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Abstract

This paper introduces generalized trigonometric functions based
on series representations of sine and cosine functions. We derive a
set of properties that extend well-known formulas such as Euler’s and
Moivre’s formulas. The approach yields insights into the algebraic
properties of these functions and their applications in various contexts.
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1 Introduction

The complex exponential is defined on C as:
P
VzeC, exp(z): Z k_

This series is absolutely convergent for any complex number and is uniformly
convergent on any bounded subset of the complex plane (which justifies some
infinite summation inversions in this exposition).

We will use the following properties of the exponential:
Proposition 1 (Usual properties of the exponential). (i) Forallz,z" € C,

I’
we have e*** = e®e?

(i) The function exp is holomorphic with derivative exp, surjective from C

to C*.

We have four usual functions defined from the exponential that resemble
each other. For all z € C, we have:

iz —iz =) 2k
cos(z) = Ll oS (L)kE
2 k=0 (2k)!
iz _ e—iz ) . 2k+1
1 = — 1
sin(z) = —; ,Z%)( ) Gk
€% +e % =) 22143
cosh(z) = =
2 kz:%) (2k)!
z_ -z ) 2k+1
sinh(z) = £-° . i

The middle formulas are called associated Euler formulas and the ones
on the right are called associated power series.

To encompass these four functions in the same notation, let’s transform
these Euler formulas and series. For all z € C, we have:

cos(z) = (55 + W) - §3< >'“(;;i+g>'
sin(z):% 6;+%) g:( 1)k%
cosh(2)=% o e 1)0) i k(zlj’r(o))'
sinh(z)z% i—j‘F%):;lk%

We also define /2 as the first strictly positive zero of the cosine function
restricted to R. Thus, '™ = -1, and the function exp is 2im-periodic.



2 Generalities
2.1 Notations
Notation 2. (1) We denote:
N, :=Nn[n,+oo][.

So N =Ny. We also denote N, := Nj.

(2) We denote:
Q:={(s,a,b) e C*"xN, xN, 0<b<a-1}.
For all s € C* and all a € N, we denote:
Q(s,a):={beN, 0<b<a-1}.
For all a,beN such that 0 < b< a, we denote:

Q(a,b) :={(s,a,b) e, seC"}.

(3) For all I € Z(N) and all a,b e N, we denote:

I(a,b):={leN, al+bel}
al +b:={al+b, l eI}

(4) Let x and y be two elements. We denote 6., the Kronecker symbol
defined by:
._{1 ifr=y

Op.qy i= .
LY 0 otherwise.

By extension, for any set A:

635,14 =

0 otherwise.

{ 1 ifzeA
which is nothing but the indicator function of A evaluated at x (some-

times denoted by 14(x)).

Example 3. For all I € Z(N) and all a,b e N, we have:

al(a,b)+b:=a{leN, al+bel}+b=1n(aN+D)
(al +b)(a,b):={leN, al+beal+b} =1



2.2 n-th Roots
Notation 4. Let s:=re'® € C* and a,a’,c € N, such that a = d'c.

(1) We denote:
Uu(s):={z€C, 2*=s}.

We simply denote Uy := Ug(1).

(2) We denote:
£y i= 62i7r/a'

For all 7 € Uy(s), we have:

Uy ={¢*, ke{0,...,a-1}}
Ua(s):{%ew/“{k, ke{O,...,a—l}}:{Tu, uel,}.
= || Uug(r).

TeUc(s)

(3) For all a:=(s,a,b), = (t,a,b) €'(a,b), we denote:

U(a) :=Ugy(s)
U(ap) := Uy(st)
U(a/pB) :=Ua(s/t)

Example 5. Here we give the fundamental examples that will be used in the
examples. Let s € C*.

(1) We have Ui(s) = {s}.

(2) Let 7 € C such that 7> = 5. We have Uy(s) = {«1}. Therefore, in
particular, we have Uy = {1} and Ug(-1) = {+i}.

(8) As ji= &3 := e*™3 = (1 +iv/3)/2, we have 1+ +j2 =0, j3 =1, U3 =
{1,4,5%} and Us(-1) = {~1,-j,~5*}.

(4) As &4 =1, we have:
Uy = {1,+i} = {i', 1€{0,1,2,3}} = Uy uTUy(-1).

and
Uy(-1) = {£&, +i&s} = {i'¢s, 1€{0,1,2,3}}
with & = ™* = (1+1)/V/2.



(5) As &6 = ™3 = (1 +i\/3)/2, we have:

Us = {+1,+5, 5%} = {(-1)*5', ke{0,1},1€{0,1,2}}
= Uz uUs(-1) = Uy uUy(5) uUs(5?)

(6) We have: ‘
g =™ = (140)/V2
and thus:
[Ug = {:l:l,:l:i,:l:fg,:l:lfg}
= {i*¢, k€{0,1,2,3},1€{0,1}}
={&k ke{o,...,7}}
= Ug I_IUQ(—l) UUQ(i) UUQ(—i) = U4 I_IU4(—1)
(7) We have '
=0 =i%j = (VB +i)[2
and thus:

Uy = {21, 5, £5°, +4, +ij, +ij°}
= (%', ke{0,1,2},1€{0,1,2,3}}
={€k,, ke{0,...,11}}
= Us U Us(-1) = Us uUa(j) uUs(5%)
=UsuUs(-1) uUs(i) uUs(-7)
= U uUs(j) u Ua(5%) b U2(-1) u Ua(j) L Ua(57)

2.3 DMatrices

In this subsection, we fix a € N, and w € C*.

Definition 6. The w-identity matriz of size a is the matriz in #,(C)
defined by:

1
w - (0)

Io(w) = (wi_l‘si,j)m = (0)

Example 7. (a) We have 1,(1) = I,.
(b) We have:
ILy(w)™! :Ia(—).
w



Definition 8. The unit matrix of size a is the matriz in #,(C) defined

by:
1 1 e 1

. . a—1
Ua = (521_1)(]_1))1‘7‘7' _ 1 é:a a'

1 5371 (fgil)ail [a]

Remark 9. The matrix U, is the Vandermonde matrix associated with the

distinct elements 1,&,,..., g—l and thus we have:

det(Us)= [ (&-€&)#0.

O<i<j<a-1

It is also called the Vandermonde-Fourier matriz.

2.4 Definitions

The four functions cos, sin, ch, and sh are then particular cases of the fol-
lowing function.

Definition 10. Let o€ Q(a,b) and I € Z(N).

(i) The (o, I)-sine function is the function defined on C by:

Zak+b

N ) = A
z€eC, Sin,(z) kze;s (kD)

(ii) The I-exponential function is the function defined on C by:

k

. z
Vze (C, Empl(z) = S'Ln(171’0)71(2) = Z E
kel ™

Notation 11. In the case I := N, we simply denote:

) ) Zak+b
VzeC, Sinyg(z) := —_—
zeC, Sin,(z) ;;)S (ak+ D)l
called the a-sine function.

Example 12. (1) We have:
exp = Fxpy

(2) We have:

COS = Sin(_m’o) y sin = S’in(_l,gjl) s ch = Sin(17270) y sh = Sin(17271).



3 Usual Properties

3.1 Symmetry Formula
The first proposition expresses any sine as an exponential.

Proposition 13 (Symmetry Formula). Let o € Q(a,b) and I € Z(N). For
all z € C and all 7 € U(ar), we have:

. 1
Sing,1(z) = gExpanb (r2).

Proof. Let z € C and 7 € U(a). We have:

1 1 (r2)k
—E =— E —
+b XPal+b (7'2) b vt k!

1 )al+b

~ (12
=2 (al +b)!

lel

Example 14. Let z € C. Thus in the case a =2, we simply have:

cos(z) = Sin(_l’Q,o)(z) = Expyy (i2)
sin(z) = Sin(—l,Z,l)(z) = i BExpyy, (i2)
ch(z) = Sin(1,2,0)(z) = Expoy (2)
sh(z) = Sin(l,Q,l)(z) = Expyn,q (2)
Corollary 15. Let o, 8 € Q(a,b). For all z € C and all 7 € U(f/), we have:
Sing,1(12) = 7" Sing 1 (2).

Proof. Let z € C and 7 € U(/a). There exist p € U(B) and v € U(«) such
that 7 = pu/v. Then, by Proposition we have:

. 1
Sin, ;(72) = ﬁExpahb (v72)

1
= TbEEXpaIH) (/’LZ)

= TbSinﬁ,] (2)



Example 16. Let z € C. By applying C’orollary in the case 5 :=(1,a,b)
and I :=N, we have for all v e U(a):

. 1.
Sing(z) = JSm(La’b) (vz).

Thus in the case (s,a) = (-1,2) and v =1, we retrieve the usual formu-
las:

. 1. . .
cos(z) = Sin_120)(2) = i—OSzn(Lzo) (iz) = ch (iz)

. , 1 . . .
sin(z) = Sin_191)(2) = i—lSzn(LQ’l) (iz) = —ish (iz)

3.2 Euler Formula

Example 17. Let a € Q(a,b) and I € ZP(N). A first simple relation is
obtained by averaging over U(«) the relation of Proposition . We have for
all z € C:

Sina,f(z)=1 D Ewpaf—zb(m
TeU(ar) T

This relation, which resembles a first Fuler relation, is not useful. For ex-
ample, for cos we have:

. 1 . .
os(=) = Singy 20)(2) = 5 (Bapay (i2) + Bapay (-i2))
this is not the known Euler formula for cos.

Proposition 18 (Euler Formula - Version 1). Let a € Q(a,b) and I € Z(N).
We have for all z € C:

. 1 expy(1z
S'Lna,l(a,b)(z) =~ Z %
TelU(a)

Proof. Let z € C. For all d € N we have:

Z 7= asd/a(Sd’aN.
TeU(ar)

thus we have:
1 expy(tz) 1 1 (12)*

2

a TeU(a) T

Lk
= ) —,Gs(a)(k_b)/a5k—b,aN
keIn(aN+b) &%

8



Zal+b

= X s al 1+ b)!

leI(a,b)

= Sinoc,l(a,b) (Z)

Example 19. Let a € Q(a,b). For any n € N, we have:
Nonsv(a,b) ={leN, al +be Ny} = N,,.
Thus for any z € C, we have:

1 ex TZ
Sing, ()= 1y P72

a TeU(a) T
Corollary 20. Let o€ Q(a,b). For any z € C, we have:

1 TZ
Sing(z)=~ Y S
TeU(a)

Proof. We apply Proposition [I8]in the case I := N. This directly follows from
the fact that N(a,b) = N. O

Example 21. (1) Case where a := 2. Let v € Ua(s). Since Us(s) = {zv},
we have:

1 eZ/Z e*l/Z
Sin 2)==|—+—.
(872717)( ) 2 ( Vb (—l/)b)
We retrieve the four FEuler formulas stated in the introduction.

(2) Case where a:=3. Let v eUs(s). Since Us(s) = {v,vj,vj?}, we have:

s - 1 [ e¥? ejuz er2Z
T2 =5\ iy e )

Proposition 22 (Euler Formula - Version 2). Let (s,a,b) € Q, I ¢ Z(N),
and a',c € N, such that a = a’c. We have:

. 1 1 .
Sins o) ran) == 2 — S0 ) 1(ar b
C et (s) V?

with ¢ and b’ respectively the quotient and remainder of the Euclidean division
ofbbya, ie., b=qa’" +b and 0<b <a’.



Proof. We have:
Ua(s)= [ Ua(v)

vele(s)

Thus we have for all z € C:

) 1 Exp (TZ)
Sin(sa.p).1(ab)(2) = ~ Z —

@ e, (

1 1 Exp; (12)

e T iy W

velie(s) @ pelly (v)

1 1 Exp; (1z)
Cpelic(s) P el oy B

1 1 (1 Exp; (12)
¢ velUc(s) uqa’ a uel,yr (v) /’Lb/
1 1.

= — S0 ), 104 (7)
¢ veUe(s) v

Example 23. In the case where I :=N, we have:

: 1
SZ’I’L(Sﬂ’b) = Z UE( )

S’I:n(ua/’b/)

4
For example:
Sin(1,12,0) (2)

1
12

Therefore, we have:
Sing,12,0)
1 . .
= (Singi6,0) + Sin16,0))
== (8in(1,40) + Sing 40 + Singjz2,40))

(
(S’in(Lg’()) + Sin(,173’0) + S?:TI/(L&()) + Sin(,i’g,o))
(

Sin(LQ’[)) + Sin(_lg’o) + Sin(jz’o) + S’l:n(_j’lo) + Sin(j2’270) + Sin(_j27270))

2
1
3
1
4
1
6

10



3.3 Moivre’s Formula

Proposition 24 (Exponential Decomposition). Let I € #(N), s € C*, and
a€N,. For all z€C and all 7 € Uy(s), we have:

a—1
> 77 Sin s ap).1(a) (2) = exp(72).
b=0

Proof. By Proposition [18], we have:

a-l . -1 1 expr(vz
> TSI gy 10y (2) = T D —pfg )
b=0 b=0  Puel(a) Y

exp;(vz) (12—:1 b
= >, ————= (/v
vel(a) a b=0
Z epr(VZ)a(ST,V
vel(a) a
_ expy(72) "
a
=exp;(72)
O

Example 25. Let s € C*. Since N(a,b) =N, for all z € C and all 7 € Uy(s),
we have:

a—-1
> TbSin(M,b)(z) =e’”.
b=0

In the case a := 2, we recover the usual relations (T :=1,-1,i,—i respec-
tively). For all z € C:
ch(z) +sh(z) = Sing 20y(2) + Sing 2,1)(2) =€
ch(z) —sh(z) = Sin(m,o)(z) - Sin(lym)(z) =e”
cos(z) +1isin(z) = Sing 2,0y(2) + i8St 21)(2) = €'
cos(z) —isin(z) = Sing 2,0y(2) —iSin21)(2) = e

Corollary 26 (Generalized de Moivre’s Formula). Let m € Z. For all z € C
and all 7 € Uy(s), we have:

a-1 mo -1
(Z TbSin(w,b)(z)) =3 Tsz'n(svmb)(mz).
b=0 b=0

Proof. From Corollary [24] we directly have:

a—1 m a—1
(Z TbSin(s,a’b)(z)) = ()" =™ = Z TbSin(s’a,b)(mz).
b=0 b=0

11



3.4 Algebraic Equations
Proposition 27. Let s € C* and a € N,. We have:

a—1
H Z TbSin(57a7b) =1.
7eUq(s) b=0
Proof. From Corollary [24] for all z € C:
a-1
[T > TbSin(w,b)(z) = [[ e%=explz > 7|=1
T7€Uq(s) b=0 7€Uq(s) T7€Uq(s)
O

Example 28 (Case a := 2). Let a =2 and s € C*, we have Uy(s) = {+v}
with v? = s. Let’s define:

X =800y o Y= Singn)
By Proposition |27, we have:

1= J] (X+7Y)

Te{tv}

= (X+0Y) (X -vY)=X2-5Y?

(1) In the case where s := 1, we retrieve the usual parametrization of the
hyperbola X% -Y? =1 using the functions ch and sh.

(2) In the case where s := 1, we retrieve the usual parametrization of the
circle X2 +Y? =1 using the functions cos and sin.

Example 29. Let a := 3 and s := re'® € C*. We have Us(s) = {v, jv,j*v}
with j := ™3 and v = 3/re?3. Let’s define:

X = S’in(57370) N Y = Sin(&&l) 5 Z = Sin(87372)
By Proposition [27, for all z € C:

1= ] (X+7Y+7%2)
Te{v,jv,j2v}
= (X +vY +°2) (X +jvY + j20°Z) (X + j°vY +j1v*Z)
=X+ sY?+5°2° - 3sXY Z.

Example 30. Let a:=4 and s :=re? e C*. We have Uy(s) = {+v, +iv} with
vi= Yre®*. Let’s define:

X := Sin(s,470) s Y = S’in(s74,1) y Z = S’in(s’4,2) s T:= Sin(s’4,3)

12



By Proposition for all z€C:

1= J] (X+7Y+72Z+7°T)

Te{tv,tiv}
= (X +VY + 022 + V3T) (X -vY +127 - V3T)
(X +ivY — 127 - iu?’T) (X —wY - 127 + iVBT)
=X sV + 22 - BT 1 4s(X Z (Y2 + sT?) - YT(X% + s22)) + 25(sY?T? - X2 Z?)

3.5 Differential Equations
Proposition 31. Let a:= (s,a,b) € Q(a,b). We have:
Sin, = $°0 Sing,_,

with
(s,a,b—k) ifb>k

7k €0, al, O“k‘:{ (s,a,a+b-k) ifb<k.

Proof. We consider two cases.

e Case b=0. Directly from the Euler’s formula [18] for all z € C:

s e’TZ

Sin, (z) = Sin'(&a’o)(z) = é YooreF== Y = sSing_1

a-1
TeUq(s) @ rev,(s) T

e Case b # 0. Directly from the Euler’s formula |18 for all z € C:

e’TZ

b-1

1
Sin/ (z) = Sin287a70)(z) = Z

7eUq(s) T

= Sina,l

Hence the result. O
Corollary 32. Let a:=(s,a,b) € Q(a,b). We have:
Sin'® = sSin,
Proof. We have, by simple recurrence using proposition
sin{® = Sin'*”) = s8in "V = sSin{Y, = sSin,.
Corollary 33. Let a:=(s,a,b) € Q(a,b). Let’s define:
(Bea) + 4" =5y, C.
Then we have:

SOZ(E(S’G)) = Vectc (Sin(s’a’b), be{0,...,a- 1}) :

13



Proof. By Cauchy-Lin’s theorem, we know that:
dim¢ Sol (E(s,a)) =a.

By corollary ﬁ, we have for all b€ {0,...,a -1}, Singg?a’b) = sSin, o) i€

Singz)a b € Sol (E(s,a))~ Hence we have:

Vectc (Singg 4 p), b€{0,...,a-1}) c Sol (E(5))
We just need to show that the family {Sin(m’b), be{0,...,a— 1}} is

free.

Let 7 € Uy(s). We have:
Ua(s) ={T§§, ke{0,...,a-1}}.

Let ai,...,a, € C. Since the family {z — €"?, v e U,(s)} is linearly
independent over C, we have:

a—1 a-1
Z abSin(&a’b) =0 < Vze (C, Z OébSiIl(s’a’b)(Z) =0
b=0 b=0

a—1 1 eV?
— VzeC,Zab— Z — =0
b=0 D pel,(s) V
a—1
<> VzeC, ) €~ a—Z:O
vela(s) b=0 ¥
a—1 ap
> YrvelU,(s), I;ﬁz()

a-1

= VrelUy(s), D, o= 0
b=0

a—1
— VkE{O,...,a—1}7 Zab(T§§)a717b:0
b=0

Qq-1

= UJ(r)|"?|=0

Qo
Qa-1
Q-2 : . .
— %] =0 since U,I(7) is invertible
Qo

< Vbe{0,...,a-1}, ap=0

Thus the family is linearly independent. Hence the result.

14



Example 34. (1) Case a:=1. Then we find that exp = Sin( ;) satisfies:

(Eay) ¥ =y, C

and that:
SOl(E(l,l)) = Vectc (exp) .
(2) Case a:=2.
(a) Case s :=1. Then we find that ch = Sing o) and sh = Sing 5 )
satisfy:
(Eag) = ¥ =y, C.
and that:

Sol(E(1,2)) = Vectc (ch,sh).

(b) Case s:=~1. Then we find that cos = Sin(_; 5 oy and sin = Sin_ 7 1)
satisfy:
(Ec19)) = y"=-y, C.

and that:
Sol(E1,2y) = Vectc (cos, sin) .

3.6 Sine of a Sum

Proposition 35. Let a:= (s,a,b) € Q(a,b). For all z,2" € C, we have:

b a-1
Sing(z+2") = Y Sing 41)(2) Sings o pr) (2)+ Y, 88N 0y (2)Sin(s g gab-pry (2')
b'=0 b'=b+1

with the convention that Y, = 0.
Proof. Let a:= (s,a,b) € Q(a,b). For all z,2" € C, we have:
1 eT(z+z’)

Sin,(z+2') = - UZ( T

_ 1 Z leTzeTZ,
a T7eUq(s) 7
]. ]_ CL*l b/ a71 b//
. . 14
== Z = ( Z T Sln(&a,b,)(z)) ( Z T Sln(sja’bn)(z ))
@ reU,(s) T \b'=0 b7=0
1 . . b
== Z Sll’l(sya’b/)(Z)Sll’l(&a’bn)(zl) Z L0
@ o<b! bpr<a-1 reUa(s)
1 . . b
= E Z Sln(sya’b/) (Z)Sln(s7a7b11) (Z,)as(b +b b)/aéb’+b”—b,aN

0< b"<a-1

15



b'+b"-b)/aqs nQ:
= > s ) Sin, o) (2')Sing q 47y (2)
0<b’ b <a-1
b/ +b"=b[a]

b a-1
= E Sin(s,a,b’)(Z)Sin(s,a,b—b’)(z,) + Z SSin(s,a,b’)(Z)Sin(s,a,a+b—b’)(zl)'
b'=0 b'=b+1

O

Corollary 36. Let «a:=(s,a,b) € Q(a,b). For all z,2" € C and any u e Uy:
b /
Sing(z+uz') =y u’® Sing, 1) (2) Sing, 4 1) (2')
b'=0

a-1
b-b" Q. .
+ Z Su SZn(&a,b/)(Z)Szn(syaﬂ_'_b_b/)(zl).
b'=b+1

Proof. Let a := (s,a,b) € Q(a,b), z,2" € C, and u € U,. By Proposition 77,
we have:

Sin, (z +uz")

b a-1
= Z Sin(s,a,b’)(Z)Sin(s,a,b—b’)(uzl) + Z SSin(s,a,b’)(Z)Sin(s,a,a+b—b’)(uzl)
b'=0 b'=b+1

a-1
ub_b Sin(s,a,b’)(z)Sin(s,a,b—b’)(zl) + Z Sua+b_b Sin(s,a,b’)(Z)Sin(s,a,a+b—b’)(zl)

M@

b'=0 b'=b+1
3 b g S NS bl g S /
= Z u ln(s,a,b’)(z) ln(s,a,b—b’)(z ) + Z Su ln(s,a,b’)(z) ln(s,a,a+b—b’)(z )
=0 b=b+1

3.7 Rotation Matrix

We will retrieve the results from the previous subsection using rotation ma-
trices.

Definition 37. Let a := (s,a,b) € Q(a,b). The rotation matrix associ-
ated with o is the matriz in M, (F(C)) defined by:

- ] SMageny 2
Vi, je{l,...,a}, [ROta]i,j = { $SM(s g qrjoiy Uf J <1

Example 38. Let a€ Q(a,b). Since Sin,(0) = dop, we have:
ROta(O) = ((51',]')7;7]' = Ia.

Proposition 39. Let a:=(s,a,b) € Q(a,b).
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(i) For all z,z" € C:

Rota(z +2") = Rote(2)Rotq(2).

(i) For all z€C:
Roty(2)"! = Rote(-2).

(11i) For all z € C and all weU,:

Roty (1z) = In(u) " Rota(2) I (u).

(iv) We have:
det (Roty) = 1.
Proof. Let Sy :=Sin(, ,) for all be {0,...,a~1} and R := Rot,.

(i) Let z,2" e C and i,j € {1,...,a}.

We have two cases.

(1) Case i< j. By Proposition we have:
[R(Z)R(Z,)]i,j
- SR [RED],,
k=1 ’

a

-1 j
= Z [R(2)] ik - [R(z ]k,j + ki: [R(Z)]z,k: . [R(Z,)]k,j + Z [R(Z)]i,k : [R(Z’)],w

=1 k=j+1
i—1 i a
= > 8Sauk-i(2).Sj-k(2") + > Sk-i(2).Sjok(Z') + D Skoi(2).8Sa+j-k(Z")
k=1 k=i k=j+1
a-1 J=t a—i
= Z SSb/(Z).Sa+j_i_b/(Z/) + Z Sb/(Z).Sj_i_b/(Z/) + Z Sb/(Z).SSa+j_i_b/(Z/)
b'=a—i+1 b'=0 b'=j—i+1
7= a—1
= Z Sb/(z).Sj,i,br(z') + Z Sb/(z).SSaJrj,Z’,bl(Zl)
b'=0 b'=j—i+1
:Sj_i(z + Z’)
_ /
=[R(z+2 )]Z]

(2) Casei>j = 1i>j+1. By Proposition :
!/
[R()R(],,
kz_:l R(Z) i,k ° [R(Z/)]kJ
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J

S RO RE, ¢ Y RO [RE], + S IREL,[RE)),,

k=1 k=7+1 k=1

J i—1 a
= 8Suk-i-Sjck + . 8Sark-i-SSarjok + Y Skoi-5Sarj-k

k=1 k=j+1 k=i
a—1i+j a-1 a—1
Z S Sa+j —i-b' T Z $Sp. Sa+(a+] —i)-b T Z Sy .S, a+(a+j—i)-b'
b'=a—i+1 b=a+j—i+1 b'=0

a—i+j a-1
=s| Y, Sw-Ssj-iy-r + Y, SSw-Sar(arjoi)-t/
=0 b =a+j—i+1
ZSSW_]‘_Z‘(Z + Z’)
_ /
= [R(z +2z )]”
Hence the result.
(ii) For all z € C:
I,=R(z-2)=R(2)R(-2)
Which implies:
R(z)™' = R(-2).
(i) Let zeC, ueU,, and 7,5 € {1,...,a}. We have:

a

[La(w) " R(2)La(w)],; = Z[I (W], - [R() ()]

N SIS

u“ "HR(2)a(w)];,

e z [R(2)]; - [1a(uw)]y,

k=1
ut Z [R(2)]; 50 O
=y [R(Z)]i,j'
= [uj_iR(z)]i,j
We have two cases.
(1) Case i <j. We have:
[La(w) ™ R(2)La(w)], ; = [W/"R(2)],

=
[uj sz z(z)]
[S
=[

j- Z(UZ)]
R(uz)], ;

18



(2) Case i>j. We have:

7j

Hence the result.
(iv) Let z € C. For all u e Uy:
det (R (uz)) = det (I, (u)) " det (R(2)) det (I,(u)) = det (R(z)).
So we have:

1 = det(R(0))

det (R( > uz)) =det( I1 R(uz))

[] det (R(uz)) = ] det (R(z))

uely, uel,

=det (R (2))"

So we have:

det (R (z)) € U,.

Now, the function z — det (R (z)) is continuous and:
det (R(0)) =det(I,) =1

Hence we have:
det (R(z)) =1.

Example 40. Let s € C.

(1) Case a:=1. Then we have:

Rot (1) = (Sing1,0)) = (exp).

The corollary simply states that for all z,z' € C:

exp(z + 2') = exp(2) exp(2').
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(2) Case a:=2. Let’s define:
S(] = Sin(s7270) s Sl = Sin(s,m).

Then we have:

_ Sin(s,zo) S’L"I’L(&Q’l) _ S() Sl
ROt(s’2) - (Ss’l:n(s’z’l) S’L'n(sg’o) B SSl SO '
The corollary simply states that for all z,z" € C and all u e {£1}:

So(z +uz") =8y(2)So(2") + suS1(2)S1(2")
S1(z +uz") =uSo(2)S1(2") + S1(2)So(z")

(a) Case s:=1. Hence we have the usual formulas:

ch(z +2") = ch(z)ch(z") + sh(2)sh(z")
sh(z + 2") = +ch(2)sh(z") +sh(z)ch(z")

(b) Case s:=-1. Hence we have the usual formulas:

cos(z £ 2') = cos(2) cos(2") F sin(2) sin(z")

sin(z + 2") = £ cos(z) sin(z") + sin(z) cos(z")
(8) Case a:=3. Let’s define:
So = 8in 30y , S1:=8in31) 5, S2:= 5032
Then we have:

ROt(S’g) = SS’I:n(S,&Q) S’én(s73’0) S'I:n(sjgyl) 552 SO Sl

Sin(s73’0) Sin(s73’1) Sin(s’g’Q) So S1 SQ
SS?:n(&&l) SS?:n(&&Q) S'I:'I’L(S7370) 3S1 SSQ S()

The corollary simply states that for all z,2" € C and all uw e Uyg:

So(z+uz') = So(2)So(2") + su?S1(2)Sa(2") + suSa(2)S1(2)
S1(z+uz') = uSo(2)S1(2") + S1(2)So(2") + su®Sy(2)S2(2)
So(z+uz') = u?Sy(2)S2(2") + Sa(2)So(2") +uS1(2)S1(2)

Corollary 41. Let € Q(a,b). Then for all z € C:

a-1
Sp (Rota(2)) = {;;) TbSin(M,b)(z), TE Ua(s)} :
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Proof. We have:

a-1
det (Rota) =1= [] > 7°Sin( ).
7eUq(s) b=0

So for all z € C:

a-1
det (XI, -Rota(2)) = ] (X -3 Tbsm(w,)(z)) .
TeUq(s) b=0

Hence the result.
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