N

N

On the friable mean-value of the Erdos—Hooley Delta
function
B. Martin, G. Tenenbaum, J. Wetzer

» To cite this version:

B. Martin, G. Tenenbaum, J. Wetzer. On the friable mean-value of the Erdés—Hooley Delta function.
Indagationes Mathematicae, 2024, 35 (2), pp.376-389. 10.1016/j.indag.2024.02.002 . hal-04544245

HAL Id: hal-04544245
https://hal.science/hal-04544245

Submitted on 12 Apr 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04544245
https://hal.archives-ouvertes.fr

On the friable mean-value of
the Erdos-Hooley Delta function

B. Martin, G. Tenenbaum, and J. Wetzer

ABSTRACT. For integer n and real u, define A(n,u) := [{d: d | n, e* < d < e*t1}|. Then,
the Erdés-Hooley Delta function is defined as A(n) := max,ecr A(n,u). We provide uniform
upper and lower bounds for the mean-value of A(n) over friable integers, i.e. integers free of
large prime factors.

1. INTRODUCTION AND STATEMENT OF RESULTS

For integer n > 1 and real u, put
An,u) == |{d:d|n,e" <d<e" 1} A(n) = max A(n,u).
ue

The A-function was introduced by Erdds in 1974 and was highlighted in 1979 by Hooley [13].
It turned out to be a key-concept in many branches of analytic number theory such as Waring
type problems, circle method, Diophantine approximation, distribution of prime factors in
polynomial sequences, etc.

However, the behaviour of A(n) remains rather mysterious. For instance, the average order
is still not known with desirable precision. Hall and Tenenbaum [8] obtained in 1982 the lower
bound

(1.1) D(z) =Y _ A(n)>zlogyz  (z>3),

n<e

whereas Tenenbaum [16] showed in 1985 that for suitable ¢ > 0 we have
(1.2) D(z) < zecVice2Tlogsz (5> 16),

Here and in the sequel, we let log;, denote the k-fold iterated logarithm. Recently, La Breteche
and Tenenbaum [3, th.1.1] obtained a slight improvement to (1.2) by removing the triple
logarithm in the exponent and, even more recently, Koukoulopoulos and Tao [14] obtained
the remarkable bound
D(z) < x(logy z)*1/4 (x = 3).
A few months later, Ford, Koukouloulos and Tao [7] improved (1.1) by showing
D(2) > z(logy )N (23 3),

where the exponent n & 0.3533227 appears in the work of Ford, Green and Koukoulopoulos [6]
on the normal order of A(n). Both bounds have been recently improved by La Bretéche and
Tenenbaum [4]: we have

(1.3) #(logy )% < D(z) < a(logy2)*/? (x> 3),
which constitutes the current state of the art.

Let PT(n) denote the largest prime factor of an integer n > 1 and let us agree that P*(1) = 1.
Following usual notation, we define S(z,y) as the set of y-friable integers not exceeding z, and
denote by ¥(z,y) its cardinality, viz.

Sy)={n<z:P'(n)<y},  Y(ry =Syl (@>Ly=>1)

Structural properties of the set S(z,y) motivated a vast array of the literature in the last
fourty years. The applications are indeed numerous and significant: circle method, Waring-
type problems, cryptology, sieve theory, probabilistic models in number theory.

Date: April 12, 2024.

2020 Mathematics Subject Classification. Primary 11N25 ; Secondary 11N37.

Key words and phrases. friable integers, Erdés-Hooley Delta function, mean-value of arithmetic functions,
saddle-point method.

1



2 B. Martin, G. Tenenbaum & J. Wetzer

Given an arithmetical function f, let us use the notation ¥(z,y; f) = 3_, c5(,) f(n). In
this work we investigate bounds for the friable mean-value

U(z, y;A)
¥(z,y)
We now define some quantities arising in our statements. Given x > 0, denote by o, the
continuous solution on ]0, oo[ of the delay differential system

0x(v) = v 1 /T(k) (0<v <,
00, (V) + (1 — K)ok (v) + Kox(v —1) =0 (v >1),

(1.4) S(z,y) = (x>2y=>2).

and set g,(v) := 0 for v < 0.
Thus (see, e.g., [12]) o is the order k fractional convolution power of ¢ := g1, the Dickman
function, which provides a continuous approximation to ¥(z,y) in

1)5/3+5

(1.5) H. = {(x,y) c x> 3, ellos <y < JU} (e >0).

Indeed, improving on results by Dickman and de Bruijn, Hildebrand [10] proved the asymptotic
formula

log(2u
(1.6 w(e.p) = ao{1+0(EIN () € ),
ogy
with the standard notation
log x
u = .
logy

The asymptotic behaviour of the functions g,; (and in fact of more general delay differential
equations, as displayed in [12]) may be described in terms of the function £(t) defined as the
unique positive solution to e¢ = 1+ t£ for t # 1 and by £(1) = 0. From [17, lemma II1.5.11]
and the remark following [17, th. II1.5.13], we quote the estimates

1 1
(1.7) §(t)=logt+1og2t+0< Oth), 5/(0:%—Ftl;gt—’—O(t(l(:)gthg?) (t — 0).
(

Applying [12, cor. 2] in the case (a,b) = (1 — k, k), we have
’ v/Kk 1
19 o)=L ep e x [Teaffiro()}  @z1em.

where v denotes Euler’s constant. We put

(1.9) t(v) := \/Q;g(}i) = % exp (/1U {e(t) —€(t/2)} dt> — 9u+O(v/log2v) (v>1),

while a genuine asymptotic formula follows from (1.8).
Let 7(n) denote the total number of divisors of an integer n. We trivially have

(1.10) 7(n)/log2n < A(n) < 7(n) (n>1),

where the lower bounds follows from the pigeon-hole principle. Since, by [19, cor. 2.3], we have
log(2
U(a,y;7) = {1 +o( 08(2u)

logy
we may state as a benchmark that

>}x92(u) logy ((z,y) € H.),

t(\/%) < B&(z,y) < 2uHOW/log2u) 159y, ((z,y) € Hy.).
We obtain the following results, where the following notation is used:
(1.11) T := min (%u) (z>y>2),
(14 2¢)1+2
1.12 t):=1 _— t>0
(112) ot)i=ton () a0,

1
Viogy

(1.13) Ey 1= (y = 2).
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Theorem 1.1. (i) Let ¢ > 0. For a suitable absolute constant ¢ > 0 and uniformly for
(z,y) € H., we have

(1.14) log, y + t(u) < &(z,y) < 2uT0W/log2u)gey/logy ylogs y

(ii) For 2 <y < gt/ (Rlosawloss 2) gnd with X := y/log x, we have

(115) 6(;5’ y) = e{1+o(€y+1/ log 2“)}9()‘)“'.

Note that g is positive and strictly increasing on (0, +00). The asymptotic behaviour of this
function is given by

~ Jlog2—1/(4X) + 0(1/2?) as A — oo,
(1.16) W= {)\log(l/x\) —Alog4 —1)+0(N\?) as X\ — 0.

Morever, the lower bound g(A)u > @ holds on the whole range = > y > 2.
The error term in (1.15) may be simplified to 1/ log 2u if logy > (log, x)?
Note that (1.10) implies

U(x,y; T
G(m’y)qu(\I’(x,y)) (logygs/log:ﬁ),

with K = K(z,y) € [0,2], so that, to the stated accuracy, the evaluation of &(z,y) reduces
in this range to that of ¥(z,y;7)/¥(x,y). This is consistent with the Gaussian tendency of
the distribution of the divisors of friable integers: as the friability parameter y decreases, the
divisors of friable n concentrate around the mean-value y/n and A(n) resembles more and more
to 7(n), the total number of divisors. Another description of this phenomenon appears in [5].

Considering available methods, Theorem 1.1 essentially agrees with standard expectations
regarding methodology. We leave to a further project the task of adapting the method of [14]
or [4] in the upper bound of (1.14). We note right away that, in the present context, such an
improvement would only be relevant for very large values of y since the exponent 4/log, ylogs y
is absorbed by the remainder O(u/log2u) as soon as y < x/(1°822)" with ¢ > 1/2.

and to €, otherwise.

2. PRELIMINARY ESTIMATES

Here and throughout, the letter p denotes a prime number. In [11], Hildebrand and Tenen-
baum provided a universal estimate for ¥(z,y) by the saddle-point method. Define

_ A PRSI CY) R
C(S,y).—pl;[y(l ps) . py(s): 05.0) (Rs > 0,y > 2),

and, for 2 < y < z, let @« = a(z,y) denote the unique positive solution to the equation
@y (a) =logx. According to [11, th. 1], we have

(2.1) W(x,y)zoi%{1+o(i+loiy)} (>y>2).
By [11, (2.4)]), we have
(22) o= DELLUIED () o(REU)} (o>

Moreover, by [11, (7.8)], we have, for any given € > 0,

W) (g 1 1
2.3 =1- O (e (loav) — > logz)' ™ <y < ).
(23)  a=1-p5+0(c + u(logy)2> (z > 2o(e), (logz)"+* <y < )

Finally, by [11, (2.5)], we have

log x

)log:rlogy{1+0< ! + 1)} (x>2y=>2).

(2.4) |y ()] = (1 + log(u+1)  logy
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3. PROOF OF THEOREM 1.1(i): LOWER BOUND

Let 7(n) denote the total number of divisors of a natural integer n. The following inequality
is established in [9, lemma 60.1]

Amrm)z Y 1= Y T(%) (n>1),

d,d' |n dd’|n
0<log(d’/d)<1 (d,d')=1
0<log(d’'/d)<1

the equality above being obtained by representing the ratios d’/d in reduced form.

Put
t=1ly=2), Qhn):= Z v
p¥n

Since 7(ab) < 7(a)2%®) (a,b > 1), we have, for (z,y) € H.,

1 o(u — uaa)
PORNE and ) D D onr s

_ logt
~ logy

WV

(3.1) S(z,y) >

v
@) &) dd' €5 ()
(d,d")=1 (d,d")=1
O0<log(d’'/d)<1 O<log(d’'/d)<1

where the last inequality follows from (1.6). To evaluate the double sum in (3.1), we establish
an asymptotic formula for
1
Ta(z,y) == Z 200m)
meS(z,y)

(m,d)=1
We shall make use of the following notation

O H\/ﬁ 1

1—1/2p° "™ (logy)?/5’

¢y<d>:=H(1+ﬁ), b,(d) =3 2 @y =[[(1- ) (@>1).

11—k
P y
pld pld

Lemma 3.1. Let e > 0. For z > 1, y > exp{(log, 3z)%/3*¢}, d € S(z,y), we have

C
(32 Lo = 2L q(0)+ 0wy (@1 +0,(@)}) |
Proof. We have

meS(z,y) t|(m,d) tld

An estimate for the inner T3-term follows from [19, cor. 2.3], which, in the domain
x>1, y>exp{(log,3z)*/>*¢},

we rewrite as

_ Caoip(u) log(u+1) , 1 !
(3.3) Tl(xvy)_ﬁ{l—i_O( logy +\/@+log(2$))}.

Here the error term 1/ log(2x) enables to include the case 1 < z < y: the corresponding estimate
follows from [17, th.I1.6.2]. Since log(u +1) < (log y)3/% in H., we get

Q1/2(U - Ut)
(3.4) Ta(w,y) = S Bl Y LR+ R,
)
\/log n 128X
t<z/\/y
with

<

x Z (1(t)?01/2(u — uy) < 701/2(u Z u(t)?
(logy)9/10 e £29() (log 1)9/10 2Q(t)$1-€(2u)/ logy ’

t<z /Y

x
Ry < —
: led: ty/log2x/t

z/y<t<z
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where the bound for R; follows from

(3.5) 01721 —v) < 01/2(u)e” ) (u=1,0<v<u—3)
proved in [15]'. By multiplicativity, we thus get
le/Q(“)‘Py(d)
3.6 R _— .
(36) 'S (log )7

Since d < x, we have p,q) < logz, where p,4) denotes the w(d)th prime number. Hence,
using de Bruijn’s estimate for log ¥(z,y) as refined in [17, th.II1.5.2], we plainly obtain, for a
suitable absolute constant ¢ > 0,

(3.7) Z 1< U(z,poga)) < 21827 (Vo <z<a).
tld, t<z

As a consequence
xr
Ry < J?/ ldo(zr/ logzx) < \/Eeclogz/ logzx’
Nz z
and we conclude that

x91/2(u)90y<d) )
(log y)®/10
To estimate the main term of (3.4), we approximate ¢y /2(u—u;) by 01/2(u), using the bound
01 j2(w) < o1yp(w)log(l +w)  (w> 3)
which, with an appropriate modification of the range of validity, is also proved in [15, lemma 6.2].

In view of (3.5), this implies that
01/2(u — ug) — 01/2(u) < upo1/2(u)t™ log(u + 1).

(3.8) Ry + Ry <

Thus,
Z p(t)o1 2 (u — ug) _ ( Z u(t)?(logt) log(u+1)>
e 1291 gy o (u) " t2Q(t) T tl #y 29(t) log y
t<z /Y t<z/ /Y t<z/\/y
(t)?logt
:q(d)+0< zw: 7+ Ztl wm))
t
xz/\Y<t<z

By (3.7), the first error term is < \/ﬂx’”c/ 10827 which is compatible with (3.2). To estimate
the second, we write logt = Zp|t log p since p?(t) = 1 and invert summations. This yields the
required estimate (3.2). O

By (3.1), we have

3 o(u — 2uq){Tu(ed,y) — Ta(d,y)}

6($, y) > Q(u)d22ﬂ(d)

deS(vz/ey)

We insert (3.2) to evaluate the difference between curly brackets and sum separately the re-
sulting main term and the remainder terms. This can be done by partial summation, using a
variant of (3.3) in which the inclusion of the factors q(d) or ¢, (d){1+9,(d)} has as sole effects
to alter the value of the constant C'. This yields

Z q(d)o(u — 2uq) 012 (uq)

S(z,y) >
@) o(u)29d\/logy
(39) deS(vz/ey)
L s maaerar= o [ o va(ea
- o\U — 2v)01/2(V) AU = ——= o\u —v)01/2(5v) dv.
Q(’LL) 1/logy / 29(“’) 2/logy /242
The contribution of the interval [2/logy, 2] to the last integral is
1 1
20(u dv  20(u
(3.10) > 29(U)/ 01/2(v)* dv = L)/ — = Llogzy
1/logy T /logy Y &

I (15, lemma 6.1], this bound is claimed for 0 < v < u, but it is necessary to exclude the case when u — v
is small.



6 B. Martin, G. Tenenbaum & J. Wetzer

Now observe that (1.8) implies
2 _ o(v)

91/2(%0) =/ (v=1).

Since g5 is the convolution square of p, it follows that

(3.11) ﬁ /2 o(u—v)o1/2(3v)* dv > \/QSS(Z)L) = t(u).

Carrying back into (3.9) and taking (3.10) into account, we obtain the required estimate.

4. PROOF OF THEOREM 1.1(i): UPPER BOUND

We adapt to the friable case the iterative method developed by Tenenbaum in [16] (see also
[9, §7.4]) for bounding the mean-value of the A-function. Throughout this proof the letters ¢
and C, with or without index, stand for absolute positive constants.

Given an integer n > 2, let us denote by {p;(n)}i<j<w(n) the increasing sequence of its
distinct prime factors. Following [16] (see also [9]), define

= /]RA(n, w)? du

Hpj(n) if k <w(n),

ng 1= § i<k

and, for squarefree n, put

otherwise.
Now, let
1/q
g
Lig = Liglay)= Y MOV
Pt(n)<y

where 8 := a(y/z,y) is the saddle-point related to the friable mean-value of 7(n), the divisor
function.
We aim at bounding Ly , from above for large k£ and ¢. The starting point is the identity

A(mp,u) = A(m,u) + A(m,u —logp) (u€R, ptm).
Apply this to m = ny, p = pr+1(n). Raising to the power ¢ and expanding out, we obtain
My (i) = 2My(ng) + By (i prss)  (wln) > ),
with

Eq(map) = Z (q)/A(m7v)JA(m,vlogp)qu,U
1<5G<q M/ /R
It follows that

2
n
Lk+1,q < 21/qu,q + Z /u’(m)z Z Eq(map)l/q Z ’u( ) !

nb
P (m)<y Pt (m)<p<y Pt (n)<y
w(m)=k w(n)=k+1
nk+1 =mp

The latter sum is

Cl(ﬂ,y)l—[ L G(By)gsp)

-8 BmB ’
s 144 pBm
where, here and in the remainder of this proof, ¢ denotes a prime number, and

Gloy) = [+

£y

Holder’s inequality yields

Eq(m’p)l/q < Eq(m,p)logp 1/q 1 (g—1)/q
> PR > » > P07 1) (log p) /@@ 1) '

z<p<y p=2 2<py

and the prime number theorem enables to bound the last sum over p by
q(1-B)/(q—1)
< W T .
(1og z)l/(‘I*l)
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Now, we have (see, e.g., [9, th. 73])
Z Eq(m, p)logp < C4%7(m) /@~ M, (m)(a=2)/ (= 1),

P p
It follows that
oy Lira < 21/qu7q + C1ge* DGy < 21/'1Lk,q + Coqu Gy,
with
Gy Y AT M, ()T gy (P (),
B —+ 1/
PH(m)<y mP (log PT(m))t/a
w(m):k
Since
M(m)2C1(6, )gg P+ ’u
o oy e
Pt (n)<y
NE=m
we infer that
Z H ng ) @=D M, (ng)(a=2)/ala=1)
Pt(n)<y nf(log pr(n))t/a
w(n)>k

A new application of Holder’s inequality yields
(a=2)/(q—1) ¢1/(g—1)
G < qu,q g

where

_ p(n)?7 ()
Sk T Z nﬂ{logpk(n)}?q_l)/q

PH(n)<y
w(n)=k
p(m)*r(m) 1
PR SCIEUTIN SR N
B &) 1-1/ B
PF(m)<y " P+(7n)<p<yp (logp) qp<€<y ¢ )
w(m)=k—1

Cl B’ 2\k1  G(By)y' P e TP 2T (p)} !

) 'Zpﬁ logp ) 1/q(£45) < T k- 12 p(logp)t=—t/a ~
where we set )
L<p &

(Recall that the letter ¢ denotes generically a prime number.)

We evaluate T'(p) by [2, lemma 3.6]. Writing

5 1/5 t=8 1
L(z) = ellog2)*/®/(logy 2)*/ 1) =
(:):=c -l = o

we have

w(p) w oe(u
7)<k [ Subs O M)

where b is a suitable constant. Note that w(y) = u/2 4+ O(u/logy). Defining

w(expe’)
h(v) == / £/ (t) dt + by
1

with by sufficiently large so that T'(p) < log, p + h(log, p), and writing z, := v + h(v), we have,
by the prime number theorem,

-T k—1 1 1
Wi(y) = 3™ ®{T(p)} < Og2yef(271/q)zu+(171/q)h(10g2 W) k1 gy

Hy) =D p(logp)t=t/a ! ‘
Py 0

Since h(log, y) < u/2 + O(u/log2u) and since h'(v) > 0, the change of variables z = z, yields

0 eu/2—i—O(u/ 10g2u)(k, _ 1)|
W y) < eu/2—i—O(u/ 10g2u)/ e—(2—1/q)zzk—1 dz <«
i ; @ 1a
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Thus,
Cl (ﬂ, y)eu/2+0(u/ log 2u) Cl (a7 y)eO(u/ log 2u)
C—12qF  © (-1/2gF
since ¢(3,y) = ((a,y)e w/2+0W/log2u) __ gee [18, (4.2)].
Finally, for ¢ sufficiently large and l < X <log2, we obtain
g 2

S <

(4.2) Gr < Cs Lq 2)/(q— 1)< (a,y) '/ (4= D) geon/ (alog 2u)+2k/a(g—1)

At this stage, we introduce
L;:,q — Lk,q + 2k/qu2qec[)u/ log 2u§1(a’ y),
so that (4.1) still holds for Ly in place of Ly 4. Setting q(k) := |c1v/k/ log k| with sufficiently

small, absolute ¢y, we thus have, for large k,

k+1q {21/(1 k} Zq (q < q(k))a
whence
(4.3) Ly <391, (a<q(k)).
To carry out a double induction on k£ and ¢, we also need a bound on L,‘;’ g+1 10 terms of Ly ¢

This is achieved by the inequality M,y (n)Y/(@TY) < 2M,(n)*/? proved in [9, th. 72], which
yields

(4.4) rar1 S 20°Lg .
With the aim of bounding L} (k) i terms of L} a(2)
and (4.4) to secure the conditlon g < q(k). The first handling provides an overall factor

< H q¢22 <663\/klogk

1<q<q(k)

we use (4.3) to reduce the parameter k

whereas the second induces a global factor < u¢4(F)
Finally, we obtain

L;: . < L; q(2)uc5¢I(k)eC5w/klogk.

Let K :=logyy + u. It can be shown (see [1] and use a bound similar to [9, (7.44)]) that the
contribution to Ly , of those integers n such that w(n) > CK is negligible, and we omit the
details. Eventually, we arrive at

Lk7q < ecs\/KlogKuc(;\/K/logKC(a,y)ec0u/10g2u < C<a7y)ecm/log2ylog3 y+O(u/log2u)’

and so

Z ) < (@, y)eoV (1082 ) logs y+O(u/ log 2u)

neS(z,y)

2. u(m)? = 1, we obtain that the same bound holds for

Z A(")_
nb
neS(z,y)
This is the key to our upper bound for D(z,y) 1= }_, cg(s ) A(n). We have

D(
D(z, y)logaz—/ Ly) dt = Z A(n)logn < Z A(m)(v +1)logp”

Employing the representation n = mr

nes(z,y) mp” <z

PT(mp)<y
x x
D(f, ) An),/ L.
<)+ ¥ > ay:
z/y<n<z n<x
Pt(n)<y Pt(n)<y

The trivial bound

D(z,y) < Y 7(n) <wos(u)logy,
neS(x,y)
that holds in H. (see [19 Cor. 2.3]), furnishes

xT
Dt
/ dt < zoz(u)logy, yD(x/y,y) < xo2(u—1)logy.
1
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Moreover, in the same region, for y sufficiently large, 8 > 1/2

3 A(n)\/g + Y —mn(") < aPef) Y Aﬂf;j).

n<z z/y<n<z neS(z,y)
Pt (n)<y Pt (n)<y

Collecting these estimates, we obtain

ﬁ((oz, y)ec\/erO(u/ log 2u)

log

D(z,y) < x# + z02(u) log 2u + i

< \I/(l’, y)2u+0(u/ log 2u)ec\/log2 ylogy y,
where we used (1.9), (1.6), the estimate
I'BC(O‘7 y) - \IJ(ﬂf y)2u+0(u/ log u)
log x ’ ’
which follows from (2.1), (2.4) and
(B—a)loge = —u & (t)ydt +0(1) =u10g2—|—0(L).
w/2 log u

This concludes the proof of the upper bound included in (1.14).

5. PROOF OF THEOREM 1.1(ii)

We retain notation g¢(¢) from (1.12), &, from (1.13), define n, := (log,y)/logy. Since
max(1, [7(n)/logn]) < A(n) < 7(n) holds for all n > 1 (see e.g. [9, th. 60, (6.7)]), we
have

U(z,y;7)
Y(z,y)
Now, by [18, th.1.2] and [18, (1.6)], we have, with A := y/logz,
U(z,y;7)
U(z,y)

1 ———— <
(5-1) 2U(z,y) logx

(x>y=>2)

(5.2) = ((a,y)e  MNVIFOET (@ >y > 2),

where we have put

142 1
h(t) := tlogd — (1 + 2t) log (%) = tlog (1 + ;) —g(t) (t=0),

and, for the purpose of further reference, note that

(5.3) uh(A) ~ (1 =log2)u (u— 00, A = o0), uh(A\)x7u (x>y=>2).
We shall show that
(5.4) C(a,y) = v1os(+1/){1+0(e,+1/ log 2u)} (2 <y < 2V Glos wlogs m)>'

Since g(A)u > u for z > y > 2, we see that (1.15) follows from (5.1) and (5.4) in any subregion
where (e, + 1/log 2u) > log, «: the condition above corresponds to this requirement when y
is large. However, for bounded y, we have W(z,y;7)/¥(z,y) < (logz)™®), and so (1.15) holds
trivially. Therefore, we may assume in the sequel that y is sufficiently large.

Let us now embark on the proof of (5.4).

Observe that

1
(5.5) o) =cnes{ [ pfoao}.
Using the estimate for ¢, (o) given in [11, lemma 13|, we may write
1 1 1 yl—cr -1
. =41 — .
(56) /a wy(0) do { +O(logy)}/a 1-0)(1—-y°) do

By inspection of the proof of (2.2) in [11, pp. 285-7], we see that, for a suitable constant C,
we have
§(u)

(5.7) az,y) =1- logy + O((logly)Q) (C(logw)(log2 ) <y< x)
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This implies 4 > ye~¢(") > logy in the same domain, so the contribution of the term 1 —y~7
in (5.6) is absorbed by the error term. The change of variables defined by (1 — o) logy = &(¢)
then provides, in view of (5.7) and (1.7),

/al 0y (0)do = {1 + 0(102;2) } /1u te'(£) dt

U u u
- O(i5gy) =+ 0( )
vt log u + logy vt log 2u T

Since, in the domain of (5.7),

ulog (1 + %) =u+ 0(10;21)7

we obtain (5.4) in the range C(log x)(log, x)® < y < x/(21082710852)  Indeed the factor ¢(1,y) <
log y appearing in (5.5) is absorbed by the error term.
When 2 < y < C(log 7)(log, )2, we put t = 37 in (5.6) to get

/a py(0)do = {1 + O(loéy) } /y i W) —yl/)tlggiy 7

Note that (2.2) now implies alogy < log, 2y. Put T := (logy)*, where K is so large so that
T > y®. The contribution of the interval [T, y] to the above integral is

“y y
< S dt € ———,
/T t2 (logy)*
where we used the bound e” — 1 < ve” (v > 0). Then,

/ya mdt: {”0(1{)0?5)}10‘1;@,/@,& Tt
— {1 +O(ny)}loZy log (11__11//;;>

>From [11, (7.18)], it follows that

log (ﬁ) = log (1 + %) {1 + O(%)} (2 <y < C(log x)(logy 95)3)

Therefore

/aupy(a)da:{1+0<ny)} y 10g(1+§)+0(%>

logy logy)*
1
= {1 + O(ny)}u/\log (1 + X)

This establishes (5.4) in the complementary range 2 < y < C(log z)(log, z)3.
This completes the proof of theorem 1.1(ii).
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