = ] TB < + M .0̇, .60̇ TB <

ΠW
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!
"
"#
$ # = & '$ # + ) *,̇, *.,̇ '$ #

2nd order polynomial
Coefficients given by :
• Randomized Navier-Stokes
• /0 0

, 10 0

• 2(4) ≈ Δ# 89 89 :
; = <

:
∫>
:
;

'$ = 1
$

2 4, 4 = @ *",A *",A : /"#

)0C D, D. = ∫E/0 ⋅ −H D, ϕC + J>CD.

@ )0C … )LM … /"# ≈ Δ# )0C
NO

NO
P

QNR
QA

(89, S9)

from synthetic data

Projected additive &
multiplicative noises

Covariance to estimate

n x (n+1)

2M x 1

(n+1) x 1

Full order : ! ∼ 10V

Reduced order :   W,X ∼ 10

PCA modes

Randomized Navier-Stokes

PCA residual Y9

Z
E
/L 4 ⋅ −[A\ − H \∗,\ − H *,̇ , \ + ^_ + ^ \ + S̀ \ + *.,̇ "4

New estimator
• Consistency proven (Δ# → 0)

• Numerically efficient

• Physically-based

→ Robustness in extrapolation

Stochastic ROM for turbulent flows (Red LUM)
POD-Galerkin gives SDEs for resolved modes

8 = \ + 89

S = S̀ + S9

Resolved fields : 
\(4, #) = ∑Lc>

d $L # /L 4
S̀(4, #) = ∑Lc>

e fL # 1L 4

Unresolved fields : 
89 = *,̇
S9 = *.,̇
(Gaussian, white wrt #)

variant of Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957
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Opensource code ITHACA-FV Stabile & Rozza (2018) https://arxiv.org/pdf/1710.11580

Off-line : Building SROM On-line :
Simulation & data assimilation

SROM
(POD-Galerkin)

Randomized
LES SROM

Solution

! ≈#
$%&

'
($)$

Temporal 
modes

($ *

Data
Assimilation

(particle filter)

Sparse
measurement

data

PCA 
modes

Synthetic 
Data

CFD codePhysics
(LES)

PCA 
residual

variant of Resseguier et al. (2022). J Comp.Phys . hal-03445455

Summary
Stochastic ROM + Data assimilation

https://arxiv.org/pdf/1710.11580
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III. Numerical results
Ø Test cases
Ø Deterministic hyperreduction could be improved
Ø But data assimilation does the job!
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DNS
“true” simulation

(Re 300, 10& degrees 
of freedom)

Measurement point (blurred & noisy velocity)

Test cases
Wake flow past a cylinder

LES
“true” simulation

(Re 3900, 10& degrees 
of freedom)

Synthetic		PIV
blurred & noisy 

2D velocity
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Deterministic hyperreduction of F
Relative error for the Smagorinsky term F
(Re=3900)

"#
$ = 8,( = 12

#
OpenFOAM

#+
# ≤ # − "#

# ≤ .. #
+

#

# − "# = Π1# − "#
∈34

+ ⏟#+
∈347

• Small . 89 error 

• BUT what about its Galerkin projection :;F
:;F − :; "#

:;F
= :; F − "#

:;F
≤ F − "#

:;F
~ F

:;F

~=>>

F − "#
F
≪=

#+
# ; # − "#

#
#+
# ; # − "#

#
#+
# ; # − "#

#
F,n=2 F,n=4 F, n = 8

Magic points
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Deterministic hyperreduction of F could be improved
Relative error for the Smagorinsky term F
& its Galerkin projection "#F = ∑&'() < +,-. > -.
(Re=3900)

0+
1 = 8,3 = 12

+
OpenFOAM

Π7F, n = 2 Π7F, n = 4 Π7F,n=8

Π7 0+
1 = 8,3 = 16

Π7+
OpenFOAM

F,n=2 F,n=4 F, n = 8

+ − 0+ = Π<+ − 0+

∈>?

+ ⏟+B

∈>?
C

Π#+ − Π# 0+ = Π# Π<+ − 0+ + Π#+B

Π#DEĠ / "#F
Stochastic term
involved in our model!

"#+B

Π#+
;
Π#+ − Π# 0+

Π#+

+B

+ ;
+ − 0+
+

+B

+ ;
+ − 0+
+

+B

+ ;
+ − 0+
+

"#+B

Π#+
;
Π#+ − Π# 0+

Π#+
"#+B

Π#+
;
Π#+ − Π# 0+

Π#+

Magic points
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But data assimilation does the job!
DNS, Re 300, ! = 4 modes

DNS
“true” simulation

(Re 300, 10) degrees 
of freedom)

Synthetic		PIV
blurred & noisy 

2D velocity

Reference :
POD-projection of the 

“true” simulation 
(DNS)

(56optimal from 4-
degrees of freedom 

linear decomposition)

Our method :
Data assimilation

with
POD-Galerkin of 
randomized DNS

(4 degrees of freedom)

From 10) to 4 degrees of freedom
Single measurement point (blurred & noisy velocity)



p. 23

But data assimilation does the job!
DNS, Re 300, ! = 8 modes

DNS
“true” simulation

(Re 300, 10) degrees 
of freedom)

Synthetic		PIV
blurred & noisy 

2D velocity

Reference :
POD-projection of the 

“true” simulation 
(DNS)

(56optimal from 8-
degrees of freedom 

linear decomposition)

Our method :
Data assimilation

with
POD-Galerkin of 
randomized DNS

(8 degrees of freedom)

From 10) to 8 degrees of freedom
Single measurement point (blurred & noisy velocity)
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But data assimilation does the job!
LES, Re 3900, ! = 4 modes

LES
“true” simulation

(Re 3900, 10) degrees 
of freedom)

Synthetic		PIV
blurred & noisy 

2D velocity

Reference :
POD-projection of the 

“true” simulation 
(LES)

(56optimal from 4-
degrees of freedom 

linear decomposition)

Our method :
Data assimilation

with
POD-Galerkin of 
randomized LES

(4 degrees of freedom)

From 10) to 4 degrees of freedom
9 measurement points (blurred & noisy velocity)
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Conclusion
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Conclusion

Ø Intrusive ROM : for very fast and robust CFD  (10# → 4 degrees of freedom) 
• Smagorinsky LES term handled by randomized DEIM
• Closure problems handled by LU-like models
• Efficient estimator for correlated additive & multiplicative noises
• Provide a “generative model” for prior / Model error quantification

ØData assimilation (Bayesian inverse problem) :
to correct the fast simulation on-line 
• Unsteady 3D turbulent flow estimation/prediction in the whole spatial domain (large-scale structures)
• From sparse & noisy measurements
• Robust far outside the training set 

Ø Better (deterministic & stochastic) hyperreduction

Ø Non-Markovian closure

Next steps

Ø Along-spanwise measurements

Ø Real measurements


