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Abstract

The presence of heteroscedasticity in data can often throw statistical modeling into dis-
array. In the context of mixed models and longitudinal data, this paper directly addresses
this problem. We develop a quantile estimator based on the asymmetric Laplace distribu-
tion, which explains the heteroscedasticity between different groups of data. In addition to
developing this new model, our paper establishes the good asymptotic properties of this es-
timator under minimal assumptions on the data and verifies them using simulations. Instead
of improving performance point by point, our model focuses on the correct representation
of data dispersion. Using the permissive formalism of the asymmetric Laplace distribution,
we demonstrate the asymptotic properties of a class of estimators defined by a generalized
optimization problem inspired by maximum likelihood. A Ridge penalization is proposed to
address problems of variability overestimation. More generally, this paper presents a model
for handling volume estimation problems more accurately. An application to the diet diver-
sity of coral reef fish is proposed through the representation of isotopic niche sizes.

Keywords: Asymmetric Laplace Distribution, Linear Quantile Mixed Models, Gaussian Quadra-
ture, Ridge Regression, Penalized Linear Quantile Mixed Models
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1 Introduction

In this article, we propose a formal theory to deal with heteroscedasticity in a panel data model.
In certain applications, it may be useful to have a precise estimator of data dispersion, in par-
ticular to measure heteroscedasticity. This is what the model in this article attempts to achieve,
by explicitly mentioning the differences in variability between different groups of data. What’s
more, the underlying mathematical formalism proposed allows for the simple addition of penal-
ties, thus allowing control on the modelization error. By studying several independent variables
of interest using the model in this paper, it is then possible to perform volume estimation in the
broad sense (for spaces of dimensions greater than 1), controlling the within-group dispersion of

each of these variables.

Here, we consider quantile regression models to provide robustness against outliers. Koenker
and Basset introduced quantile regression in 1978 (Koenker and Bassett (1978)) as a more robust
alternative to classical linear least-squares regression. An overview of robust statistics literature
can be found in[Hampel et al.|(2011), Jureckova and Sen!(1996), Hubert and Branden|(2003) and
Koenker et al.| (2017)). Instead of focusing on the changes in the mean, the quantile regression
approach allows one to test whether there is a change in the 7th quantile of the model response
for any given 7 € (0,1). When the conditional distributions are non-Gaussian, the mean might
not be the best summary, and a change in distributions may not be detected. Inference for lin-
ear quantile regression models has become a subject of intense investigation in the past years.
Our article establishes a general theoretical framework based on regression quantile for panel
data allowing for heteroscedasticity in the data. We define a new class of estimators by adding a
term to the optimization problem defining the maximum likelihood estimator. One of the main

advantages of our method is the generalization of good asymptotic properties to this class of



estimators. This makes it possible to implement a wide choice of penalty, introducing a bias
which could compensate for the modeling error. A penalization is also introduced to approach
between-measurements variability in a better way. Instead of showing better performances, this
new modelization aims at making the proposed model more explicable in order to predict and

apprehend multi-level variability more effectively.

The development of quantile regression is linked to a desire to get away from the “normality
dogma”, following several criticisms of the Gaussian distribution, notably its absence in certain
econometric applications (Stigler| (1973))). More precisely, instead of considering the calculated
response as an average using least-squares minimization, we use a minimization problem defining
the quantiles of a series of observations to establish an estimator. This provides greater resistance
to the addition of outliers and relaxes assumptions on the residuals.

We take the following linear regression model defined by :
Y, =X,08+e€, (1)

where for alln > 1, Y, = (Y1,...,Y,)" is the vector of observations, X, is a known matrix of
dimension n x p withrows ! € RP, i = 1,...,n, €, = (¢1,...,&,)" is a vector of independent
and identically distributed (i.i.d.) errors and 3 = (f1,...,[,)" denotes the unknown vector of
regression parameters to be estimated.

We call 7-regression quantile any solution of the minimization problem

B(r) = arg min ZpT ) )

BeRP

where p,(u) = u(T — 1,<0) with 1p takes the value 1 or 0 depending on whether the condition
P is satisfied or not. The function p is called the “quantile loss function” and is classically used

to define the quantile of a random variable. This estimator shares the asymptotic properties of a



classical least-square regression estimator, with less restrictive assumptions (Koenker and Bassett
(1978)).

This specificity allows a wide range of uses of the quantile regression models. We can cite
applications to sociological data (Abrevaya and Dahl (2008)), medical data (Peng et al.| (2009)),
genomic data (Durrieu and Briollais| (2009) and |Briollais and Durrieu| (2017))) or ecological data
(Cade and Noon|(2003)).

The development of quantile regression for panel data kind of follows the path of the devel-
opment of generalized linear models (Liang and Zeger (1986))). Koenker (2004) was interested
in longitudinal data, a classical form of data that can be found in medicine, ecology, or biology.
In this paradigm, we account for dependency between grouped measurements (for example a
medical measurement on the same subject). This led to the formulation of a quantile regression
model with fixed effects, expressed as a lasso (least absolute shrinkage and selection operator)
penalty (Lamarche (2010)).

The link with generalized models only got stronger, notably with an approach to quantile
regression with random effects (Arellano and Bonhomme (2013)), Galvao and Poirier (2019)).
Several quantile regression-based modeling approaches were introduced, such as Bayesian quan-
tile modeling (Alhamzawi1 and Yu| (2014)), J1 and Shi (2022)), semi-parametric modeling (Kim
and Yang|(2011))) or composite modeling (Wang and Xiang (2017), Wu and Yao| (2016), Lu and
Fanl (2015))). A summary of advances in quantile regression and its applications is available in
Yu et al.| (2003)) and Koenker| (2017)).

In this article, we consider the development of quantile modeling based on the asymmetric
Laplace distribution (Yu and Zhang (2005)). Several seminal papers have established the link be-
tween the quantile regression minimization problem and the maximum likelihood estimator (Yu

and Moyeed (2001), Geraci and Bottai (2007)). This made it possible to use classical likelihood



estimator resolution algorithms to determine the quantile regression estimator. Note the use of
Bayesian theory (Luo et al.| (2012)), Alhamzawi and Yu (2014}, Aghamohammadi and Moham-
madi| (2017), J1 and Shi| (2022)) or the Expectation-Maximization algorithm (Geraci and Bottai
(2014), |Geraci| (2014)), Galarza et al.| (2017) [Tian et al. (2020), Battagliola et al. (2022)). This
article follows in these authors’ footsteps, exploiting the asymmetric Laplace distribution and its

link with quantile regression, using it on longitudinal data with random effects.

Section[2]is dedicated to the description of the model, its properties, and the numerical estima-
tion. Our model is first introduced. Our approach makes it possible to include heteroscedasticity
in the model explicitly. Next, the asymptotic statistical properties of the proposed quantile esti-
mator are studied. A generalization of our model is also introduced, along with its asymptotic
properties. Using this generalization, we can deal with the overestimation of dispersion. The
sketch of the proofs is given in the same Section [2] Next, our estimation procedures are ex-
plained. Next, the asymptotic properties of our approach are illustrated in Section [3{on simulated
data and an application of the method on ecological data is provided in Section 4] The latter
highlights the value of our method in terms of surface estimation. This application was crucial
to our methodological development, as it was the original motivation for developing our quantile
estimator. Finally, Section [5] concludes with a general discussion of our approach and its feasi-
bility and applicability in practice. All the proofs are postponed in the supplementary material.

The estimation algorithms can be found at https://github.com/I1621974/hlgmm.


https://github.com/I621974/hlqmm

2 Model and estimation

2.1 Quantile regression for heteroscedastic longitudinal data using the asym-

metric Laplace distribution

We consider the framework of longitudinal data. Let n € N be the number of individuals. The
index i € {1,...,n} corresponds to the individual levels and for each individual i, there are
n; € N measurements. The index j € {1,...,n;} corresponds to the j-th measure of the i-th

el >

The general form of the mixed model is

Y;j = Xltﬁ + eﬁl/ + €ij (3)

J

where for all 7 € {1,...,n} and all j € {1,...,n;}, X;; € RP are the observations for the
j-th measure of the i-th individual, p € N is the number of variables, 3 € R? are the regression
parameters ( who can contain fixed effects ), e; € R" is the i-th vector of the standard basis,
v € R" is the vector of random effects, describing a individual-level effect as an intercept, and
€;5 18 a centered random variable representing the error term.

Following Geraci and Bottai (2014), we have two more assumptions on the model. First, let v ~
N (0, ¢3X), with ¢ € R denoting a fixed parameter and X € R being a known positive definite
matrix. The latter is given later and shall represent the dependency structure between individuals.
Secondly, we suppose that ¢;; follows an asymmetrical Laplace distribution, similarly to Geraci
and Bottai (2007). We say that a random variable Z follows an asymmetrical Laplace distribution

of parameters (u, o, 7) ( which is denoted by Z ~ ALD(u, o, 7)) if its density can be expressed

fo2) = T D e (—pT (2;“))

as:




with p,(u) = u(r — 1,-0) the quantile loss function. For more information about the asym-
metric Laplace distribution, see |Yu and Zhang (2005). More precisely, we assume that €;; ~
ALD(0,0;,7), where 0 < 7 < 1 denotes the order of the quantile and o = (0;)1<i<, € (R})"
corresponds to the scale parameters. Using this assumption, we explicitly take into account
the heteroscedasticity that exists between individuals. Moreover, we suppose that all ¢;; are in-

dependent from each other and from the random effects. Finally, we have to infer the vector

0 = (0,8) € (R)" x RP.

This framework is inspired by |Geraci| (2014)) but, in this former article, they assumed that for
alli € {1,...,n},0;, = 0 € RY.. What we are doing here is allowing some heteroscedasticity
between individuals by letting the scale parameters depend on . This is crucial to our work as we
are interested in controlling within-individual variations in the presence of heteroscedasticity for
longitudinal data. This is a new approach and one of the main differences with previous quantile
estimators for mixed models.

In an inference framework, it is instructive to study the asymptotic properties of an estimator.
Asymptotic normality is of particular interest, as it makes it easy to control the estimator’s be-
havior at infinity. These properties have already been demonstrated in mixed models for least-
squares estimators (|Demidenkol|(1997), Jiang (1998)), Jiang|(2017)) and other quantile estimators
(|Sheather and Marron| (1990), Koenker (1994)), Koenker (2005), Koenker et al.| (2017)) ).

Regarding asymptotics, one consequence of this modeling choice is the way to tend toward in-
finity. As the number of parameters to estimate now depends on n, we are not interested in the
limit when n tends to infinity. Instead, we determine the limit of our estimator when for all

1 <17 < n,n; = +o0, that is when the number of measures per individual tends to infinity.



We define our estimator 6 of  as a maximum likelihood estimator of . Let

(1 —17) Yii — i
injW,V,G(yija'U) = O_—eXp (—pT (Q

i 0;

be the density of the response conditionally on the parameters with p;; = X! 3 + elv. Because

J
of the independence assumptions, we obtain for all y and v the multivariate density:

fY,l/|9(y7v> = Hﬂfﬁjm,u,a(yiﬁv)fu\qb(v)' (4)

i=1j=1

By integrating (4) on the random effects, we obtain the likelihood function. We first have:

fr(y) = fy wio(y,v)dv (5)

Rn

and the estimator 6 of 0 is given by

6 = argmax (1og ( Fr oy, v)dv)) ©)
Rn

6co

with © C (R%)™ x RP the parameter space.

The minimization problem is equivalent to the quantile regression estimator minimization prob-
lem (Koenker and Bassett (1978)). This equivalence is the main motivation behind the use of the

asymmetric Laplace distribution.

Furthermore, we define an additional estimator 0 ¢ of @ which is defined as the solution of the
following maximization problem

6; = arg max /Rn (ZZI ;pT (yl]%;u”) + Zzlnz In (o;) + ; fni(9)> dv (7)

where (f,,)1<i<n is a sequence of functions taking its values in the space of parameter ©. This

optimization problem corresponds to the maximum likelihood optimization problem with the

penalty term > | f,,(0) added. Such regularization term can be added to the maximum like-

lihood optimization problem to reduce model complexity and prevent over-fitting (Tibshirani
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(1996), Friedman et al. (2000)). Moreover, one specificity of this modelization is the possibility
to easily consider a modified optimization problem by only multiplying the data by an appropri-

ate quantity, as in equation ([7).

As quantile regression grows more complex, for instance with the addition of hierarchy or ran-
dom effects, resolving the original optimization problem defining the quantile regression can be
challenging. No exact solution exists and then using some numerical algorithms to get a solution
can easily be computationally expensive (| Koenker (2005), | Koenker et al.|(2017)). Nonetheless,
the asymmetric Laplace distribution allows us to use all the algorithms available for maximum
likelihood estimation ( like the EM algorithm ) to compute the quantile estimator (| Booth and
Hobert| (1999),Geraci and Bottai| (2007)), |(Galarza et al.| (2017))).

Most of the computational problems are shared by the method of (Geraci and Bottai (2007) and
Geraci and Bottai (2014) and developed in detail in these articles. The computation time neces-
sary for the estimation can remain quite long and the optimization method used will suffer from
a curse of dimensionality when n grows (and therefore the number of parameters). Where our
model gains in explainability by modeling the parameters 0;, 1 < 7 < n, it loses in computational

€ase.

2.2 Theoretical results

In order to investigate the asymptotic behavior of our estimates, it is necessary to introduce

several assumptions.
Al. Wehave N — +ooand foralli € {1,...,n}, n; — +oo so that n, = O(N).

A2. The true value of 0 is denoted by 8° and we have 0° € int(©), where int(©) is the interior

of ©.



A3. Foralli € {1,...,n}and j € {1,...,n;}, the random variables ¢;; are independent from

each other and independent from v.
A4. The sequence n% > i, Xij tends to ¢; € R” when n; — +oo foralli € {1,...,n}.

Ab. The sequence L Z;’Zl Xinfj tends to a positive definite matrix C; € RP*P when n; —

n

+oo foralli € {1,...,n}.

A6. Forallie {1,...,n}and j € {1,...,n;}, the random variables E[¢;;|Y | are independent

from each other and independent from E[v|Y].

Assumption (A1) is linked to the way we reach infinity as explained in Section The partic-
ularity here is that n stays constant but /N reaches infinity because all the n;,1 < i < n go to
infinity. Assumption (A2) is a classical assumption for quantile regression and is needed for the
main theorem used during the proof of the asymptotic behavior of our estimator. Assumptions
(A3) to (A5) constrain the form the data can take and ensure the existence of first- and second-
order moments. These assumptions are also commonly used in quantile regression. We can see
that neither the data nor the variability term €;; need to follow a normal distribution for asymptotic
results to be established. The last assumption (A6) is needed for the proof and is rarely used. We

can see an usage and a detailed explanation of this assumption in Weidenhammer (2017).

The main results of the paper is the following theorem which provides the asymptotic nor-

mality of our estimates.

Theorem 1. Assume assumptions (A1) to (A6) hold. Then we have as N tends to infinity the

asymptotic normality

diag((V'N,VN)) (0 — 8°) = VNG - af) 25 N(0, B71(8%) (8)

VN(B -

10



where B(0°) is a definite positive (n + p) x (n + p) matrix.

Moreover, we can compute the value of B(6°), allowing us to establish precise confidence
intervals. This also enables us to compare the asymptotic distribution of the parameter with the
estimator one and gives us information about the rate of convergence, that is to say, v/ N. The
consistency of our estimator will immediately follow this result, as in|Weidenhammer| (2017).

We define two more assumptions on ( f,,)1<i<n from equation (7):

C1. Foralll < i <n, we have LNy € R when n; tends to infinity.

ng

C2. The application

is a bijective function.

Theorem 2. Assume assumptions (A1) to (A6),(C1) and (C2) hold. Then, we have as N tends

to infinity the asymptotic normality

L VN(6; — &° ~
diag((VN,VN)) (6; — 6°) = 7 ) 5 N (0, B7(8°)) 9)

VN(B; - 8°)
where §° = (6°, 8°), for all i < n, &) = exp <%?O))U? and
e By o(6°) = B, (6°),
o Bys(0°) = ' By 5(6°),
o Byp(0°) = Ba(6°).

Theorem [2| will allow us to ensure asymptotic normality for an all-new class of estimators 6.

Therefore, by using an appropriate sequence of functions ( f,,,)1<i<n, We can quite modify the

11



optimization problem (/7)) while keeping the same theoretical guarantees. Here, we are interested

in the case where the function f is as ridge penalization and so we want to solve

Of = arg max/ <Z ZPT (yw MU) + inz In (0;) + Aiaf) dv (10)
i=1 i=1

i=1 j=1

We can apply Theoremlto 10) in which f,,,(0) = \o?, forall 1 <i < mnandwith A > 0a

f

fixed parameter. We have the condition (C'1) as, for all 1 <4 < n, we have =~ — 0.

In this case, the assumption (C'2) also holds. Indeed, if we write 6; = o; exp (/\02) we can
obtain the desired scale parameters o; in the following way:

V2

g; =

with W being the Lambert function, defined as the inverse function of x — ze”.

As a consequence, the estimator defined by the optimization problem (7)) including a Ridge pe-
nalization term \ Y, o7 is asymptotically normal, with the same variance-covariance matrix
as the non-penalized problem ( as [ = 0 here). We can hope that the ridge penalization al-
lows for greater control over the estimation of the scale parameters of the model. Moreover, if

Z ~ ALD(u, o, 7), we have the following result (|Yu and Zhang| (2005)):

o2(1 — 27 +272)
(1 —7)%72

Var(Z) = (11)

As o; is the scale parameter for the i-th individual, one can observe that penalizing o; allows us to
deal with over-estimation of the variance between measures of the same individual. In some way,
information about the scale parameter o; gives us knowledge about the dispersion or diversity of
measures for an individual.

We want to note that model error and measurement error aren’t taken into account in our linear
mixed model. Indeed, the between-measurements variability is considered as a consequence of

natural differences between measurements. Therefore, we hope that controlling A allows us to

12



cope with the differences between our model and real data. Adding a Ridge penalization to our
model will add bias to our estimates, but our aim is to accurately represent the dispersion, not
necessarily to have a better point-by-point estimate.

The next section provides the proofs of Theorem[I]and Theorem [2|

2.3 Proofs

Proof of Theorem[I, We follow the same steps proposed in[Weidenhammer|(2017). To establish

the asymptotic normality, we shall make use of the Theorem [3] of Weiss (Weiss (1971}, [1973))):

Theorem 3. Let N observations Y1, ...,Yy from a known distribution Py g with @ € © C R*
a parameter vector in the parameter space of dimension k. Considering the density fy(y|0)
of the vector Y = (Y1,...,Yn), we can define the log-likelihood 1(8|Y) = log fy (y|0). Let
0° € int(©) be the true value of the parameter vector and assume there exist 2k sequences

Kyi(N),...,Ki(N) and My(N) ..., Mi(N) such that, for all v € {1,...,k}, K,(N) N2po

N—+oc0

+00, M,(N) "=5° 400 and 220N pmareyy)

o
K.(N)

We assume the two following conditions:

B1. We have the following convergence in probability when N tends to infinity:

1 92 .
B l 0 Y B 00
KoMK, (V) 98,00, V)| —Dun@)

where B, ,,(0°) is continuous and the k x k matrix B(0°) is positive definite.
N—r+o00

B2. There exists two positive sequences (7(N, 0y)) ny and (6(N, 0y))n so that (v(N, 0y)) n

0 and (5(N, 6;))x "= 0 and we have for all @ € N,,(6°)
Po(R,.(0°,7(N,8,))) > 1—§(N, 6)

with

13



o Nn(e[)) = {(017"'70k)t ) |9L _0?’ < A}ﬁj((x))al’ € {177k}}’

o R,(0°~) = {Y e RV : Zk M, (N)M,,(N) sup |e,.,(0,0°n,Y)| < 7},

ti,e2=1 "0
0cN,,(6°)

92
¢ 6L17L2(07 007 n’ Y) = _KL1 (N)IKLQ(N) aeleaeﬂ l(0|Y) N BL17L2 (00)

Under all these assumptions, we have the existence of a maximum likelihood estimator sequence

al(o]Y)
00

é(N ) of 0, roots of the equation = 0, so that:
diag(Ky(N),. .., Kx(N)) (é . 90) 2y N0, B71(6%). O

In order to apply Theorem |3} we shall check the conditions B1 and B2.

Checking of the Condition B1

The condition B1 asserts the convergence of the second derivatives of the log-likelihood. From
the weak law of large numbers, it is possible to relate these derivatives to their expectations. We
can find a more precise description of this assumption and its relation to the Fisher information
in Weidenhammer (2017), page 70 — 72.

Considering the Theorem of Schwartz, we only have to calculate the second derivatives of the
log-likelihood with respect to (o, o), (o, B) and (3, B).

One can find the calculation of the second derivatives in our case in the supplementary material
in Section [ We can notice that every second derivative can be expressed as a function of con-
ditional derivatives with respect to Y. It follows from Weidenhammer (2017)), pages 81-82 that
these conditional expectations can be expressed as an integral with respect to the measure P,y .
After calculating all the second derivatives, we obtain from the weak law of large numbers the
expression of By, 4,(0°) for all 8,0, € {o, 3}. The sequences K,(N), for all ¢ are exactly the
rate of convergence of the corresponding law of large numbers. Let £, &, & 3 random variables,

it follows from [Steyer (2013) :

E [Var(¢] Y)] = Var(§) — Var (E[¢] Y])

14



and

E[Cov (&,£]Y )] =Cov (&,&) — Cov(E[&|Y],E[&|Y]).

Details on the calculation of By, ,(0°) for all 8,6, € {o, 3} are in the supplementary material

in Section [6] We obtain from (20)) and (21])
(Ko(N), Kg(N)) = (VN,VN), By o(6°) = (b5, )1isn

where

E[E? [ (7 — 1c,<0)| Y]lg_go

o

ik
bk = Ty,

Furthermore, it follows from (22))
Bop(6°) = B o (6°) = (b,"5)1<i<n,1<k<p

with

g

i C; 1
pik = Gk (T+—E[E[eﬂ<1m<o—r>|w E[lermgeo),

Sl

and

E[E Y
Bﬂﬁ 00 — Z 611<0‘ ]] Cz

=1

For all 7 such that 0 # 0 (always true by definition), the continuity of B(6°) is obtained by the
composition of continuous function.

We have the positive definiteness of B(0°) in the same way as in [Weidenhammer (2017), page
110 — 112. The form of the inverse of the variance-covariance matrix is very close to the one
developed in this thesis, composed mainly of expectation or expectation of conditional expec-
tation with respect to Y. However, two main differences in our article are that the number of
individuals n is not set to +o0o and, as explained before, the (0;)1<; <, are not equal, allowing for

heteroscedasticity. This also changes the asymptotic properties of our estimates.

15



Checking of the Condition B2

Condition B2 determines the behavior of the second derivatives of the likelihood at 8 = §°
when N tends to infinity. More precisely, this condition allows the development of a Taylor se-
ries around the true parameter vector 8°. Further details on this condition can also be found in
Weidenhammer (2017), page 70 — 72. In the same way as in |Miller| (1977) and |Pinheiro| (1994),

we define the following quantity:

1 o2
AN = max | e R () [aeblaowl(gm

:| - BL1,L2 (00>
6=6°
which allows us to construct for all ¢ the following sequences:

M = M,(N) = mln{\/_4 K1 (N )}.

The value of M is chosen so as to make future proofs of convergence possible. In order to prove

condition B2, it is only necessary to check that for ¢y, 15 and for all 8% € Ny (0°)

1 2 P
" L6ly) X80, (12)

2
M®  sup K,.(N)K,,(N) 06,,00,, (

BIENN(BO)

6=01

This difference in (I2) can be decomposed in the following way:

1 92
su — 10y — B, 00>
91€N300)( KL1KL2 aeuaem( ’ >0:01 ’ ( )
1 0? 0?
—  sup (— ( 1(0]Y) — = 8|Y) ))
prevuon\ KiK., \ 09,00, oo 00,00, o
~
! 0)y)| -E 8—21(0\1/)
K, K, aeﬂae ooe 06,00, 6o
1 5?2 1 52 T
Eps Y —Ep | —L(0lY
K, K, ( 106,00, 1| )9202_ 0 _aoblaawl(e‘ )9:90_>
Y
L (ep [ =% o) | oEn [ L soy)| ]
K, K, \ % |06,06, ool 0 06,06, oo ]
~
! (E O ey |-n <e°>)
Q0 - 11,02 .
f( K, 1 00,,00,, o_g) ;
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By a careful analysis of each term in the decomposition, by definition of M, we have

|(I)5| <K = M2q)5 — 0.
N—+o00

To prove the convergence for the other part of this equation, we mainly use the fact that ', 8% €
Ny (60°), knowing that we can control the rate of convergence between these parameters and 6°
when N — +4-o00. The computation of @, &5, 3 and P, is quite tedious and so is left as supple-
mentary material in Section[6] We can however notice that @, is a difference between a random
variable and its expectation, which allows the use of the Bienaymé-Tchebychev inequality to
show the appropriate convergence.

Once this is done, we are in the conditions of application of the Theorem [3] of Weiss under the
assumptions (A1) to (A6). Weidenhammer| (2017)) page 146-147 showed that the asymptotic
normality implied the consistency of the estimator 6 of 6. From the Theorem [3| of Weiss, we

obtain successfully the asymptotic normality of our estimator. [

Proof of Theorem 2] We consider the expanded data Y and X so that }72-]' = exp <f L (9)>Y;-

g

and X ij = €xp (fn—w)> X;. We have the following linear mixed model:

A
uz

= ij,@ + exp (fn—@> e+ é; (13)

(2

with gij ~ ALD(07 0; €Xp (fnz ©) )7 T)'

ng

As assumptions (A1), (A3) and (AG6) hold for the original data, they also hold for the expanded
data given in . Because of assumption (C'1), we also have assumption (A4) and (A5) for X,
thanks to the strict positiveness of the exponential. We can notice that the parameter space is now

changed because of the dilatation of the data. The parameter 3 is the same as the original prob-

fn;(6)

ng

lem, but the parameter o is now changed to & with &; = exp (

)Jo;. We can then define the
vector of the true value for parameters in the expanded model as 0° = (®(60°), 3%). Using

condition (C'2), we have 8" in the interior of the new parameter set, and so we have assumption
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(A?2) for the expanded model given in (13)).

From Theorem |1} we deduce the asymptotic normality for the maximum likelihood estimator
of the expanded data given by (13). We can now consider the optimization problem defining this
estimator. The function of 6 to optimize can be written in the following form:

/ (ZZ < i “”) —l—anln az)) dv

i=1 j=1

with fi;; = ng B + exp ( i (8 ))e v. We can rewrite this expression as a function of 0 :

n ny (8) n
55 (S L)) s (e (42

i=1 j=1 0; €Xp ("jl—l) i=1 ¢
which is exactly equal to (7)) when simplified. Therefore, we have the estimator of the expanded
problem (13)) equal to the estimator 8¢ of 6 by definition. This allows us to conclude of the
asymptotic normality of 8. Finally, from together with and (22)), it follows the form of

B(6°). O

We proved the appropriate properties of the estimator, including asymptotic normality, consis-
tency, and the possibility to easily add a term in the optimization problem defining our estimator

using expanded data. Our estimation algorithm is carefully described in the following subsection.

2.4 Numerical estimation

Using the equivalence between the maximization of the likelihood and the minimization of the
optimization problem defining the quantile estimator, we are therefore able to compute this esti-
mator using classical likelihood optimization algorithms. As mentioned before, we approximate
the likelihood given in (5)) using Gauss quadrature, via the same lines as in |Geraci and Bottai

(2014). Their method was coded in an R package called lgmm (Geraci, 2014). Based on their
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algorithm, we then want to find 6 that maximizes the following approximated likelihood defined

lapp(0]Y") as

K N N noon (K1, sken)
(1 —7) Yij — 5
log ( Z n o,  CXP <_ Pr ( . Jo(Vky ok Hwkz
-1 Hz g; i 1 0

K1y kn= —1 j=
(14)
with
1 vh X g g
fo(Uiy,kn) = ————=€xp (— — — )
1 (2m¢)2 /|3 2¢
,ul(fl’ ol = X1 8 — elvy, 1, |X| denoting the determinant of the > matrix, KX € N* being the

order of the quadrature, vy, 1, € R" being the nodes and w;,, € R denoting the weights of the
quadrature for all k; € {1,...,k}andi € {1,...,n}.

As the maximization of (I4)) does not have an analytical solution, a numerical optimization
algorithm is used to solve it. We use either a gradient-search method or a direct search method
in which both initial values for @ and ¢ are required to generate a sequence of improving approx-
imate solutions. For 3™, we use the least squared regression estimate of (1)) computed on the
data while for 0" we use the link between variance and the scale parameters, as shown in ,

so that we set forall i € {1,...,n}

ng

2
1 — 72 1 1
init __ E t ginit E t QLS
7 (1_27—1—27‘2 n; (Y - XiP n; (¥y — X5, )>

j=1 ‘=1

To initialize ¢, we use the following estimator:

n

n 2
pmit = %Z ((EéQT(Y - X'g") - %Zl (z Qv - Xtﬁ"””))i) (15)

K3
=1 1=

with Q. (V') € R" being the vector of the 7-th empirical quantiles for all the measures of each

individual of the RY vector V.

Once these initial values are computed, the numerical optimization algorithm can be used

to infer a first estimate 8 of 6. For the parameter ¢, we obtain a first a value ¢! by using
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equation in which 3™ is replaced by 3'. Then, the optimization process is repeated until
the various estimates stay unchanged between two consecutive iterations. In order to illustrate
the properties of our model, we implement a simulation study based on N = 1000 realizations.
For more simplicity, we call our models hlgmm for heteroscedastic linear quantile mixed model

and phlgmm for penalized heteroscedastic linear quantile mixed model.

3 Simulation study

This section is devoted to numerical experiments in order to evaluate the performance of our
estimates. All our algorithms used in this paper can be found here: https://github.com/

1621974 /h]1lgmm.

3.1 Asymptotic normality and convergence

We first study the empirical distribution of 6 and compare it to the asymptotic theoretical distri-
bution. To compute our estimate, we need to evaluate the asymptotic variance-covariance matrix
that involves some conditional expectations with respect to Y (as shown in Section 2.2). To that
end, we use an empirical estimator of conditional expectation with respect to Y for each 7 < n
that can be defined in our case for a generic random variable Z € R™ as:

1 <. 1
=N —N "7
nz; |.S;] 2 %

kESj

where |.S;| denotes the cardinal of S; defined as the set of indices {k |Y;, = Y;; }.

To study the empirical distribution of 6, we consider the following simulation design in which

p=9,n=06,foralli e {1,...,n}n; =J =1000, 7 = 0.5 and

v=2 o°=(1,2,1,3,1,05), B°=(1,2,-2,-1,3,5.50.50.1), ¢=5
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where 1/ denotes the true value for the intercept. Then, we consider three distributions to gen-
erate the co-variables X, namely a normal distribution A (2,2), a Laplace distribution £(2, 3)
and a Bernoulli distribution 3(0.33). For each distribution, we represent the frequency histogram
for both & and 3 of 1000 Monte Carlo replications and compare it to the asymptotic theoreti-
cal normal distribution. Figure m displays the empirical distributions of B3 when covariates are
generated according to the normal distribution A/ (2,2). All the Figures for the other covariate

distributions and parameters can be found in the supplementary material.
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Figure 1: Empirical distribution of B — B for a normal generation of co-variables following

N(2,2). For the estimator 1/}, the empirical bias was removed.

Firstly, we can see that all empirical distributions fit the theoretical ones, except for the in-
tercept one. There exists a bias on the intercept, which was removed in Figure [l| by centering ¢.
One can find some explanation of this bias, as well as a justification of the use of an intercept
in quantile regression in Jureckova and Sen! (1996) and Battagliola et al.| (2022). Otherwise, we
can see that all estimators seem to fit the theoretical normal distribution. In Figure [2] except for
some rare extreme values, almost all points indicate a strong match with the asymptotic theoret-

ical distribution for the parameter o. This was also confirmed by some Shapiro’s tests which all
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provided p value lower than 5%.
The behavior for other co-variable distributions is mostly the same, except for the Bernoulli
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Figure 2: QQ-plot of & — o for a normal generation of co-variables following N'(2, 2).

generation which presents a higher rate of extreme values. Figures [5]to[I9]for these distributions

are displayed in the supplementary material.

Next, to study the convergence of our estimator é, we use the same simulation design, but
we make the number of measurements, J, vary. We can see the convergence of the algorithm
in Figure [’5] for parameter o when J increases. Here, the results are fairly similar, whatever the
distribution used to generate the co-variables. Looking at the scale on the ordinate axis, we can
see that the closer the parameter is to 0, the harder it is for the method to estimate it correctly.
Results are the same for parameter 3 and for other generations of covariables (as we can see in

Figures [5|to[19]in the supplementary material).
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Figure 3: Convergence plot of & — o for a Laplace generation of co-variables following £(2, 3).
4 Application for real data

We consider a data set consisting of isotopic signature measurements on coral reef fish and envi-
ronmental and biological covariables from the Marquesas Islands (Fey et al.| (2021)). Here, we
are interested in the isotopic signatures of carbon §¢ and nitrogen 6%V, which provide information
on the diet of observed species (Fry| (1988),Vander Zanden and Rasmussen (1999)). Precisely,
the objective is to predict the trophic diversity of these fish correctly. The trophic diversity, which
denotes the diversity of the diet of a species (Newsome et al.| (2007)), can be defined by using the
size of the isotopic niche. The latter can be calculated from the area of the convex envelope of the
measurements when viewed in the (50, N ) plane (Fey et al. (2021)). As a high variance can be,
at the first order, interpreted as a high diversity, we expect that our method can better predict the
isotopic niche’s size, with the use or not of the penalized version. Firstly, heteroscedasticity is ex-
plicitly included in our models (with and without penalty) through the parameters 0;,1 < i < n.
This gives us access to a measure of diversity for each species.Secondly, the penalized version of

our model could compensate for the modeling error, especially when our model without penalty
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provides an overestimation of variability. Overall, our models (with and without penalty) provide
us with information on trophic diversity, as well as on the links between the isotopic niche and

the environmental and biological variables in our dataset.

Regarding the dataset, it contains information about 43 species with enough measurement
to compute our model, ranging from 9 to 70 fishes of one species. There are two environmental
covariables studied, namely the wind exposition and the season of the measurements, as well as 6
biological covariables, mostly qualitative variables depending only on the species, like a descrip-
tion of the diet or the schooling of the species. As several species are studied in the data set and
because we are interested in predicting the trophic diversity of a species, the species are consid-
ered as our individuals for which several measurements are available. We apply our method on
the dataset and we construct two models: one model to both explain and predict the carbon iso-
topic signature and a second one to both explain and predict the nitrogen isotropic signature. In
these two models, the environmental and biological covariables are used as explanatory variables
and Y;; denotes, for the j-th measurement of the i-th species, the model response that is either the
carbon isotopic signature or the nitrogen isotropic signature. Finally, we use the predicted values
for both the carbon isotopic signature and the nitrogen isotropic signature to predict the trophic

diversity of a species.

The isotopic niche for a given species, denoted by 7', is defined as the convex envelope of the
a% points closest to the barycenter of all the points in the plane (6, V). It is described in more
detail in |Fey et al. (2021]). Moreover, the area used to compute the size of the isotropic niche for
one species heavily depends on the within-species variance, which is the variance of the measure-

ments for the considered species. Therefore, being able to control the within-species variability
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of each isotopic signature should enable us to predict more accurately the size of the isotopic
niche. In our model (3)), the within-species variability is controlled by o defined in (T1)). Then,

improvement in the computation of the parameter vector o can help to study the trophic diversity.

Furthermore, our method requires that the variance-covariance matrix 3, which defines the
dependency between each species, to be known. Here, we use the phylogenetic proximities. As
in (Grafen (1989)), the dependency between two species is defined based on a hierarchical classi-
fication depending on different phylogenetic scales (family, genus, species). First, we compute
a phylogenetic distance h that is evenly distributed on the [0, 1] axis according to whether or not
two individuals belong or not to different hierarchical classes (1 if the two species are not from

the same family, O if the two species are the same). Then, 3 is defined as:
(X)iyis =1 —h(i,i2)” 1,00 € {1,...,n}

where p is a fixed parameter, chosen by cross-validation and under the constraint that > has to
be positive definite. Here, as the dataset contains 43 distinct species, X is a 43 x43 matrix. This
also means that the parameter space O is at least of dimension 43, and so makes the estimation
problem challenging.

Here, to be able to measure the performance of our methods on the data, we split the data
between a training set containing 75% of the data and a testing set. We then perform a Monte-
Carlo cross-validation to fix the value of (p, 7%, 7V, A\, AY). Determining the order of the 7¢
and 7V quantiles by cross-validation is unusual, but coherent insofar as these parameters are also
involved in the H equation defining the model, and not just in calculating the estimator 6 of
equation (6)). To validate our model, we simulate the asymptotic distribution of carbon and ni-
trogen isotope signatures according to our model. We therefore generate data on the same model

as the available dataset. By empirically estimating parameters from normal distributions for
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quantitative co-variables and Bernoulli distributions for qualitative co-variables, we can simulate
isotopic signatures for each species according to equation (3)). Random effects can be inferred in
the same way as in|Geraci and Bottai (2014). We then estimate the theoretical isotopic niche of
the species studied for different values of a between 0 and 100. The parameter set chosen will
then be that which simulates an isotopic niche of parameter o containing a percentage as close as
possible to a% of the real data from the training set, for all values of a.

Once this is done, we can compare our two methods hlgmm and phlgmm with the rgpd function.

-~ hiqmm 90% --- higmm 90%
— higmm 10% . — higmm 10%

-~ phigmm 90% L7777~ | --- phigmm 90%
Y| — phlgmm 10% *{ — phlgmm 10%
rqpd 90% { L rqpd 90%

SN
SN
SN

Figure 4: Figure a represents a theoretical isotopic niche simulated with the hlgmm model for
the species Epinephelus fasciatus as well as real data points. Figure b compares the performance
of hlgmm, phlgmm and rgpd for the species Chaetodon ornatissimus. Figure ¢ compares the

performance of hglmm, phlgmm and rqpd for the species Thalassoma amblycephalum.

The test data set is added and the match between the theoretical isotopic niche and the real data is
observed again. Figure da shows an example of the theoretical isotopic niche, with the simulated
points in black and the real data in red. In Figures @b and H, we display the convex envelopes
defining the isotopic niche for & = 90% and v = 10% for both the three estimators and the real

data. We, therefore, want 90% of the real data, represented by red dots, to fall within the largest
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of the convex envelopes of a given color, and 10% of this data to fall within the smallest envelope.
Figure dp shows a case where the higmm method best predicts the data. The penalized method
phlgmm applies too strong a constraint on the (0;)1<;<n, not sufficiently capturing the points fur-
thest from the barycenter. We can see that hlgmm performs better as the farthest three red dots on
the right are inside the dotted black convex hull but not inside the blue and green one. It’s when
the hlgmm method overestimates within-species variability that the penalized method performs
better, as shown in Figure @c. Here, isotopic niches for small « values are poorly estimated by
the hlgmm method, and penalization brings the isotopic niche closer to its true shape. We can see
that phlgmm performs better as the two red dots inside the black convex hull delimited by a solid
line are not inside the blue one. In all case, the 10% convex hull of rgpd is too little to be seen
here. The rgpd routine consistently under-performs our two models in terms of isotopic niche
matching.

Once we estimate the within-species variability, we can then use o to study the link between
environmental and biological covariables and trophic diversity, with for instance an analysis of
variance. The theoretical isotope niche is also interesting in its own right, for example, to identify
outliers or to compare the trophic diversity of several different species. As we have seen, our
method provides a good description of the dispersion between measurements of the same species,
enabling us at the same time to describe the diversity of the diet of coral fish, thus reducing the
problem to one of surface estimation. It is also interesting to note that the penalized method
fulfills its role well, compensating for any overestimation of dispersion. To improve accuracy, it
would also be useful to develop a method to counter the underestimation of certain within-species

variability.
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5 Discussion

The article developed above presents several modeling approaches for inference in the context
of longitudinal data with the presence of heteroscedasticity between individuals. The asymptotic
normality properties demonstrated enable a comfortable inference framework to be set up, in-
cluding the calculation of confidence intervals on the parameters. There are, however, avenues
for theoretical improvement that would make this model more complete. For example, the sim-
ulations revealed a sensitivity to similarity between within-individual and between-individual
variabilities. If the parameter ¢ is too close to elements of the parameter o, the estimation could
be compromised. This weakness of our model therefore calls for accurate and efficient estimation
of the ¢ parameter. Unlike the model developed by (Geraci and Bottai (2014), whose asymptotic
properties were demonstrated in [Weidenhammer| (2017), we estimate this parameter separately
using empirical estimators. It would be interesting to develop a formal framework for estimating
this parameter jointly. Since the estimation of this parameter will depend on n and we don’t want
to make it tend towards infinity (see Section [2.1)), a different model should be proposed to make

sense of the convergence of the ¢ estimator.

We have given only one example of the class of estimators defined by equation in the
form of Ridge penalization of the optimization problem. However, other estimators with dif-
ferent properties could be imagined. We see in Section [ that penalization has the effect of
contracting the surface of isotopic niches, which has the consequence of alleviating problems of
overestimation of variability between measurements. In the same way, we could think of a way
to overcome the problems of underestimation of dispersion. In general, it would be interesting to
study the effect of the choice of the f function in the equation (7)) on the value of the ¢ estimator.

We could also have defined a lasso penalty in the same way. Although the asymptotic normality
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of the 0 estimator is established in a fairly broad framework, the form of the f function chosen
can lead to difficulties in numerical optimization. In the case of Ridge penalization developed
in this article, our optimization method can run into local minima quite frequently (around 10%
of the time). To solve this problem, more efficient optimization algorithms can be implemented,

such as stochastic optimization algorithms (Schneider and Kirkpatrickl (2007)).

An application is developed in Section [] in which the objective is to correctly estimate a
surface through the notion of isotopic niches. As mentioned above, the models proposed in this
article could equally well be applied to volume estimation problems of any dimension greater
than 1, subject to the independence of the variables defining each dimension. This independence
assumption may be restrictive in some cases, and it would be interesting to develop a model sim-
ilar to those presented in this paper but taking into account the dependence between the variables
studied. This would require the implementation of multi-dimensional inference, which raises
several technical issues. To the best of our knowledge, the definition of asymmetric Laplace’s
distribution as used in this paper in higher dimensions has not yet been well developed, partic-
ularly in a dependency framework. Added to this difficulty is the multiplicity of distributions to

which the term multivariate asymmetric Laplace distribution may refer ( Kotz et al. (2001) ).

In an ecological framework, we have linked the notion of dispersion to that of diversity, but
these two notions are very distinct. There are several definitions of diversity which each describe
a different reality (Cucherousset and Villéger| (2015))) and which it would be interesting to in-
vestigate mathematically. The advantage of our model is that it would be possible to control the
estimation of diversity according to several of these definitions using the ¢, estimators. One of

the conditions to achieve this would be to be able to express the newly defined diversity as a func-
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tion of the parameters @ of the model. The notion of diversity is linked to that of specialization
in ecology and the latter notion is linked to the adaptation of species to environmental changes
(Haaland et al.| (2020)). In behavioral ecology, measuring the diversity of behaviors of a species
and comparing it to that of other species could be the key to a comparative study of the adaptive

capacity of different species sharing an ecosystem.
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SUPPLEMENTARY MATERIAL

Proofs

Computation of the second derivatives of the log-likelihood

It follows from assumption (A3)

0l ) =tog ([ (Y10) o))

with

- - Yij_ij — f
rn(¥1o) = [TTT ™ o (. (222222

=1 j=1

and

—_

10 = s e (—iﬁ)

Consequently, we have for 6 € {3, o'}

fo(v)dv. (16)

Al(n|Y) 1 /afY|y(Ylv)
00 fy(Y) Jgn

- 00
First derivatives

We have :

Ofyp(Yv) v 0 (1 1 & . .
e =g (G| o e (4 - XiB )

Moreover,



Consequently, it follows that

Wﬂg—ﬁm_z ' ((ZpT (Vi — X8 —zfv)) —O-i> Sr(Y|v),

i=1
with e; the ¢-th unit vector of R™.

In the end, we have:

al( n\Y _E [Z e; ZPT &)

by definition of the linear model and Bayes formula.

We have :

3fy\y(Y|U) B "9 1 1 & ¢ t
—ap —ra-n" Z % (Eexp <_E Zp (Hs = Xb - )>>

0 : " 0 t ¢
98 (pr (Vi — X8 —z{v)) = 2B ( — Ly, <xt Bt v) (Yij — X8 = #v)
< <ijﬁ+va> 8,3 (Y Xt '8 U)

( Vi <XEB+ztv T 7'> Xij~
Therefore, we have:

n

afy‘,/ Y|U Z 1
=1 i J

)

(T - 1Y¢j§ijﬁ+zfv> Xiij|V(Y|U)'
1

Finally :
ol(nY) U
R D DD DRC e[y L — LS 1,0, Y.
i=1 b j=1 i=1 ' j=1
For the rest of the calculations, it is useful to determine the various derivatives 2 ( ) for O €

{B, o }. Given the previous calculations, we have :

afY /n Z €i ((Z Pr e” ) — O‘,) lelI(Y'U)fV( )
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and

) ~ 1
fY /HZ — 61 <0 X”fy|y(Y|U)fz/( v)dv

O'l,

Derivative with respect to (o, o).

oY)
oo

/ . ((Zm (Y — X8 —va)> —0i> Fopy (0] )dv

If we derive this vector by o, we create a matrix whose elements are for i € {1,...,n} and

31 ( i2 ((Z pr (Vi — Xi;8 - Zf”)) - Ui) fz/Y(UlY)d/U) .

Forall i,k € {1,...,n}, this derivative can be written as:

Fori € {1, ...,n}, the components of the vector are:

ke{l,...,n}

: ig ((2 pr (Yij — ijﬁ - Zf”)) - Ui) % (fyp(Y|v)) fo(v)dv

1 0 t t
1

: (( - <m~j X - z;v)> - az-> Pe(Y 1) 0) - (r (¥) o

7)
i (S0 00-20) =)
1
:_2< Zp‘r €5 +1>1kz

The second term of equation . 17)) becomes:

1 (2 &
E [0_—22 <0_—Z jzlpT (Eij) + 1> 1k:i

Y] |
Subtracting the first and last terms of equation (17)), we obtain:

n;
1
Cov ?g €5 (T — 1e,;<0) E er (T — Ley<0)

ioj=1 =1

Y>.
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Finally, we have the following form:

0 dl(nY) 261
G 00 Z e (= 20| ¥
=1 i=1 j=1
n; ng
Py (z ) St s ¥)
i=1 k=1 77 j=1 =1
Derivative with respect to (o, 3).
If we derive the vector L by 3, we create a matrix whose elements are forall i € {1,...,n}

and forall k € {1,...,p}

1 1 i . . 9
R fY(Y) 0_12 ((Z Pr (Yw - Xijﬂ - Zw)) — UZ) Q_ﬂk (leV(Y|U)) fl,(v)dv

- Uz)) fY|V(Y|U)fV(v)dU

: i ((Z pr(Yyy — Xi;8 — zfv)) —~ m-) Frp (Y1) f, (v ) (fy(Y))dv

)

(1Eij§0 - 7') X,]k

9Pk
(18)

We have:

The second term of equation (18] therefore becomes:

ng

1
E[—2 Z (1€ij§0 — ’7') Xz]k’Y]

Subtracting the first and last terms, we obtain:

n 1 Np
2 E 61] e”<0 ) E o E 1epq§0quk Y |.
Z p:l p q:l

Finally, we obtain:

0 J(nlY) _E "G el &
B o £

+ Z Z €;e; COV (% Z €ij (1€ij§0 — T) s Z O_i Z 1€pq§0quk

=1 k=1




Derivative with respect to (3, 3).

If we derive the vector %‘BY) by (3, we create a matrix whose elements are forall7 € {1,...,n},

and forall k € {1,...,p}:

1 L 9
& r(Y) & 0 2 (7= 1y20) Xign g (rn(¥10) o (w)dv
1 0 "1 &
_'_/R" fY(Y)ﬁ_ﬁl (; Z; (T - 161']50) z]k) fY|V(Y|’U)fV( ) (19)

—/Rn = (1y) Zal (7 = Le,<0) Xigr Sy (Y |0) fi (v )aﬁz (fy(Y))dv

We have :

1 &
- - e i =0
aﬁl (; o ”<O ]k)

=1 Z] 1

so the second term of (I9) is zero.

Subtracting the first and last terms, we have:

ar (S35 10,

Y> |
Finally, simplifying the constant terms, we have :

0 9lnY) _

) |

Determination of the asymptotic variance-covariance matrix
Determination of B, ,(6°).

The second derivative of the likelihood with respect to the parameter o is a matrix of size n X n

whose element (i, k) is:

( 2 3 Z E EU - 161'_760)‘ Y}) iy

Z
g

Z Z Cov e” - el,go), Ekl(T - 15kl§0)| Y) :

jll].
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We temporarily note W/ = E [ ¢;;(1 — 1.,<0)| Y] forafixed i € {1,...,n}. We have

oi(l=27)  T0;
_I_
(1—71) 1—7

E [WZ] = TE [Ez‘j] — E [EijleijSO} = = 0;.

J

Moreover,
Var (W}) = E [(W})?] — o7 <4E [¢};(T — 1;<0)°] < +o0

J

because VV; 1s a conditional expectation of a random variable with moments of order two. From

the law of large numbers, we have, for all 7,

%Z _ Mzwz 2y 0
using assumption (A1).
We note this time for all i, k, Wi = Cov (e (7 — Le,<0) » 4t (T — Loyi<0)| ¥). We have by
independence of the e;:
E W] = Cov (e (T = Ley<0) s n (T — Leyy<o))
—Cov (E [€;5 (T — 1e,,<0)| Y] E [ (T — 1y<0)| Y)
= (Var (eij (7 = 1e,0)) = Var (E [e; (7 = 1e,<0) [ Y])) Limiljmt.
But we have:
Var (ei; (7 — 1e,<0)) = 07
and
Var (E [€j (T — 1e,0) | Y]) = E[E* [6; (7 — 1e,0) | Y]] -

At the end, we have :

E [W;ﬂ = (20-2 —E [EZ [ei (T — 1¢;1<0)| YH) Li=ilj=

()

because of the identic distribution of (¢;;); for a fixed .
Using similar formulas, and using the fact that the asymmetric Laplace distribution admits mo-

ments of infinite order, we can see that Var(Wj;) < M < +oo. This is well within the scope of
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the weak law of large numbers and we have:

Bo o (0°) = (b5",)ix where :

E [E2 [61'1 (T - 16¢1§0)| Y]”G:GO
(0)*

bk, = L. (20)

Determination of B, 5(6°)

0 9lnY)

The matrix 96 o

) of dimension n X p have its elements (i, k),i € {1,...,n},k € {1,...,p}

'

1 & 1
(; Z €ij (Ley<o —7) Z U_p Z Lepy <0 X

i =1 =1
First, we set WJ’ = [(161.].@ — T) Xijk| Y]. We have :

written:

1 &
=E [? (1EijS0 — T) Xijk

% j=1

+Cov

E [WZ] = (E [1€ij§0] - T)Xijk =0

J

as E [1.,,<o| = 7. Then, we have:

AT Z E e,]<0 ‘ Y} ijk — 0

in probability when N — +oo.

The second term can be rewritten as follows:

- Z Z Z Cov (€5 (1e,y<0 = 7) s Lepy<oXpar| Y) -
b=

P j=1 ¢=1

This time, let VV;;“ be Cov (eij (1€ij§0 - T) , 16pq<0quk’ Y) We have :

E [I/V;ﬂ = Cov (Eij (1€ij§0 - T) ) 1 SOquk)

—Cov (E [€i;(1e,0 — 7)| Y], E [1,,<0Xpa| ¥])

=0+ E |6 (Le,20 — 7)] E [Le;<0] Xign

—E[E[eij(Le;<0 — 7| Y] E [Le, <oXije| Y]] =il

= (—70; — E[E[en(Le,<0 — T)| Y]E[1e, <0 Y]) Xijrdp=ilizy.
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E[wiil

Using assumption (A4), we have convergence of the series (Z ie TN

ance is finite because we only deal with L? random variables. We then have the result:

By 5(0°) = (b, k@)z , of size n X p where :

i, Cik 1
by = 5 (v S E e (o — DI YIE Lyl Yl

% %

Wlth C; = (Cily "'7Cip) = Zjoo %.

Determination of B 5(0°)

We have:
88[77|Y "L 1 &
Xz COV e SO)le §0|Y)Xt.
86 8,3 Zzl p 00k le — J kl kl
Using Wif = X;;Cov (1¢,,<0, 1ey<0| Y) X}, we have :
E W] =X (Cov(le,<0,1ey<0) — Cov (E [1e,<0| Y], E[1e,<0| Y])) X}
J J J

Xij (Var (1e,<0) = E[E* [1e,<o| Y]] + 7)) X 1kmiljm

X, (r—E[E?] e”<0‘ Y]]) XijLe=iljm

) As before, the vari-

21

Since this expectation only depends on j or [ at the level of the data X; or X}, we have conver-

ik

gence of the <ZZ ; %) series, using (A5) assumption.

Moreover, the variance of W;l’“ is bounded for the same reasons as above. The result is as follows:

Boale") = >0 L] egjfo(;LY” ‘¢,

=1

with C; a positive definite matrix of size p X p.
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Determination of ¢, for k € {1,...,4}

Due to the similarity with the first case, the calculation for (o, o), the other parts of the demon-
stration is dealt with more briefly.

Determination for (o, o)

Dy:

®, is a matrix of size n x n whose elements i, k are:

1/ 1 1 21i) o
yo {m ((01'2)2 a (01>2) i (07)3 ;EQQ [€ij (T = Le;20)| Y]

01eN, (69) i
21,1
_—(01)3 Z E91 [Ei]’ (T — 1€ij§0>| Y}
) j=1
1 n; Nk
"—m Z Z C0V92 (Eij (T - 1€ij§0) , €kl (T - 1€sz0>‘ Y)
Tk =1 =1
1 ng ng
_—(0101)2 Z Z COVgl (Eij (T — 1€ij§0) y €kl (7’ — 1€le0>‘ Y))} .
1Ok =1 =1
We have :
11 (of=0d})(o} +0})
(022 (0})? (0})%(0?)?
As 01,0, € Ny(0°), we have :
M M
o7 — 0} < N |07 — o} SN
and so:
sup |oF — o7 <24
01€N, (69)
We then have:
1 1 M
— <2—C
(0 (@2 =°N

with C' an unknown constant.

We saw before that:
1 & 1
N2 Z Eo [Eij (T - 1€z‘j§0){ Y] = O(N)

j=1
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for any 6 and:

Z Z COV9 61] — 16”-30) y €kl (T - 15kl§0)| Y)

=1 [=1

N O 1= + 0500 —E[Efen (T — 1e,<0)| Y] E [ (T — 1ey,<0)| Y]]

The last difference defining ®; then tends to:

1 1 1 n 1 1
(022  (o1)2) " 020} olo}

K3 3

1 1
+ ((0-1'1)2<0-]i)2 - (0,1'2)2(0_]%)2> E90 [EHO [eil (T - 1€i1§0)| Y] E90 [ekl (T - 16k1§0)| Y“

because as 01,02 € Ny(6y), we have Eg, [e;1 (T — 1.,,<0)| Y] N_)—Jg()O Eo, [€i1 (T — 1e,,<0)| Y]

and the same goes for the others expectations.

We have:
1,1 2 2 1( 51 2 1 2 ;2 1 2 1 2
1 1 ojo,—ojop 0i(o,—0p)+(0f —0i)og op—o0p 0 —0;
2,2 11~ 2,211 2,251 51 T 525251 2,11
oiop 0,0} 0;0,0,0% 0 0,0, 0% 0 0,0, 00,0
and so:
1 1 M
s g e O
ojop o0;0, N

In the same way, we have:

( SR ) <M

(01)*(03)*  (07)*(07)*) — N

All these inequalities being true for all 6! € Ny (6°), we can move on to the sup. Consequently,
we have M?®; = o %3 ) which tends to 0 by construction of M.

Dy:

We have ®, which is a matrix of size n X n whose elements ¢, k are:

# (%;;ﬁg <Z?2 1 E92 [éij (7’ — 16..<0) | Y} — E92 [Eil (7‘ — 16i1§0)]>

0 O'k: (Z Z COV@Q 6” o 1%50) s ex (T — 1€le0)| Y)

7=1 [=1

—ninu, ((07)* Ly + 07 0p — Eg [Egz [€11 (T — Ley<0)] Y] Eg2 [ (T — 1e<0)| YT]))) -
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We set X& = ﬁ Z?:l Sk Covpe <€ij (7‘ — 16ij§0) sep (T — 1%@)‘ Y).

We have :

((07)*Li=i + 070k — Eg2 [z [€nn (7 — Leyy<0)| Y] Egz [ (7 — Lo, <0)| YT]) -
The last two terms can therefore be written as a constant of N multiplied by the following value:
XN —Ep [XN] -

By Bienaymé-Tchebychev inequality, we have:

Var92 (X]Z\I;)
€2 '

Ve > 0, P92 (|)(}L\ivC — E92 [XJZ\];” Z 6) S
We have Eg2 [ X¥] which asymptotically behaves like ((07)?1;—; + o207}
—Eg2 [Eg2 [€1 (T — 1¢;,<0)| Y] Eg2 [€x1 (T — 1¢,,<0)| Y]]) which is independent of N. Moreover,

by changing € in we have:

M27

ik
e > 0.y (M2 XE — Ep [x4]| 3 ¢) < a1 Y2 )

2
Using assumption (A6), we have :
Varg: (X%) = ~i Z ZVar92 Covg: (€55 (T — Ley<0) s e (T — Ley<0)| Y))

7j=1 =1

and, because the ¢;; are identically distributed for a fixed ¢, we have :

. n;n
Eoo[(X3)?] < kE@? [(Covg (€1 (T — e, <0) s €1 (T — Ly <0)| V)7
Finally:
M*C
ik
Ve > 0,Pg (| X3 — Ep [X¥]| =€) < N

with C' an unknown constant of N so we have , by construction of ), the convergence to 0.

Moreover, we always have:

N—+00

1 <
m Z E92 [Eij (7’ — 1€ij§0) } Y} — 0.
j=1
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There is one last term left in the sum:

1 2
N2 (07)?

E92 [Eij (7’ — 1€ij§0):| = —

Consequently, as & e 0, we have M?®, — 0.
+00 N—+o0

q)gi

We have &3 which is a matrix of size n x n whose elements 7, k are:

N? i (0 (%)

_(Uz’)

0,0

1 1 1 21— 21—
A2 (<(02)2 - 0)2> + = Eg2 [en (T — 1€i1§0)] b —s=Ee2 [Ego [€1 (T —

1€i1§0)| Y]]

+%1k:i — —< 01—0> 2 Z Eo, [Coveo (61’]’ (7' — 1%@) € (T — 16M§0)| Y)]) )

Jj=1 [=1

As 0% € Ny (6°), we have :

Ep2 [ei1 (T — L1 <0)] Nt Ego [e1 (T — 1e,,<0)] = 07,

Eg2 [Ego [€i1 (T — L1¢;<0)| Y]] o, Ee [Ego [€i1 (T — 1c,,<0)| Y]] = Bgo [ (T —

E92 [COV@O (61‘]‘ (T — 15”-30) y €kl (T - 16sz0)’ Y)] N~>_+)oo

Eo, [Coveo (eij (7' — 1eijgo) ek (T — 16k1§0)’ Y)]

and
Ego [COVQO (Eij (7‘ — 1Eij§0) , €kl (’7‘ — 1€kl§0)| Y)} = (Ug)Qlk:i.

We finally obtain ®3 which is equivalent to:

5 (ap - @)

We saw before that:

16i1§0)]

1 1 M
- < —=C
(092  (o0)? ™ N
with C an unknown constant as 6% € Ny (6°).
As a consequence, because ]‘1\4, — 0Oand 1\14\[ — 0, we have M?®3 — 0.
N—+o0 N—+o00 N—+o00
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We have &, which is a matrix of size n X n whose elements ¢, k are:

w7 (G (B [E [eﬂ (7~ L) | Y] =B fea (7 = Leuzo))

_%1 =i 0 0 ZZE% COVGO €ij ( - 151'350) s er (T — 1Ekl§0)’ Yﬂ) .
k =1 [=1

We can see that the calculations and proofs of convergence are the same as for ®3.

Finally, we’ve proved the hypothesis in the case (o, o).

Determination for (o, /3)

(I)li

We have ®; which is a matrix of size n X p whose elements ¢, k are:

1 1
sup {W (W > Eo [(Le,<0 — 7) Xije| Y]
7 j=1

01€N,,(6°)

1 &
_—22 Z Ep: [(161-]60 - T) Xijk‘ Y]
_|_( Z Z Z COVgl 51] e ;<0 — ) 1€pq§0quk‘ Y)

qul

n n;

2 33 o e sz ) B ) ) |

p=1 pjlql

We still have, for all # and by definition of M:

M? 1
WN Z Eo |:<1€ij§0 - 7_) Xijk| Y}

which converge to 0.

Moreover, the difference between the third and fourth terms defining & tends to :
_ 1 1
Z olo} 0202 TCpk
p
1
3 (e ~ ) & B L6 (o = V1o [1oel V]
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As before, it can be shown that the terms:

1 1 1 1

olol oo (01 (07)2a?

can be written as the difference between one or more parameters of #; and ¢, multiplied by a
constant, so these terms are dominated by %

As this is true for all §* € Ny(0"), we can proceed to the sup and we have M>2®,; vy 0.
—400

(I)QZ

We have ®, which is a matrix of size n X p whose elements ¢, k are:

1 1 &
N2 (TQ Z Ey: [(16ig‘§0 - T> Xijk‘ Y]
Z Z Z Covez El] e, <0 — 7') alepqSOquk| Y)

—pjlql
n

—% Z ZTO’ Xpgk — Eg2 [E92 [613 (1e”<0 )| Y] Ep2 [ epq<0} YH qu> -

(Ui pl pql

We have, exactly like ®4:

N—+400

M2 1 &
NQWZEQ [(1€ij§0_7—) ijk‘Y} — 0.
[ j=1

The last term of the sum defining ®, tends to:

n
27 Cpk
2 2
o; o1 o,

which is exactly the opposite of the limit of the second term of the sum defining ®,. In the
same way as in the calculation of ®, for the case (o, o), we can identify a difference between
a random variable and its expectation. We can then apply Bienaymé-Tchebychev and obtain the
same convergence result.

Ps:

We have ®3 which is a matrix of size n X p whose elements ¢, k are:

1 1 & 271 o 1
e <_W Z Ey2 [E@O [(L“go - 7') Xz'jk’ Y” + o2 Z 0_12) Zquk
top=1 q=1

n n;

1
2 Z 0_0 Z Z E92 COVgO €ij (16”<0 ) ,15pq<oX qkl Y)}) .

p=1 P j=1 ¢=1
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We have :
Eg2 [Ego [ (1e,<0 — 7) Xij| Y]] o e [Ego [(Le,<0 — 7) Xin| Y]] =0

et

Ege [Covo (€35 (L0 = 7) Loy Xpa| Y)] =2 2707 X

N—+400

We then find that @5 is equivalent to:

1 1
23 e (7207~ 70 )
p=1

We saw before that | = — ——

PP PP

< C2L and so we have M2®; — 0.
N—+oc0

Dy:

We have &, which is a matrix of size n x p whose elements i, k are:

. Lo 27'7%
N2 <WZE92 [Eoo [ (Ley<0 = 7) ”k‘ Y]] Z op Z

p=1 P ¢=1
n;

1

L Z = > Z Eg2 [Coveo (€5 (Leyy<0 — 7) Loy, <0Xpak | Y)}) :
=1 P j=1 ¢=1

We have the convergence result using the continuity of the expectation in #% and the results used

for the case of ®5.

Finally, we have shown the hypothesis in the (3, o) case.

Determination for (3, 3)

Qo

®, can be expressed:

1 n n 1 n;
t
N2 1 XZJ COVgl 5” <0, 1€kl§0| Y) Xkl
916Nn 90 O'ZO'k] 14

9 2 Z ZX”Cov@a ( €i; <05 1€kl§0‘ Y) le;l)

oo
k=1 1=1
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As 01,602 € Ny (6°), we have:

COV9 (1€ij§07 1€kl§0} Y) — COVgo (1€ij§07 l€kl§0| Y)

N—+o0

for @ € {6',6%}. Therefore, ®; is equivalent to:

)3

t

( ) C},. Covgo (1, <o, 1€kl§0| Y) X},
0 U (T (7
i=1 k=1 k k

As before, we then have convergence by passing to the sup, the term majorization:
>3 ()
i=1 k=1 (J 9% 010

and the (A5) assumption.

(DQZ

®, can be expressed:

ng
_Zzal ZZ )(UCO\)92<1E <0, Ekl<0|Y)le:l XU( )Xkllk )

2.2
im1 k=1 "% j=1 =1
As before, we identify the difference between a random variable and its expectation.

(I)gl

®3 is equal to:

n n

1 n; T —1T E 2 COV 0 1€i7'_ ’16 < Y
L5 S, (g - e G el
=1 '

i=1 k=1 j=1

The following result of convergence

E92 [CO\/‘@O (15”S0, 1€kl§0| Y)} Njoo (T — 7—2)1k:i

and the inequality
n n 1 M
Z < 0 0) < CF
=~ 0?0} ai o,

allow us to conclude on the good convergence behavior of M?2®.

<I>4Z
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®, is written:

] e O Egp2 [Covgo 151.7._,16,_ Y T — 72
ﬁzzzz){”< 0 [ 0 (gé;é) kl<0| )} _ 0002 1ki> Xlil'

i=1 k=1 j=1 I=1

Arguments similar to the case of 3 allow us to conclude on the convergence properties of ®,.

Finally, the conditions of the Theorem of Weiss are satisfied.

Supplementary Figures : Asymptotic normality and conver-

gence
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Figure 5: QQ-plot of B — 8° for a normal generation of co-variables following N (2, 2).

52



23
mO
oo
O
<
o r AN T T 1
“ To1+0y
>
=
@2
Co
o)
o
8
gL e ‘ ‘
o 5 (54264 10

Figure 6:

N(2,2).

Empirical distribution of & — o for a normal generation

Density

0.00 0.10 0.20

=5
(DO
o
(]
‘ — : ‘
5 022(52 10
P
=3
o
DO
; —— : ‘ 3
4 _2652(552

r N T )
-4 —2632632 4

3 2 _862661 2 3

of co-variables following

A A A
01— 04 O — 0> . 03— 03
m 21 : 21 ;
= . .
0 3 ©l H 3— .
=S ! L © . .
£ 3 3 i 3 i :
e ; e 4 . i — :
o ; : oo | : : 032 | ;
=3 | | =° : i X =° | H
=N i : B i : : T i f
&s I i : &)d’ ! i . : Ko : i '

: . . — : . _ : .
=== N B - [ = [ S N B R ol = (== Nl
o L T B == o L T T Bl === o L L T Bl ==
o o o

10 50 100 500 1000 10 50 100 500 1000 10 50 100 500 1000

J J J

A A A
G4—0Oy 05— 05 Gg —Op
. 2 . o
0 . i
o N [te) ]
o ° o] : PR
231 i S ; <
|I|o H LlL.Igi 1 ujco
H [ o
@ | : ! H .
2° i e 22 : i Lo :
=1 | i =1 : —_ =e !
@ o | : ; ®© i : : =] H
—c H H . —_ N | H . - | H
ch.) : : CGE')C’ ’ : i gd’ : N H
- : : . : ‘ i : j ;
T = 1 Bem
S e e = ——— s o L eSS =
o T T T T T o T T T T T o T T T T T
10 50 130 500 1000 10 50 130 500 1000 10 50 130 500 1000
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Figure 8: Convergence plot of B — 3° for a normal generation of co-variables following N (2, 2).
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Figure 9: Empirical distribution of B — 3 for a Laplace generation of co-variables following

£(2,3). For the estimator v, the empirical bias was removed.
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Figure 11: QQ-plot of B — (Y for a Laplace generation of co-variables following £(2, 3).
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Figure 12: QQ-plot of & — o for a Laplace generation of co-variables following £(2, 3).
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Figure 13: Convergence plot of ﬁ — 3 for a Laplace generation of co-variables following £(2, 3).
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Figure 14: Empirical distribution of B — 3 for a Bernoulli generation of co-variables following

1B(0.33). For the estimator ), the empirical bias was removed.
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Figure 15: Empirical distribution of & — o for a Bernoulli generation of co-variables following
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Figure 16: QQ-plot of B — 3° for a Bernoulli generation of co-variables following 5(0.33).
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Figure 17: QQ-plot of & — o for a Bernoulli generation of co-variables following B(0.33).
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Figure 18: Convergence plot of & — o for a Bernoulli generation of co-variables following

B(0.33).
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Figure 19: Convergence plot of ﬁ — 3° for a Bernoulli generation of co-variables following

B(0.33).

59



	Introduction
	Model and estimation
	Quantile regression for heteroscedastic longitudinal data using the asymmetric Laplace distribution 
	Theoretical results
	Proofs
	Numerical estimation

	Simulation study
	Asymptotic normality and convergence

	Application for real data
	Discussion
	REFERENCES

