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Algorithmic Design of Low Power

Variable-stiffness Mechanisms

Vincent Chalvet and David J. Braun

Abstract—Compliant actuators enabling low power stiffness adaptation

are missing ingredients and key enablers of next generation robotic

systems. One of the key components of these actuators is the mechanism

implementing stiffness adaptation which requires sophisticated control

and non-trivial mechanical design. However, despite recent advances in

controlling these systems, their design remains experience-based and

not well understood. In this paper we present an optimization-based

computational framework for the design of intrinsically low power

compliant variable stiffness mechanisms. The core ingredient of this

framework is the mathematical formulation of the design problem –

provided by a constrained nonlinear parameter optimization – which

is computationally solved here to identifying optimal variable stiffness

designs. We show the basic capability of this formulation in finding

parameters for variable stiffness mechanisms that require the least power

by design. Further, we demonstrate the generality of this method in cross-

comparing mechanisms with different kinematic topology to identify the

one that requires less power by design.

I. INTRODUCTION

Compliant actuators used to implement stiffness modulation are

actuators characterized by passive and tunable force-deflection char-

acteristics. This is achieved by a dedicated variable stiffness mech-

anism which introduces compliance, physical and geometric non-

linearity as well as control redundancy by design [1]. Depending

on the task considered, these actuators may be designed for large-

enough modulation range and high-enough bandwidth; both required

in practical applications [2, 3, 4, 5, 6, 7]. However, despite a

number of successful implementations of this concept, the task

relevant advantage these actuators can deliver is often hindered by

the energy cost they require. There have been numerous attempts to

address this issue by developing mathematical frameworks [8, 9, 10]

and novel compliant actuators [11, 12, 13] capable of low power

stiffness modulation due to their design. Nevertheless, the principles

underlying the design of these systems are not well understood. As

a result, there is currently no systematic framework for energetically

efficient compliant actuator design.

Mechanical design has been long perceived principally rooted in

experience-based cognition i.e., it is the experience that enables the

engineer to convert the creative and innovative ideas to a practical

design [14]. However ever since the introduction of computational

kinematics [15] first principles based automatic design has been

recognized a future goal [16]. This has lead to two important

practical developments in the field of computer aided design; one

of these is provided by a systematic approach to motion syntheses

of rigid kinematic mechanisms [17] while another is topological

optimization that enables optimal computational design of static com-

pliant mechanical structures [18]. Design of compliant mechanisms

is typically focused on transformation from a given input motion

to a desired output motion, either by using rigid body mechanisms

endowed with concentrated compliance, or by considering continuum

mechanisms for which structural optimization is performed [19].

Despite these investigations, the concept of inherently low power
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mechanical design, its mathematical formulation, and computational

treatment has yet to be demonstrated.

Here we present an optimization-based computational approach

for the design of intrinsically low power compliantly actuated sys-

tems. To focus on the main challenge, we consider the design of

variable stiffness mechanisms that have been long perceived energy

hungry, limiting the utility of stiffness modulation as a means of

actuation, and the autonomy of variable stiffness robots for decades

[8, 11, 20]. The core component of our design approach – and the

main contribution of this paper – is the mathematical formulation

and the computational treatment of intrinsically low power variable

stiffness mechanism design. The resulting constrained, non-linear and

possibly non-convex and non-smooth optimization problem can be

computationally solved to define both the kinematic structure and the

parameters of the optimal design. We show the basic capability of this

formulation in finding parameters for variable stiffness mechanisms

that require low power due to their design. Further, we demonstrate

the generality of this method in cross-comparing mechanisms with

different kinematic topology to identify the one that requires less

power by design.

The proposed approach differs from typical rigid kinematic and

compliant static algorithmic design frameworks in two important

ways. First, unlike input-output motion synthesis that leads to a

mechanical design suitable for a particular use, our approach leads

to a power minimal i.e., energetically optimal design regardless of

its particular use; and second, unlike the typical decoupled sequential

treatment of dimensional and kinematic type synthesis, the two are

inherently coupled and simultaneously treated in our computational

design.

In Section II we introduce the basic formulation of the

optimization-based design problem on a minimalistic example. This

is followed by the complete mathematical formulation in Section III.

Application of this formulation is demonstrated in Section IV on three

qualitatively different compliant mechanisms; all three optimized to

be energetically efficient by design. In Section V, we exemplify a

computational cross-comparison between two of these mechanisms

to identify the one that requires less power by design. Finally,

in Section VI, we use the proposed computational framework to

optimize the design of an existing mechanism.

The proposed formulation is shown to enable a systematic treat-

ment of a difficult global optimization problem underlying simul-

taneous topological and parametric synthesis, introduced here for

intrinsically low power compliant mechanism design.

II. DIMENSIONAL SYNTHESIS: MINIMALISTIC EXAMPLE

Figure 1 shows a minimalistic variable stiffness mechanism, rep-

resentative of pre-tension/compression based mechanisms [5, 21].

The output position of this mechanism is denoted with q while its

input position is denoted with x. In this design, the roller moving

in a non-linear cam is connected to a spring that generates the

apparent stiffness of the joint. The motor acts directly on the spring

by compressing it, and as such, changing the stiffness of the joint.

The mechanism is characterized by a simple mathematical model,

parametrized by the cam transmission ratio denoted with p1, and the

offset of the output link defined by p2 (see Fig. 1). We use this simple

example to introduce the mathematical formulation and to exemplify

a closed form analytical design optimization.

The potential energy function of this mechanism is given by:

V (x, q;p) =
1

2
k
(

x+ p1 (q − p2)
2)2 , (1)

where k denotes the stiffness of the spring while p = (p1, p2)
represents the design parameters (Fig. 1).
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Fig. 1. Schematic representation of a variable stiffness cam mechanism. In
this mechanism k denotes the stiffness of the linear spring, q is the output
angle, x is the input position while (p1, p2) denote the transmission ratio of
the cam and the offset of the output link.

There are two generic quantifiers of this and other variable stiffness

mechanisms; one is the output stiffness which is motor position

dependent (i.e., changeable by changing x):

Kout(x, q;p) =
∂2V

∂q2
= 2p1k

(

x+ 3p1(q − p2)
2
)

, (2)

while the other is the input force imposed by the stiffness modulating

mechanism on the motor, given by

Fin(x, q;p) = −
∂V

∂x
= −k

(

x+ p1 (q − p2)
2
)

. (3)

The power required to change the output stiffness depends on this

force [22]:

Pin(x, ẋ, ẍ, q;p) = P0(x, ẋ, ẍ) + (w1ẍ+ w2ẋ)Fin +w3F
2
in, (4)

where P0 is the power required by the stiffness modulating motor

when it is not restrained by the mechanism (Fin = 0) while wi, i ∈
{1, 2, 3} are positive constants that depend on the physical parameters

of the drive train connecting the motor and the stiffness modulating

mechanism.

The first component on the right hand side of (4) represents the

power drained to change the stiffness independent of the load, the

second component represents the additional power drained to change

the stiffness due to the tuning mechanism while the last component

is the power required to hold a desired stiffness. One of the key

observation here is that regardless of the particular use of the

mechanism (i.e., regardless of how the device is controlled) the power

input can be effectively reduced by minimizing the magnitude of the

input force by design1 [22]. In particular, when Fin = 0, the power

is reduced to the one required to drive the motor when it is not

connected to the variable stiffness mechanism P0.

Following this observation, we propose to minimize the squared

input force with respect to the design parameters:

p
∗ = argmin

p∈P0

F 2
in(p), (5)

where P0 is the user defined admissible range of the design param-

eters while

F 2
in(p) =

∫∫

S(p)

Fin(x, q;p)
2
∣

∣

∂Kout

∂x

∣

∣ dxdq

∫∫

S(p)

∣

∣

∂Kout

∂x

∣

∣ dxdq
, (6)

1The size of the electric motor, driving the variable stiffness mechanism,
is determined by the motor torque and not the motor power. A mechanism
for which the magnitude of Fin is minimized by design will lead to reduced
motor torque in a similar way as it leads to reduced motor power. This is
because when Fin = 0 the mechanism does not increase the motor torque.

is the input force averaged over the user defined workspace2 . In the

simplest form this workspace is given by:

S(p) = {(x, q) ∈ X0 ×Q0 : Kout(x, q;p) ∈ K0} (7)

where X0, Q0 and K0 are user-defined ranges of the input motion

x, output motion q, and the output stiffness Kout. This non-linear pa-

rameter optimization problem i.e., (5)–(7), provides the mathematical

representation of the optimal mechanical design.

Assuming that the set of admissible design parameters is not

constrained P0 = R2 and that the workspace of the mechanism is

S(p) = {(x, q) ∈ R× [qm, qM ] : Km 6 Kout(x, q;p) 6 KM}, the

solution of the above optimization problem is given by:

p
∗ =

[

(

5

3

K2
m +KmKM +K2

M

k2(qM − qm)4

)
1

4

,
qM + qm

2

]

. (8)

The obtained solution is the global minimum of (5)–(7) which

provides the parameters for the optimal design. The corresponding

mechanism is indeed a variable stiffness mechanism, since irrespec-

tive of the parameter values (8) the output stiffness of the mechanism

remains motor position dependent, see (2).

Typically, design optimization is considered to be a process where

the design parameters are optimized for one particular task. In the

present context this could be done by optimizing the parameters

along one specific path in the output deflection-stiffness workspace.

The present formulation extends this task specific optimization by

considering a range of acceptable motions and a range of acceptable

stiffness values. This kind of generalization is essential when it

comes to variable stiffness designs. This is because, variable stiffness

systems are not designed for one particular task but to realize variety

of tasks where stiffness could be adapted under a’priori unknown

external conditions.

III. DIMENSIONAL SYNTHESIS: MATHEMATICAL FORMULATION

Following the above consideration, the optimal design is the one

that leads to minimal static power consumed by the driving motor

over the entire workspace of the mechanism. We stress that, this

is achieved by minimization of the magnitude of the input force –

squared input force – of the mechanism which, in turn, reduces the

total power required for stiffness modulation, see (4).

The optimal design process is broken down to two sequential

optimization problems. The first of these problems (I) is used to

find the largest feasible workspace of the mechanism. Within this

largest feasible workspace, the user selects a desired workspace of

interest which is the input to the second optimization. The second

optimization problem (II) minimizes the average squared input force

imposed on the motor over the user-defined desired workspace.

The final result provides the parameters which define the optimal

mechanical design. The mathematical formulation of this two stage

optimal dimensional synthesis is given in the following:

• Provide the parametrized model of the mechanism i.e., specify

the elastic potential energy function:

V = V (x, q;p).

• Provide the set of the design parameters: p ∈ P0 ⊂ Rn.

• Provide the input workspace: (x, q) ∈ X0 ×Q0 ⊂ R2.

• Provide the region of interest for the output stiffness:

Kout(x, q;p) ∈ K0 ⊂ R.

2The averaging is defined over the output position and output stiffness space
i.e.,

∫∫
F 2

in
dKdq/

∫∫
dKdq.



• Provide the design constraints (e.g., physical constraints due to

deformation and stress limits of the elastic elements)3:

c(x, q;p) � 0.

• Define the feasible workspace of the mechanism:

S(p) = {(x, q) ∈ X0 ×Q0 : Kout(x, q;p) ∈ K0, c(x, q;p) � 0} .

(I) Largest feasible workspace: Find the parameters pmax that maxi-

mize the area of the feasible workspace:

pmax = argmax
p∈P0

∫∫

S(p)

∣

∣

∣

∣

∂Kout

∂x
(x, q;p)

∣

∣

∣

∣

dxdq. (9)

• Provide the feasible desired workspace in the output stiffness

output position space Sd,out:

Sd,out ⊆ Sout(pmax) ⊂ K0 ×Q0 (10)

such that it is contained by the largest feasible workspace

Sout(pmax) defined in the output stiffness–position space4:

Sout(p) = {(Kout(x, q;p), q) ∈ K0 ×Q0 : (x, q) ∈ S(p)} .
(11)

(II) Optimal design parameters: Find the design parameters that

minimize the squared input force over the user selected desired

workspace:

p
∗ = argmin

p∈P0:Sd(p)⊆S(p)

∫∫

Sd(p)

Fin(x, q;p)
2
∣

∣

∂Kout

∂x

∣

∣ dxdq

∫∫

Sd(p)

∣

∣

∂Kout

∂x

∣

∣ dxdq
, (12)

where5 Sd(p) = {(x, q) ∈ X0 ×Q0 : (Kout(x, q;p), q) ∈ Sd,out} is

the user defined desired workspace represented in the input position

output position space X0 ×Q0.

The solution of this non-linear constrained optimization problem

provides the parameters p
∗ that define the intrinsically low power

mechanical design6 .

IV. COMPUTATIONAL DESIGN OPTIMIZATION

In this section, we demonstrate the use of the above mathematical

formulation to find optimal design parameters for three qualitatively

different variable stiffness mechanisms. In all three mechanisms,

physical feasibility is assured by taking into account the deformation

and stress limits during the optimization. In the first example we

revisit the mechanism presented in Section II to demonstrate the

effect of physical constraints on the optimal design. This example

will be followed by the investigations of two other, more complex,

mechanisms. The results reported here are obtained by solving the

mathematical formulation, outlined in the previous section, using

numerical optimization.

3� denotes element-wise inequality relations.
4By knowing the feasible workspace with the largest area Sout(pmax),

the user is able to choose variety a feasible desired workspaces Sd,out ⊆

Sout(pmax) for the considered mechanism.
5This optimization problem involves a set inclusion constraint. While

this constraint is an atypical one, it can be implemented using inequality
constrained algebraic relations.

6Any user selected feasible desired workspace Sd,out ⊆ Sout(pmax) ensures
existence of at least one feasible solution (i.e., p∗ = pmax) to (12).

A. Variable stiffness cam mechanism

As a first example, we revisit the design optimization presented in

Section II, Fig. 1. The parametrized model of the cam mechanism,

considered in Section II, is provided by (1). However, unlike in

Section II, here we take into account the physical limitations by

which the design of the cam mechanism should be realized with a

compression spring that has a finite deformation limit. This physical

limitation leads to two parameter dependent inequality constraints:

δ(x, q;p) ∈ [0, 0.08] (13)

where δ(x, q;p) = x+ p1 (q − p2)
2

denotes the deformation of the

spring. In order to complete the formulation, the range of design

parameters and the workspace are defined by:

P0 = [0.5, 5]× [−0.2, 0.2],

X0 ×Q0 ×K0 = [−0.02, 0.1]× [−0.15, 0.15] × [0, 8000].
(14)

Given these settings, the area of the feasible workspace is max-

imized. This is done by solving the first optimization problem (9).

The result of this maximization is shown in Fig. 2(a). The figure

represents the area of the feasible workspace as a function of the

design parameters. The red dot shows the maximal area and defines

the corresponding design parameters p = pmax. The largest feasible

workspace Sout(pmax) ⊆ K0 × Q0 is shown in Fig. 2(b)7 (gray

area). Once the largest feasible area is known, the user can select the

desired workspace: Sd,out = [1000, 5000] × [−0.04, 0.04], blue box

in Fig. 2(b). This workspace should be entirely feasible i.e., it should

satisfy the following proposition: ∃p ∈ P0 : Sd,out ⊆ Sout(p). This

condition is assured if the desired workspace (blue box) is contained

by the largest feasible workspace (gray area), as shown in Fig. 2(b).
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Fig. 2. (a) Area of the feasible workspace as a function of the design
parameters. The parameters pmax which correspond to the largest area are
indicated by the red dot. (b) Largest feasible workspace (gray area) and desired
workspace selected by the user (blue box). Optimal feasible workspace is
also represented with a white line. (c) Value of the cost function (squared
input force averaged over the desired workspace) as a function of the design
parameters. The optimal parameters found by the algorithm correspond to
the blue dot. (d) Comparison between the constrained solution (blue dot) and
unconstrained solution (blue circle). The triangular shapes in the last two plots
defines the set of feasible design parameters.

Using the user defined desired workspace Sd,out, we proceed to

solve the second optimization problem (12). The result of this

7The black region in Fig. 2(b) corresponds to the non-feasible area in K0×

Q0 space while the white region corresponds to the output stiffnesses and the
output positions which cannot be achieved.



optimization is shown in Fig. 2(c). This figure represents the value

of the average squared input force per workspace as a function of the

feasible design parameters. The set of feasible design parameters has

a triangular shape. The parameters that provide the optimal mechan-

ical design, in presence of the deformation limits (13), correspond to

the blue dot in Fig. 2(c). These parameters are on the boundary of

the feasible set.

For comparison, Fig. 2(d) shows the cost F 2
in(p) as a function of the

design parameters P0. This plot shows the set of feasible parameters

(white triangular shape), the optimal design parameters (blue dot),

and the optimal solution (8) (blue circle) obtained without taking

into account the deformation limit of the spring. We can observe that

when the deformation limits are considered, the algorithm finds a

feasible solution (blue dot) which is closest to the solution obtained

without taking the deformation limits into account (blue circle).

According to this result, the optimal design for the chosen

workspace requires positive transmission ratio p∗1 > 0, and no cam

offset p∗2 = 0, see Fig. 2(d). Finding the value of the first parameter

may not be easy without optimization even in this simple example.

On the other hand, the second parameter could have been intuitively

found by an experienced designer even without optimization (because

the desired workspace is symmetric in this example). The algorithm

verifies this intuition based on numerical computation.

The total cost associated with the optimal mechanism (p = p
∗) is

the quarter of the cost associated with the non-optimized mechanism

(i.e., the one which has the largest feasible workspace p = pmax):

F 2
in(p

∗)/F 2
in(pmax) ≈ 0.25.

It is interesting to note that the considered design problem is

not only non-linear and constrained but can be non-convex – see

Fig. 2(c) – and possibly non-smooth. In order to numerically solve

such optimization problem we use constraint consistent initialization

and non-gradient based search optimization.

B. Variable stiffness slider mechanism

As a next example, we consider a variable stiffness slider mech-

anism shown in Fig. 3(a). This mechanism is similar to number

of practical designs [11, 23] that employ the adjustable moment

arm principle. Compared to other practical designs, this mechanism

possesses certain kinematic generalization introduced for design

optimization. In particular, the kinematic generalization relates to the

introduction of two design parameters. The first parameter p1 is the

pre-tension of the springs (same for both springs) while the second

parameter p2 defines the geometry of this mechanism as shown in

Fig. 3(a).

The model of this mechanism is given by its potential energy

function:

V (x, q;p) =
1

2
kδ+(x, q;p)

2 +
1

2
kδ−(x, q;p)

2
(15)

where δ± = p1+x tan(p2)±x tan(q) denotes the deformation of the

springs. Similar to the previous example, we assume that the design

is realized using compression springs which have finite deformation

limits [11]. The corresponding physical constraints (four inequality

constraints):

δ+(x, q;p) ∈ [−0.012, 0] and δ−(x, q;p) ∈ [−0.012, 0], (16)

ensure that the solution of the mathematical design formulation is

realizable in practical application. Finally, the range of parameters

and the workspace are defined by:

P0 = [−0.03, 0.03] × [−0.4, 0.4],

X0 ×Q0 ×K0 = [0, 0.1]× [−0.2, 0.2] × [0, 2000].
(17)
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Fig. 3. (a) Schematic representation of the variable stiffness slider mecha-
nism. In this mechanism q denotes the output position while x denotes the
motor position used to adjust the stiffness of the link. There are two linear
springs embedded in the mechanism with stiffness constant k. The figure also
shows the design parameters that define the tensioning of the springs p1 and
the geometry of the mechanism p2. (b) Area of the feasible workspace as
a function of the design parameters. The red dot indicates the maximal area
and the corresponding design parameters. (c) User defined output workspace
K0 ×Q0 (entire box), largest feasible workspace Sout(pmax) (gray area) and
desired workspace Sd,out (blue box). The white lines indicate the optimal
feasible workspace. (d) Cost function (squared input force averaged over the
desired workspace) as a function of the feasible parameters (gray-scale). The
optimal parameters are denoted with the blue dot.

The above design problem can be numerically solved following

the procedure outlined in Section III. According to this procedure,

the area of the feasible workspace is first maximized by solving (9).

Figure 3(b) shows the area of the workspace as a function of the

design parameters (gray-scale) and the maximal area (red dot) for

p = pmax. Figure 3(c) (gray) shows the largest feasible workspace

and the desired workspace chosen by the user: Sd,out = [200, 1500]×
[−0.04, 0.04] (blue box).

Using the desired workspace defined by the user, we solve the

second optimization problem (12). The solution of this problem

defines the design characterized by the lowest average input force

over the desired workspace of the mechanism. This result is shown

in Fig. 3(d) where the optimal parameters correspond to the blue dot.

The total cost associated with the optimal mechanism (p = p∗) is

significantly lower than the cost associated with the non-optimized

mechanism (i.e., the one which has the largest feasible workspace

p = pmax):

F 2
in(p

∗)/F 2
in(pmax) ≈ 0.12.

According to the above results, the optimal design is characterized

by non-zero pre-compression of the springs p∗1 < 0 and zero

inclination angle of the slider guides i.e., p2 = 0. This second

parameter allows the theoretical design to maintain a given stiffness

setting with zero input force (provided the mechanism is at its

undeflected configuration q = 0). It is this feature that has been

recognized and exploited in [11] to realize an energy efficient variable

stiffness design.

C. Variable stiffness leaf-spring mechanism

Figure 4(a) shows the third variable stiffness mechanism using a

leaf-spring as elastic element. In this mechanism the leaf-spring is

connected via a crank-shaft to the output link. As in some practical



designs [3, 12, 24], the output stiffness of this mechanism can be

changed by changing the effective length of the leaf-spring element.

This is realized by moving the two rollers as shown in Fig. 4(a). We

aim to find the optimal design for this mechanism with respect to

two design parameters, one is the distance between the two rollers

p1 while the another is the eccentricity p2 between the axis of the

output link and the neutral axis of the undeflected leaf-spring, see

Fig. 4(a).
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Fig. 4. (a) Schematic representation of the variable stiffness mechanism.
The parameters used in the design optimization define the distance between
the rollers p1 and the offset of the rotation axis p2. (b) Area of the feasible
workspace. The largest feasible workspace is denoted with the red dot. (c)
Largest feasible workspace (gray), desired workspace selected by the user
(blue box) and optimal feasible workspace (white line). (d) Value of the cost
function (squared input force averaged over the desired workspace) and the
optimal parameters (blue dot).

Following the procedure established in the previous sections, we

first define the parametrized model of this mechanism. This model is

given by the following elastic potential energy function8:

V (x, q;p) =
3EI(r sin(q)− p2)

2

2(x− r cos(q))2(p1 + x− r cos(q))
(18)

where E is Young’s modulus of the leaf-spring material, I is the

second moment of area of the spring while r is the radius of the

crank-shaft shown in Fig. 4(a).

In the previous examples, the use of standard linear coil springs

enabled us to express all physical constraints as deformation limits

of the springs. A constraint of this type states that the stress inside

the elastic element should not exceed the yield stress of the material

used to make the elastic element. For the leaf-spring mechanism this

physical limitation is given by the following constraint:
∣

∣

∣

∣

σ

σy

∣

∣

∣

∣

=
3Eh

2σy

∣

∣

∣

∣

(r sin(q)− p2)

(x− r cos(q))(p1 + x− r cos(q))

∣

∣

∣

∣

6 1 (19)

where σy is the yield stress while h is the thickness of the leaf-spring.

The formulation is completed by providing the ranges of the design

parameters, and the workspace:

P0 = [0.01, 0.05]× [−0.01, 0.01],

X0 ×Q0 ×K0 = [0.025, 0.05] × [−0.4, 0.4]× [0, 2000].
(20)

As for the previous mechanisms, the first optimization algorithm (9)

is used to find the largest feasible workspace. Figure 4(b) shows the

8This model is valid in small deflection regime of the mechanism. For the
chosen desired workspace, see Fig. 4(c) blue-box, this model provides an
adequate representation of the leaf-spring mechanism.

area of the feasible workspace as a function of the design parameters.

The parameters that lead to the largest feasible workspace correspond

to the red dot in Fig. 4(b). The largest feasible workspace (gray

area) is shown in Fig. 4(c). The non-symmetric desired workspace,

chosen in this example, is represented by the blue box i.e., Sd =
[400, 1600] × [−0.01, 0.09] in the same figure.

Using this desired workspace, the second optimization problem

(12) was solved to find the design parameters. The distribution of the

cost over the desired workspace is shown in Fig. 4(d). The parameters

that correspond to the optimal mechanism are shown in the same plot

with blue dot.

According to the result of the design optimization, the optimal

mechanism should have non-zero eccentricity p2 6= 0. The cost

associated with such non-symmetric design (p = p
∗) is remarkably

low compared to the cost associated with the non-optimized design:

F 2
in(p

∗)/F 2
in(pmax) ≈ 0.02.

Unlike in the first example (presented in Section IV-A), finding the

optimal offset p2 cannot be intuitively done in this example. The

present approach can be used to numerical compute such parameter

regardless of the mechanical designs.

V. COMPUTATIONAL COMPARISON OF VARIABLE STIFFNESS

MECHANISMS

The previous section was dedicated to algorithmic design of

variable stiffness mechanisms i.e., optimal dimensional synthesis of

variable stiffness mechanisms with predefined kinematic structure

(topology). While this is an essential step towards automatic com-

putational design, we aim to demonstrate the treatment of a more

general problem, where we cross-compare dimensionally optimal

designs having different kinematic topologies. We will illustrate here

how to perform such comparison using the algorithmic formulation

for design optimization presented in Section III. The computational

comparison will be shown using:

(A) the cam mechanism described in Section IV-A, and

(B) the leaf-spring mechanism considered in Section IV-C.

In order to maximize the clarity of the presentation, the opti-

mization is performed with two parameters. In particular, the first

parameter pA,B
1 is used for each of the mechanisms while the second

parameter will be fixed to zero9 pA,B
2 = 0. In order to meaningfully

compare these two topologically different mechanisms, a common

output requirement has to be set for both of them. This is done here by

comparing each mechanism’s best performing design on a common

desired workspace Sd,out. This problem is again broken down to two

optimization problems. The first optimization problem is used to find

the maximal common feasible workspace:

pmax = argmax
(pA,pB)∈PA

0
×PB

0

∫∫

SA
out(p

A)∩SB
out(p

B)

dKdq (21)

where (pA,pB) = (pA
1 , p

B
1) ∈ PA

0 × PB
0 contains the parameters

of both mechanisms while the feasible workspaces SA,B
out (p

A,B) are

defined by (11). The above computation could be done using (6),

but it is more convenient to use (21) because it is easier to define

the intersection of the feasible workspaces SA
out ∩ SB

out in the output

stiffness and output position space (K, q) ∈ K0×Q0 (since SA
out and

SB
out are defined in that space by the user).

Figure 5(a) (red dot) shows the largest area of the common

workspace. The largest common feasible workspace between these

two mechanisms SA
out(p

A
max)∩ SB

out(p
B
max) is shown in Fig. 5(b) (gray

area). This area is obtained by the intersection of the feasible

9This is the optimal solution if the desired workspace is symmetric.
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Fig. 5. (a) Area of the common feasible workspace. The largest common
feasible workspace is denoted with the red dot; (b) Largest common fea-
sible workspace (gray). (c) Largest feasible output workspace for the cam
mechanism i.e., SA

out(p
A
max) (gray). (d) Largest feasible output workspace

for the leaf-spring mechanism i.e., SB
out(p

B
max) (gray). In all three plots

(b), (c) and (d), the blue box represents the desired workspace Sd,out =
[2000, 7000] × [−0.028, 0.028].

workspaces of the two mechanisms shown in Fig. 5(c)-(d). In all

these figures, the blue boxes show the user-defined desired output

workspace Sd,out.

Using this workspace we solved the second optimization problem,

according to (12), as in Section IV-A and Section IV-C. The result of

these optimizations is shown in Fig. 6. The optimal design parameters

are denoted with blue dots in these figures.
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Fig. 6. Optimization of the cam mechanism (a) and the leaf-spring
mechanism (b) for the same desired workspace Sd,out. The cost scaling is
the same in these two plots. The cost of the optimal solution is ∼ 5 times
lower for the leaf-spring mechanism than for the cam mechanism.

According to the numerical computation, the optimal cost (squared

input force averaged over the desired workspace of the mechanism)

is approximately five times larger for the optimized cam mechanism

compared to the optimized leaf-spring mechanism:

F 2
in

B
(pB∗)/F 2

in

A
(pA∗) ≈ 0.2.

This indicates an energetic advantage of the leaf-spring mechanism.

We note that the result of this quantitative comparison depends on

the: i) user selected parameter space, ii) desired workspace and iii)

physical parameters that are not optimized. Regardless of this, the

proposed formulation provides an objective way to computationally

cross-compare mechanisms which have topologically different kine-

matic structure.

The proposed computational design approach presents the first step

towards automatic design of variable stiffness mechanisms. In the

same way as it was shown here, the comparison between a large

number of mechanisms can be performed in a pre-defined library of

mechanisms. Such comparison is the key to realize automatic compu-

tational design for variable stiffness, and possibly other, mechanisms

that could lead to intrinsically low power cost due to their design.

VI. APPLICATION TO MECHANISM DESIGN

In this section we use the proposed framework to optimize the

design of the variable stiffness leaf-spring mechanism presented in

[12]. In order to do this, we simultaneously optimize four design

parameters: the distance between the two rollers of the slider p1, the

length of the crank-shaft p2, the width of the leaf-springs p3, and the

thickness of a single leaf p4 in the stack of leaf-springs, as shown

in Fig. 7(a). By optimizing these parameters we aim to achieve large

range, fast, and low power drain stiffness modulation when using this

conceptual mechanism to emulate a human ankle joint.

A. Design optimization

The behavior of the human ankle joint was characterized using

experimental data (ankle angle and ankle torque) presented in [25].

Using these data we define the maximal output workspace K0×Q0 =
[0, 2000] Nm/rad ×[−0.4,+0.4] rad. The value of the average ankle

stiffness was then estimated during the gait cycle by the slope of

the plot representing the ankle torque versus the ankle angle. This

estimation lead to the following results: 1) when the foot is in the air

– swing phase – the stiffness of the ankle is low Kout ≈ 10 Nm/rad,

while the range of motion is relatively large q ∈ [−0.35,+0.35] rad,

while 2) when the foot is on the ground – stance phase – the stiffness

assumes higher values, up to Kout ≈ 1200 Nm/rad and the motion

is reduced q ∈ [−0.15,+0.15] rad. We use this information to set

up the desired workspace within the maximal feasible workspace of

this mechanism Sd,out ⊆ Sout(pmax). This desired workspace Sd,out,

represented by a union of two trapezoidal shapes, is depicted with

blue lines in Fig. 7(b).

In order to find the optimal design parameters p
∗ ∈ P0 =

[10, 50] × [5, 50] × [5, 20] × [0.5, 1.5] mm – thous that lead to the

most power saving design – we solve (12). The solution of this

problem is given by: p∗ = [48.5, 13.0, 19.9, 1.5] mm. The feasible

workspace and the desired workspace for the optimal mechanism (p∗

solid lines) and the mechanism with the maximal feasible workspace

(pmax dashed lines) is shown in Fig. 7(b)-(c).

According to Fig. 7(b)-(c), there are three apparent differences

between the optimal mechanism and the mechanism which has the

maximal feasible workspace. These are summarized in the follow-

ing: 1) compared to the design that leads to the maximal feasible

workspace, only a small region of the workspace (x, q) is non-

feasible for the optimal design (defined by white lines), see Fig. 7(c);

2) the optimal design requires 27% smaller motion range for the

slider, see Fig. 7(c), which translates to a considerably smaller

mechanism. And finally, according to our calculations, 3) the optimal

mechanism will reduce the cost – average squared input force over

the desired workspace – by 90% compared to the current prototype

(which is the design that has the largest feasible workspace):

F 2
in(p

∗)/F 2
in(pmax) ≈ 0.1.

These result were obtained using the proposed formulation and using

systematical numerical optimization.

B. Robustness and sensitivity of the optimal design

Quantifying how imperfections in fabrication affect the optimal

design solution becomes important when it comes to practical re-

alization. In this section we investigate the effect of imperfections
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Fig. 7. (a) Prototype variable stiffness leaf-spring mechanism. (b) Feasible
output workspace (Kout, q) for the optimal parameters p

∗ (gray). The
boundary of this workspace is shown with white lines. The white dashed lines
denote the boundary of the largest feasible workspace. The blue line shows
the user defined desired workspace. (c) This figure represents the workspaces
of the optimal mechanism (full lines) and the one with the maximal feasible
workspace (dashed lines) in (x, q) space.

in the design parameters δp (e.g., due to inexact fabrication) on

the proposed optimal leaf-spring design. In order to do this, we

quantify the influence of parameter variation on the (a) cost function

F 2
in(p

∗ + δp) and the (b) workspace Sout(p
∗ + δp) of the optimal

design. The result of this investigation is summarized in Fig. 8.

Figure 8(a) shows the variation of the cost with respect to the

design parameters near to the optimal solution. The four different

markers are associated with the four optimized parameters. The col-

ored markers denote the parameters for which the feasible workspace

contains the desired workspace i.e., Sd,out ⊆ Sout(p) while the gray

markers represent the parameters for which the feasible workspace

does not fully contain the desired workspace i.e., Sd,out * Sout(p).
One can observe that small variation of the parameters (±5%) leads to

large increase of the objective function (> 80%). This highlights the

importance of the design optimization proposed in this paper. It can

be also observed that the workspace of the mechanism only remains

feasible under [0, 5%] variation of p3, and less than 1% variation of

the other three parameters i.e., p1, p2 and p4. This means that the

desired workspace may not be achieved even under relatively small

variations of the optimal design parameters.

Figure 8(b) shows the percentage of the lost desired workspace as a

function of the design parameters. We observe that ±5% variation of

the design parameters leads to small (< 0.25%) difference between

the feasible and the desired workspace. In the present case, these

results collectively indicate that ±0.5% variation of the parameters

leads to negligible loss in the workspace (< 0.125%) and less than

10% increase in the cost [for most of the parameter variations, see

the inset in Fig. 8(a)]. The ±0.5% variation in the parameters is

achievable using standard fabrication approaches. This enables near-

optimal practical realization of the computed leaf-spring design.
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Fig. 8. Variable length leaf-spring design. (a) Effect of parameter variation

on the cost: (1−F 2
in
(p∗+δp)/F 2

in
(p∗))×100%. Colored markers represent

parameter variations that preserve the desired workspace while the gray
markers represent parameter variations for which the feasible workspace
does not fully contain the desired workspace. (b) Area of the lost desired
workspace due to variation of the design parameters: (1−area[Sout(p∗+δp)∩
Sd,out]/area[Sd,out])×100%. The lost area corresponds to high stiffnesses and
large output angles in the desired workspace [i.e., right corners of the blue
polygon in Fig. 7(b)]. Figure 8(a) shows that the cost cannot be reduced by
feasible parameter variations.

Beside understanding the effect of design imperfections, the above

analysis may also be used to identify the sensitivity of each individual

parameter on the optimal design. In turn, we can observe that p1 and

p3 have similar sensitivity while the influence of p2 and p4 on the cost

is nearly three times higher. This information can be useful, namely, it

can guide the designer in how to select the most important parameters

for a given design. When considering the leaf-spring design, this

analysis suggests that one may reduce the computational complexity

of the optimization by limiting the numerical search to the two most

sensitive parameters. These parameters denote the length of the crank

shaft (p2) and the thickness of a single leaf (p4) in the considered

leaf-spring design, see Fig. 7(a).

The examples considered in this paper consistently show that

optimization of limited number of parameters can generate high

improvements in the mechanism’s power requirement compared to

the case when no such optimization is performed. While choosing



the design parameters in the proposed formulation is non-trivial, the

analysis presented in this section provides a computational tool to

find the parameters which have the most influence on the design.

VII. CONCLUSION

In this paper we presented a novel optimization-based algorithmic

framework for the design of variable stiffness mechanisms. We

focused on dimensional synthesis of different types of mechanisms to

achieve low power stiffness modulation through optimal mechanical

design. A semi-automatic design pipeline is described with a detailed

mathematical formulation for the dimensional synthesis of variable

stiffness designs. This formulation was used to compute optimal de-

sign parameters for three qualitatively different mechanisms inspired

by existing mechanical designs. We have also demonstrated how to

perform simultaneous dimensional and topological synthesis to find a

variable stiffness mechanism that requires the least power by design.

We foresee the proposed formulation to enable algorithmic design

from first principles, capable of addressing non-intuitive design

problems; thous that had been long identified challenging to treat

using experience based or more classical computational approaches.
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