N
N

N

HAL

open science

Invariant measures for substitutions on countable
alphabets

Weberty Domingos, Sébastien Ferenczi, Ali Messaoudi, Glauco Valle

» To cite this version:

Weberty Domingos, Sébastien Ferenczi, Ali Messaoudi, Glauco Valle. Invariant measures for substitu-
tions on countable alphabets. Ergodic Theory and Dynamical Systems, 2024, 44 (9), pp.2533 - 2564.

10.1017/etds.2023.113 . hal-04543820

HAL Id: hal-04543820
https://hal.science/hal-04543820v1

Submitted on 15 Apr 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04543820v1
https://hal.archives-ouvertes.fr

INVARIANT MEASURES FOR SUBSTITUTIONS ON COUNTABLE
ALPHABETS

WEBERTY DOMINGOS, SEBASTIEN FERENCZI, ALI MESSAOUDI, AND GLAUCO VALLE

ABSTRACT. In this work, we study ergodic and dynamical properties of symbolic dynam-
ical system associated to substitutions on an infinite countable alphabet. Specifically we
consider shift dynamical systems associated to irreducible substitutions which have well-
established properties in the case of finite alphabets. Based on dynamical properties of a
countable integer matrix related to the substitution, we obtain results on existence and
uniqueness of shift invariant measures.

1. INTRODUCTION

Let A be a countable set (called alphabet), A* be the set of finite words on A and AZ+ be
the set of infinite words on A, where Z, = {0,1,2,...}. A substitution isamap o : A — A*.
We assume that for every letter a € A, o(a) is not empty. We extend o to A* and A%+ by
concatenation and, to simplify the notation, we also denote these extensions by o. Hence
o(ug...u,) =0o(up)...o(u,) for all ug...u, € A* and o(upuy ...) = o(ug)o(uy) ... for all
upuy ... € A%+, We assume that there exists a letter a in A such that the length of the
finite word ¢™(a) converges to infinity as n goes to infinity.

To any substitution o, we can associate a shift dynamical system (£2,,S), where

Q, = {u € A% : any finite factor of u occurs in 0" (a) for some n € N and a € A},
N={1,2,...}, and S is the shift map given by
S(upuy . ..) = ujus ... for all u = wugu; ... e A%+,

Shift dynamical systems associated to substitutions provide many important examples
in ergodic theory and they have been well studied in the literature when the alphabet
is finite (see for instance [20, 21]). Tt is classical that if o is a primitive substitution on
A=1H0,...,d— 1}, d > 2, i.e there exists k € N such that for all a,b € A the letter b
occurs in the word o*(a), then the dynamical system is minimal, uniquely ergodic with
topological entropy 0 (see [18] and [21, Chapter 5]). Moreover €2, is the closure of the orbit
of any periodic point of o.

The unique shift invariant probability measure p is given on cylinders [w], where w =
Wo ... Wy, w; € Afori=0,..,n,is a finite word that occurs in u and [w] = {wpuy ... €
Qy, u; = w;, i = 0,...,n}, by plw] which is the frequency of occurrences of w in the
periodic point u. Moreover the vector (u[0],...,uld — 1]) is the normalized left Perron
eigenvector associated to the dominant Perron-Frobenius eigenvalue of the matrix M, =
(M;j)o<ij<d—1 associated to o, where M;; = |o(i)|; is the number of occurrences of the
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letter j in the word o(i). On the other hand, it is known (see [2]) that if o is of Pisot
type, then the dynamical system (€,,5) has good geometrical properties, in particular it
is semi-conjugated to a translation on the torus T¢!,

When the alphabet A is a topological compact set, many results are given in [0, 15, 21].

When A is countably infinite, the situation is more complicated and there are already
some work on the subject, see for instance [I, 6, 9, 15]. One of the difficulties in studying
ergodic properties of the dynamical system (£2,,.5) in such case lies in the fact that the
countably infinite matrix M, may present a larger number of possible behaviors. Specifi-
cally consider an irreducible countably infinite matrix M = (M;;); jez, , that means for all
i,] € Z, there exists an integer n > 1 such that for all £ > n, MZ’; > 0, where for the sake
of simplicity we write (M™);; = M. It is known that for all i, j € Z;., limy,_,eo(M2)Y/" = A
exists. We say that M is transient if and only if ZZ:& % < 400, otherwise M is said
to be recurrent. It is known that if M is recurrent there are left and right eigenvectors [
and r associated to A and when the scalar product [ - r is finite, we say that M is positive
recurrent, otherwise M is said to be null recurrent. Thus for instance if the countably infi-
nite matrix M, is irreducible then it could be either transient or null recurrent or positive
recurrent and each of these cases may be associated to a distinct behavior of (€, .S).

For substitutions on countably infinite alphabets an important study was initiated by
Ferenczi in [9]. In that paper several results were proved, in particular it is considered
the squared drunken substitution defined on A = 27 by o(n) = (n — 2)nn(n+2), n € A
and proved that the dynamical system (£2,,.S) is not minimal and has non finite invariant
measure. However it is also shown that (£),,.S) has an infinite invariant measure p which
is shift ergodic and has Krengel entropy equal to 0.

Let us recall that o is called left determined or determined to order 1 if there exists a
nonnegative integer N such that every w of length at least N which occurs on some element
of Q,, has a unique decomposition w = wy ... ws,, where each w; = o(a;) for some a; € A,
except that w; may be only a suffix of o(a;) and ws may be only a prefix of o(as), and the
a;, 1 <1< s —1, are unique.

The definition of determined to order 1 was introduced in [16] (see also definition 1 in
[19] ). In [9], the author used the same definition and called it left determined. It is known
that this condition is stronger than recognizability, see [19].

In [9] it is also proved that if o is of constant length, left determined and has an irreducible
aperiodic positive recurrent matrix M,, then the associated shift dynamical system admits
an ergodic probability invariant measure.

In [1], the authors constructed stationary and non-stationary generalized Bratteli-Vershik
models for left determined, irreducible, aperiodic and recurrent substitutions on an infinite
countable alphabet. As a consequence, they proved that for a left determined substitution
0 : Z — Z with M, irreducible, aperiodic and recurrent which is also of bounded size (the
letters of all o(n) belong to the set {n —t,n —t+1,...,n+t} where t € Z is independent
of n), there exists a shift invariant measure p on €.

It is also worth mentioning that an arithmetic study of substitutions on countably infinite
alphabets was done in [17].

In this paper, unless explicitly indicated we consider A =Z, and o : A — A* a bounded
length substitution (sup{|o(a)|,a € A} is finite) such that ¢ has a periodic point u and
M = M, is irreducible and aperiodic. We prove that if M, satisfies

n

Mn
lim sup ——2— =0 forall j € A, 1.1
n—+00 ;e A Z::O Mﬁc ( )
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then the dynamical system (2, .S) has no finite invariant measure. In particular, the last
result holds for a subclass of substitutions o such that M, is transient and ¢ has constant
length, or M, is recurrent and has a left Perron eigenvector | = (I;);>0 & I'.

We also prove that if M, is positive recurrent, then the dynamical system (£2,,.S) has
a shift invariant measure p which is finite if and only if M, has a left Perron eigenvector
[ € I'. Moreover, if ¢ has constant length and M, has a power that is scrambling, then
(Q,,.5) has a unique shift invariant probability measure u. Let us recall that a nonnegative
matrix M = (M;;); j>o0 is said to be scrambling if there exists a > 0 such that

+oo
Zmin(]\/[ij, My;) > aforalli#keZ,.
=0

Scrambling stochastic infinite countable matrices are very important, since a stochastic
matrix P = (P;;); j>o is strongly ergodic (see definition 2.12) if and only if a power of P is
scrambling.

We also consider the case where o is not a constant length substitution. We introduce the
notions of strongly ergodic and x- strongly ergodic matrices M, related to the convergence
of

0

v Mi;
as n — 0o0. Then we show that if M, has a right Perron eigenvector in [* and has a power
that is scrambling ( M, strongly ergodic), then (£2,,.S) is minimal and has a unique shift
invariant probability measure p.

A difference concerning substitutions on countable infinite alphabets that we should
point out is that substitutions may not have a periodic point. In this paper we consider
M, irreducible and suppose the existence of a periodic point u, thus €2, is the closure
of the orbit of any periodic point of ¢. However our results will remain valid for o that
have no periodic point, since instead of using the left determined condition, we use the
true fact that any finite word V' occurring in some element of €),, has a decomposition
(not necessarily unique) as V' = vyo(Z)wy where vy, wy and Z finite words occurring in
some elements of €, and max(|vgl, |wo|) < sup{|o(a)|, a € A}, where for all finite word
z € A*, |z| denotes the length of z.

The paper is organized as follows. In section 2, we give notations, definitions and
preliminary results. Section 3, is devoted to the main results of the paper.

;4 J €A,

2. PRELIMINARIES AND NOTATIONS

As in Section 1, let A be a countable set (called alphabet), A* be the set of finite words
on A and A%+ the set of infinite words on A. We denote a finite word on A by ug ... un_1
for some n > 1 and we call n = |ug---u,_1| its length. An infinite word on A will be
denoted by u = uguy.... For U =uqg...u,_1 and V =vg...v,,_1 in A*, where n > m are
positive integers, we denote

|U|V:{ng‘gn—m,uk...ukm_l :U()...Um_l}

which is the number of occurrences of V in U. Let u = ugu; ... € A%+ and V € A*, we say
that V occurs in v or V' is a factor of w if V' = uy ... u; for some integers 0 < k < [. We
denote by F, the set of all factors of u.

On A%+ we consider the discrete product topology, which is metrizable and generated
by the metric d defined on A%+ by:

d(U()Ul...,UQUl...):Oiquul...:Uo’Ul...
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and

1
d(uguy ..., vvy ...) = o) where kg = min{i > 0, u; # v;} otherwise.

A base for the discrete product topology is given by the cylinders
[w] = {uouy ... € A%, u; = w;, V0 <i<Ek},

for w = wy ... wy € A*. The cylinders are clopen sets. When the alphabet A is finite, the
set A%+ is compact and is homeomorphic to a Cantor set. If A is infinite, A%+ is closed
but not compact.

Let 0 : A — A* be a substitution. We will assume without loss of generality that A = Z
(and ocasionally A = Z in some examples). We define the infinite matrix M, = (M;;); jez,
by M;; = |o(i)|;. Observe that M, is the transpose of the substitution matrix given in
[21]. It is easy to prove by induction that for all ¢, 7 € A and for all integer n € N,

0" (0)]; = Mg, o™ (i) = ) M.
j=1

For example, if o(n) = 0(n + 1) for all n € Z,, then

1 1.0 00 0 0
1 0100 00
_ |1t 00 1000
Mo = 1 00 0100 (2.1)

We say that a substitution o : A — A* is of constant length (resp. bounded length) if
there exists an integer L > 1 such that |o(a)| = L (resp. |o(a)] < L) for all a € A.

Observe that if o has constant length L (resp. bounded length by L), then the sum of
the coefficients of each line of the matrix M, n € N equals L™ (resp. < L™).

In this paper, we will assume that ¢ is a bounded length substitution and there exists
a € A such that |0™(a)| tends to infinity as n converges to infinity.

We define the language of a substitution o on a A as the set F, of finite factors of 0"(a)
for some integer n > 0 and a € A.

We will need some classical definitions from the theory of countable nonnegative matrices,
see [11, 20].

Definition 2.1. Let M = (M,;); jez, be an infinite nonnegative matrix (not necessarily
a substitution matrix). We say that M is irreducible if for all i,j € Z,, there exists an
integer k = k(i, j) > 1 such that M}, > 0. Let i € Z,, the number

pi = gcd{n € N, M > 0}

is called the period of the state 7. If M is irreducible, then there exists p > 1 such that
p; = p for every ¢ € Z, and we say that M has period p > 1. We say that an irreducible
matrix M is aperiodic if p = 1 and periodic otherwise.

Observe that M, in (2.1) is irreducible and aperiodic and o is a constant length substi-
tution which has a fixed point u = lim,,_,o, 0"(0) since ¢(0) = 01 begins with 0.

Remark 2.2. (see [11]) If a matrix M = (M,}); jez, is irreducible and aperiodic, then for
all i, € Z, there exists an integer n = n(7,j) > 1 such that for all k > n, Mi’; > 0.

Remark 2.3. Let 0 : A — A* be a substitution which has a fixed point and M, is irreducible.
Since there exists ¢ € Z, such that M;; > 0, we deduce that M, is aperiodic.
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Assume that M = (M;;); jez, is an irreducible and aperiodic nonnegative matrix until

the end of this section. It is known (see [21, 22]) that there exists Ay € [0, 00|, called the
Perron value of M, such that for all 4,7 € Z
lim (M72)Y™ = Ay (2.2)
n—oo

then consider the series

ZMnn

Observe that the convergence radius of the series M;(2) is equal to Ay;. When there is
no possibility of confusion we will omit the subscript in Ay, and write simply .

For all 7,5 € Z, put as usual M-- = 0ij,

Remark 2.4. Directly from the definition, if M = CM for some C > 0, then A = CAyr.
If o is a substitution with constant length L, then P = M/L is a stochastic matrix and
Ayv = LAp. Moreover for the stochastic matrix P, clearly Ap < 1 and if Fl-j(l) = 400,
then A\p = 1. Thus A\y; < L. Indeed it is enough to have o with bounded length L, see
Lemma 2.10.

We either have M;;(1/)\) < oo for every i,j € Zy, in this case we say that M is
transient, or M;;(1/\) = oo for every i,j € Z,, and we say that M is recurrent. The
class of irreducible, aperiodic recurrent matrices can be divided into two classes: Positive
recurrent matrices and null recurrent ones. To present the definitions, we need to introduce
the series

sz(M z Zl” M TL

where [;;(M,n) =, j(n) is defined by: lij(O) = 07 lij( ) = M;; and

lij(n+1) le )M, for all n > 1.
s#i
The matrix M is said to be positive recurrent if
/\n

< 400,
n=0
otherwise we say that M is null recurrent.

An interesting result is that if M is an irreducible, aperiodic and recurrent matrix with
finite Perron value A > 0, then A has strictly positive left and right eigenvectors [ and r,
unique up to multiples by a constant. Moreover the scalar product [ - r is finite if and only
if M is positive recurrent.

Remark 2.5. In Section 3.2 we will give examples of null recurrent nonnegative matrices
with constant length L having Perron value strictly smaller than L. These cases are
associated to stochastic matrices with Perron value strictly smaller than 1, so they are
transient in probabilistic sense (see [3]), but they might be null recurrent according to the
above definition. This is not a novelty, see [I1]. What is important here is also that we
provide substitution matrices in our examples.

To state the next result, we still need to introduce another important series
+oo

Rij(M,z) = Rij(z) = Y _rij(M,n)z"

n=0
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where r;;(M,n) = r;;(n) is defined by: r;;(0) =0, r;;(1) = M;; and

+oo
rij(n+1) = Z M;srsi(n) for all n > 1.
oy
Lemma 2.6. (see [23] and [11, page 211]). Let M be a nonnegative, irreducible and
aperiodic matriz, with finite Perron value A > 0. Leti,j € Z.
(1) If M is positive recurrent, then

Mn . 3
i M _ Lo(UN) _ By(UN)

n—oo A1 (@) 1(7)
where p(i) = Y12 nlii(n) /A"
(2) If M is transient or null recurrent, then lim,, o, M3 /A" = 0.

For all 7,57 € Z,, let
1@ — (Lik<1/)‘))k20 and 7 = (st<1/)‘))520'

Lemma 2.7. (see [11, page 203]). Let M be a nonnegative, irreducible, aperiodic matriz,
with finite Perron value A\ > 0.

(1) If M s recurrent, then for alli,j € Z.,

IDM = N9 and Mr@ = \rWD).
(2) If M s transient then for all i,j € Z,,

1DM < ND and Mr9 < M9,

Remark 2.8. Let M = (M;;); ;>0 be a nonnegative, irreducible, aperiodic positive recurrent
matrix, with finite Perron value A > 0. By item (1) of Lemma 2.6 and item (1) of Lemma
2.7, the vector

ﬂ = (tij)jZO where tij = nh—g)lo MZ;//\R (23)
is a left eigenvector for A associated to M. Moreover, we have

n Lo
lim —2 = L

n—o0 )\n ZZ:O lkrk‘

where [ = (I)r>0 and 7 = (ry)r>0 are respectively a left and a right Perron eigenvector of
M (see [20]).

(2.4)

Lemma 2.9. (see [11, Proposition 7.1.11, page 204]). Let M = (M,;); j>0 be a nonnegative,
irreducible, aperiodic and recurrent matriz with finite Perron value X. Let Z = (z;)i>0
be a sub invariant nonnegative and non zero eigenvector of M, associated to A, that is
(ZM); < Az for alli >0 and Z # 0, then Z is a left Perron eigenvector associated to M.

Lemma 2.10. Let M = (M;;); jez, be a nonnegative, irreducible and aperiodic matriz with
finite Perron value A\. The following results hold:

(1) If M has line sums uniformly bounded by L > 0, then X\ < L.
(2) If M s positive recurrent and has constant line sums equal to L, then A\ = L.

Moreover L is the unique eigenvalue of M having nonnegative probability left eigen-
vector.
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Proof. (1) Suppose that M has line sums bounded by L, then for all integers 7 > 0 and

n > 1, we have
<Z no< LM

We deduce by (2.2), that A < L.

(2) If M is positive recurrent and has constant line sums equal to L, then there exists
I = (li)izo € ' such that 3= l; = 1 and IM = A, then 7% > I;M;; = A, then L = X,
Using the same idea, we obtain that L is the unique eigenvalue of M having nonnegative
probability left eigenvector. O

Definition 2.11. Let M = (M;;); ;>0 be a nonnegative matrix. We say that M is scram-
bling if there exists a > 0 such that

me M;j, My;) > afor all i # k € Z,.

Note that a substitutlon matrix M, has a power that is scrambling, if and only if for
somen > 1

Vi, k € A, 3j € A which occurs in ¢" (i) and o" (k). (2.5)

Definition 2.12. Let P = (P,;); ;>0 be a nonnegative stochastic matrix. We say that P is

e crgodic if lim,, o, P} = m; > 0 for all i, j € N, where (7;);>0 is a probability vector;

e strongly ergodic if P is ergodic and if there exists a probability vector (m;);>o of
nonnegative real numbers such that lim,, . ||P" — Q||s = 0 where Q is the infinite
stochastic matrix with rows equal to (7;);>0 and || N||; = sup;>o Z o | Vi;| for any
infinite complex matrix N = (N;;); j>0. In other words

[e.e]
. n -~
lim sup E |Pj; — 7| = 0.
[ >
>0 72

Remark 2.13. It was proved in [10] that if P is strongly ergodic, then P is uniformly
geometrically ergodic, i.e., there exist 5 € (0,1) and a constant C' > 0 such that

|Pz7; - ﬂ-]l S Cﬁn’ vl’?j)” € Z+'

The converse is proved in [14]. In particular it is showed that P is strongly ergodic if and
only if for some j > 0 with 7; > 0, we have
lim sup [P} — m;| = 0. (2.6)
n—oo iZO

There is a nice characterisation of the strong ergodicity (see [25]). It is defined as follows.
If P = (P;)ijen is a stochastic nonnegative countable matrix, then P is strongly ergodic
if and only if there exists an integer n > 1, such that §(P™) < 1, where the § coefficient of
any nonnegative countable stochastic matrix N = (V;;); jen is

d(N) == su - N 2.7
S S e
The number §(V) is called Dobrushin coefficient of N or coefficient of ergodicity of N (see
for instance [4], [10], [13], [14]). Tt’s not difficult to show that
+oo
O(N)=1—1inf Yy min(N;j, Ni;). (2.8)

i#£k
]:
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Observe that §(/N) < 1 if and only if N is scrambling. Hence P is strongly ergodic if and
only if there exists an integer n > 1, such that P™ is scrambling.

3. IRREDUCIBLE APERIODIC SUBSTITUTIONS

3.1. Nonexistence of finite invariant measure. In [9], the author proved that if A =Z
and o(n) = (n — )nn(n + 1), n € A, then the dynamical system (£2,,.5) has no finite
invariant measure. We will extend this result in the next theorem.

Theorem 3.1. Let o : Z — 77, be a bounded length substitution such that o has a periodic
point u and M = M, is irreducible and aperiodic. If M satisfies

n

M?n
lim sup ——2— =0 for all j € Z,, 3.1
n—+00 ez, ZZ:O Mﬁf + ( )

then the dynamical system (Q,,S) has no finite invariant measure.

Remark 3.2. One natural question is if condition (3.1) can be replaced by the weaker

condition
n

hm&:()foraui €7 (3.2)
n—+4o00 ZZ:O?) _]\427;C »J + '
This last condition is more natural and holds for a large class of substitutions ¢ such that
M, is transient or null recurrent and ¢ has constant length, or M, is positive recurrent
with left Perron eigenvector [ = (I )x>0 € (', see Lemma 3.4 at the end of this section and
also Remark 3.3 just below.

Proof of Theorem 3.1. Assume without loss of generality that u = wgu; ... is a fixed
point of 0. By (3.1), we have that for all j € Z,

o"(a)l;
lim sup lo"{a)l; =0. (3.3)

ntoogen |0"(a)|
Now, assume that (£2,,.S) has a finite invariant measure, then there exists a finite ergodic
invariant measure u. By Birkhoft’s ergodic theorem, we deduce that for 4 almost all = € €,

1
lim — card{0 <k < N —1: S*=x) € [j]} = ulj] Vj€Z,. (3.4)
N—oo IV

Now, let = € Q, satisfying (3.4) and N € N. Let V = wy, ...ty n—1, m € N be a prefix
of . The word V' can be written as

n—l( n—l(

V=vyo(v1)...0" (vp_1)0" ()" (wy_1) ... o(wr)wy, (3.5)

where n > 1 is an integer and v;, i € {0,...,n}, w;, j € {0,...,n — 1}, are elements of
F, possibly empty words of lengths smaller or equal to K = max{|o(b)|, b € A} and v, is
not empty. Equality (3.5) comes from the fact that since u = o(u), there exists a € A and
n € N such that V is a factor of 0"™!(a) and V is not a factor of 0"(a). Hence there exist
Vg, Wy, V1 in F,, such that

V = ’UoO’(‘/l)U)O

and |vgl, |we| < K. We proceed analogously with Vj, continuing by induction until the
process stops and we obtain (3.5).
With our choice of = and its prefix V, from (3.4) and (3.5) we have that

1 k : VI Jo™(n)ly + Srco(Jo™ ()l + [0 (w)|;)
—car —1,5%«x = = — :
peortO s ks N S € Ul = Ty = T S (o) & o (o))
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By (3.3), we deduce that

: 7" (V)]
lim sup{ |a’f(v)|]’ vEF,, v < K} = 0. (3.6)

Using (3.6), and the Stolz-Cesaro Theorem, we deduce that

i 19" (@)l + S s (lo* (o); + |o* (w)];)
n=oo o (0,)] 4+ Sz (|oF (v)| + |o* (wy)])

=0.

Therefore )
lim — card{0 <k < N —1,5%) € [j]} = p[j] = 0.
N—oo N
Since j is arbitrary u(€2) = 0 which yields a contradiction. O

Remark 3.3. It is important to notice that condition (3.1) may or may not hold on both
the transient and the null recurrent cases. To see this we consider examples where M is a
multiple of an irreducible stochastic matrix P. In this situation (3.1) is equivalent to
lim sup P} =0 for all j € A. (3.7)
n—=+00 jcA
It is simple to find examples of stochastic matrices for which (3.7) does not hold. So
we start with a first example that can be adapted to both transient and recurrent cases.
Consider A = Z and set P_,, _,,_1 = ¢, = 1 — P_,, _,+1 for n > 1, where ¢, € (0,1) and
Z:ﬁ ¢n < 00. Also put Py 1 = Fy; = 1/2 and P, _,, = 0 for m,n > 1. No matter how
we complete the definition of P to obtain a irreducible and aperiodic matrix which may be
recurrent or transient, we have that

“+oo
sup P’y > P", , > H(l —qg) >0, forevery n> 1.
acA ' 7 k=1

Thus (3.7) does not hold. However, since lim,,_,, ¢, = 0, there is no multiple of P which
is a matrix M associated to a substitution. Thus we will provide another example.

Again we consider A =7Z and set P_ong=1/2= P g0 _on_y and P_on_j_on_j 1 =1 for
j=1,...,2" —1 and n > 1. We can check that Pfgn,l_m = 1/2. Again, no matter how
we complete the definition of P, which may be recurrent or transient, we have that

limsup sup P}y > 1/2 > 0,
n—oo a€A
thus (3.7) does not hold. In this case, we could define M_gng = 1 = M_9n _9n_y and
M_on_j _on_j_1 = 2 and complete the definition for the other entries for M in order to
have an irreducible and aperiodic matrix associated to a substitution of constant length
equal to two. We have that P = M/2, thus (3.1) does not hold.

As a third example we consider P as the transition matrix of a simple random walk on
Z,ie., wefixp € (0,1) and set P, 41 = p = 1— P, ,—1 for every n € Z (for basic properties
of random walks, the reader can check [3]). Notice that this Markov chain is irreducible
with period two which is null recurrent if p = 1/2 and transient otherwise. The stochastic
matrix P is irreducible and we can use P? instead of P for an example with an aperiodic
chain. A standard computation using the binomial distribution and Stirling formula shows
that

n 1
SUp P = SUp Py < 02X ( k)pk(l —p)" " =0(n"2).
Thus (3.7) holds. Here, we also have P = M/2, where M is a substitution matrix of
constant length equals to 2 defined as

Mn,n+1 = Mn,n—l =1Vne€Z.
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Thus M satisfies (3.1).

Question 3.1. Under the hypothesis of Theorem 3.1, is the dynamical system (£2,, S) not
minimal?

Question 3.2. Is the result of Theorem 3.1 still true if M, is transient, or recurrent with a
left Perron eigenvector [ = (I;);>0 ¢ ' and without the condition (3.1)? Even in a little less
general setting, is the result of Theorem 3.1 still true if M, satisfies the weaker condition
(3.2)7

We finish this section proving a result with conditions that imply condition (3.2).

Lemma 3.4. Let M = (M;;); jez, be a nonnegative, irreducible and aperiodic matriz with
finite Perron value \. If M is transient with constant line sums, or M is positive recurrent
with a left Perron eigenvector | = (I)k>o0 € I', then

MT
lim ——2— =0 foralli,j € Z,.
Proof. Assume that M is transient with constant line sums equal to L. Let i,j € Z,.
Since A < L and limy, , 1o M;/A™ = 0, then
Mg M < M}

400 n n — n
k=0 Mlk L A

— 0, as n — oo.

Now, let us suppose that M is positive recurrent and [ = (Ix)x>0 & ' is a left Perron
eigenvector. Let 7,7 € Z,. Since M is positive recurrent, we have by remark 2.8 that

M
lim —& = ¢l for all k € Z

n—oo A"
where ¢ > 0. Using Fatou Lemma for series and the fact | = (I})x>0 € I*, we deduce that
+oo n +o0
lim k=0 M, k=0 Ik — 400
%] J
and we are done. O

Question 3.3. 1. If M is transient with non constant line sums, Is
n
lim ——2 — =0foralli,j€Z.?
oo S My, T

Note that the answer is affirmative if
n
lim inf
n—-+oo

> 0,

which is simple to verify in the finite dimensional case from linear algebra arguments. It
is also true to check in the infinite dimensional case when M is transient and has a right
Perron eigenvector r = (1;);>0 € [* such that inf{r;, 7 > 0} > 0, since for all j > 0,

inf; r; < 1 sup; 1

) 3.8
sup;rj A" £ = inf, g (38)
2. Assume that M is recurrent with a left Perron eigenvector | = (ly)r>0 € I'. Does
there exist i, j € A such that
. M
lim

— > 07
—+00
n—-+oo Zk:o Mﬁf
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Again, from (2) in Lemma 2.6, (2) in Lemma 2.10 and (3.8), it is simple to check that this
holds when M is positive recurrent and has a right Perron eigenvector r = (r;);>¢ € [
such that inf{r;, j > 0} > 0. In particular in the case of lines with constant sums.

3.2. A class of examples: Let 0 := 0, defined by
o(0) = 0°**1¢ and o(n) =(n— 1)anb(n + 1) foraln>1

where a,b, ¢ are nonnegative integers such that a > 0, ¢ > 0 and i* = 4i...i (k times).
The matrix M, is irreducible and aperiodic. We have

a+b ¢ 0 0 0 0 0
a b c¢c 0 000
0 a b c 00O
Mo=10 0abc00
0 0 0 a b c O

Note that o is a substitution of constant length L = a + b + ¢. The stochastic matrix
P = M,/L is the transition matrix of a homogeneous nearest-neighbor random walk in
{0,1,2,...} partially reflected at the boundary, see also the last example in Remark 3.3.
It is well known, see [8], that the random walk is (in the probabilistic sense) positive
recurrent if ¢ < a, null recurrent if ¢ = a and transient if ¢ > a. The difference for the
matrix theoretical definition is that we also have null recurrence in the case ¢ > a, see also
[11, Example 7.1.28] for the case b =0 and a = c.

Proposition 3.5. The following properties hold:

o [fc < a, then M, is positive recurrent.
o [fc > a, then M, is null recurrent and (Q,,S) has no finite invariant measure.

Proof. For the cases ¢ < a and ¢ = a, we have A\p = 1, thus Ay, = L. From the probabilistic
results on transience/recurrence of random walks, we have that M, is positive recurrent
for ¢ < a and null recurrent for ¢ = a.

Before we deal with the case ¢ > a, let us point out that we can prove the result in the
cases ¢ < a and ¢ = a by directly computing the Perron eigenvectors.

Let A be the Perron value of M, then by Lemma 2.10, we have A < L =a+ b+ c¢. Let
[ = (I;)i>0 be a left eigenvector of M, associated to L. A simple computations implies that
ll = §l0 and

cly + alpyo = (a4 ¢)lyyq for all n > 0.

Hence
c
l, = (=)"lp for all n > 1.
a

Assume that M, is positive recurrent, then by Lemma 2.10, we deduce that A = L. Thus
[ € I' (since a right Perron eigenvector of M, has constant entries) and we deduce that
c < a.

Now assume that ¢ < a. If A = L, then [ is a left Perron eigenvector, hence M, is positive
recurrent if ¢ < a and null recurrent if ¢ = a. Now suppose that A < L and let u = (u;):>0
be a non zero nonnegative left Perron sub-invariant eigenvector of M, associated to .
Thus uM < LM. Hence

c
Upi1 < aun foralln >0
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and there exists a real number s > 0 and an integer £ > 1 such that uj, = fux_1 — s, Since
cug_1 + aug1 < (a+ c)ug, we deduce that ugq < Suy, — s. Thus

Upg1 < Eun — s for all n > k. (3.9)
a

Therefore
Uy, < (E)n_kuk —sforalln>k+1.
a

If ¢ < a, we deduce that there exists a positive integer N such that u,, < 0 for all integer
n > N. This is absurd, then u = ugl. Therefore A = L and hence M, is positive recurrent.
If ¢ = a, we deduce by (3.9) that

U, <up — (n—k)s for all n > k + 1.

Then A = L and M, is null recurrent.

Now consider the case ¢ > a. We will consider a probabilistic approach to show that
Ap < 1 and that Py(1/Ap) = oo, this implies null recurrence. Let (X,,),>0 be a Markov
chain with transition matrix P and P* the distribution of (X, )n>0, when Xy, = z for
r € Zy. Set p = ¢/(a + ¢), which is the conditional probability that the random walk
jumps to the right, when it necessarily leaves its current position and this is not 0, i.e.,

p=P"(Xpi1 = X, + 1| X1 # X)) Y #£0.

We want to estimate Fjj, i.e., the probability that the random walk is visiting state 0 at
time n given that it has also started at 0. For this last event to happen, necessarily we
must have a number of jumps to the right equal to the number of jumps to the left. Here
we need to important observations:

(i) Note that #{1 < j <n: X,41 # X,} counts the total number of jumps to the
right or to the left. There exist strictly positive constants ¢,d € (0, 1) such that

PU(#{1<j<n: Xpn # Xn} >cn) >1—(6g)"

(ii) In 2k transitions to the left or to the right, the number of transitions to the right
is distributed as a binomial random variable with parameters 2k and p. Thus the
probability of having an equal number of jumps to the left or to the right is

, 2k C k

P(Bin(2k,p) = k) = (k )p’“(l —p)t = ﬁ(ﬁlp(l -p))"
(the approximation could be appropriately described using Stirling’s formula). Note

that ¢ = 4p(1 —p) < 1.

Using (i) and (ii) we are able to show that P} is of order O(¢"/+/n). This implies that
Ap = q and Pyy(1/Ap) = Pyy(1/q) = co. Therefore P and M, are null recurrent matrices.
It is worth mentioning that M, satisfies (3.1) for every a < ¢ and b. This follows as in
the last example in Remark 3.3 in the case a = ¢ and from computation as in the proof of
Proposition 3.5. Indeed one can prove that sup;cz, P is of order O(1/+/n), which implies
that M, satisfies (3.1). This can also be proved using the Local Central Limit Theorem
for simple random walks [12, Theorem 1.2.1]. O

Remark 3.6. It is worth mentioning that apparently small modifications on the matrix can
completely change its behavior. For instance, consider the case b = 0 and a = ¢ which
implies that M, is null recurrent. Instead of o(0) = 0%1¢, put ¢(0) = 1°, then, from [11, (i)
in example 7.1.29], we have that M, is transient. For the case b > 0, a < ¢ and ¢(0) = 1¢,
we also have transience as a consequence of our Proposition 3.5 and [I 1, Lemma 7.1.23].
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Remark 3.7. We consider the substitution o of [9] defined on A = Z by o(n) = (n —
I)nn(n + 1). The associated matrix is null recurrent and satisfies condition (3.1). Hence
by using Theorem 3.1, we deduce that the dynamical system (£2,,S) associated to o has
non finite invariant measure.

Let 0 := 04, b, .c, defined by
o(0) = puFbo1% and o(n)=(n— 1)“"nb” (n+ 1) for alln > 1

where a,,b,, c, are nonnegative integers such that a, > 0, ¢, > 0 for every n > 1 and
L = sup{a, + b, + ¢, : n > 1} < co. The matrix M, is irreducible and aperiodic with
bounded length L and can be represented as

'a0+b0 Co 0 0 0 0 0 T
aq b1 C1 0 0 0 0
0 a9 bg Co 0 0 0
Ms=1 0 0 a3 bs cs5 0 0
0 0 0 Qy b4 Cy 0

We will see in Proposition 3.8 below that (€2,, S) is not minimal for these substitutions. We
does not discuss the transience/recurrence in this general case, but we discuss an example.
Consider (ay, by, c,) = (2,1,1) for n even and (ay,, b,,c,) = (1,1,1) otherwise. Our first
step is to compute the Perron value A. For this we will estimate (M)oo. Consider a
matrix M” which has the form above but with (a,,b,,¢,) = (2,1,1) for every n. The
Perron eigenvalue of M 2 is 4, since it has constant row sums equal to 4. Now for each path
of length n leaving and returning to n, we will have the number of jumps to the left equal
to the number of jumps to the right. So for a total of 2m < n jumps with m jumps to the
left and m jumps to right (neglecting jumps from 0 to 1 and jumps from an state to itself),
m/2 jumps to the left are made from an odd position and these jumps contributes with a

factor of (v/2)2™ = 2% to the product of weights (M™)go. This shows that
<@ (MZ; )0,0
4 gn
which implies A > 4/v/2. On the other hand, (M?)oo < (M?)oo and A < 4. Thus

A € [4/+/2,4]. With this bound on A we can show that M, is positive recurrence. For this
we follow the computation in [, Example 7.1.29 (iii)] to obtain that

lHm %/loo(2n) = 23 < A,
n—oo

then apply [11, Lemma 7.1.25] to conclude.

)n(M?)o,o >

Proposition 3.8. Let (€2,,5) be the shift dynamical system associated to g, p,.c,, then it
15 not minimal.

Proof. For all n > 2, we have
o (k) = (0 2(k — 1)) ("2 (k) 02k + 1))

Hence the infinite word w beginning with o*~1(k) for all k¥ > 2 is well defined and belongs
to €2,. Moreover the letter 0 does not occur in w. Thus the orbit of w does not visit the
cylinder [0], hence (€2,,.S) is not minimal. O
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Remark 3.9. The last proposition gives examples of positive or null recurrent, aperiodic
irreducible substitutions such that its shift dynamical systems are not minimal. The first
example was given by Ferenczi in [9] by considering o(n) = (n — 1)nn(n+ 1), n € Z.

We will see in Theorem 3.33 that given a substitution ¢ on A = Z,, not necessarily
with constant length, such that o has a periodic point u and M, is irreducible, aperiodic
and has a scrambling positive power, then (£2,,5) is minimal. Observe that the matrices
associated to substitutions oy, 5, ., have not a scrambling power, since for any positive
integer k, there is no letter occurring both in the words o* (k) and o* (4k).

An,bn,Cn A ,bn,Cn

To end this section we describe an interesting substitution whose matrix is transient.
The construction of the matrix is based on multidimensional random walks in dimension
greater or equal to 3. Thus we set A = 74, let {ej : 1 < j < d} and define the substitution

o(x)=(z+e)(x—e)(r+e)(x—er)..(x+eq)(r—eq).

We have that M, is a matrix of length 2d. The stochastic matrix P = M, /2d is transient
with A\p = 1. Indeed from classical results in probability theory one has that Fjj ~
O(n~%2) and Pyy(1) < oo. Therefore, M, is a transient matrix with Ay, = 2d. Using
again the Local Central Limit Theorem [12, Theorem 1.2.1], we have that M, also satisfies
(3.1).

3.3. Shift invariant measures and unique ergodicity. In this subsection, we prove
the following results.

Theorem 3.10. Let o be a bounded length substitution on A = Z. such that M, is
irreducible, aperiodic, positive recurrent, then the dynamical system (,,S) has a shift
mvariant measure p which is finite if and only if any left Perron eigenvector | belongs to

It

Remark 3.11. Theorem 3.10 improves [1, Theorem 7.6], where it is assumed the additional
hypothesis that ¢ is bounded size left determined substitution.

Theorem 3.12. Let o be a constant length substitution on A = Z, such that o has a
periodic point uw and M, is irreducible and aperiodic. If there exists a positive integer n
such that M? is scrambling, then there exists a unique probability shift invariant measure

of (2,,5).

Remark 3.13. The same proof of Theorem 3.12 will show that if o is a constant length
substitution on A = Z, without periodic point such that M, is irreducible, aperiodic and
M? is scrambling positive integer n , then there exists a unique probability shift invariant
measure of (£2,,95).

Before proving Theorems 3.10 and 3.12 we need to introduce some notation and state
some preliminary results.

Let 0 : A — A* be a bounded length substitution, not necessarily with constant length.
Let t > 2 be an integer and A; be the set of finite words of length ¢ that occur in w.
Now, consider a substitution o; on the alphabet A; defined in the following way: If w =

Wy ... wi—1 € A and a(w) = Y0 -+ - Ylo(wo)|-1Y|o(wo)| - -  Ylo(w)|~15 then
Ut(w) = (yO S yt—l)(yl SR yt) c (yla(wo)|—1 o y|a(w0)|+t—2)' (310>
Considering that |o(w)| counts letters in A; (not in A), note that
loe(wp . .. we—q)| = |o(wo)], (3.11)
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and for all 4, ...4; € A;, we have
|o(wo)li...ie < |owe(wo ... we1)liy.ip < [o(wo)lsy..ip + 1. (3.12)

We extend o; by concatenation to Af and to A% The substitution o, was defined in
[21] (in the case of substitutions on finite alphabets).

For example, for A = {0,1} and ¢(0) = 01, o(1) = 0. We have A, = {00,01,10} and
02(00) = (01)(10), 02(01) = (01)(10), 02(10) = (00).
If A=7Z, and 7(n) =0(n+ 1) for all n € A, then Ay = {On, n0, n > 1} and
72(0n) = (01)(10), 72(n0) = (0(n + 1))((n + 1)0) for all n > 1.

Lemma 3.14. The following results hold:
(1) For all integers n > 1 and t > 2, we have (o™); = (o)™
(2) Let w = uguy ... be a periodic point of o, then for all integer t > 2, the infinite
word (g ... wg—1).(ug ... wg) .. (Wi UWio1) .. 1S a periodic point (with the same
period) of oy.
(3) If M, is irreducible and aperiodic, then so is M,, for all integers t > 2.

Proof. The proof is analogous to that for the case of finite alphabet, which is given in [21,
pages 138-139]. O

Lemma 3.15. Let A =7, and 0 : A — A* be a bounded length substitution such that
M, irreducible and aperiodic with Perron value X\, then for all integer t > 2 the matriz
My = M,, associated to oy also has Perron value A. Moreover if M, is positive recurrent
(resp. null recurrent, transient), then M,, is also positive recurrent (resp. null recurrent,
transient).

Proof. Let t > 2 be an integer and denote by \; the Perron value of M;. First observe that
by (3) in Lemma 3.14, M, is irreducible and aperiodic. For 4y ...4;, ji...j: € A; we have
|0 (i - i) jyge < 10" (@) ]grge 8 < o™ ()] + 2

Hence

(M)iyivgnoge < (M™)iy 5, +1t, for all n € N. (3.13)
We deduce by (2.2) that 1 < )\, < .

On the other hand, let k,m € N such that j; ... j; is a factor of o™ (k). Hence
|0 (i) [y = 10" (i) -
Thus for all n € N, we have |07 (i1 .. .4;)|j,j, > |0"(1)|x Therefore
(MIM™ )iy ivinge = (M™);, x for all n € N, (3.14)

Thus \; > A and hence \; = .

Assume that M, is positive recurrent. By (3.14), we have

liminf( C it > A" lim w (3.15)

n—+00 Antm n—+00 A"

Hence by (3.15) and Lemma 2.6, we deduce that lim,, % > 0. Thus M,, is
t

positive recurrent.
Now suppose that M, is null recurrent, then we have by (3.14) that

“+o00

My 110,71t
Z( t);\n Jidt 4o (3.16)
n=0
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Hence by (3.13), we deduce that

(M )i i
e

By (3.16) and (3.17), we deduce that M,, is null recurrent.
Finally if M, is transient, we deduce by (3.13) that

= 0. (3.17)

+
i (Mgl>i1...it,j1...jt

< .
A7 oo

n=0
Hence M,, is transient. UJ

Before proving Theorem 3.10, we need the following Lemma.

Lemma 3.16. Let o be a bounded length substitution on A = Z, such that M, is irre-
ducible, aperiodic, recurrent and has finite Perron value X. Let r = (r;);>o be a right Perron
eigenvector of M. For all integer t > 2, Let r') = (r[)1ca, be an infinite vector defined by

rr="1i, forall I =ig...51 € Ay,
then v® is a right Perron eigenvector of M, = M,, associated to \.

Proof. Let I =ig...4;_1 € A;, we have

(Mr D= > e Dlyri=> > oDl

J=jo...jt—1€A¢ Jo€A  J*=ji..ji—1,J0 *EAL
On the other hand, for all j, € A, we have
> |0 (D) o < lo(io)ljo = Migjo-
J*=j1...¢t—1,J0J* €A
Thus
(M) <7 Migjorjy = Arig = Mr®)1.
Jo€EA
Since M, is an aperiodic, irreducible and recurrent matrix, Lemma 2.9 implies that r®
is a right eigenvector of M, associated to . OJ
Proof of Theorem 3.10. Let u = upu; ... = o(u) be an element of €,. For j € A set
QoM (wo)ly wo.j
plili= lim =07 = i =5

The last limit exists since M, is positive recurrent with Perron eigenvalue \. For ¢ > 2
integer and I, =iy ...1, € A; set

o (o) iy
wlig ...y = nh_)rglo —

(3.18)
Applying (3.12) for o™ in place of ¢ and the fact that A > 1, we deduce that

L o (ug - ug) ] - (MP)y,.
pli i = i PR = i R

. . . Mn . . .
where U, = ug... w1 and I; = iy ...4 . Observe that lim,,_, ( t/\)ft’lt exists since M, is

positive recurrent with Perron value \; = A.

By Kolmogorov consistency Theorem, there exists a unique measure g with cylinder
specification (3.18) if for every integer ¢t > 1 and I =i, ...i; € A; we have

= Sl (3.19)

bEA,IbE Ay 41
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and
pll) = 3 lal] (3.20)

For the proof of (3.19), let [ = (I;);>0 and 7 = (7;);>0 be respectively left and right Perron
eigenvectors of M such that the scalar product [ - r = 1. For all ¢t > 2, let [ = (I1)1ea,
and 7® = (r;)rea, be left and right Perron eigenvectors of M, such that

Tiy.i, = Ty forall é;...4; € Ay and 1A 0 =1,

We could choose r;, ;, = r;, because of Lemma 3.16.
For all I =iy...4;, t > 2, we have by (2.4) that

u[[] = TUtlI = Tuol].
Hence (3.19) is equivalent to
L= > I (3.21)
bEA,IbEAt+1

On the other hand, for all I =i, ...7; € A;, we have by Fatou’s Lemma that

. 1 n : 1 n
> plb] < lim o > o7 (o - u) [ = lim o (uo )]

n—oo

bEAIbEA, 11 bEAIbEA, 11
Hence
S ulie] <l
bEAIbEA, 11
ie.,

Yoo <l (3.22)

beA,IbeAs 11

Since Y e, il = ZJGAM ryjl; = 1 and r(1b) = r(I) for all I € A; and Ib € Ay, we

deduce that
ZT‘IZIZ ZTI Z lp = 1.

IeA, IeA; be A, Ibe A1

Using this last equality and (3.22), we obtain (3.21) and hence we get (3.19).
Analogously, (3.20) is equivalent to

b= Yl (3.23)
aGA,aIEAtJrl
Using Fatou’s Lemma, we have for all I € A,

.1 n
Z plal] < lim ™ Z lot 1 (o - . ue)ar-

n—oQ
aGA,aIGAHl CLEA,(IIEA,HJ

Note that
Br = Z lop 1 (o - . ug)|ar — |07 (uo - .. u—1)|r € {—1,0,1},

(leA,CLIEAtJrl

indeed B; = —1 if the first letter of o7, (uo...u;) begins with I and and the last letter of
o1 (ug ... uy) does not end with I. The number 8 = 1 if the first letter of o7’ (ug . .. u;)
does not begin with / and and the last letter of o7, | (ug ... u;) ends with I. In the comple-
mentary case, we have f; = 0.
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Since A > 1, we deduce that

" .1
nh—{goﬁ Z |01 (o - . ug)|ar :nh—>nc}o F|af(u0...ut_1)|1.
aEA,aIGAt+1
Hence
> plal] < p(l),
aEA,IaeAt+1
i.e,

Yo da <l (3.24)

aEA,IaGAt+1

On the other hand, by (3.21), we have

S =YY W=

JEA+1 I€A; beATbeAs 1 I€A:
Thus
YO Y =)L
[€A; acAal€Arsy IeA,
By using (3.24), we obtain (3.20). Hence p is an invariant measure for (£2,,5). O

3.3.1. Constant length substitution and unique ergodicity. Let o be a substitution on A =
Z, with constant length L > 0. By (2.8), the stochastic matrix M, /L is strongly ergodic
if and only if there exists a positive power of M, which is scrambling.

As an example, the dyadic substitution o defined by o(n) = 0(n + 1) has a strongly
ergodic matrix M, /2 since the matrix M, is scrambling.

Another way to see that M, /2 is strongly ergodic comes from the fact that for all
1,J € Ly

[l @) 1

lim su — - — = 0. 3.25
tim s 2 T ~ o (3:29)

Indeed, for all integers n € N,4,j € Z,, we have
o™ (@)|; = [o" 1 (i)]jo1 =277 forall 0< j <n
and
‘O-n@')’j = ‘U(i)‘jJﬂfn for allj >n,
Thus for all j > n,
lo"(i)]; = 1if j = ¢+ n and 0 otherwise.

Hence N .
~ | lo" (i), 1| «— 1 1 1 .
Z o7 (3))| T oojtl| Z 5511 + (Q—n — W) for all ¢ > 0,
=0 ot
which implies that
+oo .
0" (i), 1 1
Sup - —| =
€Ly ;’ lo™(3)| 2]+1’ on—1

and we obtain (3.25).

Another example are the substitutions o44., a,b,c € N and a > c¢. We have seen in
Proposition that for all positive integers a, b, c with a > ¢, the matrix M, ,  is positive

o
a,b,c

recurrent. Furthermore the stochastic matrix P
does not have a scrambling power (see Remark 3.9).

is not strongly ergodic since M, _, .
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Remark 3.17. Let o be a substitution on A = Z, with constant length L > 0 and a
periodic point u such that the stochastic matrix M, /L is strongly ergodic, then M, is
positive recurrent and, by Theorems 3.10, €2, has a finite invariant measure.

Lemma 3.18. Assume that o is a constant length substitution on A = Z, and M, is
irreducible and aperiodic. If M, is strongly ergodic, then for all integer t > 2, M,, is also
strongly ergodic.

Proof. Let L > 0 be the length of ¢. Fix and interger t > 2 and #;...%, k1...k € A;.
Since M, is strongly ergodic, then (2.5) implies that there exists an integer n > 0 and
71 € N such that

J1 oceurs in 0" (i1) and " (ky).
Let m > 0 be an integer such that
In(2t)
In L

m= |5+

then
c™(j1) = ay...as where s > 2t.

Hence a; ... as occurs in 6" "™ (iy) and o™+ (k;). Thus

ai...a; occurs in o)™ (iy ... 4) and o T (ky .. ky)

and we are done again by (2.5). O

Proof of Theorem 3.12. Assume without loss of generality that ¢ has a fixed point
u=o(u) = upuy ... =lim, o 0(up) and let L > 0 be the length of 0. Recall that for all
i,] €Zy andn >0
(@) _ Mg
jo(@)] L
Since M, is irreducible, aperiodic and strongly ergodic, we have that A = L and
)

notoo |07 (i)]

:Uj>0

independently of i. Moreover strong ergodicity implies that there exist ¢ > 0and 0 < § < 1
such that _
0" (@)];

>0 | [om(4)]|
=0
substitution o; on the alphabet A;. From Lemma 3.14 and Lemma 3.18 we deduce that
M,, is irreducible, aperiodic and strongly ergodic. Thus if w = wg... w1 and B =

by...b_1 € Ay, then there exists dg > 0 such that lim,, . . lof Wiz _ dp independently of

|o (w)]

vj| < ¢f" for all n > 0.

To compute, lim,, . where w is a word of length ¢t > 2, we will consider a

w. Now, since
ot (w)| = [0"(wo)| = L™ and |0" (wo)| < [0 (w)| < [0"(wo)| + 1,

we obtain
o)l
o0 |o™(wy)]
Moreover there exists ¢; > 0 and 0 < 3; < 1 such that
oy |l )l
wo>0 |0n(w0)|

= dp. (3.26)

—dp| < ¢f} for all n > 0. (3.27)

To finish the proof, we have to show the following claim:
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Claim: Let ¢t > 2 and B = b;...b; € F,, then limy_, %|uk . UksN-1]|B = dp uni-
formly on k.

The proof is the same as that for finite alphabet and o primitive given in [21, Theorem
4.6, page 141-142]. Indeed, let Vi = ug ... upsn-1 € Fy, k € Z,, N € N. As cited in the
proof of Theorem 3.1, the word Vj, can be written as

Vi = w0 (v1) ... 0" Hup_1)o™(vp) o™ Hwp_1) . .. o(wi)wo (3.28)

where n > 0 is an integer and v;, i € {0,...,n}, w;, j € {0,...,n — 1}, are elements of
F, possibly empty words of Lengths < L and v,, is not empty.

Since L > 2, there exist C' > 0 and 1 < 7 < L such that C7" > ¢;(2n—1)((max(5; L, 1))"
for every n > 1. Now for Vi, = uy ... ugpan—1, kK € Z,, for N € N, and B € F), such that
|B| < N, we use (3.28) and (3.27) to obtain that

n n—1
Vils —dsN| < > |lo?(v))ls = dplo? ()] + > [lo?(w;)] 5 — dilo? (w;)]]
7=0 7=0

< ict(ﬁtL)j + ni c(B L) < ¢, (2n — 1)((max(B,L,1))" < C7™. (3.29)

Since N > |0™(v,)| = L™, we obtain that
Vils

— dB‘ < Cyn, (3.30)

k>0

for some 7 < 1 and we obtain the claim. O

3.3.2. Strong ergodicity for non constant bounded length substitution.

Definition 3.19. Let M = (M,;); j>0 be a nonnegative matrix such that M is irreducible,
aperiodic and positive recurrent with finite Perron value A > 0. Let P = (P;;); j>0 be the
stochastic matrix defined by
M;jr; .
Pi»:—ﬂa]forallz,jzo,
>\T7j

where r = (74)k>0 is a right Perron eigenvector of M. We say that M is strongly ergodic
if P= (PZ])17]20 is too.

Remark 3.20. (1) It’s easy to see that the stochastic matrix P defined in the last definition

satisfies P;; = A/{\j;_lj for all 4,7 > 0, where | = (lx)r>0 is a left Perron eigenvector of M.
Furthermore we have that P, = % for all integer n > 1.

(2) The Definition 3.19 appeared in [20] in the case where M is a finite irreducible,
aperiodic matrix, it is also an extension of the definition in the case where M has constant
row sums L. This comes from the fact that r;, =1 for all+ > 0 and A = L.

Remark 3.21. Let M = (M,;); j>0 be a nonnegative, irreducible, aperiodic and positive
recurrent matrix with finite Perron value A > 0. Then M is strongly ergodic if and only if
there exists positive integer n and a vector of probability (7;);>0 such that

=0, (3.31)

furthermore m; = [;7; where [ and r are respectively Perron left and right eigenvectors such
that [ - r = 1. By using Remark 2.13, we deduce that M is strongly ergodic if and only if
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there exists a positive integer n and a positive constant a such that for all integer ¢ # k,
we have

M
me( TJ kjr]) > a. (3.32)

)\nTk

Remark 3.22. Let M = (M,;); j>0 be a nonnegative, irreducible, aperiodic and positive
recurrent matrix with finite Perron value A > 0. Assume that M has a right Perron
eigenvector r = (1;);>0 € (> which satisfies inf{r; : ¢ > 0} > 0, then by Remark 3.21, we
deduce that M is strongly ergodic if and only if there exists a positive integer n such that
M™ is scrambling.

Theorem 3.23. Let 0 be a non-constant bounded length substitution on A = Z, with a
pertodic point u and such that M = M, is irreducible, aperiodic, positive recurrent and has
a finite Perron value. Assume that M, has a right Perron eigenvector r = (r;);>0 € 1®
and there exists a positive integer such that M} is scrambling, then the dynamical system
(Qy,S) has a unique invariant probability measure.

For the proof, we need the following results.

Lemma 3.24. Let M = (M;;)ijez, be an irreducible, aperiodic, positive recurrent non-
negative matriz such that |M| = sup{z M;j, 1 € Zy} < oo and inf{M;; : 4,5 €

Zy, M;; >0} > 0. Assume that there exists a positive integer such that M™ is scrambling,
then M has a right Perron eigenvector r = (r;);>o which satisfies inf{r; : i > 0} > 0.

Proof. Assume without loss of generality that M is scrambling. Let r = (r;);>0 be a
nonnegative right Perron eigenvector of M. Since M is irreducible, r; > 0 for every ¢ > 0.
Moreover ||M|| < oo and inf{M;; : 4,j € Z;, M;; > 0} > 0 imply that there exists L > 0
such that My, = 0 for all £ > L. Since M is scrambling, then for all ¢ € Z,, there exists
k; € {0, ..., L} such that M, > 0. Since Zk o Migri, = Ar;, we deduce that

S M, 7k, C’lnf{rk 0<k<L}
- A - A
where C' = lIlf{MZj D, g €72y, Mij > 0} 0

T >0 forallieZ,,

Lemma 3.25. Let o be a nonconstant bounded length substitution on A = Z, with a
periodic point u such that M = M, is irreducible, aperiodic and has a finite Perron value.
Assume that M, is strongly ergodic and has a right Perron eigenvector r = (r;)i>o € [
which satisfies inf{r; : i > 0} > 0, then for all integer t > 2, M,, is strongly ergodic and
has a right Perron eigenvector r) = (r1)1ea, € 1°° such that inf{r; : I € A} > 0.

Proof. Using the same proof given in Lemma 3.18, we can show that M, is strongly ergodic,
then M,, is also strongly ergodic. Moreover since r = (r;);>0 € {* and inf{r; : i > 0} > 0,
Lemma 3.16 implies that ) = (r[)7c4, € [*® and inf{r; : I € A;} > 0. O

Lemma 3.26. Let M = (M;;)ij>0 be a nonnegative strongly ergodic matriz with finite
Perron value A > 0. Assume that M has a right Perron eigenvector r = (1;);>0 € (> which
satisfies inf{r; : i > 0} > 0, then

lim sup

+o0o J ’
n—-+4o0o ’L>0 ‘Zk,‘ 0 /\427;C

where z; = and | = (I;)i>o € I' is a left Perron eigenvector of M.

Z*‘X’ Ik
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Proof. Since M is strongly ergodic, we deduce by (3.31) that for all 7,j € Z,

n

lim —4 — W.ﬁ
n—oo A" J T
and
+oo n +oo
lim E % — T Ti
n—00 L k Tk !
k=0 k=0

where the last two limits are finite and uniform on 7. Hence

I ‘ — =0
nte (30 £ Z*“’ My T
where
z; = /T L for all 5 > 0.

]_ZZ;"SW/W Zk ok’
O

Corollary 3.27. Let M = (M;;)i j>0 be a nonnegative strongly ergodic matriz with finite
Perron value X > 0. Assume that M has a right Perron eigenvector r = (r;)i>o € 1> which
satisfies inf{r; : i > 0} > 0, then

+o0o n
' i1 M
lim = cry,
n—00 A"

for some ¢ > 0.

Proof of Theorem 3.23. Without loss of generality, assume that o has a fixed point

u=o(u) =uuy .... Foralli,je€Z, and n € N, we have
o)), My
o (@) o M

Hence by Lemma 3.26, we have

Let j € Z, and put

Sk
Let t > 2 be an integer and I, =iy ...7; € A; and put
o™ (o) i
pliy ... i) = nh—{Eo W
By (3.12) and the fact that A > 1, we deduce that

Plug ... u—1)|s M
/"LI:ZI L. Zt] — hIIl |0t (:0 ut 1)|’Ll...lt - 11 %’
n—00 |0't (’LLO . Ut_1)| n—00 ZJEAt MUt,J

where U; = uqg...u;_1, [y = 11 ...1. By the Proposition 3.25 and Lemma 3.26, we have
t
%

®)’
ZJeAt lJ

where (lgt)) 1c4, 1s a left Perron eigenvector of M,, associated to its Perron value .
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The measure p is the same given in the proof of Theorem 3.10. Hence p is a shift
invariant measure. The uniqueness is a direct consequence of the following claim:

Claim: Let E be a measurable subset of €, such that u(F) > 0. For all z € E we have

lim % card{0 <k < N —1,8%) € E} = u(E). (3.33)

N—oo

It remains to prove the claim. First assume that F = [iy]. Suppose x = u = o(u) =
uptty ... and N = |0"(up)], then

.1 . |o™(uo)i
lim — card{0 < k<N —1,5%) € E} = lim ——"% = ,(E).
T & carf )€ By = tm 17000

Now, let © € Q, and N € N. Let V = up...upn_1 € Fy, kK € Z,, be a prefix of x.
As seen before, the word V' can be written as a concatenation of at most 2n + 1 words
00,0 (1), ..., 0" (vy), 0" H(w,_1) ... wo that is

V =00 (v1)...0" (v 1)0"(vp)o™ Hwp_1) . .. o(wr )wy

where n > 1 is an integer and v;, i € {0,...,n}, w;, j € {0,...,n — 1}, are elements of
F, possibly empty words of lengths < K = max{|o(b)|, b € A} and v, is not empty. Thus
1 Vi
N card{0 <k <N —1,8%=z) € E} = ||V||O

_ o™ (o)l + > io (o (V)i + 0 (w5) Z'o),

— . | (3.34)
|7 (vn) [ + 22520 (o (vi) | + [0 (wi) )
Since M, is strongly ergodic, we have
A sup {W’ jeap=lim s {2, j € Af = il
=0 7,8
We deduce that
. " (v)]: :
kh_)rilo sup {Wv)lo, veF,, |v< K} = pulig]. (3.35)

Using (3.34), (3.35), and the Stolz-Cesaro Theorem, we obtain that

lim % card{0 <k < N —1,58%) € E} = plio] = u(E).

N—oo

Hence we obtain the claim for E = [i].
Now, suppose that I = ig...4;_1 and E = [I]. Proceeding as in the case F = [ig], we
have

card{0 <k <N —1,8% ) € B} o™ (wa)lr + 3150 (Io* (wi)ls + | (wi)lr) + Cn
N o (vn) |+ 200 (lo# (v:) | + |0 (wy) )
where C), is the cardinality of times such that iy...4;_; occurs in the concatenation of at

least two consecutive words among the 2n+1 words forming V. Observe that 0 < C,, < 2n.
Now for all j € A, we have

1- |O-k(j)|’i0---it—1 o 1 |Uf(]2«/1 s Zt—1)|i0...it_1
m ————— = v
k=00 ‘0— (j)| k—o0 |Ut <j21...zt_1)|

= /L[ZO Ce it—l]a

where jz;...21 € F,, we deduce by using the fact that o; is strongly ergodic that

lim sup {M

je Z+} = ulio. .. isa].
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Thus
{ ‘Uk (U) ‘i0-~~it—1

% ()]
Using (3.36), and the Stolz-Cesaro Theorem, we deduce that
o 1o )l S (o @l + o ()l

noo fom(va)| 4+ 3005 (Jo(va)] + o (wy))
Since 0 < C,, < 2n, lim,,_, ‘Unf\%)‘o > (0 and A > 1, we deduce that

lim sup
k—o0

L veFy, |u| < K} = ulio. . - ir_1]. (3.36)

= [L[ZQ e Z‘l—l]-

1
lim N card{0 <k <N —1,58%(x) € E} = plig...i_1]

N—oo

and this finishes the proof. 0

Proposition 3.28. Let o be a bounded length substitution on A = Z, such that o has a
periodic point u and M, is irreducible and aperiodic. Assume that there exists an integer
n such that M} is scrambling, then (25, S) is minimal.

Proof. Assume without loss of generality that u = wuguy ... is a fixed point and M, is
scrambling. Let V = uy ... ugsn, k, N € Z, be a factor of u. Let us prove that V' occurs
infinitely on u with bounded gaps. Indeed, let ng € N such that V occurs in o*(ug) for all
k > ng and put

O'(U,()) :to...ts, s e N.

Let mg € N such that uy occurs on o*(t;) for all k > mg and i = 0,...,s. Hence V occurs
in o*(t;) for all k > ng+ mg and i = 0,...,s. On the other hand, since M, is scrambling,
then for all ¢ € N, there exists j; € {0, ..., s} such that ¢;, occurs in o(u;). Hence V occurs
in o (u;) for all k > ng+ mg and i € Z,. Since u = 0% (u) = o*(up)o*(uy) . .., then we are
done. 0
Examples:

(1) Let o (infinite Fibonacci) given by
o(2n)=02n+1), c(2n+1) =2n+ 2 for all n > 0.
We can prove by induction that
|0™(0)] = F,, and |6"(0)|p = F,,—1 for all n > 1,
where (F},),>0 is the Fibonacci sequence defined by
Fh=1,F=2 F,=F, 1+ F,_ foralln> 2.

The substitution matrix is given by

110000
001000
100100

Ms=1000010
10000 1

It is irreducible, aperiodic and its Perron eigenvector is the Golden number 5 = =

Enti A Perron right and a left eigenvectors are respectively

F,
[=(1,1/8,...,1/8",.. ) and r = (1,1/8,1,1/5,1,1/8,...).

lim,, o0
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Hence M, is positive recurrent. Furthermore M? is scrambling, r € [* and ¢ has a fixed
point u = lim,,_,, ¢"(0), thus Theorem 3.23 implies that the dynamical system (2, S) has
a unique probability invariant measure.
(2) Let 7 be given by
7(n) =0 (n+ 1), for all n > 0.
where 0 < a; < C for all ¢ > 0 for some fixed C' > 0 and a¢ > 0 and lim sup a,, > 1.
The substitution matrix is given by

a 1 00 0 0
a; 00100 0
as 00 1 0 0
Mr= g 0001 0
as 00 00 1

The Perron eigenvalue of M, is the unique real number A > 1 satisfying

1= Zal)\iiil.
=0
A right Perron and a left Perron eigenvector are respectively
L= (L1/A . .;1/A" . )and r = (1, a,...,4,,...),

where
n—1

o, = A" — Z a A" for all m > 1.
i=0

Observe that
+o00o

a, = Z Unyi1 A~ for all n > 1.
i=1
Since [ - r is finite, M, is positive recurrent.

If there exists k& > 1 such that ay, > 1 for all n € Z,, then inf{«a,, n € Z,} > 0..
Moreover MF is scrambling. Furthermore 7 has a fixed point u = lim,, ,,, 7(0), thus
Theorem 3.23 implies that the dynamical system (£2,, S) has a unique probability invariant
measure.

Question 3.4. It will be interesting to study dynamical properties of (£2,,S) associated
to 7 in the case where inf{a,, n € Z,} = 0.

3.3.3. % strong ergodicity for nonconstant bounded length substitution.

Definition 3.29. Let M = (M,;); j>0 be a nonnegative matrix such that M is irreducible,
aperiodic, positive recurrent and || M || < +oc0. We say that M is x ergodic if for all 4, j € Z,
M’ﬂ
nEIJPoo S =2z; >0, (3.37)
where the vector (z;);>0 has 1 as coordmates sum and that M is * strongly ergodic if there
exists a vector (z;);>o of positive real numbers such that ] 0% =1and

hm sup; ‘ —z;| = 0.
p>°z ZZ"BMZL :
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Remark 3.30. If M is % strongly ergodic, then it is clear that M is x ergodic.

Question 3.5. Is M = (M,;); j>0 * ergodic equivalent to M positive recurrent with right
Perron eigenvector in ['? The last question has a positive answer when M is a multiple of
a stochastic matrix.

An important result is the following:

Proposition 3.31. Let M = (M,;); >0 be an irreducible, aperiodic matriz with finite
Perron value A. Assume that M has a right Perron eigenvector r = (r;)i>o € [ satisfying
inf{r;, 1 € Z,} > 0. If M is strongly ergodic, then M is x strongly ergodic.

Proof. 1t is just the Lemma 3.26.
OJ

Question 3.6. Does there exist a nonnegative matrix M = (M;;); ;>0 which is strongly
ergodic (resp. * strongly ergodic), but not x strongly ergodic (resp. strongly ergodic)?

Lemma 3.32. Let M = (M,j); j>0 be a * ergodic matriz with finite Perron value \ and
with right Perron eigenvector r = (1;);>0, then any left Perron eigenvector of M belongs to
I*, moreover

F00 gm0 Mr
JE&Z Tf = ZJE& Xg’f =cry, Vi€Z,, (3.38)
k=0 k=0
for some ¢ > 0, and
T A >0, Vi,jeZ,. (3.39)
oo SRS ME Xl b
Proof. By x ergodicity
R T

. Mz]
lim —= = [;r;. (3.40)

where [ = (I;);>1 is a left Perron eigenvector such that [ - r = 1. Thus

+0c0 n +oo n n
li Mik — ] k=0 ik Mij _ lj
1m — = lm =—//—/—F——— = =7,
n—r-+00 AP n——+00 M[; A? Zj

the left hand side above does not depend on j, thus [ is a multiple of (2;);>1 € {*. Thus
[ € I' and we also have (3.39), and (3.38) follows from the last equality and (3.40).
O

Theorem 3.33. Let o be a bounded length substitution on A = Z. with nonconstant length
such o has a periodic point u and M, is irreducible, aperiodic. If M, and M,,, t > 2 are x
strongly ergodic, then the dynamical system (Q,,S) has a unique probability shift invariant
measure.

Proof of Theorem 3.33. Similar to the proof of Theorem 3.23. 0
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