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Abstract

An extension of the Frank—Wolfe Algorithm (FWA), also known as Conditional Gradient al-
gorithm, is proposed. In its standard form, the FWA allows to solve constrained optimization
problems involving S-smooth cost functions, calling at each iteration a Linear Minimization Oracle.
More specifically, the oracle solves a problem obtained by linearization of the original cost function.
The algorithm designed and investigated in this article, named Dualized Level-Set (DLS) algorithm,
extends the FWA and allows to address a class of nonsmooth costs, involving in particular support
functions. The key idea behind the construction of the DLS method is a general interpretation of
the FWA as a cutting-plane algorithm, from the dual point of view. The DLS algorithm essentially
results from a dualization of a specific cutting-plane algorithm, based on projections on some level
sets. The DLS algorithm generates a sequence of primal-dual candidates, and we prove that the
corresponding primal-dual gap converges with a rate of O(1/+/1).

Keywords: Frank-Wolfe algorithm, Conditional Gradient algorithm, cutting-plane algorithms, simpli-
cial algorithms, duality in convex analysis, nonsmooth optimization.

Mathematics Subject Classification (2020): 90C25 - 90C30 - 90C46.

1 Introduction

The Frank—Wolfe Algorithm (FWA), also known as Conditional Gradient Algorithm, is an iterative
minimization algorithm which was first introduced in [9]. It aims at solving numerically problems of the
form
o 1
minimize f(z), (1)
where f is a convex function with Lipschitz-continuous gradient and K is a closed convex bounded set
of some Banach space X. This method relies on a Linear Minimization Oracle (LMO) of the form

minimize (p, x), (LMO,,)
reK
for some well-chosen p € X*. The result of this oracle is used to update the candidate to optimality
through convex combinations.
One simple choice consists in taking, at iteration ¢,

pt=Vf(a'), w=2/(t+2), and 2" =~0"+(1-y)a’,

where v* is a solution to (LMO,,) with p = pf. We will refer to that method as agnostic FWA. It is
well-known, (see for instance [11]) that the agnostic FWA converges (in value) to a minimizer of f over
K with a speed of order 1/t.

There are many other possible choices for iteration updates. We mention the FWA with line-search
and the fully-corrective FWA, which consist in taking

' € argmin f(x), (2)
TEK?
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with K* respectively defined by conv{z!,v'} and conv{v’, ..., v'}. In other words, we replace in Prob-

lem (1) the feasible set K by an inner polyhedric approximation, the set K'. These variants enjoy in
general the same sublinear convergence properties; yet improved rates of convergence can be obtained in
many situations, see [21].

A great number of applications of the FWA can be found in [11, 19] and references therein. We
mention, among others, machine learning (see [11, 15]), optimal transport (see [8]), image processing
(see [12]), and potential mean-field games (see [16, 18]).

The article is dedicated to the design of an extension of the FWA which can handle nonsmooth cost
functions, and which we call Dualized Level-Set (DLS) method. It allows to solve problems of the form

minimize f(z) + og(Ax —b) + Lk (x),
€&

where £ and & are Hilbert spaces, A: & — & is a bounded linear operator, b € &, f is convex and
has Lipschitz-continuous gradient, K C &; is a set for which we have an LMO, and Q C &; is of the
form @Q = @1 + Q2, where Q)1 is a closed convex bounded set and Q)5 is a closed convex cone. The term
oo(Ax — b) is in general non-differentiable with respect to x. It typically describes equality constraints
of the form Ax = b (if Q@ = &) or finitely many inequality constraints of the form Ax < b (if @ is the
closed positive orthant of & = R™).

There already exist some extensions of the FWA to a nonsmooth framework. We mention the Frank-
Wolfe Augmented Lagrangian (FW-AL) method from [10], the Conditional-Gradient-based Augmented
Lagrangian (CGAL) algorithm from [22] and the Conditional Gradient with Augmented Lagrangian and
Proximal-step (CGALP) from [20]. All rely on a Moreau regularization of the nonsmooth term (og in our
framework), which amounts to the augmented Lagrangian method when o¢g(Az —b) models inequality or
equality constraints. It is proved in [20, Theorems 4.1 and 4.2| that the sequence of candidates generated
by the CGALP method is asymptotically feasible and that the associated Lagrangian values converge at
a rate of o(1/t*), where b € [0,1/3) is a parameter of the algorithm (see also the discussion provided in
[20, Examples 3.4 and 4.4]).

We follow a different approach, based on an interpretation of the fully-corrective FWA as a cutting-
plane algorithm, from the point of view of the dual problem. This interpretation is not new and can be
found in [1, Section 7.7] and in [24]. In [24], the authors use a specific implementation of the Frank—Wolfe
algorithm to construct a new variant of cutting-plane algorithm that enjoys a linear convergence. As we
will explain below, we follow the reverse path. Let us mention that [2] gives a dual interpretation of the
agnostic FWA as a mirror descent algorithm. We will explain more in detail the dual interpretation of
the fully-corrective FWA in Section 3, we only give a rough description of it in this introduction. Observe
that the dual of Problem (1) is given by

minimize f*(u) + o5 (— ).

The dual of Problem (2) is the same problem, with K replaced by K!. Since K* C K, oz is a lower
approximation of ¢ x; moreover, since K* is polyhedral, 0+ is piecewise affine. So the FWA algorithm
(with line search or the fully corrective variant) amounts to solving at each iteration a simplified version
of the dual problem obtained through a piecewise-affine lower approximation of the dual cost: this is the
basic principle of every cutting-plane-type method. To be rigorous, let us note that cutting-plane methods
usually approximate the whole cost function while here, only the second term is approximated. Such
methods are referred to as simplicial methods in |1, 24]. We find it convenient to keep the terminology
cutting-plane in this article.

In a nutshell, our general strategy for the design of the desired extension of the FWA consists in
“dualizing” a cutting-plane-type algorithm. This strategy brings two main difficulties. First, we need
convergence guaranties for the dualized algorithm (and not just for the chosen cutting-plane-type al-
gorithm). Second, the dualized algorithm must be implementable. Our attention has focused on the
method introduced in [17, Section 2.2.1], which we will refer to as the Level-Set method. While the
simplest cutting-plane algorithms simply consists in minimizing a piecewise affine approximation of the
cost function, the Level-Set method updates the current candidate to optimality by projecting it onto
a level set of the piecewise affine approximation. The addition of this projection step attenuates the
instabilities from which the basic cutting-plane methods suffer. Moreover, it enables the authors of [17]
to perform a quantitative convergence analysis. They indeed prove that the Level-Set method exhibits
a rate of convergence of O(1/v/t). This rate of convergence is actually established for some quantity
denoted A(t), which we interpret as a primal-dual gap. The fact that not only the optimality gap, but



also the primal-dual gap, converges (with a certain rate) is a crucial aspect, since it allows to show the
convergence of FWA-type algorithm obtained through dualization. The convergence of the primal-dual
gap in the Level-Set method is our main interest for it.

Our DLS method is not a direct dualization of the Level-Set method, but rather a dualization of
an extension—in two directions—of the Level-Set method. In the original formulation of the Level-Set
method, the full cost function is approximated with a piecewise affine cost. In our algorithm, the term f*
of the dual problem remains unchanged, which requires us to proceed to an extension of the convergence
proof of the Level-Set method in which only some part of the cost function is approximated (through
a piecewise affine function). The second extension of the Level-Set method that we need to perform
concerns the projection step. In the original method, the projection step is done with respect to the
Euclidean norm. The dualization of this step would require the knowledge of f*, which we consider
as too demanding. We propose to change the Euclidean norm by a specific Bregman distance, which
ultimately yields a more tractable projection step. The DLS algorithm enjoys the same convergence rate
as the original Level-Set method, in O(1/+/%). Let us stress however that this convergence rate does not
account for the possible increase of complexity of each iteration.

This article is organized as follows. In Section 2 we present our notations and some preliminary results.
In Section 3 we give an insight on the primal and dual interpretation of the Frank—Wolfe Algorithm, and
we then present our Extended Level-Set (ELS) method and its theoretical guarantees. In Section 4 we
derive our DLS method, obtained by application of the ELS method to the dual problem, and we prove
its convergence. The proofs of the technical results are postponed to Section 5. Finally, Section 6 is
dedicated to numerical examples.

2 Preliminaries and notations

General notations In the following, R denotes the ordered set R U {+o00, —co} and R* the ordered
set RU {4o00}. Let £ be a Hilbert space. Its inner product is denoted as (- ,- ). and the deriving norm
| - ||, defined for all x € £ as ||z[|; = \/(z,2)s. When we deem that no confusion is possible, we will
drop the subscript for the inner product and the norm. Let X be a Banach space endowed with the norm
|- |- We denote as X'* its topological dual, i.e., the space of continuous linear forms over X, as || - || x=
the associated dual norm, and as (- ,-)x+ x the natural pairing. Likewise, we will drop the subscripts
when we deem that no confusion is possible. We recall that X* endowed with || - || x« is a Banach space
and that a Hilbert space £ is a Banach space. Also, we always identify £* with £. In this section, we
make the convention that spaces denoted by the letter £ (possibly with subscripts) are always assumed
to be Hilbert spaces, while spaces denoted by the letter X' (possibly with subscripts) are always assumed
to be Banach spaces.

Unless specified otherwise when required, the definitions below are taken similarly over both X and
X*. Let f: X — R. We denote as epi(f) the epigraph of f, defined as

epi(f) = {(z,\) e X xR | A > f(2)}.

We recall that f is convex (respectively (weakly) lower semicontinuous) iff epi(f) is convex (respectively
(weakly) closed). We denote as I'(X) the set of convex lower semicontinuous functions from X to R and
as ['o (X)) the subset of those which are proper, i.e., which never take the value —oo and are not constant
equal to 4o0.

In what follows, we assume f € I'o(X’). We denote as dom(f) the domain of f, which is the set

dom(f) ={f e R} = {z e R| f(z) e R}.
For any « € X, we denote as df(x) the set of its subgradients at z, i.e., the set
Of (@) ={neX*|VyeX, f(y) > f(x) + (ny—x)},

and as dom(Jf) the set dom(9f) = {0f # @}. Notice that dom(df) C dom(f). For a function g €
To(X*) and p € X*, we define dg(u) as

dg(p) = {zx e X|VAe X", g(\) = g(n) + (A —p,2)} .

Let E C X, Z € X, and F be a subset of some topological space. We denote as

e conv(E) the convex hull of F, and conv(E) the set conv(E). We omit the parentheses when E is
given as the description of its elements;



o 1p: X — {0,400} the characteristic function of E, defined for all z € X as

400 otherwise;

{0 ifr € F,

e 0p: X* = R the support function of E, defined for all u € X* as

op(p) = sup(u, ).
zeE

We recall that we have op = oconv(E)-
We now assume that E' is nonempty. We denote as
e Ng(Z), the normal cone of E at Z, defined as dig(Z), or in explicit terms as

Ny () @ ifz ¢ E,
€Tr) =
F {u e X |Vx €L, (ux—17) < 0} otherwise;

e d(-,FE): X = R the distance to F, defined for all z € X as

_ _ -
d(z,B) = inf |lo —a'l};

e C(FE; F) the set of continuous functions over E taking values in F, as C(E) the space C(F;R), and
as Cy(E) the subset of C(F) of bounded functions over F;

e M(E) the space of signed Radon measures over E, M*(FE) the subset of M(FE) of nonnegative
measures, and P(E) the set of probability measures over F, i.e., the subset of M™(E) of measures
m of total mass m(E) = 1.

Duality We denote the Legendre-Fenchel transform, or conjugate, of f as f*: X* — R. It is defined
for all 4 € X* as

" (p) = sup(u, z) — f(z).

zeX

Notice that f* lies in I'(X™), as a supremum of convex (lower semi-)continuous functions of p. For
g: X* = R, its conjugate is the function ¢*: X — R defined for all x € X as

g*(z) = sup (u, ) — g(u),
peX*

and we denote as f** = (f*)" the biconjugate of f. Notice that, with this definition, for any £ C X, we
have o = vg*. It follows from the definition of the Legendre-Fenchel transform that, for any f: X — R,
g: X* - R, and (z,pu) € X x X,

f@)+ 1 (n) 2 (p,x) and g(p) +g%(x) = (1, z), 3)

these inequalities being known as the Fenchel-Young inequality. We also recall the Fenchel-Moreau
Theorem [23, Theorem 2.3.3].

Theorem 2.1 (Fenchel-Moreau). Assume that f: X — Rt and f # +oo. Then f € To(X) iff f** = f,
and in that case f* € To(X™).

The following result is an easy consequence of Theorem 2.1 and the definitions of f*, 0f, and 9f*.

Lemma 2.2. Let f € To(X) and (z,p) € X x X*. Then
pedf(x) = f@)+ f*(p) = (ux) &z € df(n)
Remark 2.3. Let E C X be a nonempty closed convex set and p € X'*. From Lemma 2.2, we have

Oo1s(p) = argmax {u,v) = {veElop(p) = (n,0)}.



Using Remark 2.3 and the fact that in}f((u, v) = — sup (i, —v), we obtain at once the following result.
ve UEK

Corollary 2.4. Let K C X be a nonempty closed conver set and p € X*. Then

argmin (u,v) = —0o_ g (1)
veEK

We next recall the Fenchel-Rockafellar duality theorem (see [23, Theorem 2.8.3 and Corollary 2.8.5]),
which plays a major role in this work.

Theorem 2.5 (Fenchel-Rockafellar). Let X7 and Xa be two Banach spaces, f € T'o(X1), g € To(Xa),
and A: X1 — X be a bounded linear operator. Assume that

0 € int(Adom(f) — dom(g)). (4)

Then, the following two problems have opposite values:

miniergize f(z) + g(Ax), (5)
minimize f*(A%%) + g*(~p), ©)
HEXS

where A*: X3 — X} is the adjoint operator of A. Moreover, if V. < 400, where V denotes the value of
Problem (5), then Problem (6) has a solution.

Problem (6) will be called dual problem to (5). When a problem and its dual have opposite values,
we say that they are in strong duality. We will call primal-dual gap of Problems (5) and (6) the quantity
A(x, ) defined for (z, ) € Xy x X5 by

Alw, p) = (f(2) + g(Az)) + (f*(A") + 9" (=p)).- (7)
We next collect some elementary properties of the primal-dual gap.

Corollary 2.6. Let (x,pn) € Xy x X5. Then A(x, ) > 0. Moreover, if (4) holds true, then the following
statements are equivalent:

(i) Alw,p) =0,
(i)
(i5) A*u € 0f(x) and —p € dg(Azx),
(iv) x € Of*(A*u) and Az € dg*(—p).
Proof. Observe that, by definition of the adjoint operator,

Az, p) = (fz) + 1A ) — (A", x)ar 2 ) + (9(Az) + g7 (=) + (u, Az) g ;)

The nonnegativity of the primal-dual gap then follows from the Fenchel-Young inequality (3). The
equivalence between ¢ and i is a consequence of Theorem 2.5. Also, A(x, p) is null iff both terms in the
above decomposition are null. This is equivalent to i and to v, by Lemma 2.2, which concludes the
proof. O

x is a solution to Problem (5) and p is a solution to Problem (6),

Bregman distances Let = € T'x(€) be S-strongly convex, i.e., such that = — gH . ||2 is convex. We

denote as Bz: £ x dom(Z) x £ — R the Bregman distance associated with =, which we define for all
pe &y €dom(=), and w € £ as

BE(/’La (/.L/,U))) = {—:OO if w ¢ aE(ﬂ’ )7 (8)

E(p) —E() — (p— p',w) otherwise.

Let us note that this definition of the Bregman distance is not quite the standard one, in which one
usually requires = to be differentiable. In this case, one can eliminate w from the above definition and

replace it by VZ(y’), which yields the standard definition. In particular, when = = 1| - ||2, we have

2
Bz, (1, w)) = 5ll0 = pll” + t0y (w = ).



Remark 2.7. Notice that, since Z is S-strongly convex, we have for all p € &, ' € dom(E), and w € &

B=(, (¢ w)) > 2 s — |

and thus Bzg(g, (@', w)) =0 iff p=p' and w € 9Z(p').

The following lemma follows from direct calculations.

Lemma 2.8. For all a,b € dom(9=), ¢ € dom(E), w, € 0=(a), and wy, € OZ(b), we have the identity

BE(Cv (b’ wb)) + BE(b7 (a’ wa)) - BE(Cv (a, wa)) = <C —b,w, — wb)'

Coercive functions Let f: X — R and o € R. We call sublevel set of f at height o the set

{f<a}={zeX|f(x)<a}.

We say that f is coercive if

f(x)

llzll—+o0
Remark 2.9. Notice that a function f is coercive iff its sublevel sets are bounded. Also notice that the
sublevel sets of a convex function are convex.

When & and & are two Hilbert spaces, with inner products (-, )¢ and (-,-). respectively, unless
specified otherwise, we endow the product space £ = £; x & with the canonical inner product, defined
for all x1,y; € & and all z9,ys € & as

((z1,22), (y1,y2)) e = (1, Y1) g, + (T2, Y2),-

Let fi: X — Rt and fo: Ay — Rt. We denote their direct sum as f; @ fo: X x Xy — RT. Tt is defined,
for all 1 € X1, 29 € X5 as

[1® fo(z1,22) = fi(z1) + fo(z2).

The proof of the following lemma is straightforward.

Lemma 2.10. Let £, & be two Hilbert spaces. Let fi: & — R and fo: &2 — RT be two coercive
functions. Assume that both f1 and fo are bounded from below. Then fi1 @ fo is coercive.

We also state here the next lemma on the duality between functions with Lipschitz gradients and
strongly convex functions, whose proof can be found in [3, Theorem 18.15 and Corollary 11.16].

Lemma 2.11. Let f € To(€) and B > 0. Then f is Fréchet differentiable and its gradient Vf is
B-Lipschitz continuous if and only if the function f* is 1/B-strongly convex. In this case, f* is also
coercive.

Perspective functions Let f € T'o(£). We denote its perspective function as f :ExR—= R* and we
define it, following [7], as

x .
sf (g) if s >0,
f(z,s) = sup  fly+z)— fly) ifs=0,
yedom(f)
+00 otherwise.

We shall need in the sequel the following property of perspective functions, which can be found in [7,
Proposition 2.3].

Lemma 2.12. Let f € To(E). Then f € To(E x R). Moreover,

(f)*(ﬂa Z) = Lepi(f*)(lu’? _Z)'

If f is Fréchet-differentiable, then for all s > 0 and x € €, f is Fréchet-differentiable at (z,s) and

it - (9(2). £ (5) - (54(2).2)). o

Finally, if V f is continuous at %, then Vf is continuous at (z,s).



3 The Extended Level-Set method

We introduce in Section 3.1 a prototype of the Frank—Wolfe algorithm, which contains as particular
cases both the fully-corrective FWA and our DLS method. We give a dual interpretation of this method
as a general prototype for a cutting-plane algorithm. In Section 3.2, we introduce our extension of the
Level-Set method of [17], which we call Extended Level-Set (ELS) method. This method is a general
cutting-plane-type algorithm, which will later yield the desired extension of the FWA by dualization.
We give a convergence result for the ELS method in Section 3.3.

3.1 A dual point of view on the fully-corrective FWA
The FWA aims at solving problems of the form

miriiemxize f@) + kg (2), (p)
where X is a Banach space, K is a nonempty closed convex subset of X, and f € T'o(X). The dual
problem of Problem (p) is
minimize f* (1) + o1 (1). (@)
n

The primal dual-gap of Problems (p) and (d) is then given, for (z,u) € X x X*, by

Az, p) = f(@) + e () + (1) + 0k (1),

following (7). By Corollary 2.6, we have A(z,u) > 0. Let us assume that 0 € int(dom(f) — K). Then
Theorem 2.5 ensures that Problems (p) and (d) are in strong duality. Moreover, by Corollary 2.6, for
any pair (x,u) € X x X*, x and p are respectively solutions to Problems (p) and (d) iff A(x,pn) =0.

Algorithm 1 below is a general form of the Frank—Wolfe algorithm. It relies on the linear minimization
oracle LMO: X* — K, which is such that

Y € X*, LMO(u) € argmin (u, z). (LMO)
zeK

Algorithm 1 covers the classical fully-corrective FWA| in the case where f is continuously differentiable
with a Lipschitz-continuous gradient: it suffices to fix a point z° € K, to define u° = Vf(20), K~ =
{z%}, and finally, at each iteration, to define u!*! as V f(#!*1) in the last step. The Dual update step
is facultative and can be omitted in general. Notice that in the case of the fully-corrective FWA, this
step is implementable without explicit knowledge of f* and o_k since, for put = V f(#!), we have

Pty = (@) — J(@) and o g (u) = — (' 0"),

by Lemma 2.2 and Corollary 2.4.

Algorithm 2 is equivalent to Algorithm 1. First we note that the two Oracle steps are equivalent,
as a direct consequence of Corollary 2.4. We next notice that Problem (d') is the dual of Problem (p').
Also, for the same reason as with Problems (p) and (d), Problems (p') and (d!) are in strong duality,
which ensures that the definitions of A" in the algorithms are equivalent. We note that, in the case of
the fully-corrective FWA, defining p/*! as V f(2!*1) is equivalent to directly define u**! as a solution to
Problem (d').

Algorithm 2 can be seen as a general cutting-plane method for the dual problem (d). By construction,
—vt € do_ g (p?), so the map p+— (u, —v?) is a linear lower bound of o_f, exact at g = ut. This implies
that o_g: is a lower approximation of o_x, which is exact at the points u°, ..., ut. If moreover K !
is the convex hull of a finite number of points, then o_k+ is piecewise affine. We will call the map
p— {u, —vt) a cut, and by extension, we will simply call cut any element of K*.

Let us comment on the role of the quantities 2! and h'. Denote by Vj the value of Problem (d). From
the definition of hf, we directly see that it is an upper bound of V,. Since o_ it < o_k and since Al is
the value of Problem (d*), we deduce that k' is a lower bound of V. This implies in particular that the
candidate it obtained at iteration ¢ of the algorithm is (h* — h,)-optimal. We can retrieve this property
by noticing that

Bt —ﬁt — A(.f?t,ﬂt).

The interpretation of the quantity (h! — h') as a primal-dual gap is of a key importance for the design
of the desired extension of the FWA.



Algorithm 1: FWA for Problem (p)
Require: ;0 € dom(f*);
Find K~! C K such that
0 € int(dom(f) — K~1);
for t=0,...do

Algorithm 2: Dual FWA for Problem (d)
Require: ;0 € dom(f*);
Find K~ C K such that
0 € int(dom(f) — K~1);
fort=0,... do

Awailable at iteration t:
pte& K= C K,
Oracle:
| Set v* = LMO(ut);
Dual update:
Optional. Take fit a solution to

minimize f*(u) + ok (1);
pe{pl, ...t}

Set 7t = f*(i) + o_x (t);
Primal update:

Available at iteration t:
puteé K- Cc K,
Oracle:
| Find v’ € —00_g(');
Dual update:
Take a solution fi to

minimize f*(u) + o_g(p);
pe{p®, ..., ut}

Set bt = f*(i) + o_xc (i);

Primal update:

Set Kt = K=t U {v'};
Find a solution #! of

Set K! = K=t U {v'};
Find a solution v**1 of

o . . . t . . . * . t
ggc%gl(lé%f(x), (") minimize f (1) +o_ge(p);  (d')

Set A' = —f (#*1); Set A" = f*(141) + o (v+1);

Dual candidate: Dual candidate:
| Generate a new candidate pf*?. | Generate a new candidate pf*?.

end end

Let us recall our general objective: generalizing the FWA to the case of problems with nonsmooth
costs f, utilizing the duality with cutting-plane-type algorithms. At a dual level, this means that we
do not want to assume f* to be strongly convex, which does not seem restrictive at the first sight,
since for basic cutting-plane methods, f* is simply the characteristic function of some given closed and
bounded feasible set. By basic, we have in mind the methods for which one simply defines the next dual
candidate pu't1 as v'*1. Though these methods are known to converge, the convergence is in practice
slow (see [5, Section 9.3.2]); moreover, to ensure the convergence of the corresponding FWA (obtained
by “back™dualization) to a minimizer, we need to ensure that the primal-dual gap h? — h' converges to 0.
In view of our objectives, our attention has focused on the cutting-plane method calld Level-Set method
proposed and analyzed in [17, Section 2.2.1], for which the convergence of the primal-dual gap is known.
As we already pointed out in the introduction, we need to utilize a double extension of this method,
since f* is restricted to be a characteristic function in [17, Section 2.2.1] and since a certain projection
step realized for the generation of a novel dual candidate (in the last step of the algorithm) must also be
generalized. The next section is dedicated to the generalization of the Level-Set method.

3.2 Statement of the ELS method

The aim of this section is to present an algorithm, which we call Extended Level-Set (ELS) method, to
solve problems of the form
minimize ¥ () + og (), (D)
HEE
where & is a Hilbert space, ¥ € T'o(€), and E C &£ is a nonempty closed convex set. As its name suggests,
the ELS method is an extension of the Level-Set method proposed in [17, Section 2.2.1], which is itself
an extension of the Cutting-Plane Algorithm.
We denote by Vp the value of Problem (D). The problem dual to Problem (D) is

minimize () (P)

rz€E—FE

and we denote by Vp its value. Given = and p in &, according to (7), the primal-dual gap between



Problems (D) and (P) is
Az, 1) = ¢(p) + op(p) + 9" (@) + 1-p(2).

A direct modification of the proof of Corollary 2.6 shows that A(z, u) = 0 if and only if u is a solution
to Problem (D), x is a solution to Problem (P), and Vp + Vp = 0.

We fix a fS-strongly convex function = € T'g(€). Recall that Bz denotes the associated Bregman
distance, in the sense of the definition (8). The ELS method is described in Algorithm 3. Note that the
Primal update involves a function called pruning, whose output is a subset of E. For the moment,
we simply take E* = E*=t U {v!}. We first investigate the convergence of the algorithm in this setting;
we will later propose some pruning rules which preserve the convergence speed of our algorithm (see the
last paragraph of Section 3.3).

Algorithm 3: Extended Level-Set method for Problem (D)
Require: ;0 € dom(op) Ndom(9Z) Ndom(v), w’ € 92(u’), B~ C E, A € (0,1);
Set h™! = +o0;
fort =0,... do - -

Available at iteration t: ut € £, wt € £, B! C E, k™1 € RT;

Oracle:
| Find v* € dog(u');

Dual update:
| Set At = min {A*1, 4 (1) + op(ut)}:

Primal update:

Set h' = infyee (1) + o pe-10gury (1);

Set E' = pruning (E'~' U {v'}) C conv(E'~ U {v'});

Dual candidate:

Set At = ht — b,

Set £¢ = Ah! + (1 — \)R';

Set Q' = {¢ + opt < L'}

Set a new candidate ptt! as the solution to:

minimize Bz (u, (,ut, wt)); (10)
REQ?

Take w'™ € 0Z(p*!) such that w' — w'™ € Nge (u'1);

end

Remark 3.1. We want to highlight Algorithm 3 as being a specific instance of Algorithm 2, where v plays
the role of f*, F and E! that of —K and —K? respectively, and v is replaced by its opposite vector.

We now present the elements which support our claim that this algorithm is an extension of the
Level-Set method.

e In our algorithm, we keep the function ¢ as is and take subgradients of op, whereas in [17,
Section 2.2.1], subgradients of the whole cost function are taken.

e The step described in Problem (10) is a projection step of u! onto the set Q?, following the Bregman
distance associated with =. Note that, when = is differentiable, using a first-order optimality
condition for p*1 in (10), we have that w! — VE(u!™!) € Ng:(u'*1), which ensures the existence
of wit! in the very last step.

We now present a list of hypotheses under which the algorithm is well-defined and converges. Let us
stress that some of these assumptions are not explicit, for example Assumption (H6) below. Though it
would be easy to transform these assumptions into explicit ones by slightly weakening them, we recall
that our main interest does not lie in the ELS method as such but rather in its dual counterpart, our
DLS method, for which explicit assumptions will be made later on.

(H1) We have dom(og) Ndom(9=) Ndom(y) # 2.

(H2) For all t € N, dog(u!) # @. There exists a constant Coracle such that, for all t € N, the vector v
verifies ||v!|| < Coracle-



(H3) The set E~! required at the beginning of the algorithm is bounded and such that ¢ + o1 is
coercive.

We fix a constant C'r—1 such that E~* C B(0,Cg-1). We denote as Q! the set {w +og-1 < BO}.
This set is convex, nonempty as a consequence of Assumption (H1), and bounded as a consequence of
Assumption (H3). Let then Cg-1 > 0 be such that Q= C B(0,Cg-1).

(H4) We have @' C dom(Z) and the function = is bounded over the set Q! by a constant Cz g-1 > 0.

H5 F()I' aH 1’; S N7 there eXlStS w c 1)._4 /l SuCh that w —w S N t /L . There eXlS(S a
Q
C()nSlaIl( Ca-—- > () SU.Ch that f()r a].l t S IQ, Hw H < Ca-—

(H6) There exists a constant Cy > 0 such that, for all ¢t € N,
[ (1) =9 (W] < Gyl = ']

In the rest of this section, we assume that all these assumptions are verified and we recall that, except
for the last paragraph of this section, we assume that we take E* = E*~! U {v!} in the Primal update
step of Algorithm 3. We next provide some first properties of Algorithm 3.

Proposition 3.2. The Extended Level-Set method from Algorithm 3 is well-posed and, for anyt € N,
we have - -
—oo < A < AT < —Vp < Vp <A < B! < o0 (11)

Moreover, for any t € N, there exist two elements &' and it such that

&' € argmin ¥* () + t_comr(pr-1ufery (@) and ' € argmin  ¢(p) + op(p). (12)
ze€ E{O, ..o put}

We also have
—h' =y¢*(2") +_p (&), R'=v(2)+or(p'), and A'=A(2'0"). (13)
Finally, the sequence (A')en is nonincreasing.

Proof. We do a proof by induction. We claim that, for any ¢ € N, the algorithm can be run until the
beginning of iteration ¢ and that the following is satisfied:

p' € dom(y), w'e€d=(p'), E'cCeonv(E''), and t>1=hn'"t <A

We also claim that E*~! is a bounded subset of E. For ¢ = 0, the claim follows from Assumption (H1).
Let us assume that it is satisfied for some ¢ € N and let us consider the execution of the iteration ¢ of
the method.

The Oracle step is well-defined, by Assumption (H2), which also implies that u! € dom(og). Con-
cerning the Dual update step, since uf € dom(og) Ndom(), we have (ut) + og(pt) < +oo and thus
ht < oo. If t = 0, then ht = h°. If t > 1, then h* < h*~1 < KO,

Let us move to the Primal update step. Since E~! C W(Et*1 U {vt}), we have that ¥ +og-1 <
Y + 0pt-1u[ty, which implies that ¢ + o i1,y is coercive, by Assumption (H3). Since this function
is also convex and lower semicontinuous, it has a minimizer v* and A’ is finite, by [3, Proposition 11.14].
Since E*~! U {v'} is bounded, then so is E*, and we have dom(ogi-1y(y1y) = £. Applying Theorem 2.5,
we deduce that

_ht = ;Ielg W(x) + L—Conv(E‘—lu{v"})(x)
and that the above problem has a solution #‘. This implies that B < —Vp < Vp. By construction,
it € —conv (B~ U {v'}) C —E, which implies that —h" = ¢* (') + 1_pg(&?). From the definition of E,
we have that E~! C conv(E?).
Finally, we discuss the Dual candidate step. We have A* > 0, because ht > Vp > —Vp and
h' < —VP. By definition of £, we have h* < ¢! < ht. Since moreover Et C conv (B U {v'}), we have

P +op (V) <) +opinpny (V) =Rt <L,

which implies that v* € Q! and thus Q! is nonempty. Since h! < h® and ogt > op-1, we deduce that
Q! c Q7! C dom(Z) = dom(Bz=(+, (ut,w?))), by Assumption (H4). This implies that Problem (10) has
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a solution z'T!. Note that '™ € Q" C dom(¢)). Finally, the existence of w'™' € 9=(u'*!) N (w' —
Nt (1)) is ensured by Assumption (H5). Therefore, the claim is verified for ¢ + 1, which proves the
well-posedness of the algorithm.

Concerning the proof of (11), it remains to prove that h is nonincreasing and that A" is nondecreasing.
It is obvious that h! is nonincreasing. The fact that h' < A'™! is a consequence of the inclusion Et~! U
{v'} c conv(E" U {v'*t1}), which ensures that ope-10gty < Opeyfpr+i}

Next, concerning (12) and (13), we have already proved the existence of #! and we have already
justified that —h' = *(&!) + 1 g (:E‘t) The existence of i and the fact that ht = o (4t) + op(it) is
straightforward. The equality A* = A (2%, it) is then a simple consequence of the definition of the primal-
dual gap. Finally, (A!);cy in nonincreasing because (h')yen and (h');en are respectively nonincreasing
and nondecreasing. This concludes the proof of the proposition. O

Remark 3.3. Problem (10) has a unique solution since = is strongly convex and Q! is convex.

3.3 Convergence analysis

The aim of this subsection is to prove the convergence of Algorithm 3 under the previous assumptions
and provide its convergence speed. We start by noticing that, exactly as in the proof of the lemma inside
[17, Theorem 2.2.1], we have the following property.

Lemma 3.4. Let t; <ty be such that A*> > (1 — \)A!. Then h'> < (%1,

The next theorem deals with the convergence of Algorithm 3. Its proof follows closely the analysis
in [17, Theorem 2.2.1], but additional care is needed in order to take into account our generalizations,
in particular the use of the Bregman distance Bz for the projection step. We hence provide a detalied
proof below, which makes use of the constants Coracle; Cg-1, Co-1, Cz g-1, Caz, and Cy, introduced
with Assumptions (H2) to (H6).

Theorem 3.5. Consider the Extended Level-Set method from Algorithm 8 under Assumptions (HI)
o (H6) and with E* = E*=1 U {v'} in the Primal update step. The primal-dual gap At converges to
0 with a speed of order 1/\/t, i.e., there exists C > 0 such that, for all t € N*,

At <

Sla

Proof. Step 1. Let T € N and set ¢ = AT and I = {0, ..., T}. We recall that, using the monotonicity
of (A"),cy, we have ¢ = ]1£r€1§ A, We split I in a partition I, ..., I,, as follows:

e We set p=0 and ig = —1.
e While i, < T', we set

ipy1 =max {t € {0, ..., T} A" > (1= NA» Y and Ty ={ip+1, ... ips1}
and we increment p by 1.

Following [17], for all p € {0, ...,m — 1}, the iteration ¢, + 1 is called critical. Notice that, using the

monotonicity of the sequence (A), y, we have, for all p € {1, ...,m} and t € I,
Al > (1 — \)A-r T (14)
Now, let p € {1, ..., m} and x? be a minimizer of )+ o gi,. Notice that such a minimizer exists, since

Y+ ogip, € To(€) and is coercive using Assumption (H3). Then, Lemma 3.4 applied with ¢t; =t € I,
and ty = i, shows that

¥ (XP) + o (X") = h'" < "
Since for all ¢ € I, we have ogt < opi,, this yields x¥ € (¢ I Q?. This construction holds for any
pe{l,...,m}
Step 2. Let p € {1, ...,m}. For all t € N, we set 7} = B=(x", (u*,w")) > 0. Now, let t € I,,. We use the

identity from Lemma 2.8 with @ = pf, b = u't!, ¢ = x?, w, = w', and wp, = wt!, which yields

T;+1 +BE(MH1, (Iut,wt)) _ th) _ <wt — ot P Mt+1>'
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Reordering and using Assumption (H5) yields
0<m™ <= Ba(u'™, (W, w")). (15)
In turn, using Remark 2.7, we have

0sn™ <7 - §||uf S %w () o () = ¥ (1) —om (W), (16)

where C' = Cy, + max(Cg-1, Coracle). Indeed,

[0 () +ome (W) =0 (1) —ome ()| < [0 (W) =0 (1) + |ome (WF7) = o ()]
< CHMtJrl *MtHa

using Assumption (H6) and the fact that E* C B(0, max(Cg-1, Coracle)), which is itself a consequence
of the definition of E' and of Assumptions (H2) and (H3). Moreover, we know that

[ (41) + o (1) = (1) = o ()] 2 (1= DAY, (a7
) +op () =0 (W) = ome (W) 20 () + o () 0
> ht— 1"
= (1 - XA,

where we use, in order, the fact that ¢ (u*') + op: (u'*!) < ¢' and the definitions of A' and of Al.
Combining egs. (16) and (17) yields
B

2
0 S th)+1 S 7—; — W ((1 _)\)At) 5

which implies, using the nonnegativeness and nonincreasingness of the sequence (At)teN,

0< ittt < 7t s

S < - o (1= A%)” (18)

Taking ¢ = i, and iterating i, — i,—1 — 1 times eq. (18) yields

B

5em (- NAR)? (19)

0= T;PH = T;pflﬂ = (ip — ip—1)
Notice also that '
7.;,;-14-1 <2 (CE)Q—I + CQECQ—1> s (20)

since, for all t € N,
7 < G —E @)+ [(w'x = ).
Combining egs. (19) and (20) yields

0<2(Cz -1 + CozCq-1) = (ip — ip-1) b ((1-NAi),

202

and thus o2 (C e B
4 = —1 = —1
L] =iy —ip_1 < (Czo + 0= 9 ) _ c_ . (21)
B((1—A)A™) (1 =A)A™)

Step 3. Since we have, by definition of the indices 7, and nonincreasingness of (At)teN,

Alm=r Tl > Al = AT — ¢ and A+t > (1 - A)APTE > A+t forall pe {1, ...,m — 2},
then for all p € {1, ..., m — 1}, we have

, €
> -
A" > (22)

12



Summing eq. (21) then yields

C - c 1 ’"11_ )2(m—1-p)
oS 2;<M>gu(gz+z)

p p=1

C 1
<(1772 14+ (1-))7 (1)\)22(1+A(2/\))’ (23)

peN
which shows the expected result. O

Remark 3.6. We can minimize eq. (23) with respect to A, which gives A =1 — /2 — ~ 0.23.

The pruning step As is, the main issue with the Extended Level-Set method from Algorithm 3 is
that we need to keep track of all the subgradients v*. This may become costly in terms of memory and of
computation time of A* and of p*?!, as the set E* appears in the definition of Q*. This is why we propose
to apply pruning steps in our algorithm. By pruning, we mean that we want to define E! as a smaller set
than E'~'U{v'}, in the sense that E* C conv(E'~! U {v'}). Note that imposing E* C conv(E"~! U {v'})
at each iteration implies that E* C conv(E~! U {v°, ..., v'}) and gives thus the boundedness of E.

Pruning offers the possibility to chose a set E* with a small cardinality, so as to simplify the im-
plementation of the Primal update and Dual candidate steps. We establish in this paragraph some
sufficient properties on the choice of E?* which ensure that Algorithm 3 remains well-posed and that its
convergence properties are preserved. The proof of Proposition 3.2 reveals that the algorithm indeed
remains well-posed if we require that E~! C conv(E?). The convergence proof of Theorem 3.5 still holds
if the following holds.

(i) The sequences (h'), . and (h"),_,, keep the same monotonicity as shown in (11).

teN teN

(ii) The function ¥ + og: remains coercive.

(ii) We are able to find x? € ﬂ Q", where I, describes a subinterval defined in the proof of Theo-
tel,
rem 3.5.

For property (#i) to hold, we decide to only make pruning steps at the critical iterations. Notice
that detecting a critical iteration is easy, since it only requires to keep track of AJ, where j denotes the
last critical iteration. For property (7i) to hold, we only need to keep E~1 C conv(E?) after the pruning
step, as we already required for the well-posedness of the algorithm. Lastly, for property (), notice that

the monotonicity of the sequence (ﬁt) ten 18 preserved, and for the monotonicity of (ht) e 18 suffices
that A’ be preserved by pruning steps, i.e., that, for all ¢ € N,
h' = h' = inf ¢ (u) + o (). (24)
nee

By definition, this equality holds at noncritical iterations. Let then ¢ be a critical iteration. Since
E' c conv(E** U {v'}), we have h' > h'. Since E' is bounded, we have

iLt — _rnelgz/} ( ) + L_W(Et)(x). (25)
We recall that we proved in Proposition 3.2 that h, = —¢*(2') and that &' € conv(E'""'U {vt})
Therefore, to ensure that h! > h! (and thus for property ( ) to hold) it suffices to require that 2! €

conv(E?).

We summarize the previous discussion by presenting, in Algorithm 4, the extension of Algorithm 3
with a pruning step satisfying the above requirements, and we deduce at once the following convergence
result.

Theorem 3.7. Consider the Extended Level-Set method with pruning from Algorithm 4 under Assump-
tions (H1) to (H6). The primal-dual gap Al converges to 0 with a speed of order 1/+/t.
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Algorithm 4: Extended Level-Set method for Problem (D) with pruning
Require: 1’ € dom(og) N dom(9E) Ndom(v), w® € 9=(pu°), E~' C E, X € (0,1);

Set h~! = 400 and A = +o0;

fort=0,...do

Awvailable at iteration t: pt, w', B! =1 as in Algorithm 3, and A € R, U {+o0};
Oracle:

Find v* € dog(u');

Set Bt = conv(E'! Uvt);

Dual update:

Set ht, ', At, ¢* as in Algorithm 3, and take &' as a solution to

mir;igéize V*(x) + 1) ;

Pruning: -
if A' < (1—))A then
Take E* C conv(E'~ U {v'}) such that {—2'} U E~! C conv(E");

Set A = Af;
else
| Set E' = E'71 U {v'};
end

Dual candidate:
| Take QF, p'*!, and w'™ as in Algorithm 3;

end

4 The Dualized Level-Set method

We present in this section the general nonsmooth problem that we aim at solving with our DLS algo-
rithm, Problem (P). Our approach consists in applying the ELS method from Algorithm 4 to its dual,
Problem (D).

4.1 Framework and mathematical assumptions

Let & and & be Hilbert spaces and £ their product space. We aim at solving problems of the form

minimize f(z1) + o0g(Az1 —b) + ik (x1), (P)

z1€€1
where A: & — & is a linear operator, b € &, Q C &, and K C & . We denote by V the value of
Problem (P).
Structural assumptions We make the following assumptions.
(A1) The function f: & — R is convex and has S-Lipschitz gradient, for some 8 > 0.

(A2) The set @ C &; is nonempty and can be decomposed in Q = Q1 + Q2, where Q) is a closed convex
bounded set and ()2 is a closed convex cone. Let then Cg, be such that @1 C B(0,Cg, ).

(A3) The set K C & is nonempty, closed, and convex.
(A4) The operator A: & — & is linear and bounded.
(A5) There exists u° € dom(9f*) x @ such that p9 + A*u§ € dom(o_x).
Notice that, in this context, we have
dom(og(- = b)) =b+QF, where QF = {3 € & |Vus € Qo, (p2,z2)g, <0}.
Moreover, Problem (P) is equivalent to

minirréize fz1) + og(xe — b) + 1k (2), (26)

e
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where
K:{xeé’]xleK,xng$1}>
in the sense that the value of Problem (26) is V' and x is solution to Problem (26) iff xo = Az and z;

is solution to Problem (P).

Qualification condition We require the following qualification condition.

(A6) There exists a compact set K ' C K such that

—b € int(QF — Aconv(K ). (27)

Remark 4.1. Note that, if @ is bounded, then Q2 = {0}, so that Q5 = & and the qualification condition
(27) is satisfied.

The dual problem to Problem (26) writes:

miniéngize [ (1) +eq(p2) + (p2,b)g, + or(p), where = —K. (D)
m

Lemma 4.2. Under Assumptions (Al) to (A6), the value of Problem (D) is equal to —V . Moreover, if
V < 400, then Problem (D) has a solution.

Proof. By Theorem 2.5, it suffices to verify that Og € int(dom(f) x dom(og(- — b)) — K). The inclusion
(27) indeed implies that
O € &1 X int(b+ QQG — Aconv(K_l)) C &1 X int(b + Q2@ - AK)
=int(& x (b+ Q5 — AK))
(& x (b + QF)) ~ K)

as was to be proved. O

We define ¢: £ — R as, for all € £

Y(u) = f* () + rqpe) + (u2,b)g, (28)

so that Problem (D) has the form of Problem (D). For future reference, we let Cx—1 > 0 be such that
K=' C B(0,Ck-1) and we set

E = {JJEE‘Z‘l € —K_1,$2 :Axl}

4.2 Numerical assumptions and statement of the algorithm

Before providing the statement of the DLS algorithm, we list the required numerical assumptions for its
implementation.

(N1) For a given p; € &1, we are able to find efficiently a solution to the problem

minimize (ft1,v1)c. .
v EK </1’ ) >£1

(29)
In other words, we have a LMO on K at ;.

(N2) For a given sz € &, we can find efficiently a vector fip € argmin |[u2 — v2||g,. In other words, we

v2€

can project efficiently onto Q). Notice that this also gives an easy access to d(uz2, Q).

(N3) For any simple set K’, we can solve efficiently the problem

minimize f(z1) + 0q(Ar1 — b) + teomv (k) (71), (30)

z1€€1

where we say that K’ is simple if it is of the form K~! U S for some finite set S.
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Before we state our last numerical assumption, we specify the Bregman distance Bz that will be used
and state a few basic properties that it satisfies. We define Z: £ — R as, for all u € &,

=) = 1 () + gl (31)

Remark 4.3. Notice that, thanks to Assumption (Al), Z is strongly convex, and that we have, for all
pEE,

O=(p) = 0 (1) x {p2}-
Thus, for all ji € &, pu1 € dom(9f*), wy € f*(u1), and ug € &, we have

Bz(i, (s (w1, p2))) = By (s (1, w1)) + %Ilﬂz — pallg,. (32)

Remark 4.4. The idea of using a Bregman distance derived from f* is reminiscent from the article [2], in
which a dual interpretation of the agnostic FWA is given as a mirror descent algorithm. The Bregman
distance involved in the mirror descent is the one associated with the Fenchel conjugate of the cost
function.

The following lemma is required for the statement of our last numerical assumption. Its proof is
deferred to Section 5.

Lemma 4.5. Let S C & be compact. There ezists a bounded linear operator €: M(S) — &1 such that,
for all m € M(S), Em is the unique vector verifying

Ve [ (u)e,dm(o) = (u.€m),.

Moreover, if m € P(S), then Em € conv(S).

Remark 4.6. The vector Em can be interpreted as the m-average over S. We also point out that simple
sets are compact.

Our last numerical assumption is the following.

(N4) Let S C & be simple. We can compute efficiently a solution to the problem

Co & L/ _
minimize f(=Cm+wi,1-m(S)) + 3 (12, = d(iz, Q%) ~ 'm(S), (33)

where jis = —A Em + m(S)b+ ub.

Remark 4.7. If S is a finite set {s;,j € {1, ..., J}}, then finding m € M(S) consists in finding a vector
(mj)eqn, .. € R7, and in this case €m = ijl m;s;.

Remark 4.8. The availability of efficient methods for the resolution of Problems (30) and (33), involved
in the numerical assumptions (N3) and (N4), heavily depends on the nature of f and Q. Let us insist on
the fact that they do not need the knowledge of f*. Concerning the resolution of Problem (30), we note
that, if @ is bounded and K ! is finite, then the problem amounts to minimizing a Lipschitz-continuous
cost function over a convex hull, which can be done with the mirror descent algorithm [4]. Problem (33)
involves a smooth cost function to be minimized with simple constraints. Thus it can therefore easily be
handled with the projected gradient method. Let us also note that the complexity of the two problems
possibly increases along the iterations as we have no a priori upper bounds on the cardinality of K'. We
will further comment on this issue in the conclusion of the article.

We are finally in position to state our DLS algorithm, its statement is provided in Algorithm 5. The
main idea to obtain it is to apply Algorithm 4 to problem (D), which gives Algorithm 6 (where we use
(28) as well as Remark 4.3 to rewrite expressions depending on ¢ and = in terms of f* and Q). Suitable
manipulations, which we detail below in Subsection 4.3, allow one to prove that our DLS algorithm,
Algorithm 5, is an instance of Algorithm 6.

4.3 Duality between the ELS and the DLS methods

We justify in this subsection the fact that our DLS method, Algorithm 5, is an instance of the ELS
method applied to the dual problem Problem (D), Algorithm 6.

We first note that the requirements of Algorithms 5 and 6 coincide, since dom(og) = {1 € & |
1 + A*poy € dom(o_x)}. We next study the relations between corresponding steps of Algorithms 5
and 6.
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Algorithm 5: Dualized Level-Set method for Problem (26)

Require: 1 € dom(df*) x Q such that uf + A*ud € dom(o_k), wl € Of* (1)), A € (0,1);
Set h™! = +o0, i~ = p°, and A = +o0;
fort=0,...do
Awailable at iteration t: pt € €, pt~1 € £, 34 € &, wh € &, " e RY, A € Ry U {+o0},
K1 c &
Oracle:
Find v} € —argmin (uf + A*pib,v1)e, and set K = conv (K™t U {—vi});
v EK
Dual update:
Set h' = min {A"~", (ub, b, + (i, wh)e, + (uf + A*pb,vh)e, — f (wh)}:
if h* < h'~! then

| Set gt = '
else
Set ﬂt — ﬂt—l
end

Primal update:

Take a solution 7} to: minirr}(ifze f(z1) + og(Azy — b);
TIEHRT

Set h' = —f (#%) — og(A#t —b), At = ht — h', and £ = A\h! + (1 — AR,
Pruning: -
if A< (1-X)A then

Take K* C conv(K'~! U {—v'}) simple and such that &} € conv(K");

Set A = At;
else
| Set K' = K"t U{—vi};
end

Dual candidate:
Find m! € —M™(K?") solution to Problem (33) with S = K*;

Set wit! = %, pitt =V (with), and pbtt = projo (uh + m! (Kb — A€m?);

end

Algorithm 6: Extended Level-Set method for Problem (D)

Require: p € dom(og) N (dom(df*) x Q), wl € df*(uf), A € (0,1);
Set h~! = 400 and A = +o0;
fort=0,...do
Available at iteration t: put € £, wt € £, At~ e RY, A € Ry U {+o0}, Bt C &
Oracle:

| Choose v* € dog(ut) and set B = conv (B~ U {v*});
Dual update:

| Set A = min {A*"1, f*(uh) + (uh, b)g, + om(1)};

Primal update:

Take a solution #' to: minimize f(z1)+ og(z2 — b);
(z1,22)E—E?

Set b = inf _f*(uu) + (uz,b)e, + 0 (), At = Rt — b, and €8 = ARt + (1 — MA':
HEELXQ 2
Pruning:
| Asin Algorithm 4.

Dual candidate:
Set Q' = {¢ +op: < L'}
Take p!™! as the solution to: minirgize By« (p, (uh,wh)) + lpe — uEH‘QgZ;
ne

Take wi™" € Of* (u{™") such that (wl —wi™, pb — pbt) € Noe (ut+h);

end
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Oracle From Corollary 2.4 and the definition of the adjoint operator, we get that, for all i/ € &, if we
set p; = p) + A*pb and let vy be given by the LMO on K at g, then —(vy, Avy) € dog(p'). Thus, the
LMO on K allows us to find an element of dog(ut). Also, for all ¢ € N, since A is linear and bounded,

we have Bt = {a: c&lz € —Ktxy= Aa:l}.

Dual update The update of h* in Algorithm 5 is justified using the Oracle, Lemma 2.2, and Re-
mark 2.3.

Primal update First notice that, for all u € £, we have

(f@ o =0) (1) = f* (1) + (n2,b) + tq(p2)-

Let now t € N. Since E? is bounded, we have

dn )+ (a2, Ve, + 05 () = = Int F (@) + 0wz =)+ 1_g, (@)

=— Héfg flx1) +og(Azxy —b) + 1z (1),

This justifies the updates of k' and #*.

Pruning Notice that, for all ¢t € N, the set K? is simple, and thus compact, and that the set E! can
always be taken as
E'={zef|z; € —K', 2o = Azy}. (34)

Dual candidate We focus on the projection problem, that is,
. 1 2
minimize By (ur, (uh,wh)) + 312 = pd e, (35)

The next proposition, whose proof is provided in Section 5, collects the properties of this problem that
allow one to justify that the Dual candidate step of Algorithm 5 is an instance of the corresponding
step of Algorithm 6.

Proposition 4.9. Let t € N and m' be a solution to Problem (33) with S = K*'. The following hold:
i) Up to a shift in its value, Problem (33) is the dual of Problem (35).
it) Set wﬁl and pt*t as in Algorithm 5, i.e., as
wi-&-l _ wi — &m'
1 —mt(K?)
W = V()
s = projg (uh + m'(K')b — A€m?).
Then:

a) The solution to Problem (35) is pt*t.

b) We have wi™ € 9f*(ui™') and (wh — wi™h, pub — pbth) € Ngi(utt). Moreover, if Assump-
tion (H2) is satisfied, then we can bound wt uniformly in t.

4.4 Convergence analysis

We now want to prove that, under our standing assumptions, Algorithm 5 converges. At the light of
Subsection 4.3, it suffices to show that Algorithm 6 converges and, for that purpose, one is left to verify
that the assumptions of the convergence theorem for Algorithm 4, Theorem 3.7, are satisfied in our
setting. We assume in the sequel that Assumptions (A1) to (A6) are verified.

We start by remarking that, thanks to (28), Remark 4.3, and the definition of E in Problem (D), we
immediately obtain the following result from Assumption (A5) and a straightforward computation.

Lemma 4.10. Assumption (H1) is satisfied.
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We next turn to the verification of Assumption (H3).
Lemma 4.11. Assumption (H3) is satisfied.

Proof. We recall that we defined the set E~! as
E'={ze&|zy e -K ' o= An},
and that we want to show that E~! is bounded and

Y(p) + op-1 (1)

H/»‘Hg_)""oo

Boundedness of E~! is immediate since K ! is bounded and A is a bounded linear operator.
The qualification condition (27) implies that there exists € > 0 such that for all po € &\ {0} we have

12 _heQf - Avomv(K ).
|12l ¢,
In other words, there exists € > 0 such that for all uy € & \ {0}, there exists z,, € conv(K ') and

Zu, € QF such that )
2

——— —b=2z,, — Ax,,. (36)
lzlle, " "

Now, we fix such an € > 0. Equation (36) implies that, for all us € £, there exists z,,, € conv(Kﬁl) and
Zu, € QS such that
8””2“52 - <M2,b> <p“27ZH2> <M27A33u2> (37)

Notice that eq. (37) also holds for po = 0 (with arbitrary choices of z,, € conv(K’l) and z,, € Q).
Let then py € & and ps € Q. We know that

e Using the decomposition Q = Q1 + Q2, there exist u$ € Q; and ub € Q2 such that
pa = p§ + ph. (38)

e There exist x,, € conv(K ') and z,, € QF satisfying eq. (37).

We have
V() +op-1(p) = [ (1) + (p2,b)e, +to(p2) + op-1 (1)
> () + (p2,b)g, — (s ps) g, — (2, ATy, ) g, (39)
> 1) = Cr—rllpalle, +ellpalle, — (B2, 2000, (40)
> [H () = Cr-rllmlle, +ellpalle, — (B35 202)e, (41)
> () = Cr-1llmllg, +elluzlle, — Ca, (e + Cr-1[|All + [bllg,) , (42)
where

e Equation (39) derives from the facts that ps € Q and (—z,,,, —Az,,) € conv(E~').
e Equation (40) is a consequence of the Cauchy-Schwarz inequality, of the fact that ||z, [lg, < Ck-1,
and of eq. (37).

e Equation (41) derives from the fact that z,, € QF, and thus (1}, z,,),. < 0 since p € Q.

)

e Equation (42) is a consequence of the Cauchy—Schwarz inequality, of the fact that eq. (36) yields
[2uslle, <€+ Cr—1||All +[bll¢,, and of the fact that [|ug(l, < Cq,.

Finally, notice that the function pg € € + || u2||¢, is coercive and lower bounded, and so is the function
p € &= f*(u1) — Cllullg, € R as a consequence of Lemma 2.11. The expected result then derives
from Lemma 2.10. O

We next use the inequality (42) from the proof of Lemma 4.11 in order to verify Assumption (H4).

Lemma 4.12. Assumption (H4) is satisfied.
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Proof. Recall that Q= = {¢ + og—1 < hP}. Thus, by (42), we obtain that f*(u1) and ||usf, are
finite for every u € Q7!, yielding that @=' C dom(Z). In addition, it also follows from (42) that
p= [*(p1) = Cr—1llpalle, +ellpzll, is bounded over @', and we conclude thanks to the definition of
= and the strong convexity of f*. O

Lemma 4.13. If Assumption (H2) is satisfied, then Assumption (H5) is satisfied.

Proof. Recall that, for all p € &, 0=(u) = Of*(u1) x {u2}. Thus, we have wt = (wi,ub) € 9=(ut),
for all ¢ € N. The only thing left to show is that there exists a constant Cpz > 0 such that, for all
t € N, we have |wt|| < Csp=. This derives from the fact that w! is uniformly bounded in ¢, as stated in
Proposition 4.9.7.b, and that, for all ¢t € N, we have p!*t! € Q* € Q! and Q! is bounded. O

Lemma 4.14. If Assumption (H2) is satisfied, then Assumption (H6) is satisfied.
Proof. We want to show there exists Cy, > 0 such that for all ¢ € N we have

[ () = ()] < Ol = w']l-
Let t € N, we have
) = )] = | £ () = £ () + (5 = ), | < 1Y) = £ ()| (™ = b |
Recall that w{™' € af*(u{*"), and thus
P = £ (o) < Gt = o) < Jlor™ g, g™ = adl,

Likewise, we have

Fr(un) = £ (™) < Jlwtllg, s = mi™ e,
This yields

() ()] < (s { o o ke, } + ) 1" =

and the conclusion follows since w! in uniformly bounded in ¢, as stated in Proposition 4.9..b. O

Gathering Lemmas 4.10 to 4.14 and combining with the discussion of Subsection 4.3, we obtain at
once the following result.

Theorem 4.15. Consider the Dualized Level-Set method from Algorithm 5 under Assumption (H2) and
Assumptions (A1) to (A6). Then the primal-dual gap At converges to 0 with a speed of order 1//t. Also,
we have, for all t € N, 24 = AZY, and we have the same convergence speed for f (%) + og(Az} —b) -V
and for f*(fi1) + tq(fi2) + (fi2,b)¢, + or(it) + V.

Remark 4.16. ¢ We have kept Assumption (H2) in its non-explicit formulation on purpose. It is of
course satisfied if K is bounded, since then K is weakly compact and thus Problem (29) has a solution
for any ;.

e In the general context of the ELS algorithm, it is actually sufficient to require the existence of a constant
Coracle > 0 such that for any p € Q7 ", the linear minimization oracle has a solution in B (0, Coracle)-
In the more specific context of the DLS algorithm, we have Q=1 C dom(f*) x Q. Moreover, Q! is a
bounded set. Therefore, Assumptions (H2) and (N1) can be replaced by the following one:

(AO) For any R > 0, there exists Coracle such that for any (u},p5) € (dom(f*) x Q) N B(0, R),
Problem (29) has a solution v € B(0, Coracle), when called with py = pf + A* .

4.5 Extension of the Generalized Conditional Gradient

A now classical extension of the Frank—Wolfe algorithm, called generalized Frank—Wolfe (or generalized
conditional gradient method, see [14]), consists in linearizing only partially the cost function. The
contribution of the cost function which is not linearized remains then in the oracle and replaces the
characteristic function of the feasible set.

In this subsection, we show that our algorithm can handle a situation of this kind, thanks to a natural
augmentation of the problem through a slack variable. Let &, and & be Hilbert spaces. We aim at
solving the following generalization of Problem (P):

minimize f, (z14) + 0Q(Aa®1a — b) + h (214) - (43)

21a€€1a
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Structural assumptions We make the same assumptions on f,, @, and A, as we made on f, @), and
A in Section 4.1, and we assume that h € I'g(£14) and is supercoercive, i.e., lim|z||— 400 A(2)/]|2]] = 4-00.

Qualification condition We assume that we can find K, * C dom(h) compact such that 4 is bounded
over conv(K, ') and —b € int(QF — A, conv (K, ')).

Oracle We assume that we have the following oracle: for all u1, € 14, we can find a solution to the
problem

minimize (14, V14)
V14 €E1a €

N + h (’Ula> .

1

Remark 4.17. This is indeed a more general framework, since we can take h = ¢k, in which case we
make exactly the same Structural assumptions and make the same Qualification condition as in
Section 4.1, and the Oracle is a LMO on K.

Under these assumptions, we can rewrite our problem in the framework of Section 4.1. For this, we
take &1 = &1, X R, the function f defined as, for all z1 = (214, 21) € &1

f(z1) = fa(z1a) + 210,

which is indeed convex with gradient 8-Lipschitz continuous, the bounded linear operator A defined as,
for all z; € &
A(210,T15) = Aa1a,

and the closed convex set K = epi(h). In this context, f* is given by, for all u; = (g1, t1p) € &1

I (10, pav) = fa* (p1a) + tg1y (1n)

and the adjoint operator of A is the operator A* given, for all us € &, by A* g = (A% p2,0).

Also, this new problem verifies the Qualification condition introduced in Section 4.1, with K~ =
K1 x {M}, where M denotes an upper bound of h over K;!. Clearly K~! C K is compact. Since
Aconv(K ') = A,conv (K, '), we have —b € int(Q5 — Aconv(K ~')) and the problem is indeed quali-
fied.

We now need to verify that we indeed have an Oracle for the rewritten problem. As was explained
in Remark 4.16, it is sufficient to verify Assumption (A0). We fix an arbitrary constant R > 0 and take
(uh, ph) € (dom(f*)xQ)NB(0, R). Therefore py = (p)q, 1), with 14 € dom(f,"). Let p1q = ph,+A%ub.
We have

vy € argmin (uy + A%y, v1)g, & 01 € argmin  (uy, + A7 pin, Via)g, + V1p
v €K (v1a,v15)€epi(h)

< U1 = h (014) and U1, € argmin <ﬂ1a,vla>gla + h (V1) -
V14€E€1a
Then v, is given by our Oracle. As a direct consequence of Lemma 2.2 the above statements are
equivalent to: U1, € Oh*(—p14) and T1p = (—pi14, 171@)51& — h*(—pi14)- Since we have a bound on (uf, ph),
we also have one on —u1,. Applying [3, Propositions 14.15(ii) and 16.17(iii)], we deduce that |h*(—p14)|
and [[014]|g,, are bounded by some constant independent of (uf, u5), depending only on R. Then [v1p] is
bounded (in the same sense). This concludes the verification of Assumption (A0).

5 Technical proofs

In this section, we provide the proofs of Lemma 4.5 and Proposition 4.9. Both these results concern the
dualization of the projection problem with respect to the Bregman distance associated with the function
E from (31), Problem (35). Recall that, for ¢ € N, Problem (35) is

. 1 2
minimize By (un, (1, wh)) + 312 = e, (35)

and we denote here its value by V*.
We want to write a problem equivalent to Problem (35) which fits in the framework of the Fenchel-
Rockafellar duality, i.e., which is of the form

minimize F(X) 4+ G(LX) (44)

XeX,
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where L: X} — X is a bounded linear operator, X; and X, are Banach spaces, F' € T'x(X}), and
GeTy (XQ)

We recall that By~ is defined, for all 11 € &, ) € dom(9f*), and wy € df*(u}) as

By (pn, (1, w1)) = (1) = f*(ph) = (1 — py, wn)g,

and that, for all 4 € £, we have

[ c Qt N H2 S Qa
Yo € B, f* (1) + (p2, b)g, + (1, v)g — €8 <0.
Thus, Problem (35) is equivalent to
1
e * t 2 t
minjmize f (1) = (pn,wi) g + 2 lu2lle, = (H2, 1), (45)

s.t. Yo € B f* (1) + (p2, b)g, + (n,v)g — €4 <0,

in the sense that the value of Problem (45) is V* — f*(u") + (uf, wi)g, — %Hué”é and that Problems (35)
and (45) have the same solution. Since v € E! iff v;1 € —K*? and vy = Awy, this last problem is itself
equivalent to

1
e t 2 t
_ , Z - , + Loni( f* , 46
(H7rzr§1€r%glrlxlze)xR z <u1 w1>81 + 2H/L2||52 </i2 u2>52 Lepi(f+) (K1, 2) (46)
s.t. Yo, € — Kt 2+ <M2,b>52 + (11 +A*u2,v1>51 -0t <o,

in the sense that they have same value, and that (u, z) is the solution to Problem (46) iff z = f*(u1)
and p is the solution to Problem (45).

Let us now show that Problem (46) has the expected shape. Let L': £ x R — C(K*) be the bounded
linear operator defined, for (u,z) € £ x R, by

Lt(#az) =z+ <N2,b>52 — (1 + A g, >51-

For any (u,z), L'(u,z) is indeed a continuous and bounded function, since it is affine and defined on
a bounded set. Clearly L' is a linear operator, it is easy to verify that it is bounded. Next, given
(i, 2) € (&1 X Q) X R, we see that the constraint in Problem (46) is satisfied iff L'(u,z)—¢' € C(K*;R_).
From this last point, we define G*: C(K') — R, as, for all ¢ € C(K?),

G'(¢) = texrip_) (¢ — ')
and F*: £ xR — R as, for all u € £ and z € R,

1
F'p,z) = 2 = (1, wi ) g, + tepi(re) (11, 2) + §||M2||§2 — (p2,13) g, + 112), (47)
and we notice that F* € I'y(€ x R) and G* € I'x(C(K*")). Finally, Problem (46) reads

minimize F*(u, 2) + G* (L' (u, 2)), (48)
(p,z)€EEXR

which is under the form (44), as required. The dual problem to Problem (48) is then

minimize F*" (Lt*m> + G (—m) (49)
meC(Kt)*

where L'": C(K*)" — £ x R is the dual operator of L.

The aim of what follows is to provide a more explicit expression of Problem (49). We start by
identifying, in the following lemma, the set C(K*)" over which we minimize as a set of measures. Such
an identification is immediate since K is compact.

Lemma 5.1. We have C(K?') = Cy(K?) and C(K*)" = M(K"). Moreover, M(K?) is endowed with the
total variation norm ||m|| = |m|(K").

Let us now prove Lemma 4.5.
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Proof of Lemma 4.5. Let S be a compact subset of £. Let us first show that there exists a bounded
linear operator €: M(S) — & such that, for all m € M(S), Em is the unique vector verifying

Vi€ €. Guem)s = [ (uojedm(v)

First, we show that for all m € M(S), there exists a unique vector v,, such that, for all © € £, we have

WW%:LWWMMW

Since S is compact, there exists Cs € R such that S C B(0,Cs). Let m € M(S). We define I,,,: £ — R
as, for all p € &,

1) = [ (v dm(o).

Since for all p € &, |I,(1)] < Cslm||||u|le and for all v € £, p + (u,v)¢ is linear, then I, is linear
and continuous. Thus, using Riesz’s representation theorem, there exists a unique v, € £ such that for
all p € &, I,(1) = (i, Um ) g. Furthermore, m € M(S) +— v, is also linear. Let then &: M(S) — & be
defined as, for all m € M(S), &m = v,,. Then ||€m||; < Cg|/m| and thus € is continuous.

It remains to show that, for a given m € P(S), we have &m € conv(S). It suffices for this to show
that tgonv(s)(vm) < 0. We have

teorw(S) (Vm) = 05" (Um) = sup (s vm)e — os(p).
pne

For i € £, we have
Wng—%UO=Lmeg—®UmmMW

by definition of v, and using the linearity of the integral and the fact that m(S) = 1. Moreover, for all
v € S, we have

(Hsv)e —os(p) <us(v) =0
using inequality (3). Thus, by positivity of the integral, we have (i, v,,)g — 0s(p) < 0. Since this holds
for any p € &€, we have tgonv(s)(vm) < 0, which is the required result. O

We next turn to the question of providing explicit expressions for the functions F** and G*" and the
linear operator L' appearing in Problem (49).

Lemma 5.2. The functions F* and Gt and the linear operator L' are as follows:

i) The function Ft*: £ x R — R is given, for all (z,s) € € x R, by
* P 1 2 2
F'(z,5) = f(z; +wk, 1 —s) + 3 (ng +u§||52 —d(z2 + 15, Q) ) )

i) The function G*": M(K?') — R* is given, for allm € M(K?), by
Gt*(m) = Ztm(Kt) + LM+(Kt)(m).

i) The operator L'" is given, for all m € M(K?), by
L"m = ((—€m, —A&m + m(K")b) ,m(K"))
Proof. i) Let x € £ and s € R. We have

Ft*(xa S) = sup <(/u'72)» (1’,8)> - Ft(ﬂvs)
(m,2)EEXR

1 2
= sup @y +wi)e +2(s — 1) + sup (g, o + ph) . — 5llpellg, -
(/tuz)eepi(f*)< Je me@< )~ gl
By Lemma 2.12, it holds that
sup (b1, 21 +w§>51+z(s—1):f(x1+w§,1—s).
(p1,2)€epi(f*)
Then, using [3, Example 13.5], we have

(llzz + w512, = (w2 + 18, @)%) -

1. 5 1
sup (pi2, 2 + pi2)g, = 5 lln2lle, = 5

H2€Q
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i) Let m € M(K"). We have

G (m) = sup ddm — tekrr_) (d) - Zt) = sup / (¢ + ) dm
¢peC(K?t) JK? peC(KHR_) JK?
=0m(KY)+  sup pdm = 'm(K") + i (k1) (m).

PpeC(KtR_) J K
i4i) The operator L' is characterized by the relation
Yu e E Nz e R, Vm € M(Kt), /Kt L' (u, 2)(v) dm(v) = <(u, z),Lt*m>.
Using Lemma 4.5, we have, for all y € £, 2 € R, and m € M(K?)

[ B 20 ) = 2 + (oKW, = [+ A, o)
= (11, p2, 2), (—€m, —A€m +m(K")b, m(K"))).
This concludes the proof. O
Now that we have computed F*" and G**, we compute in the next lemma their subgradients.

Lemma 5.3. i) The function F*" is Fréchet-differentiable over €& x R_ with continuous gradient, and
we have, for all (x,s) € E X R_,

x1 + wt
1—5 °

VF" (z,5) = (Vf(yl), projg (z2 + py), —f (y1) + <Vf(y1)7y1>gl), where y; =
i) For allm € M*(K?)
8Gt*(m)=€t]th+{¢€C(Kt;R)| qum:O},
Kt
where Lo € C(K") is the function constantly equal to 1 in K, and, for allm € M(K%)\ MT(K?),
IGT (m) = @.
Proof. i) The conclusion follows from the following facts:

e The function f is differentiable with continuous gradient over & x R* , with its formula given in (9).
o If s <0, then1—s>0.
e Using [3, Corollary 12.30], we have Vd( - ,Q)2 = 2(Id —projg, ), which is continuous.

i) We denote by !: M(K?') — R the function defined for all m € M(K?) as 9t(m) = £im(K?),
so that Gt* = ¢t + tm+ ity Notice that y? is linear, and thus convex, and continuous, and that
L+ (k) € To(M(K?)). Thus, we have, for all m € M(K?),

AG"" (m) = OP'(m) + e pu+ (st ().

Clearly, this implies that, for all m € M(K*)\ M*(K?*), we have 0G*"(m) = @. Now, let m € M*(K?).
We have

PH(m) = / (M ge dm
Kt
and thus, OY'(m) = {{'1 - }.
We are thus left to compute Oipq+(gey(m) for m € MT(K?'). By definition, we have

Ount-ceom) = {0 (1) [vm € M (). [ ot —am) < 0.

Kt

Let ¢ € C(K*"). We consider three cases.
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a) There exists o1 € K’ such that ¢(7;) > 0. To show that ¢ & Ourg+(kt)(m), we have to find
m € MT(K") such that [, ¢(dim — dm) > 0. We set m = m + d5,. Then clearly m € M*(K"),
and we have

d(dm — dm) = ¢(v) > 0.
Kt

And thus, ¢ € Oupg+ () (m).
b) We have ¢ € C(K*;R_) and [, ¢dm < 0. Set m = $m. Then m € M*(K") and
_ 1
$(dm —dm) = —— ¢dm > 0.
Kt 2 Kt

Thus, (b € 8LM+(Kt)(m).
¢) We have ¢ € C(K";R_) and [}, ¢dm = 0. Let m € M*(K"). Then

¢(dm — dm) = pdm < 0.
Kt Kt
Thus, ¢ € OLpg+ (k) (m).
Since those three cases make a partition of C(K?), the result follows. O

Our next result proves that there is strong duality between between Problems (48) and (49) and
provides optimality conditions for these problems.

Proposition 5.4. There exists (ji,z) € £ xR such that F*(fi,z) < +oo and G is continuous at Lt(ji, Z).
Thus, Problems (48) and (49) have opposite values and, for all (1, z,m) € £ X R x M(K?), the following
are equivalent:

i) (u, z) is solution to Problem (48) and m is solution to Problem (49).
i) L"m € OF(u,2) and —m € OG* (Lt (u, 2)).
i) (p,z) = VF" (LY m) and L'(pu, z) € 0G*" (—m).

Proof. Notice that ¥ + opt € T'g(€) and it is coercive since it is lower bounded by ¥ + ogt, which is
coercive thanks to Lemma 4.11. Let then i € £ be a solution to

minimize ¥(p) + ope (1)
nee
and set o = 9(fi) + o (). Note that, since EY C E* (where E' is the set defined in Algorithm 6), we
deduce that o < h' (where we use once again the notations of Algorithm 6).
It follows from (28) that f*(j11) < +oo and jiz € @, and we deduce from (47) that F*(g, f*(11)) <
+o00. Notice also that, for every v € K*, we have

L (i, f* (1)) (v) = () — (@, (v, Av))g, < U(R) +op(p) = a <A <L,

and thus G* is continuous at Lt(f, f*(ji1)).
We thus obtain that 0 € int(L!'dom(F*) — dom(G")), and the other conclusions of the proof follow
from Theorem 2.5, Corollary 2.6, and the fact that 1 — m(K?) > 0. O

The aim of our next results is to show that, if w!T! and p**! are defined as in Algorithm 5, then they
necessarily satisfy the properties required for the corresponding elements in Algorithm 6. We start with
the following property of wt!.

Lemma 5.5. Let m! be a solution to Problem (49) and set w'*! as in Algorithm 5, i.e., as
1 wh—&mt

YT I (K

Then w'*t € conv({w'} U K?).
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Proof. We recall that m* € —M™*(K?). There are two cases. If m* (K*) = 0, then w'*! = w!. Otherwise,

if m* (K*) < 0 we set m! = mt“(“;(t) € P(K?') so that €&m' € conv(K"). Then, using the linearity of &, we

have s
t+1 1 t m' (K")

T1omt(xHY T 1 mt(KY
The result follows. O

em'.

w

Note that, if Assumption (H2) is satisfied, then the sets K* are uniformly bounded in ¢. Hence, as
an immediate consequence of Lemma 5.5, we obtain the following result.

Corollary 5.6. Assume that Assumption (H2) is satisfied. Then we can bound w' uniformly in t.

We next verify that the choices of w’iH and p't! in Algorithm 5 satisfy the required conditions from
Algorithm 6.

Lemma 5.7. Let t € N and consider the elements pt, p'tt, wh, and w’i“ defined as in Algorithm 5.
Define Q° as in Algorithm 6. Then

Q' ={uec& xQ| f(m)+ (H2,b)g, — (1 + A pa,v1)e, < 2t for all vy € conv(Kt)}, (50)
uttl is the solution to Problem (35), and
(wh —with uy — p5™) € Nee (™). (51)

Proof. First, Equation (50) derives from the definition of Q! in Algorithm 6 and from eq. (34).

To prove the second statement, note that, thanks to Assumption (Al), f* is strongly convex, and
thus Problem (35) admits a unique solution p. Due to the discussion at the beginning of the section, p
is solution to Problem (35) if and only if (u, f*(p1)) is solution to Problem (48).

On the other hand, the element m! from Algorithm 5 is solution to Problem (33) with S = K,
which, thanks to Lemmas 5.1 and 5.2, is equivalent to m! being a solution to Problem (49). Thus, by
Proposition 5.4, we necessarily have (p, f*(p1)) = VF! (L¥ m!). Using the expression of VF! from
Lemma 5.3 and that of L'" from Lemma 5.2, we finally deduce that p = pft7.

Let us now turn to the proof of (51). Note that, by definition of the normal cone, (51) is equivalent
to having

(wi —wi™ =)l — py e — 5t <0

for every p = (1, p2) € Q"
For u € Qt, we set

A1) = (= g = ), (= i = )

First, we notice that
(ph — 5™ o — 5t
= (uh — A¢m' + m'(K")b — pst o — u§+1>£2 + (Aem' —m'(K")b, s — ;ﬁ2“>£2
< <A em' — mt(Kt)bv H2 — M§+1>52’

since 5™ = projg (uh — A €mt + m(K*)b). Also notice that, by definition of wi™", we have
wi = eém' + (1 —m'(K")) wi™!

and thus
wh — wit = em! — m!(KH)wit!
and
At(lu’) < <,LL - :ut7 (@mt7 A emt)>g - mt(Kt)<:u’ - Mt-‘rl’ (1U§+17 b)>g
Clearly, the result holds if m" = 04y

Now, assume that m! # Oprm(rty- We recall that, by definition of uiﬂ in Algorithm 5, we have

witt € of* (pi™), and thus
(= ™ wi™) e < () = £ (™)
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which yields, using the fact that —m! € MT(K?),

Af(p) < (p—pt (€m!, Aem?)), — m'(K") (f*(ul) — () + (e — p5™ b>gz) :
Recalling that m? is solution to Problem (49) and (u**!, f*(pi*")) is solution to Problem (48), it follows
from Proposition 5.4 that L* (u*+1, f*(ui™")) € OG*"(—m'). Hence, from Lemma 5.3, we have

/Kt [f* (1Y) + (5™ by, — €0 = (it + A*uéﬂ,vﬁg} dm’ (vy)
= ! (K1) (7 (1) + (bt b, =€) = (! + A% emt) =0,

and thus
AY(p0) < (g + A iz, @by — it (K) (£ () + (2, B, — 1)
Since p € @, it follows from (50) that, for all v; € conv(K?),

A(p) < (4 Apg, €m®) . —m* (K*) (1 + A%z, v1) g, -

t t
Set 77 = % We have v; € conv(K') since # € P(Kt) and € is linear, and taking v; = 0
in the above inequality yields A*(x) < 0, which concludes the proof. O

We finally collect the results of this section in order to provide a proof for Proposition 4.9.

Proof of Proposition 4.9. i) Thanks to Lemmas 5.1 and 5.2, Problem (33) coincides with Prob-
lem (49), and the latter is the dual of Problem (48), which is equivalent (up to a change in its value and
a transformation in its variables, as discussed in the beginning of this section) to Problem (35).

it) Part a of the conclusion follows from Lemma 5.7, while part b follows by combining the definition

of ,uﬁ“ in Algorithm 5, Lemma 2.2, Corollary 5.6, and Lemma 5.7. O

6 Numerical examples

In this section, given n € N* and p € [1, +oc], we denote by B) the closed unit ball in R" for the ¢?
norm, which is denoted by || - |, We denote by M,, ,,(R) the set of real matrices of size n x m. For
square matrices, we write M, (R) instead of M,, ,(R). The vector space of symmetric matrices of size n
is denoted by S,,(R) and the subset of those which are positive semidefinite is denoted by S; (R).

6.1 A projection problem

We first test our algorithm in a simple problem taken from [20]. Let p € {1,2} and A € M; 2(R)\{0}.
We aim at solving

| 2
mlgg}rgléze §||x —y||” s.t. Az =0. (52)

Notice that the feasible set of the problem is a segment, obtained as the intersection of a convex set and
a line, whose extremities can be computed analytically. The projection of a point onto a segment being
easy to solve, the problem can be solved analytically without difficulty.

Structure This problem fits in our framework if we take & = R?, f = 1| — ul?, & =R, Q1 = {0},
Q:=R,b=0,and K = Bg. For this choice, we indeed have o = t{o}. Notice that, since K is compact,

Assumption (H2) is satisfied.

Qualification condition This problem is qualified. Indeed, if Ker(4) = R x {0}, then we can take
K=1={(0,-1),(0,1)}, and otherwise we can take K ! = {(—1,0),(1,0)}.

Oracle The LMO writes: minimize (i, ), for a given u € R2. For p = 1, the set K = B? is the convex

r€BZ
hull of the four points (0, 1), (0, —1), (1,0), and (—1,0), therefore, for any p € R?, one of them is solution
to the LMO, making its resolution easy. For p = 2, two cases must be considered. If y = 0, any point in
K is a solution. Otherwise, the unique solution is given by —u/||||2-
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Numerical results We provide numerical results for a fixed value of A and for 10* iterations of the
algorithm. For the two possible values of p, we consider two values of y, denoted y; and ys and chosen
in such a way that, for y = y;, the solution to Problem (52) lies on the boundary of K (i.e., on the unit
sphere) and, for y = ys, the solution lies in the interior of K.

Let us note that for p = 1, the (primal) solution is obtained after finitely many iterations, since K is
the convex hull of finitely many points. We also obtain an optimal primal solution in a finite number of
iterations if it lies in the interior of K (for y = y2). We do not expect in general to find the dual solution
in finitely many iterations.

In Figures la to 1d, we show the evolution of the primal-dual gap A? at each iteration, in log-log
scale, for A € {0.05,0.1,1—+/2 — +/2,0.5}, for the pairs (y, p) taken respectively as (y1,1), (y2,1), (y1,2),
and (y2,2). For the pruning rule, we simply take K’ = {#} U K1 at critical iterations.

We notice that, in all of these cases, the primal-dual gap show a numerical decrease toward 0 with a
speed of order 1/¢, with the curves for A = 0.5 decreasing slightly more slowly than those with the other
choices of A\. We recall that our proof shows only a speed of order 1/4/t. In Figures 2a and 2b, we show
the number of cuts at each iteration for the same values of A and for the pairs (y,p) taken respectively
as (y1,2) and (y2,2). We do not show the number of cuts for p = 1 since in that case it is bounded by
4 (the four extremal points of K, which contains K~1). We notice that the number of cuts stays lower
for smaller values of . This result was to be expected, since pruning steps should happen more often for

lower values of A.
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Figure 1: Primal-dual gap for 4 instances of Problem (52)
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Figure 2: Evolution of the number of cuts for 2 instances of Problem (52)

6.2 A semidefinite program

We now test our algorithm with the following problem, extracted from [22]. Let n € N* and let C' €
S, (R). We aim at solving
minimize (C, X) o, (r) s.t. diag(X) = Ign (53)
XeST(R)

where (A, B) p,, (r) = tr(A” B) is the canonical inner product.

Structure This problem fits in our framework if we take & = S,(R), f = (C,- ) m, (), &2 = R”,
A the linear operator which maps X to its diagonal, @1 = {0}, Q2 = R™, b = 1g» and K = §;/(R) N
{tr < n+ 1}. Notice that, in this context, A* is the linear operator which maps a vector ¥ to the diagonal
matrix whose diagonal is Y. The definition of the set K is dictated by the qualification condition and
by the necessity to have an oracle.

Qualification condition This problem verifies the qualification condition by taking K ! as the convex
hull of the null matrix and of the matrices (n +1)E;;, ¢ € {1, ...,n}, where E; ;, i,j € {1, ...,n} are
the elementary matrices.

Oracle A direct application of the spectral theorem reveals that K = (n + 1) conv(K’), where the set
K’ is defined by K’ = {0} U {vv”| ||v|2 = 1}. This allows to show the following lemma.

Lemma 6.1. Let M € S, (R). Consider the problem

nimize (M . 4
HllI‘l/lgll(lze (M, V) m,, ) (54)
Let s denote the small eigenvalue of M. If s > 0, then the null matriz is a solution to the problem.
Otherwise, if s < 0, let ¥ be an eigenvector associated with s, of norm equal to 1. Then (n+ 1)vvT is a
solution to the problem.

As in the previous subsection, since K is bounded, Assumption (H2) is satisfied.

Numerical results We set n = 10 and take a random matrix C' € S,,(R). We then run the algorithm
until the primal-dual gap A reaches 1075, We use the same pruning rule as in Section 6.1. In Figure 4,
we show the number of cuts at each iteration, respectively for A = 0.05 and A = 0.7. Although we do
not show it, the number of cuts for the other values of A stays below 45. We notice that, as we expected,
the maximal number of cuts is lower for smaller values of A.
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Figure 3: Primal-dual gap

In Figure 3, we show the primal-dual gap at each iteration for A € {0.05, 0.1,1—v2 —+/2,0.5, 0.7}, in
y-log scale. We can see that, numerically, our algorithm has a linear convergence speed for this problem.
Also notice that, unlike the previous problem, the algorithm seems to converge faster for larger values
of A\. We do not know the reason for this behavior.
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Figure 4: Number of cuts at each iteration

7 Conclusion and open problems
In this article, we proposed a Dualized Level-Set method for problems of the form

minimize f(z1) + og(Az1 —b) + tx(x1),
z1€E1

which we derived from an extension of the Level-Set method. We showed guarantees for the convergence

of this algorithm. There are some improvement perspectives we can think of.

e Our experiments show better numerical convergence rates than we expected, which might be due
to the specific form of these problems. This should not be surprising since some classical versions
of the FWA are also known to have an improved convergence rate in some contexts, see for instance
[6, Section 2.2].

e We assume that we are able to solve exactly our subproblems. An extension of our results could
concern the situation where the problems are only solved up to a certain precision, as was done in
[11] for the FWA.

e We chose to keep the parameter A fixed along the iterations. Our numerical results, in particular
those done for the semidefinite program, show that the value of A may have a significant impact
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on the efficiency of the algorithm. Future improvements may therefore concern variants of the
algorithm in which A is adapted along the algorithm. For instance, we think our proof could be
adapted if we take 0 < Apin < A < Apax < 1, with changes of A occurring only at critical iterations.

The nonsmooth term in the cost function is restricted to be of the form og(Ax — b), with @ of a
specific shape. A possible extension may deal with the case of a general nonsmooth term g. From
an algorithmic point of view, this would lead to a more general projection problem, whose dual
(Problem (33)) would involve the Moreau envelope of g*. Yet some difficulties would arise in the
extension of Lemma 4.11, whose proof heavily relies on the structure of the nonsmooth term.

Our numerical experience shows that pruning rules are unavoidable. Indeed, an implementation of
the algorithm which retains all cuts computed at each iteration quickly becomes intractable. Yet
the pruning rule that we proposed is not completely satisfactory in so far as we do not have a
priori bounds on the number of cuts which need to be stored. As was seen on Figure 2, the critical
iterations may occur at diminishing frequency, leading to an accumulation of many cuts. In [13],
the author develops a variant of the Level-Set method with a different pruning rule, for which the
number of cuts to be stored is bounded by the dimension of the space. We expect that his method
can be extended in the same manner as we extended the Level-Set method of [17].
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